1.

(a)

Homework 8 solution

Let f(x) = Py(z)--- P.(x), P/(x) is irreducible
Since < P(x) > is a maximal ideal in F'[z]
Then —22_ is a field

<Pi(z)>

Let ¢: F — Flo]

<Py (z)>
F'={a+ < Pi(z) > |a € F}
Consider in — If: [(a;]»
Let Pi(z) = ap + a1z + - - - + az2
a=z+<P(z)>= P(a) =0

Let fi(x), fo(x)--- be all polynomials in F[z].

Choose F' C Fj such that fi(x) has a zero in Ej, then fo(z) C Fj.
Choose F; C FEy such that fy(x) has a zero in Es, then f3(x) C Es.

Claim: (1) E is a field. (2)E satisfies desired property.

Apply (b).

U

JE; D F such that Vf(xz) € Flz], Ja € E; such that f(a) =0 ( E; is a field ).
dE, D E) such that Vf(x) € Ey[x], Ja € Es such that f(a) =0 ( Es is a field ).

Then FCFE,CFEyC---CE,C---

Let Fg = F and E = U, E;

(1). E is a field.

(2). Vf(z) € E[z],3a € E such that f(a) =0
pf(2):Let f(z) € E[z] of degree n

= f(x)=ap+az+- - +a2",a;, € E

For each i, assume a; € £y,

Find the largest k;, say ”j”
= a; € I for each i.

2. Thought:

P, - -PoPLAQ Qs Q. = D where D =

A=pP ' P LPDQ - Qr

0



WANT: type 1, 2, 3 and extra type are invertible.
Check extra type:

Let a,b and gcd(a,b) = d, then ax + by = d.
Consider z,y and ged(z,y) = 1, then sz + ty = 1.

Elz[x _t} EQZ{S t]:>E1E2:I
(T T

Denote P~ = P1_1 P land Q7' =Q; - Ql_l'

n

Since A is invertible, det(A) = 1 and det(D) = 1.

1 = det(D) = [ [ di = di # 0 and d; are unit Vi
=1
—> D = I,, (up to unit)

Hence A is a product of elementary matrices of type 1, 2, 3 and extra type.

dy 0 1 0
[C5] = '
0 d, 0 1
O
3. fl - (27 173)7 f2 = (17 _172>
2 1 =3 1 00
A‘{1—1 2}”[030}
Zj’ ~ Z % (1,0,0) o Z % (0,1,0) o Z % (0,0,1)
K ((1,0,0)) ((0,3,0)) ((0,0,0))
~737
O
4. Use structure theorem
D20 2] i
K (1) (6) (96 — 244)
fl 1 3 6 €1
fol = 1243 =3t 12—18i| |es
f3 2—3i 649 —181 es3
O

5. Since M, is a torsion D-submodule of M, M /M, is torsion-free and finite generated.
Claim: M /M, is free.
Let F¥ = M/M; and wq,ug,- - ,ug, V1,09, - , U, g be generators of F, where S =
{uy,ug,- -+ ,ur} is a maximal linearly independent subset of these generators. Then
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{vi,u1,- -+ ,ug} is linearly dependent for each v;, that is, there exist a;,ry, -+ ,rp € D
such that

a;v; +riug -+ rpup =0
Let a = ajay - - - an_y, then av; € Span(S),V1 <i<n—k
Hence aF := {av|v € F} is a D-submodule of Span(S). Since Span(S) is a free D-
submodule with basis S, aF' is also free.
Define a surjective homomorphism

T:F —aF by 7(v) =av for all v € F

Since F' is torsion-free, 7 is also 1 — 1. Hence 7 is an isomorphism and thus F = aF'.
Therefore, F' is free. Consider a surjective homomorphism

m: M — M/M, from M onto the free module M /M,

Let B be a basis of M/M,. Note ker(n) = M,. For each b € B, choose one b € M
with the property that 7(b') =b. Let B' = {b' € M|r(b') = b,b € B} C M. Note B’ is
linearly independent. Hence Span(B') is a free D-submodule of M with basis B'.
Claim: M, N Span(B') = {0}.

(a) By Theorem 1.15

. 1.A =%{A,;
{Ailie It = { 2.4, N Af* :} 0,Vt € I where Ay = SicsinAi
1. M,, is a M-submodule, Vp;
A a,be M, = p'a=0and p’b =0, where r,s € N
Let t = max{r,s} = p'(a+b) =0=a+b= M,
B.reR,ae M,=p’a=0
sop'ra=r(pfa) =r0 =0
2. Let 0#a€ M, O, =r PID = UFD
. Let r=pit---pk

Ni—1, Tit1

Let 7y = pY* -+ p; ) Piy1 'pZ”“

i #J 1i,7; are relatively prime Thg'll 1p = Xs;r;

a=a-1lgp=Xs;r;a
pii(siria) = sira =0
cLsiria € My,

(b) Clearly.

(c) |G| <o0,VgeG |Gl-g=g+g+-+g=0
G

Let m,n € Z and z,y € G

n=0,nxr=0
TL<0,TLJ}:(—{L’)—l—(—gj)+...+(_‘r)l

\

-~
—n

Page 3



i. A.n>0

=nx +ny
ii. (n+m)z =nz+ me
ili. (mn)x = m(nx)
U
(d) Method 1: factor decomposition
72 «—— Lo

2,36 s Ty @ Zoag

3,24 s Zy @ Zny

6,12 «— Zs P Z12
2,218 «— Zo ® Zs ® Zns
2.6,6 — 7y @ Zs & Zg

By factor decomposition, there are six finite groups of order 72 up to isomorphism.

Method 2: primary decomposition
72 =23 x 32
M == M2 EB M3
|My| =8 — Zs, Ly ® Ly, Ly ® Ly & Ly
’M3| =9 — Z9723 D Z3

By primary decomposition, there are 3 x 2 = 6 finite groups of order 72 up to
isomorphism.
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