
Homework 8 solution

1. (a) Let f(x) = P1(x) · · ·Pr(x), Pi(x) is irreducible
Since < P1(x) > is a maximal ideal in F [x]

Then F [x]
<P1(x)>

is a field

Let φ : F → F [x]
<P1(x)>

F
′
= {a+ < P1(x) > |a ∈ F}

Consider in F [x]
<P1(x)>

Let P1(x) = a0 + a1x + · · ·+ atx
t

α = x+ < P1(x) > ⇒ P1(α) = 0

�

(b) Let f1(x), f2(x) · · · be all polynomials in F [x].
Choose F ⊆ E1 such that f1(x) has a zero in E1, then f2(x) ⊆ E1.
Choose E1 ⊆ E2 such that f2(x) has a zero in E2, then f3(x) ⊆ E2.

...

Set E =
⋃

Ei.
Claim: (1) E is a field. (2)E satisfies desired property.

�

(c) Apply (b).
∃E1 ⊇ F such that ∀f(x) ∈ F [x], ∃a ∈ E1 such that f(a) = 0 ( E1 is a field ).
∃E2 ⊇ E1 such that ∀f(x) ∈ E1[x], ∃a ∈ E2 such that f(a) = 0 ( E2 is a field ).

...

Then F ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ · · · .
Let E0 = F and E = ∪iEi

Claim:

(1). E is a field.

(2). ∀f(x) ∈ E[x],∃a ∈ E such that f(a) = 0

pf(2):Let f(x) ∈ E[x] of degree n
⇒ f(x) = a0 + a1x + · · ·+ anx

n, ai ∈ E
For each i, assume ai ∈ Eki

Find the largest ki, say ”j”
⇒ ai ∈ Ej for each i.

�

2. Thought:

Pn · · ·P2P1AQ1Q2 · · ·Qm = D where D =


d1 0

d2

. . .

0 dn


A = P−1

1 · · ·P−1
n−1P

−1
n DQ−1

m · · ·Q−1
1



WANT: type 1, 2, 3 and extra type are invertible.
Check extra type:
Let a, b and gcd(a, b) = d, then ax + by = d.
Consider x, y and gcd(x, y) = 1, then sx + ty = 1.

E1 =

[
x −t
y s

]
E2 =

[
s t
−y x

]
=⇒ E1E2 = I

Denote P−1 = P−1
1 · · ·P−1

n and Q−1 = Q−1
m · · ·Q−1

1 .
Since A is invertible, det(A) = 1 and det(D) = 1.

1 = det(D) =
n∏

i=1

di =⇒ di 6= 0 and di are unit ∀i

=⇒ D = In (up to unit)

Hence A is a product of elementary matrices of type 1, 2, 3 and extra type.

[Cij]

 d1 0
. . .

0 dn

 =

 1 0
. . .

0 1


�

3. f1 = (2, 1, 3), f2 = (1,−1, 2)

A =

[
2 1 −3
1 −1 2

]
∼

[
1 0 0
0 3 0

]

Z3

K
∼=

Z× (1, 0, 0)

((1, 0, 0))
⊕ Z× (0, 1, 0)

((0, 3, 0))
⊕ Z× (0, 0, 1)

((0, 0, 0))
∼= Z3 ⊕ Z

�

4. Use structure theorem
D3

K
∼=

Z[i]

(1)
⊕ Z[i]

(6)
⊕ Z[i]

(96− 24i)f1

f2

f3

 =

 1 3 6
2 + 3i −3i 12− 18i
2− 3i 6 + 9i −18i

e1

e2

e3


...

�

5. Since Mt is a torsion D-submodule of M , M/Mt is torsion-free and finite generated.
Claim: M/Mt is free.
Let F = M/Mt and u1, u2, · · · , uk, v1, v2, · · · , vn−k be generators of F , where S =
{u1, u2, · · · , uk} is a maximal linearly independent subset of these generators. Then
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{vi, u1, · · · , uk} is linearly dependent for each vi, that is, there exist ai, r1, · · · , rk ∈ D
such that

aivi + r1u1 + · · ·+ rkuk = 0

Let a = a1a2 · · · an−k, then avi ∈ Span(S),∀1 ≤ i ≤ n− k
Hence aF := {av|v ∈ F} is a D-submodule of Span(S). Since Span(S) is a free D-
submodule with basis S, aF is also free.
Define a surjective homomorphism

τ : F → aF by τ(v) = av for all v ∈ F

Since F is torsion-free, τ is also 1− 1. Hence τ is an isomorphism and thus F ∼= aF .
Therefore, F is free. Consider a surjective homomorphism

π : M →M/Mt from M onto the free module M/Mt

Let B be a basis of M/Mt. Note ker(π) = Mt. For each b ∈ B, choose one b
′ ∈ M

with the property that π(b
′
) = b. Let B′

= {b′ ∈M |π(b
′
) = b, b ∈ B} ⊆M . Note B′

is
linearly independent. Hence Span(B′

) is a free D-submodule of M with basis B′
.

Claim: Mt ∩ Span(B′
) = {0}.

...

�

6. (a) By Theorem 1.15

{Ai|i ∈ I} =

{
1.A = Σ{Ai}
2.At ∩ At∗ = 0,∀t ∈ I where At∗ = Σi∈I,i6=tAi

=⇒ A ∼= ΣAi

1. Mpi
is a M-submodule, ∀pi

A. a, b ∈Mpi
⇒ pra = 0 and psb = 0, where r, s ∈ N

Let t = max{r, s} ⇒ pt(a + b) = 0⇒ a + b = Mp

B. r ∈ R, a ∈Mp ⇒ psa = 0
∴ psra = r(psa) = r0 = 0

2. Let 0 6= a ∈M , Oa = r PID ⇒ UFD
∴ Let r = pn1

1 · · · p
nk
k

Let ri = pn1
1 · · · p

ni−1

i−1 p
ni+1

i+1 · · · p
nk
k

i 6= j ri, rj are relatively prime
Thm 3.11

=⇒ 1R = Σsiri

a = a · 1R = Σsiria
pni

i (siria) = sira = 0
∴ siria ∈Mpi

�

(b) Clearly.

�

(c) |G| <∞, ∀g ∈ G |G| · g = g + g + · · ·+ g︸ ︷︷ ︸
|G|

= 0

Let m, n ∈ Z and x, y ∈ G

n > 0, nx =

n︷ ︸︸ ︷
x + x + · · ·+ x

n = 0, nx = 0
n < 0, nx = (−x) + (−x) + · · ·+ (−x)︸ ︷︷ ︸

−n
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i. A. n > 0

n(x + y) = (x + y) + · · ·+ (x + y)︸ ︷︷ ︸
n

= x + x + · · ·+ x︸ ︷︷ ︸
n

+ y + y + · · ·+ y︸ ︷︷ ︸
n

= nx + ny

B. n = 0

n(x + y) = 0 = 0 + 0 = nx + ny

C. n < 0

n(x + y) = ((−x) + (−y)) + · · ·+ ((−x) + (−y))︸ ︷︷ ︸
−n

= (−x) + (−x) + · · ·+ (−x)︸ ︷︷ ︸
−n

+ (−y) + (−y) + · · ·+ (−y)︸ ︷︷ ︸
−n

= nx + ny

ii. (n + m)x = nx + mx

iii. (mn)x = m(nx)

�

(d) Method 1: factor decomposition

72←→ Z72

2, 36←→ Z2 ⊕ Z36

3, 24←→ Z2 ⊕ Z24

6, 12←→ Z6 ⊕ Z12

2, 2, 18←→ Z2 ⊕ Z2 ⊕ Z18

2, 6, 6←→ Z2 ⊕ Z6 ⊕ Z6

By factor decomposition, there are six finite groups of order 72 up to isomorphism.

Method 2: primary decomposition

72 = 23 × 32

M = M2 ⊕M3

|M2| = 8→ Z8, Z2 ⊕ Z4, Z2 ⊕ Z2 ⊕ Z2

|M3| = 9→ Z9, Z3 ⊕ Z3

By primary decomposition, there are 3 × 2 = 6 finite groups of order 72 up to
isomorphism.

�
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