Skew-Symmetric power

January. 8, 2009

Se x| {1, kY — {1, ...k} is a bijection }

sgn(m) = (—1)*"9t"(7) where length is the smallest number to write 7 as a product of

transpositions.
Example 1.
(1 23\ (123\(123
T\ 231)7\321 2 1 3
= length(m) = 2
k
We write @ R" = R" Q) R" (X) ... R R"
*

and for m € Sy. we write (21 Q22 @) ... @ k) = T=(1) Q Tr(2) Q .. Q) Tr(i)

k
and generalize to all elements in ) R".

k k
Definition 1. A R" = {z €Q) R"|r(x) = sgn(mw)x for any m € Sy}.

Example 2. : Let {e;} be stardard basis of R™.

1. eg Qe %;\RQ sinceforw-(; )
m(er @ es) = e1 Qe # sgn(m)er @ es.

2. (e1Q®ex—ea®er) 6/2\ R2.

Since m(e; QR es —ea @ er) =ea@er —er Qex = sgn(m)(er @ ex —ea @ er)

Note 1.

1. For any x1, 29, ...,x, € R™.
> wes, SIUT)T(11 Q@ 12 Q) ... @ 7x) €/ R™.
2. sy Nz N\ N\ e/ Y owes, SIUT)T (1 Q12 Q) . Q) 7).
3. (mr+ 2D ANea N N = (@ Aza N Azw) + (@) Axa Ao A ze)-
4. oy ANy NesANza N Nz =0.



Fact:
For a ={o < ag < ... < oyl € {1,2,...,n}}.
define e, def a1 N\ eaz A\ - N\ €ar
Then {e,|a C {1,2,...,n}, |a] = k} is a basis of /k\ R™.
In particular, /k\ R™ has dimension (Z)

k k k
Definition 2. For A € Homg(R",R®). define \ A € Homg(/ R", A\ R?).

by /k\ A(eal /\eag /\ /\ eak) = (Aeal) /\(.A@az) /\ /\(Aeak).

Note 2. :
k

1A (AC) = (A AYAC)

2. (AA) A A

if the size of C is correct and A is invertible in 2.

Fact:

k
(A Aeg = aequ,. sy (det Ala|B])eq, where Ala|f] is a k X k submatrix of A.

|a|=k
with rows in o and columns in  remaing ,and 5 C{1,2,...,n} of size || = k.
k
i.e A\ Ais amatrix of size () x (}) with «, 3 entries detA[a|f).



