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Sk
def
= {π|π : {1, ..., k} −→ {1, ..., k} is a bijection }

sgn(π) = (−1)length(π) where length is the smallest number to write π as a product of
transpositions.

Example 1.

π =

(
1 2 3
2 3 1

)
=

(
1 2 3
3 2 1

) (
1 2 3
2 1 3

)
=⇒ length(π) = 2

We write
k⊗

Rn = Rn
⊗

Rn
⊗

...
⊗

Rn︸ ︷︷ ︸
k

and for π ∈ Sk. we write π(x1

⊗
x2

⊗
...

⊗
xk) = xπ(1)

⊗
xπ(2)

⊗
...

⊗
xπ(k).

and generalize to all elements in
k⊗

Rn.

Definition 1.
k∧

Rn = {x ∈
k⊗

Rn|π(x) = sgn(π)x for any π ∈ Sk}.

Example 2. : Let {ei} be stardard basis of Rn.

1. e1

⊗
e2 /∈

2∧
R2 since for π =

(
1 2
2 1

)
π(e1

⊗
e2) = e1

⊗
e2 6= sgn(π)e1

⊗
e2.

2. (e1

⊗
e2 − e2

⊗
e1) ∈

2∧
R2.

Since π(e1

⊗
e2 − e2

⊗
e1) = e2

⊗
e1 − e1

⊗
e2 = sgn(π)(e1

⊗
e2 − e2

⊗
e1)

Note 1. :

1. For any x1, x2, ..., xk ∈ Rn.∑
x∈Sk

sgn(π)π(x1

⊗
x2

⊗
...

⊗
xk) ∈

k∧
Rn.

2. x1

∧
x2

∧
...

∧
xk

def
=

∑
x∈Sk

sgn(π)π(x1

⊗
x2

⊗
...

⊗
xk).

3. (x1 + x′
1)

∧
x2

∧
...

∧
xk = (x1

∧
x2

∧
...

∧
xk) + (x′

1

∧
x2

∧
...

∧
xk).

4. x1

∧
x1

∧
x3

∧
x4

∧
...

∧
xk = 0.
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Fact:

For α = {α1 < α2 < ... < αk|αi ∈ {1, 2, ..., n}}.
define eα

def
= eα1

∧
eα2

∧
...

∧
eαk

Then {eα|α ⊆ {1, 2, ..., n}, |α| = k} is a basis of
k∧

Rn.

In particular,
k∧

Rn has dimension
(

n
k

)
.

Definition 2. For A ∈ HomR(Rn, Rs). define
k∧
A ∈ HomR(

k∧
Rn,

k∧
Rs).

by
k∧
A(eα1

∧
eα2

∧
...

∧
eαk) = (Aeα1)

∧
(Aeα2)

∧
...

∧
(Aeαk).

Note 2. :

1.
k∧

(AC) = (
k∧
A)(

k∧
C)

2. (
k∧
A)−1 =

k∧
A−1

if the size of C is correct and A is invertible in 2.

Fact:

(
k∧
A)eβ =

∑
α∈{1,...s}
|α|=k

(detA[α|β])eα where A[α|β] is a k × k submatrix of A.

with rows in α and columns in β remaing ,and β ⊆{1,2,...,n} of size |β| = k.

i.e
k∧
A is a matrix of size

(
s
k

)
×

(
n
k

)
with α, β entries detA[α|β].
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