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4. SupposeO—)Ml%M —& M, —0.

Then there exists h:M, ->M st gh=1y,

S 0->M—LsM—25M, >0 and0—M, >M, &M, —>M, >0 are

isomorphic.

Pf: (=)

OeMl%MﬁMz—w

ml el " L

0>M—LsM—25M,-0

Let me M, ,myeM,.
Define ¢ .M, ®M, > M by ¢:((m,m,)) = f(m)+h(m,)

Claim:commutative

gt (my) = p((m,0)) = f (my) +1(0) = f (my) = fIyy, (my)
go((my,my)) = g(f (my) +h(my))

= gf (my) + gh(m,)

=0+ IM2 (my)

= IM27Z'((m1, m,))

By Five Short Lemma, ¢ is an isomorphism.

Thus these two exact sequences are isomorphic.
(=)
Define p:M, M, ®M, by p(m,)=(0,m,)

Let h=gp=> gh=1,, .



5. (a) Show that if ®,_, P. is projective then P. is projective for each i€ I (b) Show

1

thatif P, for each i€ I is projective then @, ;P is projective.

Pf: (a)

3 L st LO(®,;P) isfree module.

= (L® (@i F))®P; is free module. Vje I

i#j

= P; is projective, Vje [

(b)

" P is projective, Vie I

Se3 L ost L®OP free, Viel
Consider @, ;(L;®F) isalsofree = (D,;L)D (D, F)

"« @, P is projective.



6. Show that Q is not a projective Z -module.

Pf:

( Pis projective R-module < 3 LisaR-modules.t L® P is free R-module)
Assume there exists Lisa Z-modules.t L@ Q is free Z -module.

We try to get contradiction from this.
o Finite Dimension

3 (1,2, (1, 22,31, £ )e LOQ isabasisof LOQ

m my my
n.
where [ e L, € Q,and (n;,m;)=1.
m
1 n . .
take a =—————,then (0,a)e span((l;,—),i=1,...,k)
2mmy - my, m;
1 n n n
3 ey € st (0,———) = (L) + ey (b, —2) +-+cp (L, )
mny, - ny m my my
1 n n n M
3—:cl_l+c2_2+...+ck_k:—
2mmy, -+ -y, m m, my  nym, - -my

forsome MeZ —«

o Infinite Dimension
AS c LDQ isabasisand |Sl=c,and (0,1)e span(S)

3 (11,%),(12,%),...,(1k,:1—k)e L®Q and 3 oy i€
1 2 k

n n n

st (0,1)=c;(lj,—1) +cy (b, —2) +- -+ (I ,—5)
my my m,
1

take a=———— (0,a)¢ span((l;,~L),i=1,...k),
2mmy - my, m;

n n n
but ae span(s), take (=), (g —22), o, gy =) € S
Mi+1 Mi+2 M+

st (0,a)e span((l;,~0),i=1,...,k +b)
m.:

1

’ 7 ’ ’ nl ’ n2 ’ nk+b
3 Cl,Cz"'CkEZ S.t (0"’):Cl(ll’_)+cz(lz’_)+"'+Ck+b(lk+b’—)
m m Myt
3 ¢, #0 for some i

’ n , n , n
2myms, ---my. (0,a)=(0,1)=2mym, ---my (c](ly, =) + 5 (ly,—2) +++ oy Ly »—2) )
my my My p

" 3¢, 20 = S isn’t linearly independent.



