HW.2
1.
(Dlet w = aby + agby + ... + anby, v = ajby + agby + ... +a, b,
= u— v = a1by + agby + ... + apbpa; + (=1)b) + (= 1D)aghy + ... + (—1)a,b,

(2)A is a ideal

= rACAforre R

— r(AB) = (rA)B C AB
similarly, (AB)r C AB

2.

(=)1+PeR/P,0+P€cR/P

Pisprime = P#R=—=1¢P = 1+P#P

" R is commutative = R/P is commutative

if (a+ P)(b+ P) = P where a+ P,b+ P € R/P

— ab+P=P=abe P = a€ Porbe P(. P is prime)
—a+P=Porb+P=P

(<) R/P is an integral domain

1+P#P=0+P—=—=1¢P— P#R

rabe P=—=ab+P=P= (a+P)b+P)=P=—=a+P=Porb+P=P
= a€ Porbe P = P is prime

3.

(a) given (a+ M), (b+ M) € R/M

(a+M)b+M)=(ab+ M) = (ba+ M) = (b+ M)(a+ M) ... R/M is commutative
If a+ M # M then we want to find (a + M)~

Since M is maximal, R is commutative M + (a) = R.
s.1l=m-+raforsomeme M, r e R

— l-ra=meM=1+M=ra+M=(r+M)(a+ M) = (a+ M) " exists

(b) R/M is a division ring

14+M#A04+M=M=—=1¢ M — M #R

let M C N CR, N is an ideal = N # M

letae N—M3ab+M=(a+M)b+M)=1+M = abe 1+ M (ie. dce M s.t.
ab=1+¢)

0 1
(c)let R = M(R) then { ! (8 8) } and R are the only ideals of R
01
— {9 (8 8) } is a maximal ideal of R
01
let M ={{ (7 0)}
01

We can find ( (0 1) +M ) e R/IM

0 0



o1 ¢

(1) (8 (1)) not exists
(d)R is commutative, M is a maximal ideal. = R/M is a field (*. (a))
—> R/M is an integral domain

= M is a prime ideal (. 3)

4.

(a)ai, as, a3 € R

da € Rs.t. a—a; € I;

a1 = by + ¢y where by € I, ¢c; € I, N I3

ag = by + ¢ where by clh,coeliNnlis

asz = bs + c3 where by € I3, c3 € I1 N I
PiCk&ZCl+Cz—|—63
a—a1:cl+02+63—(b1+cl):cg+03—bl611
Similarly, a —as € I, a — a3 € I3

(b) define ¢ : R — R/I; x R/Iy x R/I3 by ¢(a) = (a+ L1,a+ I,a+ I3)
check home. and onto(a), and Ker(¢) = I; N Iy N I3. The problem then follows by first
homomorphism theorem.

(c)let Il = (Tll), Ig = (n2), 13 = (’n,g)
By (a), choose a s.t. a —a; € I; (i.e. a — a; (mod n;))
ni, N2, ng € N where (n;,n;) =1,i # j

Z/(lem(ny,ng,n3)) = Z/(ny) X Z/(ng) x Z/(n3)

(a)(6)

(b)check: VT is an ideal

(1)if a, b€ VI = In,m € Ns.t. a", a™ € I

— (a=b)"t = a™"— (") a4 (1) () a0 (= 1) () e o
e (D)t e ]

sa—beI

Let a € VI, b€ R (ie. Inst. a” € 1)

= (ab)" = a™b™ € I and (ba)" = b"a™ € I, since I is commutative.

(ii)radical
ifa" € VI = 3ImeNst. (@) cl=a""cl=acI



