H.W.5
1.
F be a field
Claim: Flz] is a ED (= PID = UFD)
f=a, 2"+ ap 12" '+ ... +ax+ag € Flz], a, #0
G =bpx™ + by 1™+ L+ bz + by € Flz], by #0
check: Jq,r € Flx] s.t. f=qg+r, r=0or deg(r) < deg(g)
deg(g) =m #0,b, =0
Casel. n <m
let g =0,7r = f then f =09+ f ... n =deg(r) < deg(g) =m
Case2. n > m(By induction on n)
Basic step: n =0 then m =0
let f=ag,g="5by#0
let ¢ = agby ", then ag = (agby *)by + 0 is true.
Induction step: Assume that deg(f') < n, the assertion is true.
let [ = f — (apnb;'2" ™) = f — apt™ — anb; by 12" — ..., then deg(f') < n.
(By induction hypothesm)Elq r€ Flr]st. f =¢g+r where r =0 or deg(r) < deg(g).
Then f — (anb, 'z~ m)g =qg+r
Hence f =qg+7 (¢ =q +ayb,,a"™)

2.

(a)(i)f(z) = ap +1 = + ... where qq is unit in R.

Then f is unit in R[[z]].

Since 1 is unit in Z.

Hence x + 1 is unit in Z[[z]].

(ii)Suppose x + 1 is unit in Z[z].

let (z4+ 1) =a, 2" + ap 12"+ ... + a1 + q

(ie. (x+1)* (ax™ + ap12™ ' + ...+ a1z + ag) = 1)

Then a,z" ™ + (a, + ap_1)z" + ... + (a1 + ap)x + ag = 1.

Then ay = 1,a1 = ay = ... = a,, = 0. This implies x + 1 = x, a contradiction.

()22 +3z+2=(z+2)(z+1)

(i) (a)x + 1 is unit in Z[[z]]

Since = + 2 is irreducible in Z[[x]], 2* + 3z + 2 is irreducible.
(ii)x+1,x+2 are nonunits in Z[z].

3.
(a)(z) = 2 f(2)|f(z) € Fla]
(i)Suppose (z) is not a maximal ideal, there exists M s.t. (x) C M C Fz].
Then for every g(z) € M — (x), g(x) = a + f(x) for some f(z) € (m) and a #0 € F.
Since f(x),g(x) € M and M is ideal, then g(z) — f(x) € M.
For h(x) € Fz]
Since a € M and M is ideal, then ah(z) € M
s Fisafield -, "2 € F[a]

Then h(z) =a Slx) eM



Hence Fz] € M C F[z], a contradiction.

(ii)Claim: For p(x) is irreducible, then (p(x)) is a maximal ideal.
Suppose not, there exists N be a maximal ideal s.t. (p(z)) € N € Flx].
Since F is a field, implies N = (g(z)) (i.e. N is prime ideal).

There exists g(z) s.t. p(z) = g(z)q(x).

But p(z) is irreducible, implies g(x) or ¢(x) is unit.

Thus g(x) or q(z) € F

W.L.O.G,, let ¢(z) € F

let p(z) = cg(x) for c € F

Then g(z) = (x
Thus g(x) € (p($)), a contradiction. ]

(b)Claim: (i) F[[z]] is an integral domain. (ii) All ideals are principle.

(i)check: F[[z]] has no zero divisor.

let A=3%"" ax" #0, B=Y 7 ba"#0

There exist a, 3 € N s.t. aq,b5 # 0 and Vi < a, 5 < 8 o4, 35 = 0.

Then AB = aabgz®™ + ... # 0.

(ii)Pick an ideal I & F[[x]].

Suppose I # (0), (1).

Pick 0 # f(x) € I with the lost degree term is the least among all nonzero elements in I.
Suppose f(z) = a;x" + a; 412" + ... where a; # 0.

It is easy to check I = (2%), done! ]
4.
(a)check: El(l—ab)_ t. (1—ab)(1—ab)™t =1and I(1—ba)~ s.t. (1—ba)(1—ba)™' =1

Since (1 —ab)™' = 2 =1+ ab + abab + ..

then (1—ba)™" = ; 1b = 1—|—ba—i—baba+ = 1+b(1+ab+abab+...)a =1+b(1—ab)™!
Hence (1 —ba)(1 4 b(1 —ab)~ta) =1 — ba + (1 — ab)ta — bab(1 — ab)ta =1 —b(1 —
ab)(1 —ab)la=1—ba+ba=1

similarly, (1 4+ b(1 —ba) ta)(1 —ab) =1 ]

(b)Suppose not, assume that a has more than one right inverse and it has finitely many.
Let by, bs, ..., b, are distinct right inverse of a.

Then by,by +1 —bia,,by +1 —bea, ,by +1 —bsa, ...,, by + 1 — b,a, are n+1 distinct right
inverse of a.

(Da(by +1—b;a) =aby +a— (abj)Ja=1+a—a=1fori=1,2,...n
(2)b1+1—ba#b fori=1,2,....n

if by + 1 — b;a = by for some i, then b;a =1

Pick b is a right inverse of a

Since ab =1 then b; = b;(ab) = (bja)b=b

Implies, right inverse of a is uniquely determined, a contradiction.

(3)Claim: by +1 —bja # by +1 —bja for i # j

if by +1—bja=0b,+1—bja = ba=bja

= (bz — bj)a =0
= (bz — bj)(abl) =0
= b; = b;, a contradiction. [



(¢)a,b € R,a,b,ab— 1 units

(1)check: a —b™" is unit

Since (a — b~ = (ab—1)b7!

Hence [b(ab — 1)~ 1]( - hH=1[ (ab — D) [(ab—1)07 ) =bb"' =1 and (a — b ) [b(ab —
1)~ = (ab — 1)b™ ( -1t =

(2)check: (a — b~ 1) —alis umt

Since af(a — b~1)! ] = aba — a

Then ((a —b71)™! —a Y (aba — a) = (a — b)Y aba —a) — (ba— 1) = (a — b)) a +
b ba—ba+1=1

similarly, (aba —a)[(a —b7')' —al] =1 .

5.

(a)p(ny, ng) = p(ny)p(ng) if (n1,ng) = 1.
Casel. One of ny,ng is 1

W.L.O.G., p(ni,n2) = p(nz) = p(n)p(ne)

Case2. One of nq,ny has a square factor.

So does niny. Then pu(ny,ny) =0 = u(ng)u(ne)

Case3. Since (ny,ng) =1

We can assume n; = p1ps...ps, Na = q1Q2...q; Where p;, g; are distinct primes.

Then pi(n1,n2) = (1) = (=1)*(=1)" = p(n1)u(n2) "

(b) Casel. T n =1 Y, pu(d) = X u(d) = pu(1) = 1
Case2. If n # 1, let n = p'p32...p;{* where p; are distinct prime and s; > 1.

Y ) = i 1) = iy () (—1)' = (1 = 1)F =0 .
() 05) o f(d) = g F(d) gz #(d) = f(n) —by (b) .
(d)(e)

Theorem 0.1 Let GF(q) be a finite field and let n be a positive integer. Then the product
of all monic irreducible polynomials over GF(q), whose degree divide n is

fo(e) =2t — 2

Def. N,(d) := number of monic irreducible polynomials of degree over GF(q).

Corollary 0.2 For all positive integers d and n, we have ¢" = de dN,(d).

Corollary 0.3 N,(d) = %Zd‘n u(%)qd _ %de M(d)qn/d'

let g(n) = q", f(d) = dN,(d), done! ]



