
Def: Let An be the set of even permutations in Sn.
Theorem:(1)An C Sn(2)[Sn : An] = 2 if n ≥ 2

Prove:
(1)σ−1τεAn for all σ, τεAn =⇒ An ≤ Sn σ−1τσεAn if σεSn and τεAn =⇒
An C Sn.
(2)Define f : Sn −→ Z2 by

f(σ) =

{
0, if σ is even
1, if σ is odd

Then f is an epimorphism with kernelAn. By first homomorphism, Sn�An
∼=

Z2, hence [Sn : An] = 2. �
Def: G is simple if g has no normal subgroups except {e} and G.
Cor: Sn is not simple for n ≥ 2.
Note: g(1, 2, ..., t)g−1 = (g(1), g(2), ..., g(t)) for gεSn.
ex: K4 = {e, (12)(34), (14)(23), (13)(24)} < A4.

g(12)(34)g−1 = g(12)g−1g(34)g−1 = (g(1)g(2))(g(3)g(4))εK4. Hence K4 C
A4.

Fact: An is simple if n 6= 4.
Def: Fix nεN, σ = (1, 2, 3, ..., n), τ = (2, n)(3, n− 1)(4, n− 2)...,

Dn =< σ, τ > is called the Dihedral group of rank n.
Notation: |σ| = | < σ > | for σεSn.
Property:

(1)|σ| = n
(2)|τ | = 2
(3)στ = τσ−1

(4)Dn = 2n
Prove:
(1)(2) are clear.
(3):
στ(1) = 2 = τσ−1(1), στ(2) = 1 = τσ−1(2), στ(n) = 3 = τσ−1(n).
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For 3 ≤ i ≤ n− 1, στ(i) = σ(n+ 2− i) = n+ 3− i and τσ−1(i) = 2(i− 1) =
n+ 2− (i− 1) = n+ 3− i. Hence στ = τσ−1. (4):
Dn = {σiτ j|0 ≤ i ≤ n− 1, 0 ≤ j ≤ 1} by (3).
If σiτ j = σkτ l then σi−k = τ l−j = e for 0 ≤ i, k ≤ n− 1 , 0 ≤ l, j ≤ 1. Hence
i = k, l = j.Thus |Dn| = 2n. �
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