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Lemma

H < G and G is solvable ⇒ H is solvable.

Proof

H(n) ⊂ G(n) = 〈e〉 for some n.

Theorem

Let φ : G→ H be an epihomomorphism and G is solvable.

Then H is solvable.

Proof

Suppose G(n) = 〈e〉.
Then H(n) = φ (G)(n) = φ

(
G(n)

)
= φ (〈e〉) = 〈e〉.

Theorem

Suppose N / G and G is solvable.

Then G/N is solvable.

Proof

ḡh̄ḡ−1h̄−1 = ghg−1h−1 ∈ G′N/N for ḡ, h̄ ∈ G/N .

Then (G/N)′ ⊆ G′N/N .

Hence (G/N)(n) ⊆ G(n)N/N = 〈ē〉 for some n.
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Theorem

Suppose N / G and N , G/N are solvable.

Then G is solvable.

Proof

Choose n such that (G/N)(n) = 〈ē〉.
Then G(n) ⊆ N .

Choose m such that N (m) = 〈e〉.
Then G(n+m) = 〈e〉.

Corollary

If n ≥ 5, then Sn is not solvable.

Proof

If Sn is solvable, then An is solvable.

Note A′n / An, An is simple and not abelian.

Hence A′n = An.

Then A
(m)
n = An 6= 〈e〉 for all n.

Thus An is not solvable, a contradiction.
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