
Krull − Schmidt Theorem
Suppose that G satisfies both ACCN ,DCCN , and

G = G1 ×G2 × · · · ×Gs = H1 ×H2 × · · · ×Ht

, where Gi, Hi are indecomposable.
Then (1)s = t (2)there exists σεSt such that for each r ≤ t,

G = Gσ(1) ×Gσ(2) × · · · ×Gσ(r) ×Hr+1 ×Hr+2 × · · · ×Ht

and Gσ(i)
∼= Hi for i ≤ r.

ex: Z2 × Z2 × Z2(= {(a, b, c)|a, b, cεZ2})
=< (0, 1, 1) > × < (1, 0, 1) > × < (1, 1, 0) >
=< (1, 0, 0) > × < (0, 1, 0) > × < (0, 0, 1) >
=< (1, 0, 1) > × < (0, 1, 0) > × < (0, 0, 1) >
=< (1, 0, 1) > × < (1, 1, 0) > × < (0, 0, 1) >
=< (1, 0, 1) > × < (1, 1, 0) > × < (0, 1, 1) >

Prove:Suppose that there exists 1 ≤ r ≤ min(s, t) and an injection

σ : {1, 2, · · ·, r − 1} → {1, 2, · · ·, s}

such that

G = Gσ(1) ×Gσ(2) × · · · ×Gσ(r−1) ×Hr ×Hr+1 × · · · ×Ht

and Gσ(i)
∼= Hi for i ≤ r − 1.

For example, r = 1 then G = H1 ×H2 × · · · ×Ht.
Reordering Gi s.t. G = G

′
1×G

′
2×· · ·×G

′
s where G

′
i = Gσ(i) for i ≤ r−1.

Write G = G
′′
1 ×G

′′
2 × · · · ×G

′′
r−1 × · · · ×G

′′
t where G

′′
i = G

′
i = Gσ(i)

if i ≤ r − 1 and G
′′
j = Hj if j ≥ r.

Let Π
′
i = G→ G

′
i ⊆ G be the projections. ( viewed as in End(G) )
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Note

Π
′′

r · 1G = Π
′′

r (Π
′

1 + Π
′

2 + · · ·+ Π
′

s) = 0 + 0 + · · ·+ Π
′′

rΠ
′

r + Π
′′

rΠ
′

r+1 + · · ·+ Π
′′

rΠ
′

s

Since Π
′′
r �1 Hr = IHr is not a nilpotent in End(Hr), Π

′′
rΠ

′
j �Hr is not

nilpotent for some j ≥ r.
Note Π

′′
rΠ

′
j �Hr ε Aut(Hr).

Hence Π
′
j �Hr : Hr → G

′
j is one to one and Π

′′
r �G′

j
: G

′
j → Hr is onto.

Note for n ≥ 1, Π
′′
r (Π

′
jΠ

′′
r )
nΠ

′
j �Hr= (Π

′′
rΠ

′
j)
n+1 �Hr εAut(Hr).

Hence Π
′
jΠ

′′
r �G′

j
εEnd(G

′
j) is not nilpotent.

Thus Π
′
jΠ

′′
r �G′

j
εAut(G

′
j)

Hence Π
′′
r �G′

j
: G

′
j → Hr is one to one and Π

′
j �Hr : Hr → G

′
j is onto.

We show Hj
∼= G

′
j = Guj for some

ujε{1, 2, · · ·, s} − {σ(1), σ(2), · · ·, σ(r − 1)}.

Extend the definition of σ to {1, 2, · · ·, r} with σ(r) = uj.Then Hr
∼= Gσ(r).

claim: (Gσ(1) ×Gσ(2) × · · · ×Gσ(r−1) ×Hr+1 × · · · ×Ht) ∩Gσ(r) = {e}
If aε(Gσ(1)×Gσ(2)×···×Gσ(r−1)×Hr+1×···×Ht)∩Gσ(r), then Π

′′
r (a) = e

and a = e since Π
′′
r �Gσ(r)

: Gσ(r) → Hr is isomorphism.
Set G∗ = Gσ(1) ×Gσ(2) × · · · ×Gσ(r) ×Hr+1 × · · · ×Ht.
claim : G∗ = G
Define a function θ : G→ G by θ = Π

′′
1 +Π

′′
2 + · · ·+Π

′′
r−1 +Π

′
jΠ

′′
r +Π

′′
r+1 +

· · ·+ Π
′′
t .

Note:
(1)θεEnd(G).
(2)Img(G) = G∗.
(3)θ is one to one.
(4)θεAut(G).
(5)G = G∗.

To the end,
if s ≤ t,

G = Gσ(1)×Gσ(2)×· · ·×Gσ(s)×Hs+1×· · ·×Ht = Gσ(1)×Gσ(2)×· · ·×Gσ(s)

and s = t.
if t ≤ s,

G = Gσ(1) ×Gσ(2) × · · · ×Gσ(t) = G1 ×G2 × · · · ×Gs

and s = t. �
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