2.6 Classification of finite groups

Theorem: Suppose |G| =pg,where p,q areprimeand gn=p-1 VneZ.

Then G;qu.

pf = |Sylp(G)| = kp +1g = [Sylp(G)| =1
Say H e Sylp(G), then H <«G.

Also, [Sylq(G)|=kq +ﬂ p=|Sylq(G)|=1,q+12q+1....

The assumption gn=p-1 VneZ implies |Sylq(G) =1.
Say K e Sylq(G).

Note : HNK =(e), since (p,q)=1.

Hence G=HxK=z=Z xZ =Z .

Suppose g < p primes and q|p—1.
Fix 2<s<p-1,s"=1 modp,
Set={a'b!|0<i<p-10<j<q-1}=Z V.2

p-sTaq’

where a =b® =e, ba=a’h, ((a)<K)

Theorem: Suppose |G|=pq,q<p primesand g/p—1. Suppose G is not

abelian. Then G = K.

pf : As before |Sylp(G)|=1.Hence H eSylp(G) = H «G.

Assume H =(a) foesome aeG with [a|=]|h/=p.



Pickany b, eG—(a). Then bab,*=a“ forsome 1<k<p-1

If k=1 then ba=ab,,and notethat (a)(b,)={e),

hence |(a)(b,) :—‘<a>u<b>‘ > P4
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Then G =(a)(b,) isabelian. >«

k-
K
1 _ (k)k) _ ok
Hence k =1, note b,ab, ((a ) a

__h9ah-9 _ ok k'
Note |o,|=0q. Hence a= bl abl =ad ;g adaxa
for 1<i<q-1, otherwise G is abelian. (a: bjab" < ab; :bl‘a)

Hence p‘kq—l,but pn=k' -1 vneN for 1<i<q-1.
Then k isa “primitive” rootof x*=1 in Z.

ie. fk,k2,k® k" .k? =1} isthe setof all rootof x* =1 in Z,.
(Here “all” isrelatedto ® U, iscyclic

@ {aezp‘aq :1} is a subgroup of U

(® A subgroup of cyclic group is cyclic)
Since s =1,wehave k' =s forsome 1<i<q

» . )
Choose b=b'. Then bab™ = bllabll =a =ad

S

Thus G =(a)(b) =k.



