
5.4 The Galois Group of a polynomial

Definition 1. Let f(x) ε K[x]have roots of α1, α2, ..., αk with k = degf .

Then K(f) := K(α1, α2, ..., αK) and G(
K(F )
K

) is the Galois Group of f(x) over
K.

Example1
f(x) = x2 − 2 ε Q[x], Q(f) = Q(

√
2)

Q

Q(
√

2)

q

q

G(
Q(f)

Q
) ∼= Z2

< e >

q

q

Example2
f(x) = x4 + 4x2 + 2 ε Q[x]

f(x) = 0,x2 =
−4±

√
8

2
= −2±

√
2

⇒ x = ±
√
−2±

√
2

Q(f) = Q(
√
−2 +

√
2) , where

√
2 ε Q(

√
−2 +

√
2)

σ ε G(
Q(f)

Q
) ⇒ σ(

√
−2 +

√
2) = ±

√
−2±

√
2

Say σ(
√
−2 +

√
2) =

√
−2−

√
2

Then σ(
√

(−2 +
√

2)2) = σ(−2 +
√

2) = −2 + σ(
√

2) = −2−
√

2

σ(
√
−2−

√
2) =

σ(
√

2)

σ(
√
−2 +

√
2)

=
−
√

2√
−2−

√
2

= −
√
−2 +

√
2

Hence,σ2(
√
−2 +

√
2) = −

√
−2 +

√
2

Then,σ4 = 1

Hence,G(
Q(f)

Q
) =< σ >∼= Z4
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Q

Q(
√

2)

Q(f)

q

q

q

G(
Q(f)

Q
) ∼= Z2

< σ >2

< e >

q

q

q

Example3
f(x) = x2 − 10x2 + 4

f(x) = 0 ⇒ x2 =
10±

√
84

2
= 5±

√
21

⇒ x = ±
√

5±
√

21

Then Q(f) = Q(
√

5 +
√

21) , where
2√

5 +
√

21
=

√
5−
√

21 ε Q(
√

5 +
√

21)

σ ε G(
Q(f)

Q
) ⇒ σ(

√
5 +
√

21) =
√

5−
√

21

Say σ(
√

5 +
√

21) = ±
√

5−
√

21

σ(
√

5−
√

21) =
σ(2)

σ(
√

5 +
√

21)
=

2√
5−
√

21
=

√
5 +
√

21

Then σ2 = e

Sayσ′(
√

5 +
√

21) = −
√

5 +
√

21
Then σ′2 = e

Hence,G(
Q(f)

Q
) = {1, σ, σ′, σσ′} ∼= Z2 × Z2
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Q

Q(
√

5 +
√

21 +
√

5−
√

21) Q(
√

21) Q(
√

5 +
√

21−
√

5−
√

21)

Q(f)

t t t

t

t

G(
Q(f)

Q
) = {1, σ, σ′, σσ′} ∼= Z2 × Z2

< σ > < σ′ > < σσ′ >

< e >

t t t

t

t
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