Fundamental Theorem of Algebra
Lemma : [F:C]#2 foranyfield F containing C.
pf :Suppose [F:C]=2
Then F =C(e) with an irreducible polynomial f(x) = x? +bx+c e C[x]

st. f(a)=0.

But f(x):[x_‘“m}(x_—b_ﬁJ

> 1s not irreducible.

Theorem (FTA) : If f(x) e C[x], then f(x) hasarootin C.
pf :Consider field extension R< C < C(f).
We want to prove C < C(f).

Since [C(f):R] iseven, 2 divides G(C(Rf)j.

Pick H e Sylz(e(%ﬁ.

Let H' be the fixed field of H.
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C(f) <e>

Hence [H':R] is odd.



Since any polynomial of odd degree over R hasarootin R, on
field extension of R with odd dimension.
Hence H'=R.

C(f)

Hence H :G[—j.
R

Then

G(?j‘ =2" forsome neN.

note 6 S )< o S0
C R

Hence

G(%j‘ =2" forsome 1<m<n.
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C(f) <e>

By Sylow 1% theorem, there exist T < G(%} with [T|=2"",

Then [T':C]=2, a contradiction to previous lemma.



