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. Let n be a positive integer and let U, := {m |0 <m <n—1, (m,n) =1}.
(a) (FE#ERE) How many elements in Ujgo?

(b) (2@ fk) Show that U, is a group under multiplication modulo n.

(¢) (AEZf%) Let p be a prime. Show that a? = a (mod p).
)

(d) (BE¥EH) Let ¢ < p be primes and ¢|p — 1. Suppose that you have learned the group
U, to be cyclic. Show that there exists an integer s such that s # 1 and s? = 1
(mod p).

. Let ¢ < p be two primes and ¢|p — 1. Let s be an integer satisfying 1(d).

(a) (PAEIE) Show that the map « : Z, — Z, given by «a(i) = si is an additive group
automorphism.

(b) (#IE—) Show that the map 6 : Z, — Aut Z, given by 0(¢) = o' is a homomorphism.

(c) (BEREEEE) Let Z, x9Z, be the semidirect product of Z, and Z, as defined in Homework
7. Show that [(1,0)] = p, |(0,1)| = g and (0,1)(1,0) = (s,0)(0,1). Z, X9 Z, is called
the metacyclic group.

. (#§%£#) (Normalizer grows in p-group) Let |G| = p"™ where p is a prime, H < G and
H # G. Show that H # Ng(H).

. (B75%) Suppose |G| = p" and < e ># H <G. Show H N Z(G) #< e > .

(PREREL) Let |G| = p™. Show that for each 0 < k& < n, G has a normal subgroup of order
pr.

. (W) Let H be a normal subgroup of order p* of a finite group G. Show that H is
contained in every Sylow p-subgroup of G.



