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1. (a) (BE¥EH) Suppose |G| = p™ with p a prime. Show that for each 1 < i < n there
exists a subgroup of order p.
(b) (#&I&) Suppose |G| = p". Show that G is nilpotent.
(¢) (FIE—) Show that the direct product of a finite number of nilpotent groups is
nilpotent.

(d) (BB#E£E) Let H be a proper subgroup of a nilpotent group G. Show that H is a
proper subgroup of its normalizer Ng(H).

(e) (H5E#E) Suppose G is nilpotent. Show that G is the direct product of its Sylow
subgroups.

(f) (BE¥335) Suppose G is finite nilpotent and m divides |G|. Show that G has a sub-
group of order m.

2. Set

A:

o = O

1
0
1

o = O

Let S; denote the lit-only move on P associated with i € {1,2,3}, interpreted as a
3 X 3 matrix over Z,. Let L be the group generated by lit-only moves in P, and let L
act on Zj (set of column vectors) by left multiplication with the set O of orbits. Let
L' :={S"| S € L}, and let L! act on Z3 by left multiplication with set R or orbits.

(a) (PREEEL) Find S;A, AS!, AS; and S!A for 1 <i < 3.
(b) (¥EH) Find O.
(¢) (kE4) Find R.



