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1. Suppose G = H x K.

(a) (BER#EAE) Let N be a normal subgroup of H. Show that N is normal in G.
(b) (A %E#E) Suppose that G satisfies the ACCN. Show that H satisfies ACCN.
(c) (BET3¥5) Suppose that G satisfies the DCCN. Show that H satisfies DCCN.

2. Let Qg be the multiplication group generated by the complex matrices

=(40) == (05)

Qs is called the quaternion group.

(a) (#RE6EL) Show |Qs| = 8.

(b) (ZEM) *Consider the set G = {41, 44, +75, +k} with multiplication given by i* =
2=k =—-1;4ij =k = —ji; jk =i = —kj, ki = j = —ik, and the usual rules for
multiplying by +1. Show that G is a group isomorphic to the quaternion group Qs.

(c) (PFBZE) What is the center Z(Qg) of the quaternion group Qg?
(d) (EEH) Show that Q3/Z(Qs) is abelian.
(e) (MrFEFE) Is Qg isomorphic to (Z(Qg) x Qs/Z(Qg)).

3. Let NG, H < G, NNH = {e} and G = HN. In this case G is called the inner semidirect

product of N and H. For each h € H, define a map ¢, : N — N by ¢n(n) = hnh™! for
n e N.

(a) (BEEX) Is it always true G = N x H.
(b) (&) Show that ¢y is an automorphism on N.

(c) (ERB#w) Show that the map ¢ : H — Aut(N), defined by ¢(h) = ¢y, is a homo-
morphism from H into Aut(N).

(d) (B#EAE)) Show that nhn'h' = nep(n')hh' for n,n’ € N and h, ' € H.
(e) (fa[fkB%) Write Dg as an inner semidirect product of its two nontrivial subgroups.

. Let N, H be groups and ¢ : H — Aut(N) a homomorphism. Let N x4 H be the set
N x H with the following binary operation:

(n, h)(n', h) = (ng(h)(n'), h1)
for n,n’ € N and h,h' € H.
(a) (FETERE) Is there an identity for the above operation?
(b) (ZI#@fk) Does there exist (n,h)™! for each (n,h) € N x4 H?

(c) (FIEfw) Show that N x, H is a group with the above operation. N X, H is called
the outer semidirect product of N and H.



