Homework 3.
1.(a)
Let [F': K] = p, p is a prime.
If L is a field between F' and K,
then p = [F: K| = [F : L][L : K].
Since p is a prime, one of [F': L]|,[L: K] is 1, then L = F or L = K.
If [F: L] =1 then F is a one-dimensional vector space over L, and
the span of 1 € F
= L-1=Fand 1€ L too, then FF'= L
(b)
(i)Claim: [K(u) : K] is odd = [K(u?) : K] is odd.
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pl: K C K(u?) C K(u)

= [K(u) : K] = [K(u) : K(u)][K(u") : K]
(i) Claim: K (u) = K (u?)

(D) Trivial.

(C) u satisfies f(x) = 2% — u? = 0 over K (u?)[z]
If this polynomial is irreducible, we have [K(u) : K (u?)] = 2(—+«)
It is reducible over K(u?) = u € K (u?).
(©
(i)Define a polynomial f(y) =y® —uy —u € K(u)[y]
23 x3 z3
f(x):x3—ux—u:x3—x+1 “oris +1((!E+1)—ZL‘—1):0
Hence xz € K(x) is a root of polynomial f € K(u) [y]

.. is algebraic over K (u)
Thus K(z) is a extension of K (u).
(ii)Claim: f is irreducible over K(u)

Suppose not, let g(u) and h(u) be relatively prime in K[u] s.t f(#) =0
u
Then g(u)® — ug(u)h(u)? — uh(u)® =0

g(u) and h(u) have a nontrivial common factor. Thus h(u) € K

0= f(g(uw)=f- g%(—ﬂ— x is algebraic over K)

2.(a)

0,8 € (a,0), a+ € Qa,8), af € Qa, B), [Qa,B) : Q] = n
{1,0&+6, (Oé+ﬁ)2,"' ,(Oz—l—ﬁ)n} and {170567 (CM—Fﬁ)Q,"' 7<a+6)n}
Hence there are a;,b; € Q, not all zero,

such that > 7" (a;(a + )" =0 and Y77 bj(af) =

Z[2] is UFD.

For any r € Q(«, 3), r is algebraic number.

(b) 3
3v3
Let v = —
Then z is a root of f(x) = 8z — 3 irreducible over Q.
If x is an algebraic integer, then x is a root of a monic polynomial in Z[z]
"+ a, 2"+t ag = f(2)g(x)
But the leading coefficient of f(z) is 8.(—+«)
(c)
Let n = 0, then nu = 0 is an algebraic integer.
Suppose n > 0, u is algebraic number.
= f(u) =0, for some f(x) € Z|x]
Assume c is the leading coefficient of f.
f(x) =cx"+ - 7f(u):0
A f(x) = (cx)" + by(cx)™ ™ + chy(cx)" 2 + - - -



0=c"1f(u),g(x) =2+ ba" ' +box" 2 + -
= g(cu) = 0 = cu is algebraic integer.
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