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1. Define a relation a «~ b in a group G if @ = b or a = b~!. To show that - forms a
partition, we examine reflexivity, symmetry and transitivity. Let Il = {P, P,,--- , P;}.
Claim: |P;| < 2.

pf: it’s clear by definition of the relation « .
Since G is a group of even order and P; = {e} for some i, there exists P; = {a} such
that a = a™ L.
2. Let Z=1{0,1,2,---, P — 1}. Clearly, Z, is a monoid.
Claim: Va € Z, — {0},3b € Z,, s.t. ab=1 (mod P).
We know Va,b € Z, if (a,b) = 1, then Jz,y € Z, s.t. ax + by = 1.
Let a € Z, — {0} and (a,p) = 1. Then axr + py = 1 for some z,y € Z. Thus,
axr =1 —py =1 (mod P). There are three cases in the following.

(a) if x € Z, — {0}, we are done!.

(b) if x ¢ Z, — {0}, thenaz/:pk—i-:c' where 2’ € Zp,— {0}.
ar+py=1=alpk+z)+py=1= apk+axr +py =1 (mod P)

(c¢) if x =0, then py = 1. —«

3. Let A, B, C be any three eight-letter words, denoted by A = ajasazasasagarag, B =
b1b2b364b5b6b7bg, C = C1C2C3C4CCeCTrCY.

(A® B) ® C = ajasagasasbebrbs © c1cacscacscgercs

= 102030405CcC7C8

A D (B D C) = A1A9030405060708 D b162b3b4b5060768

— A1A2030405CC7C8

This implies (A@® B)® C = A@ (B & C). Thus it is a semigroup. Clearly, it isn’t
monoid.

4. Let A, B, C be any three eight-letter words, denoted by A = ajasasasazasarag, B =
b1b2b3b4b566b7b8, C= C1C9C3C4C5CaC7CY.

(A D B) D C = a5a6a7a8b1b2bgb4 @ c1CacsCyCryCeCrCy

= blbzbgb46102C3C4

A @D (B @D C) = (102030405060708 D b5b6b7b861026304

= asasaragbsbebrbs

This implies (A@® B)® C # A® (B & C). Thus it isn’t a semigroup.



