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What is representation theory all about?

One may say that representation theory is the realization of abstract structures as
matrices.

Example: Take an abstract finite group GG. A representation of GG consists of two
pieces of data:

1. A vector space V over some field k.

2. A group homomorphism p : G — GLg (V). Here GL (V) is just the group of all
invertible k-linear maps from V' to V' itself. So we can think of elements in GLg (V)
as matrices.

The fact that p is a group homomorphism means that

p(zy) = p(x)p(y),

and hence the group structure of GG, namely the group multiplication, is preserved.

So representation is just a way of realizing something that may be very abstract as
matrices.
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An Easy Example

Let us take G = Zo, the group of order 2. Let's say that G = {e, 2}, where 22 = e,
and e is the identity element.

What kind of representations do we know?

Take V' = C the field of complex numbers, which we regard as a one-dimensional
vector space over C itself.

So we are now looking at homomorphisms
p:Z2 — GLc(C) = C*,

where C* = C — 0.

Since we must have p(z?) = p(z)? = p(e) = 1 we must have p(z) = £1. So we
have only two representations here, namely

The trivial representation
pe) =1, p(z)=1.

The sign representation
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Representations and Modules

Given a representation p of G on a vector space V' over a field k.
We can make V' into a G-module by defining:
g-v:=plgv, geGuvelV.

Conversely given a G-module V' we can define a representation p of G on V' by
defining:

p(g)(v) :==g-v, geGvEV.

So the notion of representation of GG is the SAME as the notion of a G-module.
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Finite groups are not the only thing we can represent.
We can represent many other abstract structures, for example
associative algebras
or
non-associative algebras.
Of particular interest in this talk are:
representations of

A Lie algebra is a vector space L over a field k£ equipped with a bilinear map
[-,-] : L x L — L satisfying:

D) [X,Y] =-[Y, X], and

2) [ X, [V, Z]] = [[X,Y],Z]|+ [\, [X, Z]], forall X, Y, Z € L.
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Let V' be any vector space over k and consider Endy (1), the space of all k-linear
maps from V to V.

We can make Endy (V) into a Lie algebra by defining [, -] by:

[(X,Y]:=XY —YX, VX,Y € Endg(V).
Then skew-symmetry and Jacobi identity are satisfied.
So Endg (V) is naturally a Lie algebra.
We need also notion of a

A Lie superalgebra L is a Z2-graded space, i.e. L is a direct sum of two vector
spaces

L =1Lg®D L7,

equipped with a degree-preserving (i.e. [Le, Ls] C Leys, €,0 € Z2) bilinear map
[,-] : L x L — L satisfying

(L) [X,Y] = —(—1)2v[Y, X], and
(2) [Xa [Ya Z]] — [[X7 Y]? Z] + (_1)xy[Y7 [X7 Z]]

Above XY, Z are all homogeneous elements of L and z = ¢, if X € L.
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Let © be the vector space spanned by the following basis elements:

1
1, ¥, ¥, 7’€§—|—Z.

Set Ly =Cland L; =5 Cuf +3 Cyy .
Define the only non-zero Lie super-bracket [-, -] on C by

Wj«_,@bs_] - [%Ds_ﬂ%ﬂ - 57"+S,01-

Then the super-skew-symmetry is satisfied by definition, while Jacobi identity is
trivially satisfied.

This is an example of an infinite-dimensional Lie superalgebra.
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F is the space spanned by basis elements of the form
+ T Y e Y Y
w—’)"k ?’b_rk—l w—?"l ¢_5l¢_3l—1 w—sl |O>’
wherery >rp_1>--->ry >0ands; > s;_1 >--->s1 > 0.
Here is how C acts on F:

YE|0):=0, r>0,
1]0) := |0).

and the remaining action is determined by the relation

Y gy = drsl,
vl +vivt =0,
Yoy + s =0.

For example: o7 -~ |0) = —¢p~

2 2 o

~p

VR

0) + 1|0) = |0).

N[
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Define the only non-zero Lie bracket to be
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satisfied.

This is an example of an infinite-dimensional Lie algebra.
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Let Cl[x1, x2, 3, - -] be the polynomial ring in infinitely many variables
{z1,22,23, - }.

For any fixed complex number \ € C define an JH{-module (and hence a
representation of JH) by the formulas:

O—m = MTm, m >0,

Oém::%, m>0,

ap = A.

Above the formulas give the way the elements «,,, acts on a polynomial in
Clzy,x2,- - -], for example

ar-x1=1;, a_q1x1 = :13%; aQr1 = Ax1.
This way we obtain a one-parameter family of JH-modules, which we will denote by

Vi, AxeC.
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Now there is an action of the Heisenberg Lie algebra JH on the fermionic Fock
space F. We can see this as follows:

We need to find a way to have a,, act on &, for all m € Z, in a way compatible with
the Lie bracket of J.

Let us define the normal ordering : -- : of two ) operators by

cpFyeT = —yFTyr, ifs<0andr >0,

: wriwgt D= @b;—w;t, otherwise.

Similarly define the normal ordering : -- : of two « operators by
L O Oin ¢ = OpnQy, ifn <0andm > 0,
D QO | = iy,  Otherwise.

Introduce three generating series (z an indeterminate):
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Then we have the following:

a(z) = T () (2) :

The statement above means the following:

If we write A(z) =: ¥ (2)y~(2) : by collecting all the powers of z, then
A(z) =3 ez Amz~ ™71, The statement simply means that

[Am, An] = AmAn — AnAm = mSmin.o - 1.

Hence if we let a,,, act by A,, and 1 act by 1, then Fis a representation of JH.

Note that A, is always a sum of infinitely many operators. Let us write down for
example

Ag := Z :@Djwzr = Q.

rEZ+Z
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The Fock space F as a H-module is decomposed as follows:

F=p Vx.

We know from earlier that, when thinking of V, as an JH-module, we can think of it
as C[xl,xg, x ]

So in V,, there is a vector corresponding to 1 € Clxy, 2, - - - |.

We can write the formula for this vector in &, which we denote by |\):

[A) = 10), A =0,
A =vl vl 10), A >0,
A= 1w, ]0), A < 0.

A3 32
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Another interesting operator is the following.

Define L(z) := 3 ,,cz Lmz~ ™ %, where L(z) := 35 : a(z)a(z) :.

N

Take out the coefficient of z—2, which is
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The following formulas are needed later on:

[Lo, an] = —nay,
(Lo, ¥F] = —ryF,
o, ;7] = £y
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The reason to call the above expression Trace of 7 is because if we think of 27
acting on W, as z#, then the expression is precisely the trace of 2% on W'
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Suppose T : W — W and S : W — W are two diagonalizable linear maps and
T,S] =TS — ST = 0. Then it is well-known from linear algebra that 7" and S can
be simultaneously diagonalized.

So if we introduce two indeterminates x and ¢, then we can compute the
expression

Tr(zT¢%) = Z dimW,, ,x*q",
where W, , == {w € W|Tw = pw, Sw = vw}.
Now we apply this knowledge to .
We have two commuting diagonalizable maps Lg : ¥ — Fand ag : F — F.

So we can compute Tr(z0¢>0) on 7.

There are two methods to compute this.
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We use the formulas:

o, YE] = £4F,

Lo, 9] = =1y
The Fock space F has a basis of the form
+ +
wrk to 7707"1 |O>7

where there are no repetitions of the wi and r; < 0.

Now Lg|0) = 0 and a|0) = 0 and hence

Tr(z%¢™0) = ] (A +=¢")(1+2z""¢").
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Remark: Many other combinatorial identities can be obtained from similar method
using representation theory. So main idea here is to compute the character of the
same object in two different ways. From this we have an identity of characters and

hence a combinatorial identity.
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