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Setting

Let R(z) =1+ a1z +axz? +--- € 1+ 2C[[2]].

Define
H(z) =14 hiz+ hgz® +--- € 1+ 2CJ[2]]
E(z)=1+e1z+ ez +--- €1+ 2C[[2]],
and
P(2) = p1z + paz® + - -- € 2C][[2]]
by the equations

H(z) = (1)
E(z) = R(=2), (2)

and

©)
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Symmetric Functions

When R(z) =1+ a1zt + -+ a,.2" is a polynomial of degree r in C[z], there is
a connection with symmetric functions. First, define

F(2) = 2R G) |

F)=2"4+az '+ +a,_1z+a,.

That Is,

Assume that a4, as, - -, a,- € C are the roots of F'(z). We can write



A FACTORIZATION FOR MULTIVARIATE FORMAL POWER SERIES

or equivalently

R(z) = H(l — ;2). (4)



A FACTORIZATION FOR MULTIVARIATE FORMAL POWER SERIES

or equivalently

R(z) = H(l — ;2). (4)

Now define the following symmetric functions:



A FACTORIZATION FOR MULTIVARIATE FORMAL POWER SERIES

or equivalently

R(z) = H(l — ;2). (4)

Now define the following symmetric functions:

The nth complete homogeneous symmetric function in the roots of F'(z) is

hn = E Oéil'“()éin.

1<i1<---<in<r



A FACTORIZATION FOR MULTIVARIATE FORMAL POWER SERIES

or equivalently

R(z) = H(l — ;2). (4)

Now define the following symmetric functions:

The nth complete homogeneous symmetric function in the roots of F'(z) is

hn = E 0 IR O 7

1<i1<---<in<r

The nth elementary symmetric function in the roots of F'(z) is

€n — E 0 IR & 7y

1<ip< - <in<r
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The nth power sum symmetric function in the roots of F(z) is

T
pn « — Oé,L .
1=1
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The nth power sum symmetric function in the roots of F(z) is

T
. n
= g o .
=1

The corresponding generating functions are

GEE
:Z:Ohnzn:r[l(l—az)
E(z) =) en2 :HHaz

n>0
k

a anzn a Z (1 — ;2)

n>1 1=1
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Infinite Product

. The order of nonzero F(z) € Cl[[z]] is

ordF'(z) = the smallest n such that =" has

nonzero coefficientin F'(z).

. Let F,,(2) € C|[[z]] with F,(0) = 0 for n > 1. Then

11+ Fu(2))

n>1

converges if and only if
lim ordF,(z) = .

n—oo
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Factorization

Af R,,(2), for all n > 1 are formal power series in C||z]]
with ordR,,(z) = n, then there are unique C,, € C,n > 1, with

R(z) = [T+ Ra(2)"

n>1
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Mobius Inversion Theorem

. The Mdbius function u(n) is defined by

1 ifn =1,

,u(n) = < (—1)k If n=pips-- -,
0 otherwise.
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Mobius Inversion Theorem

. The Mdbius function u(n) is defined by

y

1 ifn =1,
u(n) =< (=% ifn=pips-- pr,
L0 otherwise.

. Let a(n) and 3(n) be arithmetic functions. Then

:Zﬁ(d) 225(n/d), for all n > 1.

d|n d|n

If and only if

=) u(d)a(n/d),  foralln>1.
d|n
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Type |

.Let R(z) =1+ ajz + azz? + - -- € 1 + 2C|[[2]]. There are unique
M, € C,n > 1, with

R(z) = | @ -z (5)
n>1
Moreover, we have
pn=) dMy Vn>1 ©)
d|n
and 1
My==> jld)prja n>1. (7)

d|n
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Proof of Theorem (Type I)

Proof; The first statement is clear because of Factorization Theorem. Now
taking the logarithmic derivative on both sides of (5), and multiplying by —=z

gives
R/'(2) Z"
Z 7 = E nM.,,

(2) = 1 —zn
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Proof of Theorem (Type I)

Proof; The first statement is clear because of Factorization Theorem. Now
taking the logarithmic derivative on both sides of (5), and multiplying by —=z
gives

That is,
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Proof of Theorem (Type I)

Proof; The first statement is clear because of Factorization Theorem. Now
taking the logarithmic derivative on both sides of (5), and multiplying by —=z
gives

That is,

n>1
Comparing the coefficients on both sides, we get

Dp, = Zde Vn > 1.
d|n

Finally, equation (7) follows by applying the Mobius Inversion Theorem to (6).
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Let R(z) =1 — az where « € P. We get p,, = o™ from equation (3). Hence, by
equation (4) and (6), we have

1 —az= H(l—z")M”

n>1

or equivalently

10
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Let R(z) =1 — az where « € P. We get p,, = o™ from equation (3). Hence, by
equation (4) and (6), we have

1 —az= H(l—z”)M”

n>1

or equivalently
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Cyclotomic Identity

Let R(z) =1 — az where « € P. We get p,, = o™ from equation (3). Hence, by
equation (4) and (6), we have

1 —az= H(l—z”)M”

n>1

or equivalently

1 1 " 1
= where M, = — d)a™¢.
1 —az . (1—zn) ’ nzﬂ( Ja

n d|n

Remark: Itis worth noting that IS the number of
primitive necklaces with n beads and « colors.
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Congruence (Type 1)

11
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. The following three conditions are equivalent

(i) R(z) € 1+ 2Z]|~]],

(i) M, €Z Vn>1,

Congruence (Type 1)

(iii) > p(d)pnsa =0 (mod n) Vn > 1.

d|n

11
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Let R(z) =1 — az where a € P. We get p,, = o™ from equation (3). By

Theorem, we have
Z w(d)a™?=0 (mod n)
d|ln

12
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Let R(z) =1 — az where a € P. We get p,, = o™ from equation (3). By

Theorem, we have
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Let R(z) =1 — az where a € P. We get p,, = o™ from equation (3). By

Theorem, we have
Z w(d)a™?=0 (mod n)
d|

Let n = ¢ be a prime, then we have

> p(d)a?

d|q

=p(1)a? + p(g)o

12
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Let R(z) =1 — az where a € P. We get p,, = o™ from equation (3). By

Theorem, we have
Z w(d)a™?=0 (mod n)
d|

Let n = ¢ be a prime, then we have

> p(d)a?

dlq
=p(1)a? + p(g)o
=a? —a

=0 (mod q).

12
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Fermat’s Little Theorem

Let R(z) =1 — az where o € P. We get p,, = o from equation (3). By
Theorem, we have

Z w(d)a™?=0 (mod n)
d|ln

Let n = ¢ be a prime, then we have

> p(d)a?

dlq
=p(1)a? + p(g)o
=a? —a

=0 (mod q).

12
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Characterization (Type I)

. The following are equivalent:

(i) exp Z%z" e 1+ 27| |2]],

n>1

(i)) Y p(d)ppya =0 (mod n) foralln > 1,
d|n

(iii) ) " a(d)pnjq =0 (mod n) for all n > 1, where « is an arithmetic function
d|n

with a(1) = +1and } _;, a(d) =0 (mod n) for all n > 2,

(V) Dmgs = Pimgs—1 (mod ¢°) for all primes g and m, s € PP.

13
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Example 1

Let H(z) = 15 —22,
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Example 1

Let H(z) = 15 —22,

Then

14
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Example 1

Let H(z) = 15 —22,

Then
n = C(n) = ni1<2:>
= (00)
and o
Sut@)(f ) =0 (modn

d|n
where C(n) is the Catalan number.

14
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Example 2
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Example 2

Let H(z) — 1—2—\/1—22—322.

222

15
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Example 2
Then . .
n +
hnM(n)nJrlzi:( 1
pn=CT(n) =

1

)(

n+1—21
1+ 1

()

)

15
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Example 2

Let H(z) — 1—z—\/1—2z—322.

222

Then

1 n+1\/n+1-—1
h”_M(”)_nHZ( i )( i+ 1 >

1

r=eren= (1))

1

and
> w(d)CT(n/d)=0 (mod n)

d|n

where M(n) is the Motzkin number and C7 (n) is the central trinomial
coefficient.

15
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Example 3
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Example 3

2z
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Example 3

2z

Then
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Example 3

2z

Then . . .
= 22()(0)

pn = 5[CD(n) +CD(n — 1)

and

Z,u CD (n/d)+CD(n/d—1)] =0 (mod n)

d|n
where S(n) is the large Schroder number and CD(n) is the central Delannoy
number.

16
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Remark: The large Schroder number S(n) is the number of subdiagonal
paths from (0, 0) to (n,n) consisting of steps east (1,0), north (0,1), and
northeast (1, 1) (sometimes called royal paths).

The central Delannoy number CD(n) is the number of paths from (0,0) to
(n,n) consisting of steps east (1,0), north (0, 1), and northeast (1, 1).
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Multivariate Setting
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Let z = {21, ..., zx} be a set of commutative indeterminates and

F||z]] = F||z1, ..., 21]].

Multivariate Setting

Let boldface letters denote vectors

n ni

ng
Z :Zl "'Zk-

N=4{0,1,2,---}

S = NF\ {0}.

18
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Let z = {21, ..., zx} be a set of commutative indeterminates and

Flz]]

= F||z1, ..., 2K]]-

Multivariate Setting

Let boldface letters denote vectors

Zn

:zl

n1 ng
o o o Z .
k

N=4{0,1,2,---}

S = NF\ {0}.

(z) = ) anz" € C[[z]] with R(0) = 1

n>0

18
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Define
H(z) =) hyz" € C[[z]],
E(z) =) enz" € C[[z]],
and )

P(z) =) pnz" € C[[z]]

by the equations

19
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Define

H(z) = Y haz" € C[[2]],

n>0

E(z) =) enz" € C[[z]],

n>0
and

P(z) =) pnz" € C[[z]]

nes
by the equations

and

(8)
©)

19
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Define

and

by the equations

and

H(z) = Y haz" € C[[2]],

n>0

E(z) =) enz" € C[[z]],

n>0

P(z) =) pnz" € C[[z]]

nesS
H(z) = g
E(z) = R(—2),

(8)
©)

(10)

19
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Mobius Inversion Theorem (Multivariate Version)
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Mobius Inversion Theorem (Multivariate Version)

We use the notation d|n to mean that d divides all components n; and write

- ()

20
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Mobius Inversion Theorem (Multivariate Version)

We use the notation d|n to mean that d divides all components n; and write
n_ (E %)
d \d’ 'd/
. Let a(n) and G(n) be functions defined on S. Then

=) B(n/d), forallnes.

d|n

If and only if

=) u(d)a(n/d), forallnes.
d|n

20
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Let In| =ny +no + - -+ + ng.

MType |

21
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MType |

Let In| =ny +no + - -+ + ng.

.Let R(z) € C||z]] with R(0) = 1. There are unique M, € C,n € S,

with
R(z) = ] @—-z"" (11)
nesS
Moreover, we have N
pn:Z‘E|MH/d vn € S (12)
d|n
and 1
M= > w(d)pasa Yn e S. (13)

d|n
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Congruence (MType I)

22
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. The following three conditions are equivalent

Congruence (MType |)

() R(z) € Z[[z] with R(0) = 1,

(i) M,€Z VYnecS

(iii) > " p(d)pnja=0 (mod [n]) VneS.

d|n

22
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Example 1

Let R(z) =1—21 — 29— - -+ — 2.

Then
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Example 1

Let R(z) =1—21 — 29— - -+ — 2.

S
Ny, N2, - , Nk
_( | )

Pn =
N1, g, - , Nk

Then
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Example 1
Let R(z) =1—21 — 29— - -+ — 2.
Then
ol )
ni, g, - , Nk
_< | )
Pn =
ni, g, - , Nk
and

23
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Example 2
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Example 2

Let R(x,y) =1 —x — xy.
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Example 2
Let R(x,y) =1 —x — xy.

Then
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Example 2

Let R(x,y) =1 —x — xy.

Then

e ()
e (2)+ ()

and

> () + (ass

d|(m,n)

)| =0 modm+n)

24
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Example 3
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Example 3

Let R(xz,y) =1—x —y — xv.
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Example 3
Let R(x,y) =1—2x —y — xy.

Then
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Example 3

Let R(x,y) =1—2x —y — xy.

(mod m + n)

Then
et =2 ()77 -2 ()()
Pmm = D(m,n) +D(m —1,n —1)
and
Y w(d) [D(m/d,n/d) + D(m/d—1,n/d —1)] =0
d|(m,n)

where D(m,n) is the Delannoy number.

25
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Example 3

Let R(x,y) =1—2x —y — xy.

Then
et =2 ()77 -5 () ()
Pmm = D(m,n) +D(m —1,n —1)
and
> w(d)[D(m/d,n/d) + D(m/d—1,n/d—1)]=0 (mod m +n)
d|(m,n)

where D(m,n) is the Delannoy number.

Remark: The Delannoy number D(m, n) is the number of lattice paths from
(0,0) to (m,n) consisting of steps east (1,0), north (0, 1), and northeast (1, 1).
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Thank you :)
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