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Abstract As a generalization of d°-disjunct matrices and (w, r; d)-cover-free-
families, the notion of (s,/)¢-disjunct matrices is introduced for error-correcting
pooling designs over complexes (or set pooling designs). We show that (w, r, d)-
cover-free-families form a class of (s, /)°-disjunct matrices. Moreover, a decoding
algorithm for pooling designs based on (s, /)¢-disjunct matrices is considered.
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1 Introduction

The notion of superimposed code was first introduced by Kautz and Singleton (1964)
in the context of superimposed binary codes, and it was then generalized to d°-
disjunct matrices by D’yachkov et al. (1989) and by Macula (1997), to superim-
posed (s, l)-code, superimposed (s, 1)-design by D’yachkov et al. (2002), and finally
to (w, r; d)-generalized-cover-free families recently by Stinson and Wei (2004).

In the context of (s, /; e)-cover-free families, d-disjunct matrices with (s, /; e) =
(1,d; 1) have been generalized to d°-disjunct matrices with (s,/;e) = (1,d;e + 1)
for error-correcting purpose (D’yachkov et al. 1989; Macula 1997); on the other hand,
it has also been generalized to (s, [)-superimposed designs (D’yachkov et al. 2002)
with (s,1; e) = (s,1; 1) for the purpose of group testing over complexes. All these
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structures have found their applications in the designs of combinatorial group testing
applicable to DNA library screening, and they are therefore called pooling designs
with various additional properties.

More precisely, consider a set [t] = {1, 2, ..., t} of molecules, the goal is to iden-
tify an unknown family g = { Py, P2, ..., Px} where the joint appearance of all mole-
cules in each P; causes a certain given biological phenomenon. An experiment, some-
times called a pool, can be applied to an arbitrary subset S C [#] with two possible
outcomes; a negative outcome implies S does not contain any P; € g, and a posi-
tive outcome implies otherwise. Members of g are called positive complexes. Such
a model is usually referred as the complex model. Of particular note is the basic as-
sumption that members of g are subject to non-inclusion. See (Du and Ngo 2000;
Du and Hwang 2006) for more details and (Chen et al. 2008; Huang et al. 2007;
Huang et al. 2008; Huang and Weng 2004) for related study.

In this paper, as a generalization of d°-disjunct matrices and (s, /; e)-cover-free-
families, the notion of (s, [)¢-disjunct matrices is introduced for error-correcting pool-
ing designs (or called set pooling designs, group testings over complexes). We show
that (s, [; e)-cover-free families form a class of (s, /)¢-disjunct matrices in Sect. 3;
moreover, a decoding algorithm for error-correcting pooling designs based on (s, [)¢-
disjunct matrices is given in Sect. 4.

2 Preliminary

For an N x t binary matrix M, let R; and C; denote the i-th row and j-th column of
M, respectively. In this paper, we also let C; denote the subset of [N] consisting of
all i with M;; = 1. For positive integers s, [ and ¢ such that s +1 <¢, let p (s,/, 1)
be the family of all antichains g = { Py, P>, ..., P} with P; C [t], |P;| <[, and 1 <
k<s.o={P, P, ..., P} is called an antichain if and only if P; and P; are not
comparable whenever i and j are distinct.

The model of set pooling designs may be traced back to Torney (1999) and was
carried out by D’yachkov et al. (2002).

Definition 2.1 (D’yachkov et al. 2002) A binary matrix M of order N x t is called

(1) asuperimposed (s, l)-code if, for any two disjoint subsets S, L of [¢] with |S| =s
and |L| =, there exists a row with entry 1 over L and O over S;

(2) a superimposed (s, [)-design if Upiep(ﬂjepi Cj)# UP/ng’(mjeP/ C;) for any
two distinct pp = {Py1, P, ..., P}, ' ={P{, Py, ..., P)} € p(s,1,1).

They showed that each (s,[)-superimposed code is an (s,l)-superimposed de-
sign, and each (s, [)-superimposed design is an (s — 1,/)-superimposed code and an
(s, — 1)-superimposed code as well. On the other hand, the following notion of
(w, r; d)-cover-free families was introduced by Stinson and Wei (2004).

Definition 2.2 (Stinson and Wei 2004) Let w, r and d be positive integers. A set
system (X, 3J) is called a (w, r; d)-cover-free-family (or (w,r; d) — C F F) provided
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that, for any w blocks By, ..., By € J and any other r blocks Ay,..., A, € J, we
have that

>d.

M 8- U 4

I<j=<w I<j=r

Note that the point-block incidence matrix of an (/, s; 1)-cover-free family is in-
deed a superimposed (s, [)-code. The notion of (s, [)¢-disjunct matrices is introduced
as a common generalization of d°-disjunct matrices and (w, r; d)-cover-free-family.

Definition 2.3 For positive integers s, [, t with s + [ < ¢, a binary matrix M of order
N x t is called an (s, I)¢-disjunct matrix if

Ne-U(Na)

ieA Piep “jeP;

>e

for any antichain o = {P1, P2, ..., Pt} € 9(s,1,t), and for any A C [¢] with |A| <1
and A ¢ p.

An (s, [)°-disjunct matrix M can be used for a pooling design in the following
way: Let the columns of M be identified with the set of samples and its rows be
identified with pools for testing such that M (i, j) = 1 if the j-th sample is included
in the i-th pool. Suppose the set [t] = {1, 2, ..., t} represents the set of samples with a
(to be identified) positive family o = {P1, P2, ..., P} C e ([t]), the power set of [7],
each test checks whether a pool contains at least one positive set P; € g completely.

After the testing, the outcome vector

o(p) = o(p, M) = the characteristic vector of the set U m C j>
Piep ~jeb;

is reported for g = { Py, P2, ..., Py} € o (s,1, t) if there is no error occurred during
the processes, i.e., a test is reported positive only if it contains a certain positive sub-
set P;. Suppose instead that the report o(g) + € with an error vector € is received,
Theorem 4.1 shows that the error occurring during the testing processing can be de-
tected whenever the weight of € is less than e, and the errors can be corrected when-
ever the weight of € is no larger than L%J. In case [ =1, each P; € g is reduced
to a singleton, and it then reduces to k°-disjunct matrices, whose decoding algorithm
was discussed in (Huang and Weng 2003).

3 Some properties of (s, [)¢-disjunct matrices

Some good explicit constructions of generalized cover-free families, as well as non-
constructive existence results using the probabilistic method including the Lovasz
Local Lemma can be found in (Stinson and Wei 2004), some bounds (i.e., necessary
conditions) for generalized cover-free families were obtained through two different
approaches. Theorem 3.1 shows that generalized cover free families provide a source
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of (s, [)°-disjunct matrices. Some properties of (s, /)°-disjunct matrices are given in
Lemma 3.2 and Theorem 3.3 with the consideration of error tolerance over the pool-
ing designs based on them.

Theorem 3.1 The point-block incidence matrix M of an (1, s; e)-cover free family
{C1,Cy,...,Ct}is an (s,1)¢-disjunct matrix of order N X t.

Proof For any antichain ¢ = {Py, P2, ..., Px} € 9 (s,1,t), and for any A C [¢] with
|Al <l and A ¢ p,leta; € P; fori <k <s andlet S C [¢] be an s-subset containing
{ay,...,ar}. Then UP,-ep(mjeP,- Cj) S Ui<i<k Ca; S Ujes Cj, and hence

Ne-U(Na)zjNe-Uejz|na-Ue=e
icA Piep “jeP; icA Jjes ieA’ JES
where A C A’ C [r] with |A’| =1 because {Cy, Ca, ..., C;}is an (I, s; e)-generalized
cover free family. O

Lemma 3.2 Let M be an (s, 1) -disjunct matrix, then dg (0(9), o(")) > e whenever
0.8 €p(s, 1, 1) are distinct.

Proof Without loss of generality, we may assume that g’ — g is non-empty and
A€ g’ — p, we have

Ne-U(No)) =
icA Bep “jeB
by definition, and therefore dg (0(p), 0(g’)) > e. d

For an (s, [)¢-disjunct matrix M, we are interested to know the minimum distance,
i.e., the minimum of the set {dy (o(g), 0(9")) |9, 9’ € 9 (s,1,1)}.

Theorem 3.3 Let M be an (s,l)¢-disjunct matrix. Given two distinct ©, ' €
©(s,1,t). Then the following hold:

(D) Ifo ¢ 9" and o' ¢ o, then dy (0(p), 0(9")) = 2e.
(2) If p C ', then dy (o(p), 0()) > e.

Proof (1) Letp ={Py, Py,..., P}, ' ={P|, P}, ..., P}y € 9(s,1,1). Then

dp(o(), 0(9)

-lu(ne)-U(ne)l+u(ne)-u(ne)
Piep “jeP; Plep' “jeP; Plep’ “jeP! Piep “jeEP;
-INe-U(Ne)+|Ne-U(Ne)
JEP; Plep’ “jeP; JjEeP! Piep “jep;
> De.
The proof of (2) is similar to that of (1) and will be omitted. Il
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4 A decoding algorithm based on (s, /)¢-disjunct matrices

The methodology used by Kautz and Singleton (1964) has been generalized to a de-
coding method for pooling designs based on d°-disjunct matrices (Huang and Weng
2003). In this section, we shall show that similar argument works well also for a
decoding algorithm of pooling designs based on (s, /)¢-disjunct matrices.

Let x4 with A € [N] be the output vector for the group testing over the (to be
identified) positive family g = {Py, ..., Px}. The following provides an decoding
algorithm for the pooling design based on a (s, /)¢-disjunct matrix M.

Algorithm

Input: the output x4 associated with A C [N]
Output: positive complexes g

pa:=0

While Z C[N]and |Z| <l do

If ez Cj — xal < [5+] then add Z into o4

If |[goa] > s or g4 # x4 then output “there is an error”
else Output g = g4

Theorem 4.1 Let A C [N], and let

pa=1{Z|Z| <land|(;ezCj— xal < |}
Then the following hold:

(1) Ifdu(o(9). xa) < |51, then p = pa.
(2) Suppose dy(o(p), xa) < e — 1 and |pa| < s. Then o(p) = xa if and only if
o(pa) = xa-

Proof (1) Since ();c, Ci € o(g) for any Z € g, and then

(1Ci—xa

JjeZ

—1
<dy(o(9), xa) < VTJ

it follows that Z € g 4. On the other hand, if Z € g4 but Z ¢ g, then |ﬂj€Z C;—
o(g)| > e by definition. Since dy (0(p), x4) < L%J, we then have

e—1
Ne-u| 2| 541
2
a contradiction.

jezZ
(2) It is clear that if o = 4. Now suppose that g # g4. Then

—1
A (0(9). xa) > VTJ
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as just shown; in particular, o(¢) # x4. By Lemma 3.2,

di(0(9a), xa) = du(0(9), 0(9a)) — du(0(p), xa) Ze — (e -1 =1,
and o(p4) # x4 as required. O
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