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ÑJó nÝ q-ÿa [n]qÝ�L

µy q-ôb§� Fq Ý nî'�è V b

[n] := [n]q :=
qn − 1

q − 1

Í×î�è (ÄæFàa)�h� q 6= 1ÎØ×Í²ó
Ýg]�

îP3 q = 1��Õ
×Í n-ô/)b

[n]1 = n

Í 1--ô�/�h² [−n]q = −q−n[n]q�
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[nk ]q Ý�L

� [n
k
]q �'�è V � kî�è ÝÍó�

�Õ k − 1î�è � kî�è b�ân;Ý5�E
ó6ÿÕ�

[ n

k − 1

]
q
[n− (k − 1)]q =

[n

k

]
q
[k]q�

X|
[n

k

]
q

=
[n]q!

[n− k]q![k]q!
�

h� [k]q! := [k]q[k − 1]q · · · [1]q�
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�-ó�Ý q-ÿa

an = A + B[n]q

=





(A− B
q−1

) + B
q−1

qn, if q 6= 1;

A + Bn, if q = 1.

îP an�� an − (q + 1)an−1 + qan−2 = 0�

3



��� q-ÿa

an = A + B[n]q

�

an =





A + Bn, q = 1;

C + Dqn, q 6= 1.

£×Íf´���(�$��)
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ÐóÝ q-ÿa

f(x) = Aex(1 + B[x]eq−1)

=





A((1− B
eq−1−1

)ex + B
eq−1−1

eqx), if q 6= 1;

A(ex + Bxex), if q = 1.

îP f(x)�� f ′′(x)− (q + 1)f ′(x) + qf(x) = 0�
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� q-ÿabnÝó.

à)(Combinatorics)��ó(Algebra)�©�Ðó
¡(Special Functions)�ó.Î§(Mathematical

Physics)........��

b°�� q-ÿa�Ì
�; (quantization)�
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�ó

�ó(algebra)Î×Í'�è �Í�'� b�QÝ¶
°ºÕ�A�9Í¶°���)�µÌ
�)�
ó(associative algebra)�

7



�ã�ó

ã x, yXßWÝ�ã�ó(free algebra)Î×�óbì�
Ã9�

1, x, y, x2, xy, yx, y2, x3, x2y, xy2, y3, . . .

A�!� yx = xyJ�W�øð�ó�¸Ý q-ÿaµÎ
§×f� yx = qxy�Í�!� yx = −xyÎ×©»�
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Þ4P�§

�' yx = qxyJ

(x + y)2 = x2 + (q + 1)xy + y2 = x2 +
[2

1

]
q
xy + y2�

×���Î

(x + y)n =
n∑

k=0

[n

k

]
q
xkyn−k�
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U(sl2)

U(sl2) Î×�)�óbëÍßW-ô X� Y� H���
ì�n;�

XY − Y X = H,

HX −XH = 2X,

HY − Y H = −2Y.
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Uq(sl2)

Uq(sl2) Î×�)�ób°ÍßW-ô E� F�K�
K−1���ì�n;�

KK−1 = K−1K = 1,

KEK−1 = q2E, KFK−1 = q−2F,

EF − FE =
K −K−1

q − q−1
.

Uq(sl2)Î U(sl2)Ý q-ÿa (�|:�)�
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Uq(sl2) Ý¨×Ë presentation

� L = EF − FE J;¶W� Uq(sl2) Î×�)�ób"
ÍßW-ô E� F�K�K−1� L��ì�n;�

KK−1 = K−1K = 1,

KEK−1 = q2E, KFK−1 = q−2F,

EF − FE = L, (q − q−1)L = K −K−1,

LE−EL = q(EK+K−1E), LF−FL = −q−1(FK+K−1F ).

(�K = 1, q = 1, L = H, E = X, F = Y��ÿÕæ�
U(sl2)�)

12



Uq(sl2)Ý equitable presentation

Uq(sl2) Î×�)�ób°ÍßW-ô x� x−1� y� z�
��ì�n;�

xx−1 = x−1x = 1,

qxy − q−1yx

q − q−1
= 1,

qyz − q−1zy

q − q−1
= 1,

qzx− q−1xz

q − q−1
= 1.

(Ito, Terwilliger, )

(���¶W U(sl2)Ý q-ÿa�)
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Uq(sl2)�:� q-ÿaÝ equitable presentation

Uq(sl2) Î×�)�ób°ÍßW-ô
x� (x(q − 1) + 1)−1� y� z�
��ì�n;�

(x(q−1)+1)(x(q−1)+1)−1 = (x(q−1)+1)−1(x(q−1)+1) = 1,

xy − qyx = x + y, yz − qzy = y + z, zx− qxz = z + x.

(q = 1µÎ U(sl2) (¬�Îæ�Ý presentation)�)
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aª

Uq(sl2)Î 1981Oã Kulishõ Reshetikhinè��

.Âh�x]P�EÍ¸A�ó g� DrinfeldC Jimbo

}ñÝxC� U(g)Ý q-ÿa Uq(g)�

DrinfeldC JimboC¨²ËßMori, Witten�!ÿÕ
1990OÝð«+'�
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îÔE��E�Matrices

X =




0 [−3] 0 0

0 [−1] [−3]− [−1] 0

0 0 [−2] [−3]− [−2]

0 0 0 [−3]




,

Y =




0 0 0 0

0 1 0 0

0 0 [2] 0

0 0 0 [3]




,
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ìÔE�Matrix

Z =




0 0 0 0

−[−1] [−1] 0 0

0 −[−2] [−2] 0

0 0 −[−3] [−3]




X, Y, Z ��

XY−qY X = X+Y, Y Z−qZY = Y +Z, ZX−qXZ = Z+X.
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�î§¡

0MatricesÝ»�µÎ�î§¡(representation

theory)�

X, Y, Z Î Uq(sl2) q-ÿaÝ×à representation�

X − 2
q−1

I, Y − 2
q−1

I, Z − 2
q−1

I Î¨×à�

9ËàÎXb°îÝrepresentations (�Õã±î·R¼
Ý)�
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Bidiagonal Triple

AE (A,B, C); (B, C, A); (C, A,B) ëà!��Ý
matrices�ÝN×àK�b×�!Ã9¯Í�W9îÔ
E�:,9E�:, 9ìÔE�:Matrices�&ÆÌ
(A,B, C)Î× Bidiagonal Triple�

&ÆJ� (aX + bI, cY + dI, eZ + fI)Î°îÝXb
bidiagonal triplesÝ»��ô�|.ÂÕ��b§î�

20



Combinatorial Matrix Theory

¼�×Í matrixÝ& 0-ôX3�H¼@~ matrix�×
�9°& 0�H�à×Í%¼�î�

@~ËÍ|îÝmatrices`¯×Í matrix�E�;µ�
ü�×à©Ç'�	F/��::Í¸ matricesA¢®
à9°F�
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¨×Ë q-ÿa

&Æ�G:ÕÝ q-ÿaÎ. q = 1.Â
×��ó q�

¨×Ë q-ÿaÎ. q
²óg]��.Â
Xb��Ý
ÑJó(#�Xbó)�
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b§¿¢

3�h¿«îb§fàa)R¼ÝFôP°�â¨×f
àaXbÝF�

3µyb§� Fq Ý¿« F 2
q ���� q − 1fàa)R

¼ÝFôP°�â¨×fàaÝF�
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N�'�®Þ

N�×Í�Qó q��½�0×Íb§/) Pq Ì
5F
/)6�C Pq ÝØ°�/)�W5àa/)6 Lq��
� |Pq| < |Lq|C�� q − 1fàa)R¼ÝFôP°�â
¨×fàaXbÝF (Ìh
 (q-1)-disjunctP²)�h®
Þ�N�'�bn�

9Í®Þ	 q = 1Î�QÝ�	 qÎ²óg]`��
X�.
 F 2

q �b q2ÍFC (q + 1)qàa�

Ò�È!.�ë`�XN�'�®Þ q = 6���ÿÕ
?���/×0-'ª�
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Ò�ÈÝ��

=�

http://jupiter.math.nctu.edu.tw/

˜ weng/group/references/pooling design/wu 2001.jpg

�:ÕÒ�È	�Ý���
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Edros, Frankl, FurediÝ�?

Edros, Frankl, Furedi�?N�®Þ�FÝÍó
|Pq| ≥ q2�

9Í�?	 q = 1, 2, 3, 4`���X�Î?LÉÝÆÿ
¡Z (?���/¼0)�	 q = 5��ÎW�H�?�
�Îs�Ý¡Z�
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�ëýÝN�'�

� k < nËÑó�µyb§� Fq Ý nîè ��� k

îû �è (affine subspaces)K�º�âyÍ¸
(q − 1)Í kîû �è ÝÐ/� kîû �è b

qn−k


 n

k




q

fFó qn9�×ÍÜ²ÝP²��Kºb

qk−1ÍF���â�9�Tày�ëýÝN�'��

(2006, Huang, Hunag, )
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ûÒÑJ%

à5 d Ý% G� 	�ã 0 ≤ i ≤ dC�ãËF x, y��
� ∂(x, i) = i�

ci := |G1(x) ∩Gi−1(y)|,
ai := |G1(x) ∩Gi(y)|,
bi := |G1(x) ∩Gi+1(y)|

ÎëÍðó`�&ÆÌ GÎûÒÑJ%�ci, ai, biÌ

h%Ý8ø¢ó (intersection numbers)�
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Johnson Graphs

ü�ËÑó d < n�� G
 {1, 2, . . . , n}Ý d-�/X�
WÝ/)�ËÍ d�/ø/b d− 1-ô`�&ÆÌÍ
8Ï�h` GºÎ×à5
 dÝûÒÑJ%�§
Johnson Graph J(n, d)�
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Grassmann Graphs

ü�ËÑó d < nC×²óg] q�� G
'�è F n
q

Ý dî�è X�WÝ/)�ËÍ dî�è ø/Î
d− 1î`�&ÆÌÍ8Ï�h` GºÎ×à5
 dÝ
ûÒÑJ%�§ Grassmann Graph�h%
 Johnson

graph Ý q-ÿa�
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Ì�Î¢óÝûÒÑJ%

A� GÝ8ø¢ó��

ci =

[
i

1

](
1 + α

[
i− 1

1

])
0 ≤ i ≤ d,

bi =

([
d

1

]
−

[
i

1

])(
β − α

[
i

1

])
0 ≤ i ≤ d,

h� [
i

1

]
:= 1 + q + q2 + · · ·+ qi−1,

J&ÆÌ Gb�Î¢ó (d, q, α, β)�
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Ñi�Î¢óÝûÒÑJ%

Theorem 0.1. (Terwilliger 1995) EûÒÑJ% G� ì
�Ëï��:

(i) G b�Î¢ó (d, q, α, β)�

(ii) GÝ ”dual eigenvalues”��
θ∗i − (q + 1)θ∗i−1 + qθ∗i−2 = 0�
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q = 1Ý�Î¢óûÒÑJ%

q = 1Ý�Î¢óûÒÑJ%Ý5v®Þ�ã Y. Egawa,

A. Neumaier, P. Terwilliger3 1987OG¡5½�W�¸
ÆÎ Hamming graphs H(d, n) (n 6= 4), Johnson graphs

J(n, d) ((n, d) 6= (8, 2)),C Half cubes Dn,n�h5v�
root systembn�
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q < −1Ý�Î¢óûÒÑJ%

3 1999O&Æ3×°�'ìI5�W q < −1Ý�Î¢
óûÒÑJ%Ý5v�&Æ�' a1 6= 0, c2 > 1`�J
�hv%
 dual polar graphs, Hermitian forms graphs,

CÎá×vÍ α = (q − 1)/2, β = −(1 + qd)/2, h� −q

Î²óg]�&ÆÝ]°Î¿à×°�%�xC poset

C"Dh posetÝP²�
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Pë��Ý�Î¢óûÒÑJ%

a1 = 0Ý��Î}ÿß�¼DÝ@~xÞ�.hÞ¼5
vÝ�WôÎ���Ý�
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[n]qÝ¨v�L

[n]q :=
qn − q−n

q − q−1
.

3h�L&Æb [n]q = −[−n]q�
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