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Graph puzzle

Wilson, Richard M., Graph puzzles, homotopy, and the alternating group.
J. Combinatorial Theory Ser. B 16 (1974), 86-96.
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Lit-only σ-game on a graph
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矩陣建模

1 F n
2 is the set of colorings (configurations) of n-vertex simple graph

G to black and white (1 = black, 0 = white).

2 Let A be the adjacency matrix of G . Then Li ∈ Matn×n(F2) such that

Liu = u+ < ei , u > Aei = u + eT
i uAei = (I + Aeie

T
i )u.

3 Hence Li = I + Aeie
T
i satisfies L2

i = I ; in particular, Li is invertible.

4 What is the matrix subgroup W(G ) of GLn(F2) that is generated by
the matrices L1, L2, . . . , Ln?
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Proposition

If i is adjacent to j then (LiLj)
3 = I .

Theorem

(Hau-wen Huang, W) If G is the Dynkin diagram of types An,Dn,E6,E7,
or E8 then W(G ) is isomorphic to W (G )/Z (W (G )), where W (G ) is the
Coxeter group associated with G, and Z (W (G )) is the center of
Z (W (G )).
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An(n ≥ 1) c c c q q q c c c
n n − 1 n − 2 3 2 1

Dn(n ≥ 4) c
c c c q q q c c c
"
""

b
b
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n
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c
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c c
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Figure 1: simply-laced Dynkin diagrams
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Theorem

(Yaokun Wu (吳耀琨)) If G is a tree with n vertices and L(G ) is the line
graph of G, then W(L(G )) is isomorphic to the symmetric group Sn.

Theorem

(Hau-wen Huang, W) If G is a connected graph with n ≥ 3 vertices and m
edges and L(G ) is the line graph of G, then

W(L(G )) ∼=
{

(Z/2Z)(n−1)(m−n+1) o Sn, if n is odd;

(Z/2Z)(n−2)(m−n+1) o Sn, if n is even,

where Z is the additive group of integers.
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Lit-only σ-game orbits and Maximum-orbit-weight

1 Two configurations are in the same lit-only σ-game orbit if one is
obtained from the other by a sequence of lit-only σ-moves.

2 The weight w(O) of an orbit O is the minimum number of the
Hamming weights w(u) among all u ∈ O.

3 The maximum-orbit-weight M(G ) of a graph G is the maximum
number of orbit weights w(O) among all orbits O ⊆ F n

2 .

4 M(G ) is also called the minimum light number of G .
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When G is a Dynkin diagram, the Borel-de Siebenthal theorem in 1949
says M(G ) = 1.

Meng-Kiat Chuah (蔡孟傑) and Chu-Chin Hu (胡舉卿) give the lit-only
σ-game orbits description when G is a Dynkin diagram or an extended
Dynkin diagram.

Theorem

(Hsin-Jung Wu (吳欣融)), (Xinmao Wang (王新茂)and Yaokun Wu) If G
is a tree then M(G ) ≤ d`/2e, where ` is the number of leafs in G .
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M(G ) = 2.
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Theorem

(Hau-wen Huang) If G is a tree with a perfect matching then M(G ) = 1.
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The graph G containing induced path Pn−1
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To generalize the results in simply-laced Dynkin diagrams, the orbits
description of the above G is completed, and those graphs G with
M(G ) = 1 are characterized.
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Lit-only σ-game orbits 描述及最少黑點數 M(G ) 的決定不太容易, 即使完成

也不一定能看出它們與圖結構的關係. 有時候假設 G 上有一些 loops, 較有組
合意義的結果.

翁志文 (Dep. of A. Math., NCTU, Taiwan) Lit-only game August 7, 2010 14 / 36



2010年組合數學新苗研討會

References
1 A. Borel, J. de Siebenthal Les sous-groupes fermés de rang maximum

des groupes de Lie clos, Comment. Math. Helv. 23 (1949) 200-221.
2 K. Sutner, Linear cellular automata and the Garden-of-Eden, Math.

Intelligencer 11 (1989), no.2, 49-53.
3 Henrik Eriksson, Kimmo Eriksson, Jonas Sjöstrand, Note on the lamp
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Reeder’s game on a graph
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1 M. Reeder, Level-two structure of simply-laced Coxeter groups,
Journal of Algebra 285 (2005) 29-57.

改變自己比改變別人容易!

我們用 ∗ 來表示 Reeder’s game 這邊相對應的東西, 如 L∗i .
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不變量

For u ∈ F n
2 ,

INV ∗(u) := |{i | ui = 1}|+ |{e = ij | ui = uj = 1}| (mod 2).

u : d
1

t
2

t
3

d
4

d
5

t6
=⇒ INV ∗(u) =

5 = 1.

Note that
INV ∗(u) = INV ∗(L∗i u).
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Reeder 用代數方法證明底下結果:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings
of size bn/2c, but not a path. If O∗ is a Reeder’s game orbit, then exactly
one of the the following (i)-(iii) holds.

(i) O∗ = {u} for some u ∈ F n
2 with Au = 0; (只有單一不動點)

(ii) O∗ = {u ∈ F n
2 | INV ∗(u) = 1}. (黑點構成奇數個 trees,

w(O∗) = 1)

(iii) O∗ = {u ∈ F n
2 | Au 6= 0, INV ∗(u) = 0}. (黑點構成偶數個 trees,

w(O∗) = 2)

這定理的結論, 等價於一狀態如有三個以上的黑點, 且在 Reeder’s game 中能

動, 則黑點數一定能降到 1 或 2 (只要證能減少即可).
此定理可以對所有不是 path 的 tree 都成立嗎?
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林育生
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黑葉漂白

t t tt
=⇒ d t tt

d t dt
=⇒ d d dt
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分支瘦身

t d tt
=⇒ d t dd
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一夫當關

Exercise

(Hau-wen Huang)

s c s c s
c

c
6 5 4 3 2

7

1

永遠無法降為 1 個黑點
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以退為進

c s c s c
c

s
6 5 4 3 2

7

1

可降為 1 個黑點
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Binary star (雙星) Pt,a,b, t ≥ 4

P6,3,1 c c c
9

10

c
11

c
c

ccc �� c
6 5 4 3 2

7

1

Pn,0,0 = Pn is a path of length n − 1.
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我們想利用 ”黑葉漂白”, ”分支瘦身”, ”以退為進”, 及可能歸納法的假設證明

以下定理:

Theorem

(Hau-wen Huang, Yu-Sheng, Lin (林育生), W) If G is a tree, but not Pt,a,b

for t ≥ 6, and O∗ is a Reeder’s game orbit, then exactly one of the the
following (i)-(iii) holds.

(i) O∗ = {u} for some u ∈ F n
2 with Au = 0; (只有單一不動點)

(ii) O∗ = {u ∈ F n
2 | INV ∗(u) = 1}. (黑點構成奇數個 trees,

w(O∗) = 1)

(iii) O∗ = {u ∈ F n
2 | Au 6= 0, INV ∗(u) = 0}. (黑點構成偶數個 trees,

w(O∗) = 2)

真的可以嗎? 怎麼樣都說不清楚.
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Stars, P4,a,b, 及 P5,a,b 的直徑都不太長, 塞了三個以上獨立的黑點, 如果還能

動, 很容易去降黑點數.

剩下的圖一定有 E6 為子圖.

E6 c c c c c
c

5 4 3 2 1

6
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只要會證以下引理即可:

Lemma

If G is a tree containing a subgraph isomorphic to E6 , and O∗ is a
Reeder’s game orbit, then exactly one of the the following (i)-(iii) holds.

(i) O∗ = {u} for some u ∈ F n
2 with Au = 0; (只有單一不動點)

(ii) O∗ = {u ∈ F n
2 | INV ∗(u) = 1}. (黑點構成奇數個 trees,

w(O∗) = 1)

(iii) O∗ = {u ∈ F n
2 | Au 6= 0, INV ∗(u) = 0}. (黑點構成偶數個 trees,

w(O∗) = 2)
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Proof.
1 對 G 的點數作歸納法.

2 如果 G 有 (unique) perfect matching, 包括 G = E6, 我們引用

Reeder’s 的結果.

3 令 x 是 E6 以外的 leaf. 可假設 x 為白色.

4 利用歸納法, 可假設 x 是唯一可動的點, 所以 x 的鄰居是黑色.

5 先假設 x 是 E6 以外唯一的 leaf. 則 G = Pn−6 + E6 + e, 其中邊 e 連
接 Pn−6 的端點到 E6 某點.

6 可假設 G 沒 perfect matching. 所以 G − x 一定有.

7 在 G − x 不能動, 表示在 G − x 上的點全白, 與 x 的鄰居是黑矛盾.

8 所以必有另一個 leaf y 不在 E6 上.
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Proof.'

&

$

%

c c c c c
c

5 4 3 2 1

6

· · · c c cc
· · ·

c s
x y

z

x , y , 是不在 E6 上的 leafs. x 為白, 是唯一可以動的點.

y 必為黑. 由 x 沿唯一路徑按到 y , 此時 x , y 顏色對調,

但路徑中分支點的不在路徑上第三鄰居 z 必能動, 而可套歸納法於 G − y 上.
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這個簡單的證明似乎與我們得到結果的想法 ”黑葉漂白”, ”分支瘦身”, ”一夫

當關”, ”以退為進” 完全無關,

而且似乎可用此圖不是 path 的假設來代替不

是雙星. (看不出何處真正要用到有 E6 子圖的假設).

因為麻煩的起始條件 E6 及 E6 + Pn−6 + e 的驗證, 我們引用了 Reeder 的結
果, 其中也需要 E6 + Pn−6 + e 不會是 path 這性質.

E6 是最小有 perfect matching 又不是 path 的 tree.
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關聯

1 L∗i ∈ Matn×n(F2) such that

L∗i u = u+ < Aei , u > ei = u + eT
i Auei = (I + eie

T
i A)u.

2 Hence L∗i = I + eie
T
i A = LT

i .

3 AL∗i = A(I + eie
T
i A) = (I + Aeie

T )A = LiA.

4 If O∗ is a Reeder’s game orbit then O := AO∗ is a lit-only σ-game
orbit.

5 If A is invertible over F2, then {AO∗ | O∗ is a Reeder’s game orbit} is
the family of all lit-only σ-game orbits.

6 If G is a tree, then G has a perfect matching iff A is invertible.

每個人都能改變自己, 也就能改變別人.
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單一黑點應該落在哪一 lit-only σ-軌道的組合描述

d d d
dd
xdt d dd

A
⇐= d d d

dd

td d tt x

Let x , y be two vertices of a tree G with a perfect matching. The
characteristic vectors x̃ , ỹ of x , y respectively are in the same lit-only
σ-orbit iff the number of matchings of size n−2

2 in G − x and the number
of matchings of size n−2

2 in G − y have the same parity.

單獨黑點落在哪一個軌道, 由白點中組成 maximum mathchings 的方法數之

奇偶性決定.
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Problem

給兩個以上黑點的 configuration 應該落在哪一 lit-only σ-game orbit 的組合

描述.

這個問題解答對 lit-only σ-game 上的不變量探討有幫助.
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To be continued

Thank you for your attention.
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