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Overview

Let D denote the diameter of a graph and d denote the spectral diameter
of a graph. (d+1 is the number of distinct eigenvalues of G)

Petersen graph has odd-girth

A graph with odd-girth
5=2D+1=2d+1. 5=2D+1<2d+1.
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Overview

The theory we derive here will show that a graph with odd-girth 2d+1

must be regular, and then indeed distance-regular by a recent result of
E.R. van Dam and W.H. Haemers.

(E.R. van Dam and W.H. Haemers, An odd characterization of the

generalized odd graphs, J. Combin. Theory Ser. B (2011),
doi:10.1016/j.jctb.2011.03.001).
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Outline

o Orthogonal polynomials associated with a graph
o Hoffman polynomial

o The generalized spectral excess theorem
oD=d

o Graphs with odd-girth 2d + 1
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o Orthogonal polynomials associated with a graph
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Notations

Let G = (VG,EG) be a connected graph on n vertices, with diameter D,
adjacency matrix A, and distance function d. Assume that A has d + 1
distinct eigenvalues A9 > A; > ... > Ay with corresponding multiplicities
1 =mgy, my, ..., myg. The spectrum of G will be denoted by the multi-set

sp G={A)" A", ..., A}

The parameter d is called the spectral diameter of G. It is well known that
D <d and

d
Z(x):= IJ)(x— Ai)

1

is the minimal polynomial of A.
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Inner product polynomial space

Consider the (d+ 1)-dimensional vector space R,[x] = R[x]/(Z(x)) with
inner product defined by
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Inner product polynomial space

Consider the (d+ 1)-dimensional vector space R,[x] = R[x]/(Z(x)) with
inner product defined by

and norm defined by

P2 =1/ {P(x), p(x)) A

for p(x),q(x) € Ry[x].
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Inner product polynomial space

Consider the (d+ 1)-dimensional vector space R,[x] = R[x]/(Z(x)) with
inner product defined by

d m;
(p(x) =), —p()a(h) = tr(p(A)g(A))/n,

and norm defined by

[p)[[a =1/ (P(x), p(x))A
for p(x),q(x) € Ry[x].
Note that
(1) 1,x,...,x% is a basis of Ry[x].

(2) (p(x),p(x))a =0 iff p(x) =0.
(3) <xp(x)7q(x)>A = <p(x)7xq(x)>A
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Gram-Schmidt process

The projection of g(x) into p(x) is defined by

(p(x),q(x)) A

Proj, o (q(x)) := Ip()]1

px).

Set py(x) =1 and

Phii(x Z Proj oy (&™) (1)

for 0 <i <d—1 recursively. Then pj(x),p}(x),...,p,(x) is an orthogonal
basis of Ry[x] such that p}(x) has degree i and leading coefficient 1.
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Lemma
Pi(Ag) >0 for 0 <i<d.
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Lemma
Pi(A) >0 for 0<i<d.

Proof.

Let 6y, 6;, ..., 6, be zeros of pi(x) in (A4,A0) for which pi(x) takes
opposite signs in (6; —¢€,0;) and in (0;,0;+¢) for all 1 < j <h and for
some € > 0.

Set g(x) = IT'_y(x— 0;).

Then g(x)pi(x) > 0 for all x € [A4, 0] or g(x)pi(x) <0 for all x € [A4,A9].

Since h <i<d+1, there exists an eigenvalue A; such that g(4;)p;(4;) # 0.

Hence (g(x), pi(x))a # 0 for all x € [A4, Ag].

As g(x) can be written as a linear combination of p{(x), p} (x),...,p)(x),

h =i and all zeros of pi(x) appear in (A4,0).

Thus g(x) = p}(x) and hence pi(49) = q(A) > 0. O
September 10, 2011 9 / 38



SECOND INDIA-TAIWAN CONFERENCE ON DISCRETE MATHEMATICS, September o-11, 2011

The predistance polynomials

Set

(x) = pi(Zo) '(x
o) = o i) @

Then po(x), p1(x),...,pa(x) is the unique system of orthogonal
polynomials in R,[x] satisfying

deg pi(x) =1i

and
Ipi(x) 1A = pi(Ao)-

for 0 <i<d. The p;(x) is referred as the i-th predistance polynomial of G.
Note that ps(Ag) > 0.
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Three-term relations
Lemma

xpi(x) = ciy1pit1(x) +aipi(x) + bi—1pi—1(x) 0<i<d (3)

for some scalars ¢y 1, a;, bi—1 € R with b_1 =c441 :=0.
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Three-term relations

Lemma

xpi(x) = ciy1piv1(x) +aipi(x) +bioipi-1(x)  0<i<d (3)
for some scalars cit1, a;, bi—1 € R with b_1 =c441 :=0.
Proof.

i+1
Since xp;(x) has degree i+ 1, write xp;(x Z o;jpj(x) for some of; € R.
Then
i+1
o;j{p;j(x),pi(x))a = Z %ikpi(x), pj(x)) A = (xpi(x), pj(x)) A
= <Pi( x),xpj(x))a =0

if deg(xp;(x)) =j+1<i. O
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Note that

iy = PP

HPi+1(X)HA
and
_ @pi1 (0, pi(x)) A (piv1 (x),xpi(x)) A
bi = 2 - 2 7é 0

[pi(x)[IA | pi(x)[IA

for0<i<d-1.
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The number
Ed = |{(u,v)| u,v e VG,a(u,v) = d}|/l’l

is called the the average excess of G, and the number p,(Ag) is called the
spectral excess of G.
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The number
ka == {(u,v)|u,y € VG,d(u,v) =d}|/n

is called the the average excess of G, and the number p,(Ag) is called the
spectral excess of G.

The spectral excess theorem states that

ka < pa(%o) (4)

if G is regular, and the equality holds iff G is distance-regular.

(M.A. Fiol and E. Garriga, From local adjacency polynomials to local
pseudo-distance-regular graphs, J. Combin. Theory Ser. B 71 (1997),
162-183).
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The following example shows that the regularity assumption of G in the
spectrum excess theorem is necessary.

Example

Let G be a path of three vertices. Then sp(G) = {V/2,0,—v/2}.

By (1), py(x) =1, pj(x) =x, py(x) =x*—4/3.
By (2), po(x) =1, p1(x) =3V2x/4, pa(x) =3(x* —4/3) /4.
Note that k; =2/3 and p,(A9) = 1/2. This shows that (4) does not hold.

v

We will generalize the spectrum excess theorem to the non-regular graphs.
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Inner product matrix space

Definition

For two n x n symmetric matrices M, N over R, define the inner product

(M,N) := ltr(MN ZM,JN,] = iZ(MoN),-J-, (5)
LJ

and the norm
M| =/ (M,M),

where “o" is the entrywise or Hadamard product of matrices.

Thus (p(A),q(A)) = (p(x),q(x))a for p(x),q(x) € Ry[x].
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o Hoffman polynomials
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Hoffman polynomial

Definition
The polynomial

is called the Hoffman polynomial of G.
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Hoffman polynomial

Definition
The polynomial
o X — li
pry nH AO — A{

i=1

is called the Hoffman polynomial of G.

Let gi(x) = ;:Opj(x). Then g;(x) has degree i and go(x), ¢1(x), ...
is a basis of Ry[x]. Note that
lg: ()12 = Z P13 = ij o).
September 10, 2011

) C]d(x)
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An optimization problem

Lemma

For p(x) € Ry[x] with degree at most i and ||p(x)||A = ||gi(x)]| A,
P(h)* < qi(A)* with equality iff p(x) = qi(x).
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An optimization problem

Lemma

For p(x) € Ry[x] with degree at most i and ||p(x)||A = ||gi(x)]| A,
P(A0)? < qi(Ao)? with equality iff p(x) = %¢;(x).

Proof.

Let p(x Z ajp;j(x) for some o € R.

As gi(ho) = lg:(0) |2 = P2 = Z a;jp;(%), by Cauchy’s inequality,

. 2 .
)2: [Z Oijj(A())] < [Z ajzpj [Z ] —Qt %)2’
j=0 j=0 =0

with equality iff all o; are equal; indeed of; = £1. Ol

v
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The dual problem

Lemma

For p(x) € Rd[ ] with degree at most i and ||p(x)||a = ||gi(x)]| A,
Y4 imqi(A)* < X mip(A;)* with equality iff p(x) = £¢(x).
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The dual problem

Lemma

For p(x) € Rd[ | with degree at most i and ||p(x)||A = ||l¢:(¥) ||,
Y4 imqi(A)* < X mip(A;)* with equality iff p(x) = £¢(x).

Proof.

This follows from the previous lemma and

d d
L0+ Y mip(hy) = p(oIA = lailE = - (ai(Ra)>+ . myai(4,)?)

n i=1 i=1

O]

v
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Lemma
For any graph, the sum of all the predistance polynomials gives the
Hoffman polynomial, i.e.,

H(x) = qa(x) = po(x) + p1(x) + -+ + pa(x). (6)
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Lemma
For any graph, the sum of all the predistance polynomials gives the
Hoffman polynomial, i.e.,

H(x) = qa(x) = po(x) + p1(x) + -+ pa(x).

Proof.

d
Let p(x H
i1 A0

By dual problem lemma, iqud( 1j)? < i m;p(4;)* =0.
j=1 j=1
Then zd:qud(lj)z =0 and thus g,4(x) = £p(x).
j=1
Hence ¢4(0) = [lqa(x)II2 = (qa(20)* + imﬂd )?)/n=qa(%0)* /n.
7
Therefore, q4(Ao) =n, and g4(x —nHAO 7L =H(x).
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Let o be the eigenvector of A corresponding to Ay such that a’o = n and
all entries are positive. Note that a = (1,1,...,1)" iff G is regular.

Lemma

For the graph G,
ool
H(A) = T _ ol
a'o

Moreover, G is regular iff H(A) =J, the all 1's matrix.
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Let o be the eigenvector of A corresponding to Ay such that a’o = n and
all entries are positive. Note that a = (1,1,...,1)" iff G is regular.

Lemma

For the graph G,
ool
H(A) = 7 _aa.
a'o

Moreover, G is regular iff H(A) =J, the all 1's matrix.

Proof.

The first equality follows since the matrix in the middle of the equation
acts as H(A) on the right eigenvectors of A. The second equality follows
from the assumption a’o = n. The remaining is clear.

O

v
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o The generalized spectral excess theorem
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For u € VG, let oy, be the entry corresponding to u in the eigenvector .
Let A; be the i-th distance matrix, i.e., an n X n matrix with rows and
columns indexed by the vertex set VG such that

=1 g G200 =

0, else.

In particular, Ag =1 and A| = A.
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For u € VG, let oy, be the entry corresponding to u in the eigenvector .
Let A; be the i-th distance matrix, i.e., an n X n matrix with rows and
columns indexed by the vertex set VG such that

=1 g G200 =

0, else.

In particular, Ag =1 and A| = A.

Define
p>p(x) = pp(x)+ppy1(x)+---+pa(x),
A,' = A,’OH(A),
6,' = ||A,||2
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For u € VG, let oy, be the entry corresponding to u in the eigenvector .
Let A; be the i-th distance matrix, i.e., an n X n matrix with rows and
columns indexed by the vertex set VG such that

(A = { 1, if d(u,v) =i

0, else.

In particular, Ag =1 and A| = A.

Define
p>p(x) = pp(x)+ppr1(x)+-+ palx),
A,' = A,’OH(A),
6,' = ||A,||2

More precisely, A; is regarded as a “weighted” version of A; as follows:

~ { o0, if d(u,v) =1

(A)uw = 0, else. (7)

Note that 8; =0 iff d > D. The number Jp is referred as average weighted
excess and p>p(Ag) is as generalized spectral excess of G.
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Note that if D =d we have p>p(x) = pp(x).
By the above definitions, we have

lp=p(A)|* = [Pzl = p=b(20) (8)

and

Ag+A +---+Ap=H(A). (9)

It is well-known that (A’),, counts the number of walks of length i in G
from u to v. In particular, if there exists a cycle of length i in G then

tr(A’) # 0. Although A; might be different to A;, they are similar as for
Jj<i, N

(Ai,pj(A)) = 0= (Ai,p;j(A)) (10)
from (5).
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Lemma

The projection of Ap into p=p(A) is

—p>j?%) p>p(A).

ProijD(A)gD =
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Lemma
The projection of Ap into p=p(A) is
Proj A _ (A)
Ip=p(A)AD = pZD(AO) pP>p\A). J
Proof.
By (5). (8). (9), and (10),
. ~ (Ap,p=p(A))
P Ap = —m——= A
Pl = e P2
(Ap,H(4))
= A
>00l0) p>p(A)
dp
= A
DJ
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Generalized spectral excess theorem

Theorem

Let G be a connected graph with diameter D. Then 6p < p>p(Ao) with
equality iff Ap = p>p(A).
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Generalized spectral excess theorem

Theorem

Let G be a connected graph with diameter D. Then 6p < p>p(Ao) with
equality iff Ap = p>p(A).

Proof.
By Lemma 3.1, 5
0 < |ApI = IProiy.ypll? = 8 — —2 .
- p>p(Ao)
The equality is attained iff Ap = ProjpzD(A)ZD = p>p(A). O
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Revisiting the case that G is a path of three vertices in Example 1.3,
d =D =2 and thus p>p(A) = p2(A9) = 1/2. Note that
a = (v/3/2,v/6/2,7/3/2)". By (7), we have

N 0 0 3/4
Ap=( 0 o0 o0
3/4 0 0

Hence 6p =3/8 < 1/2 = p>p(Ao) satisfies the inequality in Theorem 3.2.
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Revisiting the case that G is a path of three vertices in Example 1.3,
d =D =2 and thus p>p(A) = p2(A9) = 1/2. Note that
a = (v/3/2,v/6/2,7/3/2)". By (7), we have

N 0 0 3/4
Ap=| 0 0 o0
3/4 00

Hence 6p =3/8 < 1/2 = p>p(Ao) satisfies the inequality in Theorem 3.2.

Remark

If G is regular with diameter D =2, then the equality in Theorem 3.2
holds. Indeed Ay =Ay=J—I—-A=H(A)—I—A=p>2(A).
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Note that po(A) =1. The following simple lemma plays a key role in
proving the regularity of a graph.

Lemma

Ag = po(A) iff G is regular.
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Note that po(A) =1. The following simple lemma plays a key role in
proving the regularity of a graph.

Lemma

Ag = po(A) iff G is regular.

Proof.

From (7), (Ao)u = 02 for u € VG. Since o has positive entries and

oo=n, a =(1,1,...,1) iff G is regular. Ol
29 / 38
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Theorem

Let G be a connected graph of diameter D equal to spectral diameter d.
Then AD = pQ(A) iff Ai = pl(A) for 0 S [ S D—1.
Moreover, if Ap = pp(A) then G is distance-regular.
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Theorem
Let G be a connected graph of diameter D equal to spectral diameter d.

Then AVD = pg(A) iff Avi = pl(A) for 0 S i S D—1.
Moreover, if Ap = pp(A) then G is distance-regular.

Proof.

The sufficiency follows from deleting A; = p;(A) for 0 <i < D—1 in both
sides of

Ao+Ay +-+Ap=H(A) = po(A) +p1(A) +--+po(A).  (11)

The necessity follows by (backward) induction on 0 <i<D. The base
case is the assumption that Ap = pp(A). Suppose now that py(A) = Ay for
D >k >i. Then deleting these common terms from both sides of (11), we
have L B

Ag+A1+-+Aim1 = po(A) + pi(A) + -+ pim1(A), (12)
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Proof.
and by induction hypothesis to the three-term recurrence in (3),
AA; = cii1pini(A)+aipi(A) +bio1pii (A)
= cit1Aiy1 @A +bi1pi-1(A). (13)

It remains to show that p;_;(A) =A;_;. To this end, consider the following
two cases:

(i) For d(u,v) >i—1, (pi—1(A))uw = (Ai—1)uw by (12).
(ii) For d(u,v) <i—1, (AA)w = Yweow) (Ai)w = 0, where the last
equality follows since d(w,v) <1+ d(u,v) <.
Then (pi—1(A))uw =0 by (13) and since b;_; # 0.
This proves the necessity. Suppose Ap = pp(A). Then G is regular by
applying the necessary condition in the case i =0 to Lemma 4.1. Thus G

is distance-regular by the spectral excess thoerem.

Ol

V.
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o Graphs with odd-girth 2d + 1
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Graph with odd girth 2d + 1

From now on, assume that G has odd-girth 2d + 1, i.e., the shortest odd
cycle has length 2d + 1. As an application of Theorem 4.2, we will show
that G has diameter D = d and G must be distance-regular.
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Graph with odd girth 2d + 1

From now on, assume that G has odd-girth 2d + 1, i.e., the shortest odd
cycle has length 2d + 1. As an application of Theorem 4.2, we will show
that G has diameter D = d and G must be distance-regular.

For a vertex u, let G;(u) be the set of vertices at distance d from u.

If D <d then G4(u) = 0.

Let ¢ =n/T1% (A0 — A;) and note that c is the leading coefficient of the
Hoffman polynomial H(x). For two vertices u,v € VG with d(u,v) =d,

(Ad)uv =H(A)uw/c (14)
and
d d
(Adﬂ)uv =Z(A)w + (;)/li)(Ad)uv = (;)Ai)HM)MV/C- (15)
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Lemma

The average weighted excess 8p of G equals c?tr(A2+1) /(n Y4 4;).
In particular, D =d.
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Lemma

The average weighted excess 8p of G equals ¢?tr(A2¢1) /(n Y4, 4:).
In particular, D =d.

Proof.

For vertices u,v € VG with d(u,v) <d, (A9),, =0 or (A%*1),, =0 since no
odd cycle has length less than 2d + 1. By (5), (9), (14), (15),

(YL A8 = (L) ¥ (Al

uveVG
d
= (Zizo Ai) Z Z [H(A)MV]Z
ueVGveGy(u)
_ C2 Z Z (Ad)uv(AdJrl)uv _ cztr(AZdH).
ueVGveVG

As tr(A%+1) =£ 0, we have Y4 ;A # 0 and §; = *tr(A%4H1) /(nY 4y X)) > 0.
This also implies D =d. [
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Lemma

Referring the notations of three-term recurrence in (3),

(i) aj-1 =0for 1 < j<d,

(if) pj(x) is an even or odd polynomial depending on whether j is even or
odd for 0 < j <d.

Moreover, the generalized spectral excess py(2o) is c2tr(A%+1) /(YL A;).

Proof.
Clearly, po(x) =1 is even. We prove (i)-(i) by induction on j > 1.
By (2), p1(x) = nAox/ Y% ym;A? is odd. Setting i =0 in (3), ap = 0.
Hence we have (i)-(ii) in the base case j=1. By (3),
axpi(Ro) = (axpi(x), pe(x)) o = (xpi(x), pr(x)) 2 = tr(Api(A))/n (16)

for 0 <k <d. Now suppose (i)-(ii) for j =k < d. Since xp?(x) is an odd
polynomial of degree 2k+ 1 < 2d + 1, the last term in (16) is zero.
Hence a; =0 and (i) holds for j =k+1. From (i) and setting i =k in (3),

the polynomial py..(x) satisfies (ii). This proves (i)-(ii) in any j.
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Proof.

For the remaining, since the last term in (16) with k = d equals
c2tr(A%4+1) /n, it suffices to show ay = ¥, A;. Choose two vertices u and
v at distance d. Then by (3), (6), (15),

d

adH(A)uv = adpd(A)uv = (Apd(A))uv = C(Ad+1)uv = (;))Li)H(A)uw

where the third equality follows because xp;(x) has no term of degree d.
Dividing both sides by H(A),, we have ag =¥ (A:.
L]

v
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Proof.

For the remaining, since the last term in (16) with k = d equals
c2tr(A%4+1) /n, it suffices to show ay = ¥, A;. Choose two vertices u and
v at distance d. Then by (3), (6), (15),

d

adH(A)uv = adpd(A)uv = (Apd(A))uv = C(Ad+1)uv = (;))Li)H(A)uw

where the third equality follows because xp;(x) has no term of degree d.
Dividing both sides by H(A),, we have ag =¥ (A:.

Ol

v

From Lemma 5.1-5.2, and Theorem 4.2, we immediately have the
following theorem.

Theorem
Any connected graph with d 4 1 distinct eigenvalues and odd-girth 2d + 1
must be distance-regular.
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