
國 立 交 通 大 學 
 

應用數學系 
 

碩 士 論 文 
 
 
 
 

設計的 VC維度 

 

The VC Dimension of Block Design  

 

 
 
 
 

研 究 生：林詒琪 

指導教授：翁志文  教授 

 
 
 

中 華 民 國 一百零一 年 一 月 



設計的 VC維度 

The VC Dimension of Block Design  

 
 

研 究 生：林詒琪          Student：Yi-Chi Lin 

指導教授：翁志文          Advisor：Chih-Wen Weng 

 

國 立 交 通 大 學 

應 用 數 學 系 

碩 士 論 文 

 
 

A Thesis 

Submitted to Department of Applied Mathematics 

College of Science  

National Chiao Tung University 

in partial Fulfillment of the Requirements 

for the Degree of  

Master 

in 

 
Applied Mathematics 

January 2012 
 

Hsinchu, Taiwan, Republic of China 
 

中 華 民 國 一百零一 年 一 月 



設計的 VC 維度

學生:林詒琪 指導教授:翁志文教授

國立交通大學應用數學系碩士班

摘 要

對一 t-(v, k, λ) 區族設計 D = (X,B) 而言, 其 VC 維度定義為 X

中滿足下列條件的子集A其元素個數的最大可能值: 每一個 A 的子集

合 C 都存在一個在區族集 B 中的區族 B, 使得 C = A∩B。 在這篇

論文我們探討 t-(v, k, λ) 區族設計的 VC 維度的基本性質, 並且運用

他們完整的決定當 λ = 1 且 t = 2 和 t = 3 時, 這兩類區族設計的

VC 維度。
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ABSTRACT 

The Vapnik-Chervonenkis dimension of a ),,( λkvt −  design D =(X, B) is the 

largest cardinality of a subset A of X such that for each subset AC ⊆  there 

exists a block Β∈B such that BAC = . In this thesis we give some general 

properties of the Vapnik-Chervonenkis dimension of a ),,( λkvt −  design, and 

use them to completely determine the Vapnik-Chervonenkis dimension of a 

)1,,( kvt −  design for t = 2 and t = 3. 
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1 Introduction

Suppose that for opinion poll we want to select a small number of individ-

uals representing all major sections of the society. First, we have to choose

certain categories of people and then decide which of these groups are consid-

ered ”important”. According to our democratic principles, we shall measure

the ”importance” of a group by its size (in the percentage of the popula-

tion) [3, page: 247]. Then the important groups will define a hypergraph

H. The smallest number of people representing all important group is shat-

tered. Vladimir Vapnik and Alexey Chervonenkis defined VC dimension (for

Vapnik-Chervonenkis dimension) [1]. The VC dimension is a measure of the

capacity of a statistical classification algorithm, defined as the cardinality of

the largest set of points that the algorithm can shatter. In this thesis we

completely determine the VC dimension of a t-(v, k, 1) design for t = 2 and

t = 3.
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2 VC dimension of hypergraph

In this section, we shall give the definition of the VC dimension of a hyper-

graph, provide an example and a basic property. A hypergraph is a general-

ization of a graph, where an edge can connect any number of vertices. The

formal definition is given below.

Definition 2.1. A hypergraph H is a pair H = (V (H), E(H)) where V (H)

is a set of elements, called points or vertices, and E(H) is a set of non-empty

subsets of V (H) called hyperedges or blocks. Therefore, E(H) is a subset of

P (X) \ {∅}, where P (X) is the power set of X.

Example 2.2. Let V (H) = {1, 2, 3, 4, 5, 6, 7} and

E(H) = {123, 145, 167, 246, 257, 347, 356}.

Then H is a hypergraph. See Figure 1 below for the diagram illustration.
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Figure 1.

Throughout this thesis, let H = (V (H), E(H)) denote a hypergraph.
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Definition 2.3. A subset A ⊆ V (H) is called shattered if for every C ⊆ A

there exists an B ∈ E(H) such that B ∩ A = C. The Vapnik-Chervonenkis

dimension (or VC dimension) of H is the cardinality of the largest shattered

subset of V (H). It will be denoted by VC-dim(H). [3, page 247].

We give a necessary condition for a hypergraph to have VC dimension d.

Lemma 2.4. If a hypergraph H has VC dimension d, then |E(H)| ≥ 2d.

Proof. Let A be a shattered subset with |A| = d, so the number of subsets

of A are 2d. By the construction, we have |E(H)| ≥ 2d.

From the above lemma, a hypergraph without hyperedges has no VC di-

mension. A hypergraph with at least a hyperedge has VC dimension, since

the empty set is shattered. The following lemma characterizes the hyper-

graph with VC dimension 0.

Lemma 2.5. H has VC dimension 0 if and only if H has only one hyperedge.

Proof. The sufficient condition follows immediately from Lemma 2.4. To

prove the necessity, on the contrary assume H has two hyperedges B 6⊆ B′.

Pick b ∈ B′−B. Since the set {b} is shattered, H has VC dimension at least

1.
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3 Block designs

We shall consider a special class of hypergraphs hereafter.

Definition 3.1. Let t, v, k, and λ be positive integers such that v ≥ k ≥ t.

A t-(v, k, λ) design is a hypergraph (X,B) such that the following properties

are satisfied:

(i) |X| = v;

(ii) each block contains exactly k points;

(iii) any t distinct points are contained in exactly λ blocks.

A t-(v, k, λ) design is trivial if k = v, i.e. there exists a unique block, which

contains all the points. A t-design is a t-(v, k, λ) design for for some v, k, λ.

Sometimes a t-design is referred as a block design.

The example in Example 2.2 is a 2-(7, 3, 1) design. We give one more

example of t-designs below.

Example 3.2. Let X = {1, 2, 3, 4, 5} and

B = {123, 124, 125, 134, 135, 145, 234, 235, 245, 345}.

It is easy to check that (X,B) is a 3-(5, 3, 1) design.

We are concerned in the VC dimension of a t-design. Note that from

Lemma 2.5 a t-design has VC dimension 0 if and only if it is trivial. Hence

we shall exclude the trivial t-design in our discussion. The following simple

lemma provides an observation of how in general in this thesis we determine

the VC dimension of a t-(v, k, 1) design for t is 2 or 3.
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Lemma 3.3. Let D = (X,B) be the 2-(7, 3, 1) design in Example 2.2, where

X = {1, 2, 3, 4, 5, 6, 7} and

B = {123, 145, 167, 246, 257, 347, 356}.

Then VC-dim(D) = 2.

Proof. It is easy to check that {1, 2} is a shattered subset of X. Hence the

VC dimension of D is at least 2. If VC-dim(D) ≥ 3, then by Lemma 2.4,

|B| ≥ 8, a contradiction. Thus VC-dim(D) = 2.

The following basic properties of t-designs can be found from any text-

books, e.g. [2, page 191].

Lemma 3.4. Let (X,B) be a t-(v, k, λ) design. Suppose that Y ⊆ X, where

|Y | = s ≤ t. Then there are exactly

bs =
λ
(
v−s
t−s

)(
k−s
t−s

) (1)

blocks in B that contain all the points in Y . 2

Lemma 3.5. Let (X,B) be a t-(v, k, λ) design and A ⊆ X with |A| = d ≤ t.

Then for C ⊆ A with |C| = i, there are

d−i∑
j=0

(−1)jbi+j

(
d− i
j

)
(2)

blocks B such that B ∩ A = C.

Proof. Fix C ⊆ A with |C| = i, and suppose A−C = {a1, a2, ..., ad−i} ⊆ X.

Set S := {B ∈ B | C ⊆ B}, and Sj = {B ∈ B | C
⋃
{aj} ⊆ B} for
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1 ≤ j ≤ d − i. Note that |{B ∈ B | B ∩ A = C}| =
∣∣S1

⋂
S2

⋂
...
⋂
Sd−i

∣∣ .
By inclusion-exclusion principle,∣∣∣S1

⋂
S2

⋂
...
⋂

Sd−i

∣∣∣
=

d−i∑
k=0

(−1)k
∑

α⊆{1,2,3,...,d−i}
|α|=k

∣∣∣∣∣⋂
j∈α

Sj

∣∣∣∣∣
=

(
d− i

0

)
bi −

(
d− i

1

)
bi+1 + · · ·+ (−1)d−i

(
d− i
d− i

)
bd

=
d−i∑
j=0

(−1)jbi+j

(
d− i
j

)
.

Proposition 3.6. Suppose a t-(v, k, λ) design (X,B) has VC dimension at

most t. Then the VC dimension of (X,B) is the largest d such that the num-

bers in (2) are positive for all 0 ≤ i ≤ d.

Proof. This is immediate from the definition of VC dimension and Lemma 3.5.

Proposition 3.7. If the VC dimension of a nontrivial t-(v, k, λ) design

(X,B) is d, then

d ≤ min
i≤t

i+ blog2 bic.

Proof. Let A be a shattered subset of X, and |A| = d. For any B ⊆ A

with |B| = i, the number of subsets of A containing B are 2(d−i). Since B

is contained in exactly bi blocks, we have 2(d−i) ≤ bi, which is equivalent to

d− i ≤ log2 bi.

We shall give an application of Proposition 3.7.
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Corollary 3.8. If (X,B) is a t-(v, k, λ) design, then the VC dimension of

(X,B) is at most t+ log2 λ. In particular, a t-(v, k, 1) design has VC dimen-

sion at most t.

Proof. This is immediate from Proposition 3.7.

Corollary 3.8 and Proposition 3.6 shed light on the determination of the

VC dimension of a t-(v, k, 1) design. We shall consider the cases t = 2 and

t = 3 in the remaining of the thesis.
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4 2-(v, k, 1) design

We will determine the VC-dimension of a nontrivial 2-(v, k, 1) design in this

section. From Lemma 3.4, we have

b0 = v(v − 1)/(k(k − 1)) > b1 = (v − 1)/(k − 1) > b2 = 1.

We need the following lemma.

Lemma 4.1. In a nontrivial 2-(v, k, λ) design,

b0 − 2b1 + b2 =
λ(v − k)(v − k − 1)

k(k − 1)
.

Proof. From (1),

b0 − 2b1 + b2 =
λv(v − 1)

k(k − 1)
− 2λ(v − 1)

k − 1
+ λ

=
λv(v − 1)− 2λk(v − 1) + λk(k − 1)

k(k − 1)

=
λ(v − k)(v − k − 1)

k(k − 1)
.

Proposition 4.2. The VC dimension d of a nontrivial 2-(v, k, 1) design

(X,B) satisfies

d =

 1, if v = 3 and k = 2;

2, else.

Proof. Note that v > k since the design is nontrivial. Suppose v = k + 1.

Pick distinct blocks B,B′ ∈ B. Note that k ≥ 2 and |B ∩B′| ≤ 1. Then

k + 1 = v ≥ |B ∪B′| ≥ |B|+ |B′| − |B ∩B′| ≥ 2k − 1.
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This implies k = 2 and v = 3. Since a 2-(3, 2, 1) design has three blocks, its

VC dimension is at most 1 by Lemma 2.4, and indeed is 1 by Lemma 2.5,

since it is a nontrivial 2-design. Suppose v > k + 1. Then

2−i∑
j=0

(−1)jbi+j

(
2− i
j

)
=


b0 − 2b1 + b2, i = 0;

b1 − b2, i = 1;

b2, i = 2

> 0

by Lemma 4.1. This implies d ≥ 2. By corollary 3.8, d is at most 2. Hence

d = 2.

9



5 3-(v, k, 1) design

We determine the VC-dimension of a nontrivial 3-(v, k, 1) design in this sec-

tion. From Lemma 3.4, we have

b0 =
v(v − 1)(v − 2)

k(k − 1)(k − 2)
> b1 =

(v − 1)(k − 2)

(k − 1)(k − 2)
> b2 =

v − 2

k − 2
> b3 = 1.

To prove our main result, we need the following three lemmas.

Lemma 5.1. In a nontrivial 3-(v, k, 1) design,

b0 − 3b1 + 3b2 − b3 =
(v − k)(v − k − 1)(v − k − 2)

k(k − 1)(k − 2)
.

Proof. From (1),

b0 − 3b1 + 3b2 − b3

=
v(v − 1)(v − 2)− 3k(v − 1)(v − 2) + 3k(k − 1)(v − 2)− k(k − 1)(k − 2)

k(k − 1)(k − 2)

=
(v − 1)(v − 2)(v − k)− 2k(v − 2)(v − k) + k(k − 1)(v − k)

k(k − 1)(k − 2)

=
(v − k)[(v − 1)(v − 2)− 2k(v − 2) + k(k − 1)]

k(k − 1)(k − 2)

=
(v − k)(v − k − 1)(v − k − 2)

k(k − 1)(k − 2)
.

Lemma 5.2. In a nontrivial 3-(v, k, 1) design,

b1 − 2b2 + b3 =
(v − k)(v − k − 1)

(k − 1)(k − 2)
.
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Proof. From (1),

b1 − 2b2 + b3 =
(v − 1)(v − 2)

(k − 1)(k − 2)
− 2(k − 1)(v − 2)

(k − 1)(k − 2)
+

(k − 1)(k − 2)

(k − 1)(k − 2)

=
(v − 2)(v − k)− (k − 1)(v − k)

(k − 1)(k − 2)

=
(v − k)(v − k − 1)

(k − 1)(k − 2)
.

Lemma 5.3. In a nontrivial 3-(v, k, 1) design,

b0 − 2b1 + b2 =
(v − 2)(v − k)(v − k − 1)

k(k − 1)(k − 2)
.

Proof. From (1),

b0 − 2b1 + b2 =
v(v − 1)(v − 2)

k(k − 1)(k − 2)
− 2(v − 1)(v − 2)

(k − 1)(k − 2)
+
v − 2

k − 2

=
(v − 2)(v − k)(v − k − 1)

k(k − 1)(k − 2)
.

Now we are ready to give the main result of this section.

Proposition 5.4. The VC dimension d of a nontrivial 3-(v, k, 1) design

satisfies

d =


1, if (v, k) = (4, 3) ;

2, if (v, k) = (5, 3), or (6, 4);

3, else.
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Proof. By corollary 3.8, d is at most 3. We will use Proposition 3.6 to check

the possibility for d = 3. Note that

3−i∑
j=0

(−1)jbi+j

(
3− i
j

)
=



b0 − 3b1 + 3b2 − b3, i = 0;

b1 − 2b2 + b3, i = 1;

b2 − b3, i = 2;

b3, i = 3.

> 0

if v > k + 2 by Lemma 5.1-5.3. Hence if v > k + 2 then d = 3.

Suppose v ≤ k + 2. Note that

1 = b3 < b2 =
v − 2

k − 2
≤
⌊

k

k − 2

⌋
= 1 +

⌊
2

k − 2

⌋
.

Hence k = 3 and b2 = 2 or b2 = 3; or k = 4 and b2 = 2.

(i) Suppose k = 3 and b2 = 2. Then v = 2k−2 = 4 = k+1, b0−2b1+b2 = 0

by Lemma 5.3, and then d = 1.

(ii) Suppose k = 3 and b2 = 3. Then v = 3k − 4 = 5 = k + 2, b0 − 3b1 +

3b2 − 1 = 0 by Lemma 5.1, b0 − 2b1 + b2 > 0 by Lemma 5.3, and then

d = 2.

(iii) Suppose k = 4 and b2 = 2. Then v = 2k − 2 = 6 = k + 2, b0 − 3b1 +

3b2 − 1 = 0 by Lemma 5.1, b0 − 2b1 + b2 > 0 by Lemma 5.3, and then

d = 2.
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