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Abstract 

A Hamiltonian structure-preserving Lanczos-type 
method, named the J-Lanczos algorithm, is introduced 
for solving large sparse Hamiltonian eigenvalue prob- 
lem which arises in both continuous-time and discrete- 
time optimal control applications. Shift and invert 
techniques are incorporated to approximate all stable 
eigenvalues and the associated invariant subspace. Nu- 
merical results for solving high order continuous-time 
Riccati equation arising from position and velocity con- 
trol for a string of high speed vechicles are presented. 

Keywords: optimal control, Riccati equation, Hamil- 
tonian matrix, Lanczos method, eigenvalue problems, 
structure-preserving. 

1 Introduction 

Consider the continuous-time optimal control problem 
of finding a control function ~ ( t )  which minimize the 
cost function 

03 

J(u) = 1 [x(t)TKz(t)  + ~ ( t ) ~ R u ( t ) ]  d t ,  (1.1) 

where K = KT 2 0 (positive semidefinite) and R = 
RT > 0 (positive definite), under the constraint 

d 
dt  i ( t )  = - ~ ( t )  = Ax(t) + Bu(t), ~ ( 0 )  = X O .  (1.2) 

The standard assumptions assume the pair (A ,B)  is 
stabilizable and (C, A)  is detectable, where K = CTC 
is a full rank factorization of K .  It is well-known that, 
under these assumptions, 

u(t)  = -R-lBTXx(t) (1.3) 

is the optimal control function, where X is the unique 
symmetric positive definite solution to the continuous- 
type algebraic Riccati equation (CARE) 

- XNX + X A  + ATX + K = 0, (1.4) 
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with N = BR-lBT 

Let H be the 2n x 271 Hamiltonian matrix 

Under the above-mentioned assumptions, H has no 

eigenvalue with real ]part zero. If [ 1 ,  where Y, 2 

are n x n matrices, spans the invariant subspace of H 
associated with the ia stable eigenvalues (eigenvalues 
with negative real part), then X = -2Y-' exists and 
solves the CARE (1.4). 

The counterpart of the continuous-time optimal control 
is the discrete-time optimal control problem of finding 
uk to minimize 

subject to 

With the standard assumptions that (A,  B) is stabiliz- 
able, (C, A )  is detectable, and R > 0, it can be shown 
that 

xk+] = AXk + BUk. (1.7) 

uk = - (R .f BTXB)-'BTXAXk (1.8) 
is the optimal control feedback, where X is the unique 
positive semidefinite solution of the discrete algebraic 
Riccati equation (DARE) 

A ~ X A - X - A ~ X B ( R + B ~ X B ) - ~ B ~ X A + C ~ C  = 0. 
(1.9) 

Let 

where N = BR-lB'r 2 0 ,  K = CTC 2 0. Then 
M - XL has no eigenvalue on the unit circle. Further- 
more if X E a ( M , L ) ,  then x-' E a ( M , L ) ,  where 
denotes the complex conjugate. The unique positive 
semidefinite solution of the discrete algebraic Riccati 
equations (1.6) is then given by X = -ZY- ' ,  where 

[ ] spans the invariant subspace corresponding to 

the stable eigenvalues (1x1 < 1) of M - AL. If we let 

H = (A4 + L)- ' (M - L ) ,  (1.11) 
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then one can verify that H is a Hamiltonian matrix 
such that 

X + 1  
X - 1  X E a ( M , L )  =+ - E a ( H )  (1.12) 

It is clear that the computational kernel of the both 
types of optimal control problems is the Hamilto- 
nian eigenvalue problem. A distinct property of a 
Hamiltonian matrix is that if X is an eigenvalue, then -x, where denotes the complex conjugate of A, is 
also an eigenvalue. Effort in developing efficient and 
structure-preserving numerical algorithms for comput- 
ing the eigenvalues and the associated invariant sub- 
space of a Hamiltonian is therefore justified. 

Many structure-preserving numerical algorithms have 
been proposed for computing the invariant subspace 
of a Hamiltonian matrix, thus for solving the alge- 
braic Riccati equations. One type of these methods 
[2, 31 are based on the symplectic QR-type transfor- 
mations in which the SR factorization with symplec- 
tic similarity transformations is used. The other type 
[7, 8, 91 exploits the squares of the Hamiltonian ma- 
trix or skew Hamiltonian matrix to compute the corre- 
sponding eigenvalues and uses them to find the stable 
invariant subspace. These methods are very efficient 
for problems of small or medium sizes, but become in- 
adequate for very large and sparse cases. 

Since there is also a wide class in control theory 
which leads to  solve large sparse Hamiltonian eigen- 
value problem [I]. Hence some Lanczos-type algorithm 
was proposed [5] in which a 2 x 2 block nonsymmet- 
ric look-ahead Lanczos algorithm is applied to  reduce 
the Hamiltonian matrix to a block tridiagonal matrix 
without modifying the Hamiltonian matrix itself. 

In this paper we introduce a structure-preserving 
Lanczos-type algorithm, named J-Lanczos algorithm, 
for solving large sparse Hamiltonian eigenvalue prob- 
lems. In this algorithm, the Hamiltonian matrix is 
partially reduced to a J-tridiagonal matrix using a se- 
quence of symplectic similarity transformations. Just 
like the classic Lanczos algorithm, information about 
the extreme eigenvalues tends to  emerge long before 
the J-tridiagonalization process is completed. The J-  
Ritz pairs (eigen-pairs of J-tridiagonal submatrices) 
are used to  approximate the extreme eigen-pairs of the 
Hamiltonian matrix. Since the goal of solving the al- 
gebraic Riccati equations is to  find the stable invariant 
subspace corresponding to all stable eigenvalues lying 
in the open left-half complex plane, some shift and in- 
vert techniques is developed. In practice, we start with 
zero shift and then we use the distribution density of 
the computed eigenvalues to predict the next shift and 
the number of the J-Lanczos iterations. 

We organize this paper as follows. Some related defi- 

~ 
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nitions are listed in section 2, the J-Lanczos method is 
presented in section 3, and numerical results are shown 
in section4. Conclusion remarks follow in section 5.  

2 Preliminaries 

Herein we denote the n x n identity matrix by I ,  and 

Note that J;' = JT n = -J,. A matrix S E 
R2nx2m (n 2 m) is symplectic if STJnS = J,. A 
matrix H E R2nx2n is Hamiltonian if and only if 
( J H ) T  = J H .  If confusion is unlikely, the subscript 
n will be omitted. The definition of J-structure matri- 
ces is given as follows. 

Definition 2.1 Let 

be a 2n x 2n matrix with Gij E Rnxn. 

I .  G is called a J-Hessenberg matrix if GII, G21, 
and Gz2 are upper triangular and Gl2 is upper 
Hessenberg, that is, 

2. G is called a J-upper triangular matrix af GI],  
G12, and G22 are upper triangular and Gzl is 
strictly upper triangular, that is, 

3. G is called a J-tridiagonal matrix if G11, G21, 
and G22 are diagonal and GI2 is tridiagonal, that 
is, 

Definition 2.2 Let H E R2nx2n be a Hamiltonian 
matrix. Given x E R2n and a positive integer j .  

1. The Krylov matrix of H with respect to x and j 
is defined by  

K [ H ,  x ,  2j] = [x, Hx, . . . , Hj- l x  I H j x ,  . . . , H2j-1x] 

2. The Krylov subspace spanned by  the columns of 
K [ H ,  x ,  2 j ]  is denoted by  K ( H ,  x, 2 j ) .  
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3 J-Lanczos Algorithm 

It was shown [4] that for a given Hamiltonian matrix 
H ,  if certain conditions hold, there exists a symplec- 
tic matrix S such that T = S-lHS is unreduced J- 
tridiagonal. With column partitioning, we denote 

S = [ql,.  . . ,qn I qn+l,. q2nl (3.1) 

and 

T =  

(3.2) 
with kj # 0 for j = 1 , .  . . ,n and bj # 0, for j = 
1, . . . , n - 1. Upon comparing columns in H S  = ST,  
we obtain 

Hqj = a .  3% . + k .  jQn+j (3.3) 
Hqn+j = bj-iqj-i + cjqj + bjqj+i - ajqn+43.4) 

for j = 1, . . . , n with bo 3 0. If we require the following 
conditions hold: 

11qj112 = 1, qj -I- qn+j7 (3.5) 

for j = 1, .  . . , n, then the coefficients aj ,  kj, cj ,  b j ,  and 
qn+j, qj+l can be uniquely determined at  the j-th step 
by the following identities. 

aj = $Hqj 7 (3.6) 

kj = qTJHqj,  (3.7) 
iln+j = (Hqj - ajqj) l k j ,  (3.8) 

cj = -qnT+jJHqn+j, (3.9) 
rj = Hqn+j - bj-1qj-1 - cjqj + ajqn+j3.10) 
b j  = II r j l l 2 ,  (3.11) 

qj+l r j / b j .  (3.12) 

By properly. sequencing the formulae we obtain a pro- 
cedure for reducing a Hamiltonian matrix to a J- 
tridiagonal matrix. The vectors qj and qn+j are called 
the J-Lanczos vectors. 

The J-tridiagonalization procedure may halt (because 
of some bj  = 0) before the completion of the itera- 
tion if the initial J-Lanczos vector q1 is contained in a 
proper invariant subspace. Nevertheless this is a wel- 
come event. However, the procedure can also halt (be- 
cause of some kj = 0) before the J-Lanczos vector, say, 
qn+j, can be constructed. Such termination does not 

guarantee an invariant; subspace and is called a serious 
breakdown. 

Let 

and 

Tj = 

(3.13) 

(3.14) 
The following theorem states the mathematical prop- 
erty of the procedure and shows that the matrix Sj 
constructed is symplectic. 

Theorem 3.1 Suppo:;e H E R2nx2n is a Hamiltonian 
matrix and q1 is a given unit vector. Let 

Aj =: det (Kj’ J K j ) ,  (3.15) 

where Kj = K [ H ,  q1,2j] is the Krylov matrix. Then 
the following statements hold. 

(a) Aj # 0,  j = 1, .  . . , m and rank([K,, M2mql])  = 
2m for some 1 5 m 5 n i f  and only if the J- 
tridiagonalizatio’irz procedure runs until j = m, 
i.e., b l . .  . b,-lkl. ‘ k, # 0 and b ,  = 0.  More- 
over, for j = l , .  . . , m, we have 

H S j  = SjTj + rje$,  (3.16) 

and Sj is symplectic, range (S j )  = K ( H ,  q1,2j). 
(b)  Aj # 0, j = 3 .,..., m - 1, but A, = 0 and 

rank([K,-I, H2qn-2 q l] )  = 2m - 1 for some 1 5 
m 5 n i f  and only i f  the procedure runs until j = 
m-Z ,  z.e., bl .-.bm-2k1 - - . k , - l  # 0,  b,-l # 0,  
but km = 0.  

1 .  

Encountering a zero bg. is a welcome event in that it 
signals the computation of an exact invariant subspace. 
However, an exact zero or even a small bj is a rarity in 
practice. Nevertheless, the extremal eigenvalues of T’ 
turn out to be surprisingly good approximations to H’s 
extremal eigenvalues. The following theorem provides 
a computable criteria for convergence check. 

Theorem 3.2 Suppose that j steps of the J- 
tridiagonalization procedure have been performed and 
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- 01 

Ai = U r l T . U .  - e, 
3 3 3 -  

- 

and denote Uj = ( U k J ) .  Then, for i = 1,. . . , j  

Compute Yj = SjUj 
for i = 1, .  . . , j ,  

if I/3j,iI 1. e and I&,j+il 5 E ,  accept 
(8i, y i ) ,  (-8i, yn+i) and their conjugate 
pairs as the desired eigen-pairs. 

-81 

-6, end for 

be considered and incorporated into the J-Lanczos al- 
gorithm. 

(3’18) An important consideration of the shift-invert ap- 
proach is how to preserve the Hamiltonian structure 
of the transformed matrix. Such transformation can 
usually be written as a rational matrix function 

IIHYi - @iYzll2 = l&iL 

where pj,i = bjuaj,i, and 

(3.19) IIHYn+i + ei~n+i112 = lPj,j+il, 
00 

f ( H )  = CkHk, Ck E c. where ,Bj,j+i = b j u ~ j , j + i .  

k=-w 
The vectors yi and yn+i are called the J-Ritz vectors 
corresponding to  the J-Ritz values Bi and -Oi l  respec- 
tively. The extremal eigenpairs of H are approximated 
by J-Ritz pairs. We summarize the J-Lanczos method 
in the following algorithm. 

Algorithm 3.1 (J-Lanczos) Given a Hamiltonian 
matrix H E R2nx2n, a unit vector q1, and a conver- 
gence tolerance E ,  this algorithm computes the columns 
of the symplectic matrix Sj and entries of the 2 j  x Z j  
J-tridiagonal matrix Tj using the identities (3.6) N 
(3.12), and computes the J-Ritz pair ( O i ,  yi) by  sym- 
plectic QR-like algorithm [2] or conventional QR al- 
gorithm to approximate the extremal eigenpairs of H .  
Stop criterion is based on (3.18) and (3.19). 

Set b-1 = 0, 4-1 = 0, j = 1. 
while j 5 maximal ‘iterations specified 

aj = qTHqj 

kj = qTJHqj 
if kj = 0 ,  serious breakdown, stop. 

To preserve the Hamiltonian structure, we require that 
(Jf(H))* = J f ( H ) ,  where * denotes the complex con- 
jugate transpose. Since H is Hamiltonian, ( J H k ) *  = 
(- 1) k+l J H k  , hence 

k k 

Write ck = Qk + i p k ,  where i = &i, ck‘k,pk E R. 
By comparing the coefficients in the above identity, we 
have 

if k is odd number, 
if k is even number. c k = {  $k 

Since the J-Lanczos method uses real symplectic sim- 
ilarity transformations to partially reduce a Hamilto- 
nian matrix to J-tridiagonal form, w e  would requires 
Ck = 0 for all even index k .  For practical implementa- 
tion, the following three types of shift-invert are con- 
sidered. 

1. Choose 
f ( H )  = H-l 

qn+j = (Hqj - ajq j )  l k j  whenever the desired eigenvalues are of the small- 
est modules. cj = -4n+j JHqn+j 

r .  - Hq,+j - bj-iqj-1 - Cjqj + ajqn+j 2. Choose 
3 -  

bi = llrj112 f(H) = ( ~ z t t ~ ~ - l ) - l  
If bj = 0, invariant subspace found, stop. = ( H 2  zt 6ZI ) -1H,  
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for real shift, where S E R and 6 > 0. The choice 
of f sign depends on whether the desired eigen- 
values are close to the real numbers k b  or to the 
imaginary numbers f i b .  

3. Choose 

f ( H )  = ( H 3  + bH + cH-l)-'  
= (H4 + bH2 + c l ) - l H ,  

for complex shift, where b = 2(p2 - a2)  and 
c = (a2 + ,B2)2 with a,P E R,cr,P > 0, and 
the desired eigenvalues are close to the complex 
numbers &(a f ip). 

j 
30 
50 

4 Numerical Results 

&(a f /?i) 
60 
40 1560 

The numerical experiment is conducted on apply- 
ing the J-Lanczos algorithm to solving high order 
continuous-time Riccati equation (1.1) arising from po- 
sition and velocity control for a string of high-speed 
vehicles [l]. In this application, the matrices N ,  K ,  A 
are 

80 

N = diag(l,O,l,O ,..., O , l ) ,  
K = diag(0,10,0,10,. . . ,10,0), 

10 902 21.9 

and 

A =  

with 

All A12 
A22 A23 

' * .  Am-l,m 0 
Am,m 

o w  

-1 0 
Aii = [ ] , Ai,i+l = [ ] -1 0 ' 

v =  [ - ; I ,  w = - 1 .  

For a string of m = 500 vehicles, it is necessary to  
solve the Riccati equation of order n = 2m + 1 = 
1001 and consequently the associated Hamiltonian ma- 
trix is of order 2002. The J-Lanczos Algorithm in- 
corporated with shift and invert techniques is imple- 
mented in MATLAB to solve the problem on a Sun 
SPARC-10 workstation with 32 MB of main mem- 
ory. Table 1 shows the results with real shift b to 
( H  + bH- l ) - l  and Table 2 for complex shift &(a & ip )  
to ( H 3  + bH + cH-1)-1. 

Some observations and remarks of the numerical exper- 
iments are in order. 

Table 1: Summary of numerical results with real shift 6 

29.4 
30 
40 4 
50 3 122 29.7 

Table 2: Summary of' numerical results with complex 
shifts &(a f I%) 

J-Lanczos Totsal number of Time per E I einenvalues I eiaenvalue I 

1. In this experiment, complex shifts along a 
straight line on ithe complex plane with an ar- 
gument angle a/4 are actually implemented. 

2. The J-Lanczos algorithm is most efficient when 
30 iterations are taken with real shift and 80 it- 
erations with complex shift. It requires more it- 
erations for the complex shift because the com- 
plex eigenvalues are more clustered than the real 
eigenvalues. 

3. The relation between Y ,  the number of converged 
eigenvalues, and ; i ,  the number of J-Lanczos iter- 
ations performed, is approximately v = 1.4 x j - 
25. 

4. The dominate cost of this shift-invert J-Lanczos 
method is the LU-factorization of the shift matri- 
ces and the associated triangular solvers. In this 
particular test problem, the underlined Hamilto- 
nian matrix and all shift matrices are band ma- 
trices. Therefore fast band factorization routine 
and storage format are easy to implement. 

5. In the implementation, e = 10-l' is used as the 
tolerance for testing convergence. The obtained 
computed solution X to the algebraic Riccati 
equation has residual norm 11 - X N X  + X A  + 
A T X  + Kll2 = 1.6 x lo-'. 

5 Conclusions 

For very large and sparse Hamiltonian matrices, the 
general QR method [6] or structure-preserving numer- 
ical methods proposed. in [2, 3, 9, 71 for computing 
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the stable invariant subspaces become inadequate when 
storage and computational effort are big concern. Al- 
ternatively, we proposed the Hamiltonian structure- 
preserving J-Lanczos method incorporating with shift- 
invert techniques. Numerical results showed that this 
new approach can efficiently solve the problem with 
high accuracy. 

Finally, we would like to comment that, unlike the se- 
rial oriented symplectic QR-type algorithms, parallel 
implementation of the shift-invert J-Lanczos algorithm 
is straightforward. 
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