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and higher derivatives estimates
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Abstract
The note is mainly for personal record, if you want to read it,
please be careful. This short note was given by Prof. Alexis Vasseur in
NCTU, 2014. For more regularity result for NS-equation, we refer readers
to G. Seregin’s lecture notes.

1 Introduction

For the incompressible Navier-Stokes equation

du—u-Vu+Vp—Au=0
V-u=0
rewrite the equation as —Ap = 3, - 07usu;, then wehave p = 37, [[(—A) 7107 Juju;
and
IPllLo/zpare < C’q||u||%qu.
From the (NS) - u, we can get
ul? ul? ul?
at%+v.(u% +p))+|Vu|2—A% <0. (1.2)

Theorem 1.1. (Leray-Hopf) For all initial value v° € L*(R3), Ju € L>®L2,
Vu € L?L? such that u is a solution to (NS) and satisfies (*).

What can we get from the energy 7

1. Local study for small energy. Smallness on some quantity (or «) can imply
regularity.

2. Global property on the flow (without the smallness condition). Canonical
scaling of the equation: If u is a solution to (1.1) and (1.2) in RT x R3,
then for e < 1, we set

{ue(t, x) = eu(ty + €2t, 29 + €x)
pe(t, ) = 2p(to + €*t, w0 + ex)
is still a solution to (IV.S) (it is a good idea to get Prodi-Serrin condition).
Now we set @, = (—,0) x B, in the following lecture.
Theorem 1.2. 3n > 0 such that any solution of (1.1) and (1.2) verifying

/ (P ddt + / Ip[*/2dzdt < n,
2 Q2

then we have |u| <1 in Q1 and [V™u| < Cyp in Q1.



2 DeGiorgi Method

In 1957, DeGiorgi got a very useful theorem for the elliptic regularity (call it
DeGiorgi-Nash-Moser iteration). For the standard elliptic equation

V- (A(z)Vu) =0, (2.1)

A(z) only satisfies +1 < A(z) < AI. If u € L*(Q) solves this equation, then
u € C2 (). There are two steps:

loc
1. L? implies L.

2. L implies C¥

loc*

Lemma 2.1. (Energy method) 3n > 0 such that for any solution u solves (2.1),
if [, [Vul*dz <n, then [u] <1 in Bi.

Use the DeGiorgi’s method, let ¢y, = 1 —27% uy = (u—cx)1, Uy = [ |Vug|?dx
and By, = B y9-+(0), then we want to show

Up < C*UY |

for some 8 > 1. If Uy < 1, then Uy, — 0 as k — oo. Now we let (u — ci)¢r be
the test function with ¢ as a cutoff function of Ek: and | B = 1, then we
can obtain
U < / \V (prup)|?de < C* /N uzdz.
By
From the Sobolev embedding theorem, we have ug_; > C||uk||2]37N2. More-

Uk —1
Ck—Ck—1

and

over, from the Tchebyshev’s inequality, we can get x(u,>01 <
X{up>0} < (2Pug—1)7, for some v > 0. Then

2N N
Up < C* | uijde < CYUTY,
Br_1

wheneﬁ:: 1+‘Ni3 = N—2-

3 Prodi-Serrin Criteria

Theorem 3.1. 3 < p < co with % —1—3 <1, for any u solves (1.1) and (1.2) in
R* x R? werifying ||ul|rre < 0o, then u is smooth for t > tg.

Remark 3.2. Theorem 3.1 is still true for 1 < p < 3. For p = oo, we need other
techniques.

Proof. We set (u.,pe) to be as before, then we calculate

1—-3_2
luellzrra(@a) =€~ *  llullrLacty—e?,t0) x Be(x0))-
Then for e small enough, |[uc|rrra(qQ,) + [IPellLr/2pa2(,) < 1, by the before
lemma, we can get |uc| < 1 (which means |u| < 1 and note that we need ¢ far
away from 0 since if ¢ is very small, then e will be very tiny so that 1/¢ will be
very large). O



4 Partial Regularity

Theorem 4.1. (CKN) u is a solution to (1.1) and (1.2), @ = {(¢, z)|u is not locally bounded at (t,z)},
then dimg(Q) <1 and H'(Q2) = 0.

By Scheffer’s early result, we have
Theorem 4.2. dimg(Q) < g
For € fixed, we set
Fatr)=f ¥ spdsdy+ ol (s.)dsd
Q2 (t,x) Q2 (t,x)

where @:(t,m) = (t—€2,t)x B.(z), and we have ||[F.||;2 < C. If F.(t,x) <ne %,
then (¢, z) ¢ Q. Use (uc, pe) to verify the hypothesis and u, is smooth near (¢, z),
we obtain

0] < |{F.(t2)> =}

0
€3

5

o .
< — [ F(t,x)dzdt < Ce’" 3,
n

and note that the exponent 2 is dimension.

Theorem 4.3. 3n > 0 such that any solution of (1.1) and (1.2) verifying
/|M(Vu)|2dxdt+/ |V2pldadt < n
Q2

and ¥t € (=2,0), [z u(t,z)dr =0. Then |u| <1 in Q.

For more details, we refer readers to see The De Giorgi method for regularity
of solutions of elliptic equations and its applications to fluid dynamics. Luis A.
Caftarelli and Alexis F.



