Introduction to Homogenization Theory -
Periodic Second Order Elliptic Equations

Yi-Hsuan Lin

Abstract

The note is mainly for personal record, if you want to read
it, please be careful. This notes was given by Prof. Zhongwei Shen’s
lecture in the National Taiwan University, 2015.03. For more details we
refer readers to his draft lecture (with a similar title as this lecture).
For simplicity, the following arguments hold for the linear elliptic system,
however, we only discuss the linear scalar elliptic equation case in this
lecture.

1 Introduction

We consider the following elliptic equations

—Au=F in Q Cc R?,
-V (A(z)Vu) =F in Q C R?, with suitable boundary conditions.
F(D?>u, Du,u,z) = F in Q C R?,

Medium with a fine self-similar microscopic structure. Let ¢ > 0 be a small
parameter, and consider the following homogenization problem

F(D2u6, Du,, ueg7 x) =0 in Q, with suitable boundary conditions.
€
In the following, we only consider the simplest linear elliptic homogenization
problem. Let A(z) = (a;;(2))axa, A°(x) = A(E) and consider
€
x .
-V (A(=)Vu) = F in 0,
€
Suitable boundary condition on 0f2.
What can we say about u. as € — 0. In fact, we have
ue — ug weakly in H'(Q) and u, — ug strongly in L*(Q).
As a result, for F € H=1(Q), we have

V. (A(%)Vus) =F nQ [~V (AVu)=F 9
Suitable B.Cs Same B.Cs



as e — 0and A = (@ij)axa is a constant matrix. Here is the problem setting.
Assume the second order elliptic operator

0 z, 0
Le:= *Tm{aij( )8733]-

€
with the coeflicients satisfying
1
Ellipticity: plé|? < a;;(y)&:€; < —|€|?, for all € € RY,
i
1-Periodicity: A(y + z) = A(y) for all y € R?, 2 € 7.

Consider the Dirichlet problem to be

(2)

Lue=F in{,
Ue = ¢ on 0},

where F € H-Y(Q), g € H/?(99), and Q is a bounded Lipschitz domain in R?.
By the Lax-Milgram lemma, we have

[uell @) < CHUIF a1 @ + 9llm1/200) ) 3)

where the constant C independent of €. Note that u. is a weak solution of
if for all p € H}(Q2), we have

T
/Q(A(E)Vue) Vedz = (F, <P>H—1(Q)xH3(Q) :
Consider the Neumann problem to be

Lu.=F inQQ,

4
ZZ: =g on 01}, )
where F € Hy'(Q) = (HY(Q)), g € HY2(00) = (H'/?(09)), % =
Ve
Vi(a:)aij(f)%, and v = (vq,v9, -+ ,V4) I8 a unit outer normal on 9. Simi-
€

J
larly, we call u. to be a weak solution if for all ¢ € H'(Q), we have

x
/Q(A(;)Vue) Veodr = (F, @) g1 yxmi @) — (99 m-1/200)x 11/2(69) -
Moreover, by the Lax-Milgram lemma again, we have

[Ve||r2(q) < C{”F”Ho_l(ﬂ) + lgllz-1r2(00) (5)

where C' is independent of e. For the second order elliptic system, we consider
the homogenization problem to be
0 x OuP

L.y =—— QQ.B — €

e al‘z |: K ( € ) 8xj

u, satisfies suitable boundary conditions

}:FainQ

with 1 <i4,j <dand 1< a,8 < m. In order to demonstrate ideas, we consider
m = 1 in most situations.



2 Derivation of the homogenized equation

The ideas of the derivation of the homogenized equation is quite clever. We
consider u, to be the perturbation of ug with respect to e-parameter. Moreover,
by observing the elliptic operator L., we introduce the two-scaled method, which

T
means we consider x = x, and y = — to be two independent parameters. Let
€

Ue 1= Uy + €Uy + € Us + - -
be the asymptotic expansion of u., where
x
uj = uj(x,y) = u;(x, ;)
In addition,

1 T
vuj = Vzuj(iv?y) + Evyuj(xvy)7 as y = ;7

which means under our two-scaled method, the operator V = V,+-V,. There-
€

fore, (1)) will become

— (Vo4 19,) LAV + 27, + et + P+ )]} = Fa) in 0, )

where we are not concerned about the boundary condition for the equation.
Expand @ and compare it with the same orders, so we get

O(5): =9y () V() =0,
O(2): =9y (AW)Vyus(e,9)) = Ty - () Vatto) + Va - (A1) Vyuo),
O(1): = Vy-(AW)Vyus(z,y)) = Vy - (Ay)Veur) + Vo - (A(y)Vyur)

+ V. (A(y)Vaug) + F(x).
Recall that for the periodic elliptic equation
-V - (A(y)Vu(y)) = h(y), A(y) is 1-periodic,
then we have
h(y)dy =0
Td

1
by using the Stokes formula. For O(—;) term, this equation is solvable because
€

the right hand side is zero. In further, we multiply ug(z,y) on both sides and
integrate by parts, which will imply

0= [ AWVyu0- Vyuo = n [ 19,00y >0
Td Td
which gives us the information that

uo(z,y) = up(x)



independent of y.
1
Now, for the second term O(-), the second term on the right hand side
€

should be zero since V, ug(x) = 0. Solve the equation

=Vy - (A)Vyur(z,y)) = Vy - (A(y) Vauo)
= (Vy - A(Y))(Vauo)

formally. Note that since A(y) is 1-periodic, then the equation is solvable for
U1 if
[ - A@)Vaus)dy = [ (A)Vau0) - vw)dS() =0,
Td aTd
By using the separation of variables, we put the ansatz

u1(z,y) = x(y)(Vzuo(z))

into the equation with x(y) being 1-periodic, we will find that

=V (AY)Vyx(y))(Vauo) = (Vy - A(y)) (Vauo)-

Moreover, we call
V- (AW)Vyx(w) = (Vy - Ay))

to be the cell problem and x(y) to be the corrector.

Finally, we observe the last equation carefully. Put wi(z,y) = x(y)Vauo
into the O(1) equation and examine the solvability condition for wus(x,y), we
have

0= /w [Vy - (A(Y)Vaur) + Vo - (A(y)Vyur) + Vo - (A(Y) Vauo) + F(z)]dy

= VoAl ATV at0} + o[ AT 200} + F o),
where the first term vanishes by the periodicity of A and y. Thus, we can obtain
— V- (AVy) = F(z) in Q, (7)

where
A= Td{A(y) + A(y)(Vyx(y))Hdy

is the (constant) homogenized operator and we call to be the homogenized
equation. For the rigorous derivation of the homogenized equation, we will give
the serious proof later by using the famous tool: The Div-Curl lemma.

3 Basic properties

Now, let us recall the corrector again. x = (x1, X2, - ,xd) € Hl..(Z?) is the

per

corrector, where H;er(Zd) is the closure of C*° 1-periodic function under the

standard H'-norm. We rewrite the cell problem in the following way:

0 OXk 0 . d
R P ZARY T (. R

ayl {a'lj (y) ay] 8yz (alk) (y)) m )
Xk € HL(ZY), 1 <k < d.

per



d 13} 0
Note that —(a; = —/(a;j(y)=— , then the cell-problem b
ote tha o0 (air(y)) o0, (ai;(y) ay; (yx)), then the cell-problem becomes

Li(xx + ) = 0 in R%

In addition, we consider the equivalence space H;er(Zd) / ~ and define the
bilinear form

N
aper(¢vw) T /Td Qij (y) 6y] ayz dy’

then we also can prove the Lax-Milgram lemma under this equivalence Sobolev
space. Moreover, when ¢ € H;er(Zd), then aper(u, ¢) = 0 for all u € H*(Q).

For convenience, we set Lo := —V - (AV) be the homogenized second order
elliptic operator with respect to A.

Proposition 3.1. The homogenized operator A = (@;;)can be rewritten in the
following form

W’j = aper(yj + Xis yi)

Moreover, use the above relation, we can write A as
W’j = aper(yj + Xij->Yi + Xl)
Use the above proposition, it is not hard to obtain the following theorem.
Theorem 3.2. Lg is elliptic, which means
P — 2

plél® < @i < gl

where the lower bound comes from the original A, and py = p1(p,d).

PT’OOf. a;5 = aper(yj + X5, Yi +X1’) and aper(yj + X, ¢) = 0 when ¢ € H;;er(Zd)'
Therefore, we have

@;;&i&5 = aper((yj + Xx5)&55 (Vi + xi)&i)
> M/ IV (xi +yi)§z‘|2dy
Zd

= /W{\V(Xzfz‘)F +2V(xi&) - V(&) + [V (0:&)°}
> plef?,
since V(x:&:) - V(v:&) = 0. O

For the rigorous proof of the L. — L in a suitable sense, we use the following
two useful lemmas.

Lemma 3.3. Let h € L? (RY) and 1-periodic, then

loc

T

W) == [ hwdy

weakly in L?(£2).



Proof. We gave a hint for readers and leave details of proof to an exercise. Hint:
Try to solve

Au = hin T¢,
u is 1-periodic.
O

Lemma 3.4. (Div-Curl lemma) Let {ur}, {vr} be two bounded sequences in
L2(Q,RY). Suppose that up — ug, v, — vo weakly in L*(Q,R?) and V x uj, =0
for all k, ¥V - v, — f strongly in H=*(Q)). Then

/ ug - Vgpdr — / ug - vopdx
Q Q

for all p € C}(2).
Proof. Leave this lemma to an exercise. O

Theorem 3.5. (Homogenization Theorem) Suppose A(y) is elliptic and 1-
periodic. Let Q be a bounded Lipschitz domain. If u. is a weak solution of
the Dirichlet problem (@ Then ue — ug weakly in HY(Q) and strongly in
L2(Q), where ug € H* () is the weak solution to the homogenized equation
LOU,0 =F m Q,
Uy =g on 09.

Moreover, we have A(E)Vu6 — AVuq weakly in L*(Q,R9).
€

Remark 3.6. In general, u. does not converge to ug strongly in H' ().
Before giving proofs for the homogenization theorem, we introduce the dual
problem for the homogenization problem. Let L¥ := —V - (A*(E)V) be the
€
adjoint operator of L.. Then we have the following properties.
1. a;-*j = aﬂ.

2. a;er (¢7 ¢) = Qper (1/% ¢)
3. Let x* be the corrector of L¥, then we have

€

Aper (Y + X0y ) = 0, for all § € Hy,, (Z°).
Proposition 3.7. We have @5 = ap.,.(yi + Xi,yi) and A=A If A= A",
then A" =A.
Proof. Exercise. O
In addition, we have

@i = Qper (Yi + Xis Yj) = Qper (Y55 Yi + X7)

dy; (i + X7)
= a = = 2tq
/Td by Oy Y

ox:
ag; O, + =2 1d
- eg(y){ Ok 8yz} Y

ox;
{a2] (y) + Gy (y) aye }dy

I
S—

Td



Now we prove the theorem.

Proof. By using the Lax-Milgram theorem, we have
[uellzr @)y < CLUIF I z-1) + 19l m1/2050) }

which means {u.} is bounded in H'(Q). Moreover, u,. satisfies (2)) and
T
| AV pds = (£ ).
Q

By the duality argument, we have || A( )VuﬁHLz(Q < C < 0. WLOG, we say

{u¢} be the sequence such that u. — v weakly in H(2) and A( )Vue to p

weakly in L?(Q2). Then remaining work is to prove
v = ug and
p = AVuy.
Consider

/ A(E)Vu6 -V(zg + exZ(E))@bd:ﬁ = / Ve - A*(f)V(ac;C + GX(E))I/Jd:L
Q € € Q € €

for all v € C3(Q). For the left side, we have A(E)VuE — p weakly in L2(€; R9).
€

. ) oy
V(zwexk(%))_@” a’;k(f) N 5zk+/w 6’;{6@:5%,

and
V x (V(zy, + ex,’;(f)) —0and V- (A(%)Vue) - F

The left hand side satisfies conditions of the Div-Curl lemma, then the left hand

side will converge to
[ pisuvds = [ puvda,
Q Q

For the right side, Vu, — Vug in L?,
w L x L %, L w, L
A (;)V(i’?k + €Xk:(;)) =4 (7){ka + VX/«(*)}
4/ 2] {5]/6 + (Xk }dy
= / {ari(y) + aji(y)ﬂ}dy
7d 8yj
= @_

Then the right side converges to fQ a;ﬂzbdx Thus, [, prtpde = fQ s akﬂ/)dac
which implies
ov _
Dk = Qki7— 97 and A( )Wu, — AV

%



and o
-V (AVv)=F inQ,
v=g on 01},

and v = ug (uniqueness for Dirichlet problem). O

Remark 3.8. The homogenization theorem still holds for the Neumann problem

L.(u)=F in

gl:: =g on 99,

where F € Hy ' (Q), g € H"Y/2(9Q), and [, uc = 0. The proof is followed by
using

X
/QA(;)VUG : VWZQE = <Fa w>HO_1><H1 - <gaw>H*1/2><H1/2 9

and use the Div-Curl lemma argument, then we can obtain the desired results.

4 Rates of convergence

In the homogenization theory, it is interesting that how fast for u. converging
to ug.

Theorem 4.1. (Dirichlet) Suppose A is elliptic and 1-periodic. Let Q be a
bounded Lipschitz domain. Then

x
lue = uo = ex(Z) - Vol @) < CVelluollwza(a)-
If d > 3 and x is Holder continuous (if m =1),

X
lue = wo = ex(Z) - Vol (o) < CVelluollwz2(0)-

From |lue —ug — ex(E)VuOH < CVellug|lw2.a(q), we can derive
€
T
lue = wollz20) < €llx(Z)Vuollzzo) + CVelluollw2.a(q)
< CVelluollw2.a(q)-

Notice that the second inequality is nontrivial, we leave it as an exercise to
readers. Moreover, we have

Q is Lipschitz, m =1
- <C 2(q) if 7 ,
l[ue = uollL2() < Celluollwz2(q) i {Q is Ct, om > 2,
and

e — ol 1720y < Célluollw22(q), when coefficients are Holder continuous.

ox;

Definition 4.2. Define b;;(y) := a;;(y) + aik(y)a— — ;.
Yk



0b;;

('9yz =0.

Note that bj; € L7, bi; is 1-periodic, [1, bi;(y)dy = 0, and

loc?

Lemma 4.3. There exists ¢p;j € H;er(Zd) such that b;j = 87¢kij and Pri; =
Yk
—Pikj-

Proof. We solve

fij is 1-periodic, fi; € HZ.,(Z4).

per

{Af” = bij in Rd,

0 0] . 0fij
Let (725]“']' = 87ykf” - @fkg € H;pr(Zd), then ¢kz’j = *Qbikj- Since ATy; =
%bij = 0, by the Liouville’s theorem, we can get aafij is a constant. Hence
Yi Yi
0 02
= (bpii) = Afii — ——fr. = Afii = by
ayk (¢kl]) f] aykayZ fk? f] b J
O
Remark 4.4. If x € C* for some a € (0,1), then ¢ = (¢y;5) is bounded.
Lemma 4.5. Let w, := ue — ug — exk(m)% in Q. Then
€’ Oxy,
x. 0%ug 0 T x. 0%up
Le(we) = {¢kz3(6)a$ Bz, }+6 {a”( )Xk(;)axjamk}
Proof. From direct calculation, we have
x, Ou
Le(we) = Lelue) = Le(uo) = Lefexr() 5>
0
= Lo(uo) = Le(uo) = Le{exa(Z) 5
€ 8xk
0 T Oug 0 x,0xk , T, Oug
N _axi{[a” B a”(e)]axj} * 3mi{a”( e) ox; (e oxy,
0 x. x. 0%ug
+ Gafw{aij(;)X(;)axjaxk
o 0 x 8UO
= %{bw(z)%} +1
- 0 1o} x 8'LLO
= Bas oy P () g
9?2 x . Oug 0 9%uyg
6333.3 ’{¢kij(z)£j} - f%{%ijiaxjaxk} +1
8 (')
{(bkm Oz 8 } + I
0 z. oz, 0%u 8 x, Ou
Where[*ga {al]( ) (6)6 80 }a‘ {stlj( )73}70]3}7 stl]i
—ik; (after summing over i, j, k) O



For more delicate rates of convergence, we introduce the boundary corrector.
Let v, be a solution satisfying

L(ve) =0 in £,

f) Ot on 01,
€

Ve = *Xk( 879%

then we have the following theorem.
Theorem 4.6. For d > 3, we have

x . Jug

e — uo — EX’C(E)aT:k — 0l g1 () < Cel|VPuol| Lagq)-
. x . Oug L
Proof. (Sketch) Let w, := u —up — EXk(*)T — €ve, then it is easy to see that
€ Tl

w, € H}(Q) and L.(w,) = L.(we). Hence by the Lax-Milgram lemma, we have

[Well 2 (@) < CllLe(we)llr-1(a)
x x
< CE{||¢(;)V2UO||L2(Q) + ||X(;)V2U0HL2(Q)}~
The remaining task is to estimate

xr X
||¢(Z)V2U0||L2(Q) + HX(Z)VQUO”LQ(Q) < Cel|[V2uq | aey-

For the first term, we have
L2012 Tyi21o2,, |2
/Iqb(f)v | d:vs/ (=) 2|V 20| 2da
Q € 0 €
< ([ o)) T ([ [V uolda) .
Q € Q

Note that V¢ € L?*(T?) and the Sobolev embedding theorem gives 1, |¢| 2 dy <
C [1a|Vo[Pdz < C and

X 2d 2d
/ lp(=)|7-2dzx < / lp(y)|7-2dy - € < C.
Q ¢ 10

For the other term, we leave it to readers. O]

Remark 4.7. If d = 2, x € C* for some « € (0,1), then we can use the Meyers
LP estimate to derive ¢ € L>(T?).

Now, we want to prove the fact that

x
e = w0 = ex(2) Vgl ey < Celluo .o ®)
To prove , only need to check the following lemma.

C

Lemma 4.8. [|v| g0y < —=|luollw2.a(0)-

Ve

10



Proof. Recall that v, satisfies
L. (Ue) =0 in Q7

x . Oug

e = —Xk(—)=— o9,
v X ( - ) D, on
and by the standard elliptic regularity, we have

x . Qug . Oug

)aTEkHHl/?(aQ) < O||776(33)Xk(z)7|\H1(Q),

|| 1 <C
el e Q) = lIxx( o

€
1, if dist(z,00) < e C

h . € CHRY) with ne(x) = ,and || Vnel|pe <
where 1 0 (R?) with ne () {o, if dist(z, 00) > 2" [VnellL~ <

€

Therefore, we have

X
/ 902 ()2 Vo
o) €

C T
<=/, IX(Z) P Vuo|*dz
€ Jdist(z,00)<2¢ €
C T, 2d d=2 2
<5/ ()P E ([ Fuol)3.
€ dist(z,00)<2e € dist(z,00)<2¢

. T _2d
Claim: [qist(, s0)<ae |X(E)| =2dz < Ceand [gigt(, o0)<ac | VUol?dr < Celluollfyz.a (o
(this is true Yug € W24((Q)).

For the first part, we choose cubes Q5 with diam@§ ~ O(e) and

{dist(z,00) < 2¢} C UéV:lQ§ C {dist(x,00) < 5e}.

We can estimate x in each cubes and use the periodicity of x, we can find the
uniform estimate for the first term.

For the second part, let Q; := {x € Q;dist(z,9Q) > t} and n be the unit
outer normal on 0€2;. Let Cy > 0 be a positive constant and ad be the vector
such that (n, @) > Cy > 0. Then

co/ \Vu0|qd5§/ Vuo|? (n, @) dS
o0 Q4

g/ div5>|Vu0|qdm+aki(|vu0|q)dx
Q 61‘k

<C | |Vuollde +C [ |[Vug|"™HV2ug|da
Q4 Q

<Clluollfyz.q-

Finally, integrate the above inequalities by f02 ©dt, then we can obtain the desired
estimate and the constant C is independent of e. Combine the above estimates
together, we will find

[ue = uoll2 () < CVelluollw2a(q)-

Remark 4.9. In fact, we can prove

Q) is Lipschitz, m = 1,

- <C 2(q) if
l[ue = uollL2() < Celluollwz2q) 1 {Q is b1, m > 2.

11



5 Construction of Dirichlet corrector

Let &, = (P ;) € H'(Q) be the Dirichlet corrector satisfying

LE((PEJ) =0 in Q,
O ==z on 0N.

Note that z; itself also satisfies @[)
Proposition 5.1. Assume that m = 1, then

[, — ]| oo () < Ce.

Proof. Let ue = x; + exj(f) — @, ;(x), then
€

T
Le(ue) = Le(x; + GXJ'(E)) = Le(®e;) =0 in
Ue = exj(f) on 0N.
€
By the maximum principle, we have
T
luello (@) < [[tell Lo a0) = GHXj(E)HLOC(BQ)
T
< GHXJ'(E)HLoc(aQ) < Ce,
which implies

xT
19ej = @jlloo < lluclloo + llexs (Z)lloo < Ce.

Remark 5.2. When m > 2, we consider

x Oug
we = ue = 1o = exr(D)Se(F00),

where g is an extension of ug to R? by 0 outside Q, and S, (up)(z) = fB @) ug is
called the Steklov smoothing operator (the ideas were discovered by A. Suslina).

6 Uniform interior estimates

The uniform estimates are given by the compensated compactness argument.

Theorem 6.1. Suppose A = A(y) is elliptic and periodic. Letu. € H'(B(xo, R))
be a weak solution of Le(u.) = F in B = B(xo, R). Suppose that F € LP(B),
p>dand0<e< R, then

(fB V212 SC{% |we\2>1/2+R<]i FIP)2y,

where Cp, = C(d, p, ).

12



Theorem 6.2. (M. Avellenda, F. H. Lin, 1987) Suppose A = A(y) is elliptic
and periodic. A(y) satisfies

|A(y) — A(2)| < Ny — 2|7, Yy, 2z € R, for some T > 0.

Let u. € HY(B) be a weak solution of L.(uc) = F in B = B(zg, R), where
F e L?(B),p>d. Then

Vue(z0)] < cp{<f |Vue|2>1/2+R<f PPy,
B B
or
IV tell 2 () < cp{% |Vu€|2>1/2+R<fB FIP)P),

where Cp, = C(p,d, pX, 7).

Observations:

1. Translation.

If —-v- (A(x)Vue) = F and v, = u(z — x¢), then

~V - (A(Z)Vu) = F,

where A(y) = A(y + @) and F = F(z — zo).
€

2. Dilation. .
If -V - (A(=)Vue) = F and vc(z) = uc(rz), r > 0, then

€

where G(x) = r?F(rz).

Note that Theorem 1 implies Theorem 2 by using the blow-up arguments. By
translation and dilation, we may assume zop = 0 and R = 1. Also, we may
assume € < % (if e > 3 then A(%) is good, we only need to use the standard
argument for elliptic regularity).

Let we(z) = e luc(ex), then Li(w) = eF(ex) in B(0,1) (note that % > 1).
By the interior Lipschitz estimates for Li, we have

V)| < {(f

B(0,1)

Vo) 4 (f el ).

B(0,1)

This implies

Ve (0)] < c«f

B(0,¢)

|Vue|2>1/2+e<f PPy Py
B(0,¢)

<ci(f  Tupadi S ppy

B(0,¢) B(0,1)

<cl(f IVu)Va(f PP,
B(0,1) B(0,1)

13



Remark 6.3. Local property needs the regularity, but the global one does not
in the homogenization theory.

Theorem 6.4. (Compactness) Let { A’(y)} be a sequence of 1-periodic matrices

satisfying the elliptic condition with the same p. Suppose —V~(AZ(£)V1L4) =F,
€

in Q, where e, — 0. Also assume that uy — u in H'(Q), Al - A% and Fy — F

in H=Y(Q). Then Ae(z)Vw — A°Vu weakly in L*(Q) and -V - (A°Vu) = F
€

in €.

Proof. The proof is similar to the proof of the homogenization theorem. O

7 Compensated compactness

Here we give the compactness argument, which contains three steps. The first
is one-step improvement, the second is iteration, the last is blow-up argument.

d
Lemma 7.1. (One-step improvement) Let 0 < o < p <1 and p=1——. There
p

1 1
5) and 0 € (0, Z> depending on u,o, p,d such that

T ou
(f u—f w-aregt)f G
B(0,6) B(0,0) ! e I 0,0 Ox;

ser’max{(f |u42>1/2,<f FP)Vr),
) B(0,1)

B(0,1

exist €y € (0,

where 0 < € < €9, u. € H'(B(0,1)) is a solution of L.(u.) = F in B(0,1).

Proof. Prove it by contradiction. Use the fact that if =V - (A°Vu) = F in
1
B(O, 5), then

ou
sup |u — ][ U — xj][ 8—| < 091+pHVUH00,p(3(0’9))
|| <6 B(0,6) B(0,0) 9T;

< CQHPHVUHCM(B(O,%))

scoel+Pmax{<f \u|2>1/2,<f
B(0,3)

(FP)r).
B(0,3)
1
Since o < p, choose 8 € (0, Z) such that 2¢+1Co01+r < g1+o.

1
Claim: Suppose not, 3 sequences {e;} C (0, 5) and {A*(y)} satisfying peri-
odicity and ellipticity with p. {F;} C LP(B(0,1)), {ue{C H*(B(0,1)) such
that for ¢, — 0, we have —V - (AE(E)VW) = Fy, with (fB(O 1 lue|?)V/2 < 1,
€y ’

(JL’B(OJ) |F£|p)1/p <1 and
z uy o
(][ |ug — ][ Up — (J:j + eexf(—)][ T|2)1/2 S gLt :
B(0,0) B(0,0) e’ JB(0,0) 0%;
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where x4 are correctors for L = —V - (A (g)V) By Caccioplli’s inequality,
€

1
{uy} is bounded in H!(B(0, 5)) By passing to subsequences, we may assume
that

up — u weakly in L?(B(0,1)), uy — u weakly in H*(B(0,1)),
F; — F weakly in LP(B(0,1)), and A? — A°

which will imply F, — F strongly in H~!(B(0,1)) (since LP compactly embed-
ded to H~! when p > d). By the compactness theorem, —V - (A°Vu) = F in

1
B(0, 5)- Also, (fy1) [ul?)}% < 1, (fg0.) [FIP)/P < 1, and

0
(][ u _][ " xj][ 7“|2)1/2 > gito,
B(0,6) B(0,6) B(0,0) 0;

which will lead to a weird conclusion. O

d
Lemma 7.2. (Tteration) Let 0 < 0 < p < 1 and p =1 — —. Let (&,0) be
p

given by the previous lemma. Suppose 0 < € < 0% ley for some k > 1. Let
L. (us) = F in B(0,1). Then 3 constants E(e,£) = (E;(e,£)) (1 <€ < k) such

that if ve = ue — (x; + exj(g))Ej(e,ﬁ), then
€

(f m—f ve|2>1/2soef“+f’>max{<][ |ue|2>1/2,<][ FIP)VP),
B(0,0%) B(0,0%) B(0,1) B(0,1)

Moreover,

|E<e,e>\s0max{<f \ueF)W,(][ IPP)y

B(0,1) B(0,1)

and

B(e, £+ 1) — E(e,0)] < 9% max{(][
B(0,1)

W) PP,
B(0,1)

Proof. Prove by induction on ¢, for 1 < ¢ < k. When ¢ = 1, by the previous
Ou, N
lemma, Ej(e, 1) = fB(O 0) al Suppose that the constants E;(e, i) exists, for
9 x]
all 1 <i< /¥ ¢<k—1. To construct E(e, £+ 1), consider

Lo
w(z) = u(0'x) — {Héxj + exj(%}Ej(e,é)

~f e @ s (DB ),
B(0,6%) €

Then Le%(w) = 62F(0#**x) in B(0,1). Since % < 91%1 < €, then we may
apply the previous lemma to w in B(0,1) and repeat all the arguments again,
which will finish Lemma 7.2. O
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Proof of the compactness theorem: By translation and dilation, we may
assume g = 0 and R =1, 0 < € < 1. Also we assume that 0 < ¢ < €36 and
choose k > 2 such that ¢y0* < € < ¢of*~!. By the iteration lemma, we can get

<f |ue—][ ue|2>1/2soek{<][ |ue|2>1/2+<f FP)Vry,
B(0,0k-1) B(0,0k-1) B(0,1) B(0,1)

after rescaling, the above can be rewritten as

<f |us—f ue|2>1/2§0e{<f |u5\2>1/2+<f )Py,
B(0,¢) B(0,¢) B(0,1) B(0,1)

for some constant C' independent of €. Therefore,

C
<f |Vue|2>1/2s{f<][ |ue—f u42>1/2+e<][ P72
B(0,¢) € JB(0,2¢) B(0,2¢) B(0,2¢)

<ci(f fuP)ef Py,
B(0,1) B(0,1)

Theorem 7.3. (Dirichlet problem, Avellenda-Lin, 87) Assume that A is ellip-
tic, periodic and |A(y) — A(2)] < My — z|7. Let Q € R? be C1® Suppose

L (u)=F inQ,
Ue = ¢ on O0f).

Then
[VuellL= @) < CpolllFllLr) + lgllcre a0}
with o > 0.

Proof. Compactness and Lipschitz estimates for Dirichlet correctors
L(®.;)=0 1inQ,
(I)e,j =Ty on 0f).

Show that ||V‘I)e,jHL2(Q) < C. [

Theorem 7.4. (Neumann problem, Kenig-Lin-Shen, 2013) All assumptions are
the same in Theorem 7.4. Let

L (us)=F inQ,
gz: =g on 082,

then
[Vue| ey < C{|IF||zr) + ll9llce o0}
where p > d, o > 0.

Proof. Compactness and Lipschitz estimates for the Neumann correctors. Let

L(W.;)=0 in €,
oV,
o = 8—V0(xj) on 0,
where 2% _ ni@%. Show that ||V, ;|| < C. O
Jdvy 8wj ’
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8 Real variable method and W!? estimates

For the simplest case,
—Au =divf in Q,
u=0 on 0f).

We have [|Vul[r2(q) < C||fllrz() and [[ullgi) < Cllfllrz@)-
Question: Does ||Vul[zrq) < C||f|Lr () hold for 1 < p < 00?
Similarly, for the homogenization problem, our main question is if

Lc(u) =divf in Q,
ue =0 on 0,

we have ||Vucl[z2(q) < O fllr2(q), does [|[Vue| ey < C||fllLr (o) hold for 1 <
p < o0?

Theorem 8.1. (Interior WP estimate) Suppose that A is elliptic, periodic
and continuous (VMO will be fine). Let Lc(u.) = divf in B(zo,2R). Then for
2 < p < oo, we have

(f 1VuP LGl P,
B(zo,R) B(z0,2R) B(z0,2R)

where C,, depends only on d, p and w(t) = sup{|A(y) — A(2)|; ly — 2| < t}.
Lemma 8.2. Let Li(u) =0 in B(xo,2r) for 0 <r < 1. Then

<][ |Vu|P>1/Pscp<f Vul?)!/2.
B(zo,r) B(xzo,2r)

Proof. This is a local WP estimate. O

Lemma 8.3. Suppose A is elliptic, periodic and continuous. Let L.(u.) =0 in
B(x9,2R). Then for 2 < p < oo, we have

(f. < V)
B(zo,R) B(xz0,2R)

Proof. By translation and dilation, we may assume zg =1, R=1. Ife >
|a:
€

1
x 4
follows from Lemma 8.2, since |A(7)—A(y)| < w( —y|) <w(dlz—y|) < w(4t),
€ € €
when |z —y| < t.
Let 0 < e < T consider w(z) = uc(ex), then Li(w) = 0. By Lemma 8.2,

(f50.1) |Vw[P)1/P < Co(FB0.2) lw|?)*/?, which implies

<f Ve [P) /7 < cp<f V)12 < cp<f
B(0,¢) B(0,2¢) B(0,1

)

|Vu|?)/2.
)
By translation,

<f |Vue|p>1/Pscp(f |Vue|2>1/2scp<f Vue2)1/2,
B(zg,€) B(zo,€) B(0,2)
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for all g € B(0,1). Therefore, we have

/ VP < Ced(][ V2?2,
B(zg,€) B(0,2)

/ |Vu€|p§0(][ IV [2)P2.
B(0,1) B(0,2)

and

O

The ideas of real variable method come from the Calderon-Zygmund decom-
position.

Theorem 8.4. (A real variable theorem) Let By be ball in RY and F € L*(4By).
Let ¢ > 2 and f € LP(4B) for 2 < p < q. Suppose that for each ball B C 2By
with |B| < ¢1|By|, there exist two functions Fg and Rp on 2B such that

L |F| < |Fg| + |Rp| on 2B,
2. (f |RB|Q>1/QSN1{(][ FPY2 4 sup <][ P,
2B 4B B

BCB’/C4By

3. IFaP) <N s (I
2B BCB'C4Bo J B’

Then

(f 1P <Ol IR+ (f 117y,
By 4By 4Bo

where C' depends on N1, N2, C1,p,q,d.

Proof. (Proof of interior W1P) Let F = |Vu,|, f = f. Show

(f |F|p>1/psc{<][ |F|2>1/2+<][ )Y,
B(I(},R) B(I(},QR) B(CE(),QR)

For each B with 4B C B(xg,2R), we write u. = ve + w,,where

L (ve) =divf inQ=4B,
ve =0 on 0 = 0(4B).

Let Fg = |V, Rg = |Vw|. Clearly, |F| < Fg + Rp in 2B and by the energy
estimate, we have

2\1/2 _ v.|2)1/2 2y1/2.
(JEB‘FB' ) <]£B|v 212 < C<]£B|f\ )

Note that L.(we) = 0 in 4B and take ¢ = p + 1. By Lemma 8.3, we have
(fo5 IVwe|1) /7 < O(f, 5 [Vwe|*)'/2. This implies that

<f |RB|q>1/qg0<][ \RB|2>1/2s0<f |Vve|2>1/2+0<f Ve [2)1/2
2B 4B 4B 4B

2\1/2 2\1/2
gC(]iB\fl) +C<]£B'F') .

Take B’ = B and apply the real variable theorem, we can obtain the W1?
estimate. O
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9 Singular integrals

Finally, we discuss the singular integrals, which will be useful to the homoge-
nization theorem.

Let Tf(x) = p.v. [pa K(z,y) f(y)dy, where K (x,y) is the Calderon-Zygmund
kernel satisfying

K(z,y)| < ;

wenlE e 1
r—z

\K(x,y)—K(w,zﬂSW, @ — 2| < Sle —yl,
Clr — 2|7

1
Ky2) ~ K(22)| < 2= 2| < 5z —yl.

—yldte’

T is called a Calderon-Zygmund operator if 7" is bounded on L?(R?) and T is

associated with CZ kernel (K (z,y) = Cd%).

Lemma 9.1. (Calderon-Zygmund) All CZ operators are bounded on LP(R?) for
1 < p< oo, and is of weak type (1,1).

Use the Marcinkiewitz interpolation, we have 1 < p < co and duality argu-
ment, we have 2 < p < c0.

Theorem 9.2. Let T be a bounded sublinear operator on L?(RY) and ¢ > 2.
Suppose that

(f M@ < N{(f 119?72+ sup (f 1oV}

for all B C R? and for all g € C§°(R?) with supp(g) C RI\AB. Then

IT(Nlzr@ey < Cllfllr@ay, Y2 <p<g.

Remark 9.3. In the previous theorem, we did not use any conditions on CZ
kernel.

10 Exercises

Consider the second order elliptic operator

Lo=—V- (A

xT
€

V),

where € > 0. In the following problems we always assume that the coefficients
matrix

A= A(y) = (aij(y))axa

is real, bounded measurable, and satisfies the ellipticity condition
1
~[€1* < aij(y)€i&; < plél® for y € R and € € RY,
1

where p > 0, and periodicity condition
Ay +2) = A(y) for y € R? and 2z € Z%.

The summation convention that the repeated indices are summed is used.
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. Define the weak solution of the Dirichlet problem
L (uc) = F in Q and u, = f on 99,

where Q is a bounded Lipschitz domain, F € H=1(Q) and f € H'/?(9%).
Prove that the existence and uniqueness of the weak solutions.

. Define the weak solutions of the Neumann problem

Oue

O,

where Q is a bounded Lipschitz domain, F' € Hy ' (Q) and g € H~/2(09).
Prove the existence and uniqueness of the weak solutions.

L.(ue) = F in Q and

= gono\l,

. Show that if L.(u.) = divf in B(xzg, 2r), then

1
/ |Vu|2de < C’{—Q/ luc|?dx Jr/ |f|?dx}.
B(zgr) " JB(x0,2r) B(zo,2r)

. Show that there exists a 1-periodic function u such that u € H} _(R?) and
Ll(u) = —Ll(,Tj) in Rd.

Such u, unique up to constants, are called the correctors and denote by
X;- The homogenized matrix A = (@;;) is defined by

an
Qjj = ij T @ik 5 tdy.
Qij /Td{aj+aka.’1}k}y
. Find the correctors A, defined in Problem 4, in the case d = 1 (Signolo
example).

. Finish the proofs of Lemma 3.3 and Lemma 3.4 (the Div-Curl lemma).

. Let
S.(u) :f u(y)dy.
B(z,€)

Prove that

z€RC

oSl < s (f ol e
for any 1 <p < oc.
. Let u € H(RY). Show that
[|Se(u) — ullp2ray < €l|VullL2gay-

. Suppose that u. € H}(2) and —V - (A(E)Vue) = F in . Show that
€
e — 0,

/ A(%)Vue - (Vue)pdr — / AVug - (Vug)pdr
Q Q

for any ¢ € C§°(€2), where ug is the solution of the homogenized problem.
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10. Let u, be the weak solution of

(0t + Lue =F inQx(0,T),
ue =0 on 092 x (0,7,
ue = f on Q x {t = 0},

where F' € L?(Qx(0,7)), f € L?(2) and € is a bounded Lipschitz domain.

Show that u. — wug strongly in L?(Q x (0,7)) and A(f)Vu€ — AV
€

weakly in L?(Q x (0,7T)), where ug is the solution of

(at + Lo)uO =F in Q x (0,11)7
ug =0 on 90 x (0,7,
uo = f on Q x {t = 0},

and Ly = —V - (AV).
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