On the inviscid limit problem for viscous
incompressible flows in the half plane -
Approach from vorticity formulation

Yi-Hsuan Lin

Abstract

The note is mainly for personal record, if you want to read it,
please be careful. This Notes was taken when Prof. Yasunori Maekawa
( Tohoku University, Japan ) visiting Taiwan. I followed his lecture and
took the note.

Overviews:
du+u-Vu—vAu+Vp=0 t>0,2€R%
cu=0 t>0 R2
(NS) V-u >0,z € +2
u=0 t >0,z € ORL
u=a t=0,2 €R%

where R3 = {(z1,22)|z2 > 0}, u = (u1,u2): velocity, a = (a1, az): initial
velocity, p: pressure and v > 0: kinematic viscosity (constant). u =0 on IR3:
no-slip B.C.. w = dyus — Oouy := Rotu: vorticity. Note that RotAu=ARotu,
Rot(u, Vu) = v - VRotu (since V - u = 0), Rot(Vp) = 0. Then these imply

6‘tw+u.Vw—yAw:0,t>O,x€Ri.

e Vorticity is useful if there is no boundary (e.g. R?, T?), which is well-
studied.

e Behavior near the boundary? No-slip B.C. on u is a source of the vorticity
on the boundary.
Basic question: B.C. on w? (vorticity formulation of (NS)): Topic 1.
For typical flows, v is very small (for water 20°C, v ~ 1.0 x 1076 m?/s).

Problem: Behavior of v = u(*) in the limit » — 0. Formally we obtain the Euler
equation: For ug = (ug,1,ug2),

Owug +ug - Vug +Vpp =0 t>0,z € R%

©) V-up =0 t>0,2€R:
UEQZO tZO,SL'GaRi.
ug =a t:(),xERi

In general, ug 1 # 0 on OR?, while ) =0and a =0 on ORZ..
=Boundary layer appears.



Formal estimate of the boundary layer thickness § (Parndtl 1904).
Oy +u-Vup —vAu; +01p = 0, 0yug + dous = 0. Near the boundary, we expect

1 1
uy, O1uy, O3uy, Opur ~ O(1), Qug ~ 0(5), 02u; ~ O(=5), O1p ~ O(1). From

62
V- u = 0, we have dstis ~ O(1)=us ~ O(6), updaus ~ 0(0) - O(%) = O(1),

5
wdug ~ 0(1). = = ~O(1), .8 = /2.

52
v (v) _ T2 Z2 —
Near the boundaryxu( )~y = (vp,l(taxlvﬁ)vupa(t,ﬂh, m)), T =
(z1,X2) where Xo = 732

Ovp1 — 0%, Up1 + Vp - Vap1 + 01y =0, £ > 0,2 € R
(P) Vm"l)p =0,8X27rp :0,vp\t:0 =0

Up|x,=0 = 0,1imx, 50 Vp1 = Up,1|2=0, IMx, 500 Tp = PElzs=0

T2
S Uug; 1/2 .. .
We want to justify u(*) ~ W) Vo at least locally in time. Sammartino-
Up 1/2
v

Caflisch (CMP, 98): Given data (initial velocity) a is analytic. This result is
not applicable for, e.g., a € C§%, (R%).

Z2
S UE, 1/2 L ..
Now, we justify u(*) ~ ) Vg when the initial vorticity b =Rota
P> 1/2
v

satisfies dist(9R%,suppb) >0 and Sobolev regularity: Topic 2.

1 Vorticity formulation for NS equation in R?

1.1 Derivation
Vorticity field w = dyuy — Gouy and V - u = 0 imply —Au = V+w, where V+ =
(02,—01). Biot-Savart law gives u = V1 (—Ap)~lw, where h = (—Ap)~1f
—Ah=f in Ri
h=0 on OR%’
RotV+(—Ap) lw = w, Yorz O1(=Ap)~'w = 0 (trace).
(Derivation of vorticity B.C.)
Requirement: ypg> O2(—Ap)~lw=0.

In R?, w satisfies dyw + v - Vw — vAw = 0 in R%, therefore,

is the solution of Note that V - V1 (—=Ap)~tw = 0,

0 = 8t70Riae(_AD)_1w
= Vamiaz(—AD)flatw
= ’YaRiaz(—AD)_l(VAw—u-Vw)
s =) A — ) — - V)
= —vorz (W — Whar) = Yorz O(—Ap) ! (u- Vw)

= _V'YaRiaQw - V(—af)lp’YaRiw - 76R132(—AD)71(U Vw)



Awper =0 in RZ

where wy,,, satisfies { and the last equation comes from

Whar = W on R%

the Dirichlet-to-Neumann map on the half-plane property. .. v(9aw-+(—0%)1/2w) =
—0(—Ap)~H(u- Vw) on IR

0w + M(w,w) —vAw =0 t>0,z € RY
(V) { v(dow + (—03)/?w) = N(w,w) t >0,z € IR
w = Rota t:0,x6Ri

where M(f, g) = J(f)-Vg, J(f) = V*(=Ap)~'f, N(f,9) = —var2 J1(M(f, 9)).
Then (NS)<(V) + Yorz @ =0 (Note that we have used the fractional Laplacian,
so the nonlocal property automatically holds).

1.2 Solution formula for linearization

Ow —vAw = f t>0,z € R
(LV) S v(0ow + (=03)Y?w=yg t>0,2 € IR%
w=> y:O,IERa_

—

and we have(—02)1/2w(&) = |&|@(&, -) and b = 0 for simplicity, where @ (s, &1, x2) =

1 )
i I J[pw(t,x)e™&1=5dg dt. Then we have

- - 1~
8§w—(§+§2)w=—;f 29 >0

R

82LHJ+|£1|L~U: $2:0,5—>0(1'2—)OO).

1 1
G(t,x) = Ee_mz/‘“, E(x) = o log |z|, (h1%hsg) is the standard convolution,

and (hy x ho) = fRi hy(xz —y*)ha(y)dy, where y* = (y1, —y2). h* (gHéRi)(;v) =

Je h(z1 — y1, 22)g(y1)dyr, T(t, x) = 2(0F + (—03)/20,)(E + G(1)) (), 2N f =
G(t) * |+ G() % f, T(0) % f = limyyo T'(t) % f = 202 + (—02)1/20,)E « .

Theorem 1.1. The solution formula for (LV) is given by
t
wlt) = e Ph-TO) bt [ I((s)  g(s)Hy s
0

— [ 1) (76) = )z )i

where e*B := VAN L T'(vt)x.

Refer to “Solution formula for the Stokes equation: Solonnikov (AMS Transl
68(, Ukai (CPAM 87). ©
Proposition 1.2. If g = Va]RiJl(f) = 78R2+82(_AD)_1]¢; then T(0) x (f —
gH}z. ) = 0 in R%. In particular, if Yorz J1(b) = 0, then T(0) xb =0 in R?.
T

(Note: V -a =0, b=Rota, Yorza =0 = 'YaRiJ(b) = 0.



Proof. (Prop 1.2)

Bx(f=gHps) = | Bla—y)fWdy+ [  Ele—y)ou(-Ap)™" fdv,

VyE(x —y*) - Vy(=Ap)~" fdy

2
R

=~ [, AB =y )iy =0

if z € RY. O
Proposition 1.3. T'(vt) xb —T'(0) xb = —v fot SG(vs)ds b in RZ. and S =
2(0% + (—0%2)1/20y).

Proof. RHS:fg S(—Agz) 10 (G(vs))ds x b= SE x« G(vt) x b — SE * b. O

1.3 Properties of {e'%};5

. ——||Val|rq
Set Wii(R2) = Cooy(B2) "

Wor (R)}.

o

, 1 < g < oo X4 ={Rota € LY(R%)|a €

Theorem 1.4. {¢'P},~¢ defines a Cy-analytic semigroup in Xq. Moreover, its
generator By is given by

D(By) = {f € Xg N WI(RE)|nprz (9af + (=07)"/2f) = 0},

and Byf = Af when f € D(B,). Moreover, |[V?f|ra < C||Byfl|re, f € D(By).

2 Inviscid limit problem

2.1 Result
o™ +u® . Vu®) —y AU £ Vp) =0 te(0,T),z € ]Rf_
cu= t T R2
(NS) V-u=0 €(0,T),z € +2
u=20 te(0,T),z € OR:
u=a t=0,z € R:

vp: velocity of the Prandtl flow, v, = (Up1,0p2), Up1 = Vp1 — ’y@Rqu_l,'ﬁp_g =
oo ~
wa 811}p,1dY2.

(Velocity of the modified Prandtl flow)

~(v ~ x2 ~(v ~ T2

uél)(t,x) = Up1(t, 21, m), uz(ﬂ)(t, x) = y1/2vp72(t,gc1, m)
Theorem 2.1. (M., to appear in CPAM)

Let a € Wolv’f(Ri) N W4'2(Ri) for some 1 < p <2 and b = d1as — 0201 €
WHHR2)NW*H2(R?). Assume that dy =dist(OR? ,suppb)>0 . Then 3T,C > 0
such that

sup [[u) (1) = up(t) — @l (t)l|~ < Cv'/?
0<t<T
for sufficiently small v > 0. The time T is estimated from below as T >
cmin{do, 1} with ¢ > 0 depending only on ||b||wa1qw .a.2.



(Away the boundary, (NS) is estimated by Euler equation,; Near the bound-
ary, (NS) is estimated by Prandtl equation)
We assume 0 < dy < 1, for simplicity.
Note: wg =Rotug € C*([0,T] x R2) N L>(0,T; Wt N W*2) VT > 0 satisfies
Oiwg +ug - Vwg = 0.

. d .
In particular, Up<t<1,5uppwr(r) C {z € R |29 > ?0} for Ty = cody with some

Cp > 0 depending only on ||b||ya1qpraz.

e Key observations for the proof of theorem 2.1:

(1) Analyticity of the data near the boundary (from the Prandtl)= Local
solvability of the Prandtl equation (cf. Sammartino-Caflisch (CMP ’98),
Lombardo-Cannone-Sammartino (SIMA JMA ’03), Kukavica-Vicol (CMS
'13).

(2) Exponential smallness in v~+ of the vorticity in the region between
the boundary layer and suppwg = Small direct interaction between the
vorticity of the outer flow and the vorticity created on the boundary.

-1

We make the ansatz w®) = wg + Riw, + Riwly) + ), the last two are

. 1 T2
remainder terms, (R f)(t,z) = i f(t, za, m)

(VE) {8th + M(wE,wE) =0
wg|i=o = Rota

where M(f,g) = J(f) - Vg, J(f) = V*(=Ap)~'f.

Opwp — 8%2%, = —vp - Vxwy t>0,z € Rﬂ_
(Vp) Orwp = — fooo Up - VxwpdYs + N(wg,wg) on the boundary
Wplt=0 =0

2.2 Function spaces

1, p, 0 > 0: parameters.

e £1: wave number in x; direction.

Xo = 1/71/2‘%2.

o (a); =max(w,0), a € R.

_ 1/2X
(pgfp)—exp<(u v - 2)+|§1|+,0X22>,
- 0 d
‘P(Lgup (&1, X2) = exp ((M42)+|£1| + ;(go —332>%r>,

F(&r,2) = Foyse, [£ (- 22) (6), ||f||L§1Lg (Ja (57 1f (&1, o) 9dao)P/9dgyr) VP,
k/2
Hf”X(" p) _ Zk on ||90(M P)X / f”Lgngk’ Hf”X}’fayp)? ,j = 1,2: additional Sobolev

regulanty. Il 3= W llxgzm, @ = 0 Wfllxgyo = I fllzz r2, +

Hgo(o 6)f||L1, ||f||X(,‘ o s j=1,2: addltlonal Sobolev regularity.



Theorem 2.2. 3C, T, u, p, 6 > 0 such that

<
sup_ lop®)ll oy <

sup (w2 (O] oty + I0f2 DIl g.8)) < CV'72.
o<t<T X

1Py, 1 I1Ey, 1

u) = J(w®).

2.3 Biot-Savart law
Lemma 2.3. We have

FO-B0) D) = ([ e sz
0
*/ T el (1 i) fe zp)dzn),
0
_ -1 — 1_ - —l&1l(ma—22) (1 _ o—2l€1l22) £
FOu-bp) Peras) = 5l [ e (1 - e60k2) ey, 22)dz
0

+/ e—\fl\(zz—wz)(l 4 e—2|$1|$2)f(£1’ 22)d22}.
T2
Note: If suppf C {x € R?|zo > m > 0}, then for x5 < m, we have

FO (-2 Aenaa)| < e f T 61| (e, 2) | dz

IN

oo
e—léll(m—xz)/ \f(§1,22)|dz:2.
0

e Key ingredient of the proof:
(1) Solution formula for linearized (vorticity) problem. Weighted norm
estimates for linear and bilinear maps.
(2) Pointwise estimate for the Green function of 9y —vA 4w -V under the
Neumann boundary condition.
(3) Abstract Cauchy-Kowalevsky theorem.

e Key propositions
Proposition 2.4. Let 0<s<t, u>0,0< p,0 < 1. Then

||Ru€”(t_S)ANR§fHX(u,%> N ||f||X(u,§>7

1Py, 1P,

eV FI oy ZNLI ey

IE, g IEy o
1
Proof. Set g(t, Xo) = —————e /4 gn(t, X, Y2) = g(t, Xo — Ya) + g(t, X2 +
() 172
Y5). Then
]:[RVeU(tis)ANR% f](&h X2) = e*l’(t*S)Ef / gN(t - S, X27 }/2)]6(51’ Yé)dYQ
0

o0
= e_”(t_S)ﬁ/ gN(t—S,Xz’Yz)e_i(H—Vl'/ZYﬂJr
0

xels ‘goz()fb,;o)deg.



Therefore,

ot FIR,e I3 Ry (60, X0) 3 (f_;/z et
e U G 0 flay,

By

p- v PXo)il6] < (u - vPYa)ile |+ v 2K, - Yalle

e N AR T 'ii(t‘_y)'
2x?2 oo
- Young-type inequality with weights gives
lop? FIR,e I3 Ry [l 3 llepe fEDy,
and
oy FIR,e 92 Ry flllz 1 3 lleps” F€0) ez, oy
O

w") =wp+ Riw, + le?) + w§E), the last term is the remainder of the outer
flow. ’ ’

athE - VAWIE + M(W(V)7CU[E) = H(V)
(Vig,) § Oawig =0 on the boundary

wIE\t:o =0

and M (w™) wrg) = u) -Vwrg, v(9w™) +(—0?)1/2w1)) =Nonlinear =dhwrp =
0.

HY = —M(leglg—l-wyg,w];)—i-quE
= —J(lel —i—wIE) Vwg + vAwg,

d
UociersuppHW (1) C {z € R?|2g > —0}.

Proposition 2.5. w%) = fo f]R? Pg,,) t,x;s,y)HY) (s, y)dyds, 0 < Pil(’y)) (t,z;8,y) <

S <_<lx—y| [ ||Loo>>
2nv(t — ) P 4v(t — s) '

(From Carlen-Loss ’95 Duke)
Exponential decay in v~! of w;g near boundary is observed as follows:

) (Jz =yl = [1 [u® ()] L=)2
i /[10 v(t—s) ( dv(t — s) )

x|H™)|dyds.




d
o < ZO and 0 <t < T = O(dy) < 1, supy_,r |[u®) (t)|| L < C, then

lwre(t, z)] <d0 e Sw/ ||H(”)||L1ds

For the third part, Cauchy-Kowalevsky theorem. (Nirenberg 72, Nishida
T L)



