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Abstract

The note is mainly for personal record, if you want to read it,
please be careful. This note is given Prof. Jenn-Nan Wang’s lecture
during the summer course in NCTS, 2015. We would like to introduce
the notation of the Dirichlet-to-Neumann map (DtN map) and discuss
its basic properties. The aim here is to study the inverse problem of
determining the parameters of the equation by the DtN map. For the
conductivity equation, this is known as the electrical impedance tomog-
raphy or Calderon’s problem. I plan to discuss fundamental questions of
the problem: uniqueness, stability, and reconstructions. The course will
be self- contained, but basic knowledge on PDE and Sobolev spaces is
helpful.

1 Introduction

Let Q C R™ be an open bounded domain. Assume that 02 is smooth. We take
u: electric potential on Q. By Ohm’s law, J is a current, then

v
J == = —@)Vu,
. : 1 . . .
R: resistance in Q and v(z) = m: conductivity. Here v(x) is a scalar function
x

(isotropic). When we have an anisotropic conductivity, then
Jo = —a®Pgu.

If there is no sink or no source in €2, then for D € ,

0:/ J'VdS:f/ v(z)Vu - vdS
oD oD

- / V- (4(z)Vu)d,
D
true for all D @ ). Then

V- (y(z)Vu) =01in Q.



1.1 Forward problem

Assume that y(z| is known in Q, y(z) > ¢ > 0 a.e., y(z| € L>®(f2). Consider
the boundary value problem

{v - (YVu) =0 in Q, Q)

u=fe€ HY?) on Q.

The problem is well-posed, 3lu € H'(Q) and |[ull g1y < Cllfllm2o0)-

This can be proved by the Lax-Milgram theorem. Given any f € H'/2(9Q),
0

Jlus € H'(£2), one can determine the Neumann data and given by *y(x)% loqa-

Hence, we can define
ou
Ay f = v(x)a—yfm HY2(00) — HY2(00).

Call A, to be the Dirichlet-to-Neumann map (voltage-to-current).
Now if we have anisotropic medium, then the electric potential u satisfies

Do (a®P(2)05U) = 0 in Q. (2)

Assume that (a®?) € L>(Q) is elliptic. 3luy € H*(Q2) solving (2) and satisfying
uflog = f € HY?(0Q). The Dirichlet-to-Neumann map A, : H'/2(0Q) —
H~1/2(09Q) is given by

Aof = aaﬁaguya,

v = (v1, -+ ,v,) (also call A,f to be the conormal derivative). We can also
study the elasticity system

N
Z 9;(C*gpul) : elliptic system.
jik=1

Elasticity: C¥* = Cklii = CJtkl = Utk Ellipticity: CYRE;&emim > cl€]?|n)?,
for all £&,m € R™. For the elasticity system, we can specify the displacement
ula,
{zgkl_l 9;(CTMoul) =0 in Q,
u=f on 0f).

DN-map Ac : f — CU*9ulvi|sq (displacement to traction).

1.2 Inverse problem

Assume that y(z) is NOT known. But A, is given (i.e. you can take all possible
measurements on 0S2). The question now is to determine y(x) from A, (also
assume y(z) > J > 0 and v € L>®(Q)).

Known: 3A : v — A, € map from H/2(9Q) — H~1/2(9Q). Can we inverse
A and find A™'? Note that A is not linear, i.e., Ay, 4, # Ay, + A,,. We are
interested in the well-posedness of the inverse problem.

1. Uniqueness (or the injectivity of A=1). If A, = A,, then 71 = 2.



2. Stability. [lv1 — 12llLe@) < w(lAy, — Aylly —1), w(t) is modulus of
continuity.

3. Reconstruction. Reconstruct y(z) from A.,.

4. Existence. Characterize the DN map: Find conditions on 7T :
HY2(0Q) — H~1/2(09) bounded, linear.

To determine y(z) from A, was proposed by Calderén (’60).

2 Calderon’s approach

Let us consider
V- (y()Vu) =0 in Q,
u=f on 01},

u is the minimizer of [, v(x)|Vu|?dx over u € H'(Q) with u|pq = f. Define

Q) (f) = /Q ()| Vuldz (power)

= /8 . FA, £dS.

Knowing @, is equivalent knowing A,. We can find a bilinear form B,(:,-) :
HY2(09) x HY?(09Q) from the quadratic form (by polarization) B, (f, f) =
Q- (f) and B,(f,9) € R. B, is symmetric, ie., B,(f,g9) = B,(g,f). This
implies that A, is symmetric,

<Avf7 9) = ([, Avﬂ) .

In general, A, is self-adjoint, i.e., Ay = AJ.

2.1 Linearization
Let y =1+4c¢€h, e < 1, h € L>(Q). Consider V - (y(2)Vv) = 0 in Q and we

write v = u + eu, where u satisfies Au = 0. Look at

iy Br:9) = Bilf g

e—0 €

) = /Qh(x)Vuf-Vug
= dBi(f,9)(h) =0,

where Auy = Auy =01in Q, uy = f and ug = g on Q. dB1(f,g)(h) = 0 means
that

/ hVu - Vodz = 0, VAu = Av = 0. (3)
Q
Does this imply that h =0 ? If we can show that

{Vu - Vv|u,v are harmonic}

is dense in L?(2), then we are done.



Consider ¢ € CV (N > 2) and put the ansatz u = e¢%, Au = (¢-()e¢® =0,
which implies ¢ - { = 0. If we write { = Re( + iIm(, then

¢+ ¢ = [Re¢[? + 2iRe( - Tm¢ — [Tm¢? = 0,

if and only if
|Re(| = |Im¢]|, ReC - Im¢ = 0.

Let G = 5(6— ik), G = 5(-€—ik), |e| = Kl € k=0, &k € BY (1 =

(2 - C2 = 0). Substituting u = e“'* and v = €%2'* into , implies
0= / AV (e51°7) - V(2% da
Q
= (G 'Cz)/ helGitez) @ — / h(z)e”*2dx
Q Q
= [ (xahye e = (xah)(b),
RN

for all k # 0. Thus, xgoh = 0, or h = 0. The linearized DN map is locally
injective. But we can not conclude that A is locally injective, i.e., A, = A,
and 71,79 are close to 1, can we imply 73 = 72 ? The answer is NO and the
reason is NO implicit function theorem for A.

3 Proof of global uniqueness

This result was refered to Sylvester-Uhlmann 1987. Let 1 (), v2(z) € C>(Q2)
and A,,,A,, be two corresponding DN maps. Assume that A,, = A,,, then
1 = ¥2. The conductivity equation V- (yVu) = 0in Q, A, is the DN map with
respect to this equation.

Schrodinger equation

Au—qu=0 in Q,
u=fec HY?0Q) ondQ,

where g(x) € L (). Assume 0 is not a Dirichlet eigenvalue of (A — ¢). Define
the DN map A, : f — 6—u|ag. The inverse problem is given A, to determine g.
v

Let v = \/yu, i.e., u= 'y*%u, then

0=7"2V - (7V(y"%v)) = (A — q)v,

A
where ¢ = \ﬁ Now if we can show that A, = Ay, implying ¢1 = ¢2, then
A‘ /’Yl A, /’}/2
q=4q1 = q2 = = )
\ﬁ1 V2

which means
ATz~ ay/7 = 0.



If 1 = 72 = v on 99, then /7 can be determined by solving

{A\ﬁ—qﬁzo in Q,

V7 aq is given,

then /41 = /72 of course in €.

A
3.1 Relation between A, and A, with ¢ = —ﬁ

Vel
Assume that u solves V - (yVu) =0 in Q with u|spq = f
I(yu) 1 1
AV f) = \F log = = 27|8Qf+\f |
Ov 2 8
1 1
=357 27|mf+7 27 Iaﬂ
1

1
N3 L _EA
37 aV|an-i-7 ~f

ic., Vg € H2(09),

1

_ 67 _1 _1
Ag(9) = 57 15|ang+7 2A, (v %g)

or equivalently,
M) = 377 Doq 4y E s (1),

Theorem 3.1. (Kohn-Vogelius, CPAM °8}) Assume that 1,7, € C®(Q). If
Ay, = A, then for all £ € NU {0},

0 0
(%)e’ﬂ(fﬁ) = (a)ew(x), Vx € 0N.
mpli Lo AT AR
Corollary 3.2. A, = A, implies A, = Ay, with ¢ = . qo = )
g gt q q 1 \ﬁl 2 T

Problem 3.3. A, = A, implies ¢1 = ¢2, ¢1,¢2 € L>(2). How do we solve it
?

Step 1. If A;, = Ag,, then
0=(Aq f,9) — ([ Ag9) = /Q(q2 — q1)uruzda,
where Auy — qrur = 0 = Aug — qaug, uilog = f, uz2lon = g, ie.,

/ (@1 — g2)uquzdx = 0.
Q

Can we show that ¢ — g2 =07
Need to find special solutions of (A —g)u =0 in Q.



3.2 Complex geometrical optics (CGO) solutions
Our aim is to find u = e*(1 +7), where ¢ - ( =0, ¢ € C and

C
T S T
I7ll2 () ]

where C' = C(]|¢l|, N, ).

Suppose that CGO solutions exist. Let & kn € RY, N > 3 and ¢ =

Lk .
§—l(§+g), E* = [k[* +n*, &k =& n=Fk-n=0imply (- ¢ = 0. Choose

2
B ST AP _ — i
(o = —3 = 1(2 — 2), similarly, (o - (o = 0. (1 + (o = —ik. Let
up = e (1 + 1) and up = 2 (1 + 7y).
Thus,
0= / (fh - Q2)U1U2d$
Q
N / (@1 = g2)e H (L4 ry 4 1o + 1172),
Q
or
/(fh —q)e M = /(q1 — @2)e” M (1 + 1o+ 1ama). (4)
Q Q

Fix the frequency k, let |n| — oo, then |(1],|(2] — oo as well. Therefore the
right hand side of will tend to zero since the decaying properties of 7, for
(=1,2.

Remark 3.4. This approach does NOT work for N = 2 (there is no freedom to
fix k and change 7).

3.3 Construction of CGO

Ansatz: u = e$®w and
e (A = q)(e“"w) = (A+e¢ -V — qw = 0.
If w =1+ r, then r satisfies
(A4+2¢-V—q)r=q.

There are infinitely many solutions solving the above equation, the difficulty is
C
17l L2(0) < 75
W
First of all, we assume ¢ = 0 and consider
(A+2¢-V)r=fin Q.

Il fllz2 )

Goal: ||r||L2(Q) S OT.



The symbol of A¢ := A+ 2(-V is
—[€[* +2iC - € = —[¢]* + 2i(ReC + iIm() - €,

this symbol vanishes for some £ # 0. The operator A¢ is NOT elliptic if we
consider ( as another variable.

Theorem 3.5. Suppose (-¢ =0, || >k >0, f € L, 5 with —1 < § < 0.
Then there exists a unique w € L% solving Acw = f in RN and

C(O, N, k)

Jeoll 2 <
where || |3 = fan (1+ [2]?)°| f2d.

Corollary 3.6. Let —1 < 6 < 0, there exists € = ¢(§) and C = C(6) such that
for every q € L%M N L;O and every ( € CN (C-¢=0) and

2\ 1
(1+II|C)2QIILOO <e

(5)
there exists a unique solution u to
(A—qu=01inRY

of the form u = eS*(1 +r(z,¢)) and
C
e < — 2

s4+1°

Proof. (Sketch) Since Acw = f, from Theorem 3.5, we have

- C
1A, 1f||L§ < m”f”LfHa
~1. 72 2 -1 ¢ .
regard A" : L 5 — Lj and A7 < Tk Take the conjugate operator

e A =) (e (1+7) = (A —q)(1+7) =0,

or (A¢ —q)r =qand (I — Aglq)r = Aglq, The inverse (I — Aglq)_1 exists
provided [(] > 1 (see Neumann series, and ¢ € Lclx/’2 is guaranteed for the
existence of (). O

Remark 3.7. The proof only works for isotropic conductivity, v(x) is a scalar
function.

Theorem 3.8. (P. Hahner) Let (- ¢ = 0, ¢ € CV and Q is open bounded
domain in RN, N > 2. Then 3C = C(Q, N) > 0 such that 3¢ solving

(D*+2¢-D)p=finQ, (6)
and satisfying
C
i<l

where D = E_V (D> =D D= -A).
i

6llz2) < 122 )y VOllLa@) < ClifllLz @),



Remark 3.9. To construct u = e$*(1 + ¢), ¢ - ¢ = 0 satisfying (D? 4+ ¢)u = 0 in

Q, 9]l z20) < We need to prove the existence of

|C I

e ST(D?* 4+ q)(e“ (1 + ¢)) =0 in Q,

if and only if
(D*4+2(-D+q)p = —qin Q.
Proof. WLGO, we may assume that Q C Q := [-m,7]V. (- ¢ = 0 iff |[Re¢| =
[Im(|, Re¢ - Im¢ = 0. By rotation, we can also assume that ¢ = s(e; + iea),
where e, e are standard orthonormal basis in RY and s = \|§|§ D? +2¢ -
D = D? 4+ 2s(Dy +iD5). Let us consider a set of functions {ei(k+872)'9”}, k=
(ki, ko, ,kn) € ZN. Define the inner product
1

(u,v) = W/qudx, u,v € L*(Q).

We can show that {wy := ¢/**+F)*}, . is a complete orthonormal basis in

L*(Q). Let us write ¢ = 3 ¢pws, f = frwg, and [|f[|7. = X[ fel*
Observation: D(e'(k+3)2.) = ¢ilk+F)=(D 4 (k + %2)) In order to satisfy

@, ¢y, satisfies

Prdr = [|k2 + *\2 + 2s(ky +i(ko + 1))]¢k = fi, ke Z".

Note that py is never 0 and ¢y, = & and ¢ = 3 ¢drwy. Now, we estimate ¢y,
|¢k| _ - |fk| I < |f78k|
[[k2 + 5|2 +2s(ky + (k2 + 5))|

1 . C
So 3" |¢kl* < 2 |l Le., [[8llL2@) < S Iz -
Now, we note that D¢ = >, éw(k + %Z)wk. Therefore,
(k+ F)/
ko + %2|2 +25(ky + (ks +

ej):

ok + 5

T
)
We consider two cases: One is |k + %2| < 4s, then

4s

|¢k(k+ )| S ol
2

| fel < 4] frl

The other is |k+€£‘248, then
I+ 5P+ 2ha] = [k + P = 26k + |
>\|k+—|2—f|k+ 2|2

f|k+—|2



So

e kE+ <
|¢k(k+£)| § |1 2|e|2fI;| — 5 ‘fk|62
2 §|k‘+7| §|k+?‘
JRTARRTA
- %45 2s

Thus,
IVélL2@) < CllfliL @)
O

4 Another construction (based on the Carleman
estimates)

Construct solutions u = e$*v satisfying (D? + ¢)u = 0 in Q. Write

C-x:%(a—i—iﬁ)ur

= +(pla) + (),

where |a] =8| =1, a L 8, and p(x) = a -z, ¥(x) = - z. Now, we need to

solve
ptiyp

e (D 4 ) (e (1+7) =0,
or
e D + ) (e ) = f (= q) € LA(Q).
Want

0
Ir(lz2(0) = lle ™ ||z
_etiv

< Chlle™ T (D> + q)(e ™ 1)l

if and only if
~ @ @
171 20y < Chlle™#(D? 4 q)err

lL2(0)-

Theorem 4.1. (Carleman estimate) Let ¢ € L*=(Q), ¢(z) = a-x with |a] = 1.
Then there exists C = C(Q, N, ||g|lze=) > 0 and ho = ho(2, N, ||q||1) > 0 such
that 0 < h < hg, we have

loll2() < Chlle® (D + q)(e™ 7o) 120, (7)
Yo € C(Q).
Proof. Tt suffices to show
vz < chlle® DX (e v)| 2.
If this true, then will be trivial since

0]l L2(0) < chlle (D +q — q)(e™ Fv)|| 120
< chllef D*(e=%v)| 120y + Chllalloo V]| 22 ()



by choosing h small enough and absorbing to the left hand side, then we are
done.
Let Py = h?D? = (hD)? and

Py =erPy(e %) =Y (hD;+i0y, )

= Z(hDJ + iOéj)2 == (hD)2 -1 + 2ia - (hD)

=A+iB

with A = (hD)?—1, B = 2ia-(hD) and noting that A = A*, B = B*,[A,B] =0
(constant coefficients). Our estimate is equivalent to

Chljv|[z2(0) < Cl|Popv|r2(0)-
Compute

||P0,¢U||%2(Q) = (Po,pv, Po,pv)
= ((A+iB)v,(A+iB)v)
= [|Av||Z2 + | Bo||72 —i([A, Blv,v)
= [|[Av[|72 + [|Bv||72 > [|Bo|7-
> C/hQHUH%Qv

where the last inequality is given by the Poincare inequality. O

Theorem 4.2. Let p(x) = a -z, with |o| =1 and g € L>(Q). 3C > 0,hy >0
such that for any f € L*(Q), there exists a solution v € L?(£2) solving

e (D?+q)(e Fv)=f inQ
and
[vllz2(@) < CRIfllL2()-

Proof. Let Py = ef (h2D*+ h%q)e™# = Py, +hqand P§, = Py, +h*q. We
have the Carleman estimate for P, i.e.,

[PovllL2 )

Iollzee <

for all v € C°(£2). Prove the existence by the Hahn-Banach theorem.
Define D = P;C¢°(Q2) be a subspace of L?(€). A linear functional L : D — C
by
L(Pjv) = (v, f) Yo € C°(Q).
Note that L is well-defined, i.e., P;vl = P;UQ implies v; = vo by using the
Carleman estimate we proved before.

(v, I < ollp2 (1 £ 22

11l 1 2ol 22

|L(PZv)|

—~

<

= Q

10



Therefore, L is a bounded linear functional on D with the norm bounded by

C ~
E” fllzz. By the Hahn-Banach theorem, 3 a bounded linear functional L :

~ ~ C
L*(Q) — C and L|p = L and |L| < EHfHLQ By the Riesz representation

theorem, there is a unique u € L? such that

L(w) = (w, ), w e L*(Q)

~ C
and 720 < 7 1f]1.
Then for any v € C°(Q), by the weak derivative

(v, i) = (Pv, ) = L(P:v)
= L(Pyv) = (v, f),

I/ llL2, which implies

= Q

ie., P,u= f and ||1~L||L2(Q) <

1h%@] £2(0) < Ch| fllz2(0)-
O
Theorem 4.3. Forp=p+iyp (Vp-Vp=0), p =a-x. We can find a solution
u=ec"%(a+r) solving (D*>+qu=0inQ and L"
17l 22y < ChllallL2o)-

Proof. Want e%(DQ—i-q)(e_%(a—&—r)) =0or e%(DQ—l—q)(e_%(e_iTr)) = —e_%)(DQ—i—
2

v
q)(e"Fa). RHS= —e~ % (—h92Vp-Vp+h~1[2Vp -V + Ap] + (D2 + q))a, want

Vp-Vp=0and (2Vp-V + Ap)a = 0 (transport equation).

Note that Vp - Vp = 0 gives |Vy| = |V¢| and Vo - Vi) = 0. Since p(z) = a -z,
we choose ¥(z) = B -z with « L B, |f] = 1. By the choice of ¢,, the
transport equation holds automatically. We simply take a = 1 and || f||z2() =

HQ||L2(Q)~ O

5 Inverse scattering problem

Let us consider the acoustic equation in R3
(A + k*n(z))u =0 in R,

where k is the wave number and n(x) is refractive index. Assume that supp(m) C
B (some ball) with m = n — 1, i.e., (A +k?*m +k?)u = 0 in R3 (perturbed) and
(A + k?)v =0 in R? (unperturbed, Helmholtz equation).

Take u'™¢ satisfying (A + k2)u’™® = 0, for example, u"¢(z) = **? with
d € S? (d is the direction of the plane waves). Let u = u* + u* solving

(A + k*n(x))u =0 in R3,

S

W—Zk'u):(L

u® satisfies lim,_, o, 7(

where r = |z|.

11



5.1 Lippmann-Schwinger equation

, 1 eiklz—yl
u=u" —k? [ ®(x, y)m(y)u(y)dy, ®(z,y) = 4—7 | is the outgoing fun-
7|z —y
N 1 .
damental solution of A + k2. When |z| > 1, |z —y| = |z| - Z -y + O(ﬁ), with
x
z= i, then
||
e @+l
uU=u""+ ——u(Z) + O0(—),
| |z[?

k2 .
where uy (Z) = o Jrs € Ym(y)u(y)dy is called the far-field vector.
™

In most cases, we use the plane wave as the incident field, which means
uine = ethed We write

Uoo (T) = a(d, Z, k) : scattering amplitude.

Inverse problem: Determine n(x) (or m(z)) from a(d, 7, k), Vd,z € S?, for
one fixed k > 0.

Focus on the uniqueness theorem: ai(d,Z,k) = as(d,Z, k), Vd,7 € S?, we want
to show that n(z) = na(x).

Remark 5.1. DN-map: Near field data. Scattering amplitude: Far-field data.

Aim: Reduce the problem to the inverse boundary value problem for (A +
k*n(z))u =0 in B.

5.2 Rellich’s lemma
What happens if a(d,Z,k) =07

Lemma 5.2. (Rellich’s lemma) If v solves (A + k?)v = 0 in B¢ (the exterior
domain) and satisfies

lim |v|?dS = 0, (8)

r—00 || =r
then v =0 in B°.

Remark 5.3. There is no need to assume that k2 is not an eigenvalue of —A.
Moreover, if we want to obtain the uniqueness from the DN-map, then we need
to add such assumption.

Corollary 5.4. If a1(d,Z, k) = ax(d, T, k), then
uf(x) = uj(x) in BC.
1
Proof. (A + k?)(ui —u$) = 0 in B® and u§ — uj = O(W

satisfies the condition of the Rellich lemma. O

). Then uj — uj

Proof. (Proof of the Rellich lemma, a sketch) Using the spherical harmonic
Y,™(Z). Any solution v of (A + k%)v = 0 in B¢ is written by

oo n

0= @ Y@

n=0m=-—n

12



Parseval’s formula says

W= S e

n=0m=—n

means that

: 21.m 2
Tl;r&r lapt(r)]” = 0.

On the other hand, a!”*(r) satisfies
d%am 2 day

dr? r dr

The representation formula for a!’*(r) is

an(r) = aprhiP (rk) + B R (rk),

where hg) are spherical Hankel’s functions, £ = 1,2. By the asymptotic behav-
iors of K} (rk), £ =1,2, we can show that )" = §* = 0. O

So far, we have shown that a1(d, Z, k) = a2(d, T, k) implying that u§ = u§ in
B¢. This implies Aj(u®) = Ay(u®) for all scattered solutions u®, where Aj, Ay
are DN-maps for (A+k%n;(x))u = 0 in B (assume that k? is not an eigenvalue).

Lemma 5.5. Span{u®(-,d) : d € S?} is dense in all solutions of (A+k*n(x))u =
0 in B’ D B in the L*-sense.

Proof. See Isakov’s book, inverse problems for PDEs. O

Remark 5.6. By the interior estimates for the elliptic equations, {u°} will be
dense in the H'(B) and Span{u®(-,d)|op} is dense in H'/?(0B). Using this
lemma, A; = As.

Theorem 5.7. a;(d,7,k) = a2(d, 7, k) Vd, = € S® implies ni(z) = na(x).
Proof. A1 = A implies knq(z) = kna(x). O

Remark 5.8. Conversely, if Ay = Ay on 9B, then a1(d,Z, k) = az(d,z, k). In
fact, u§(z) = u§(x) in BE.

Proof. Let us consider w* satisfying

{(A + k%ng)w* =0, in B,

w* = uj on 0B.
* B
Define w = { . *€ Since As(w*|op) = Ar1(w*|op) = Ai(uf), then
uf, x € B°
w € HE (R?). Solving (A + k*ng)w = 0 with Sommerfeld radiation condition.

By the uniqueness of the scattered solution, u§ = w = uj in B¢. To show the
uniqueness mentioned before, we need to use the Rellich’s lemma and the unique
continuation property (n € L™ is a safe case). O

13



6 Stability estimates

Let V - (v;(z)Vu;) = 0 in © and the DN-maps A,,. We want to derive the
following estimate

71 =72l (e) < w(llAy, = Asy[ls),
where [[Ay, — Al = Ay, — A, llmi/20)— m-1/2(90) and w is a modulus of
continuity.

) < ———— 0,1).
wlt) < g ™€ (0.1

This log type stability estimate is optimal. To derive this estimate, we need
smoothness assumptions on v;. We cannot just assume ~; € L>(Q).

1+, 0< |!l7| <To,
1, ro < |z| <1,
0<rp<land V- (y;Vu) =0 in D C R? where D is a unit disc. Given
f € HY2(09). In terms of the Fourier series, f = > 7o f(k)eikg. Then

Example 6.1. (Alessandrini) Consider v1 = 1, 75 = {

Ay f(e) = D7 (kI (R)e™,
k=—oc0
. =24l
A f(e) = 37 [k =m0 Fgeito,
W= 2
Then
||(A'Yl - AWz)f”H*l/?(aQ)
) 9 1 2|k| N
=3 )k - 2R 0y Fa 2
k=—c0 2+T(1—T0 )
<) * 1 132 00
Thus,
HAM - A'm”* < 'Yr(z) and rloh—l}o ||A'71 - A'yz”* =0,
but

71 = 2l (py = v > 0.
Theorem 6.2. Let Q2 be a bounded open domain with smooth boundary in RN,
N > 3. Assume that v1(x),v2(x) € H*T2(Q), s > g (71,72 € C*(2)). Denote
Ay, A, the associated DN maps and ||A,, — A, ||« is a before. Furthermore,
we assume 3E > 0 s.t. % < vi(x) < E and ||vjl|get2) < E. Then 3C =
C(Q,N,E,s) and 7 =71(N,s) € (0,1) such that

71 = vellze () S w(([Ay, — Ay ll4)s

C
where w(t) is a modulus of continuity satisfies w(t) < Tog [’ foro<t< —.
og e

Remark 6.3. The log type stability estimate for Calderén’s problem is “optimal”
for general conductivity. It means that one cannot derive a Hélder type stability.
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6.1 Steps of proof

A
Step 1. Recall that ¢ = ﬁ and
V4l

1 _,0v 1 1
A(f) =75 loaf +7 A (v 2f) 9)
2 ov
. Needs the stability estimates of (y1 —y2)aq by Ay, — A,,.

Oy Oy
Lemma 6.4. |71 — 72|lz=~0) < CllAy, — Ay« and ”E - WHLN(&Q) <

Cl|Ay, — A, ||, where o € (0,1) and C are given as before theorem.

* 7

Using Lemma 6.4 and @, we can obtain
1A, = Agall < CUIAy = Mgl + Ay = A7), G € (0,1).

Step 2. Using Green’s formula and the symmetric property of A;, we have the
Alessandrini’s identity

/Q(ql — @2)uruzdr = (Mg — Ag)ur,u2) 4 oo 1k o0 - (10)

Choose {n1, 72, &} forming orthogonal vectors, || = |n2| = 1, £ € RY,

s €2 1 ;
NG 552 + Ef +in2), (C1-C =0, [G1] = s),

= 1- L - Lerim), @G0, G-,
\/ﬁ 962 \ﬁS ) )
C

, , C
Take uy = €1 *(14 p1) and up = €2 ?(1 + py) with [|p1|r2(0) < al = — and
1 S

G=—-——7201-

C
llollzz@) < 5

In order to estimate ||u1||H and ||luzl] It suffices to estimate

5 (00) H3 (09)

l|lujll 1 () and use the standard trace theorem.

lutll ) < €71+ p1) 2 + IV (€ (14 p1) | r2(0)

< Cse®®, where a = sup |z|.
zeQ)

By the trace theorem, we have

sa sa
||uj||H%(6Q)§Cse < Ce*?,

provided that s is large.
Substituting wuy, us into , we obtain

| / (41 — q)e~ €% dz|
Q

<lIAgy = Ag [l llull 3 lluall 3 + |/Q(Q1 — @2)e" T (p1 + o+ p1p2)

sa C
<Ce?l|Ag — Al + -
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Let ¢; = xqqj, then we actually get
~ = sa C ,
|(QI - Q2)(§)| <Ce HAlh - AQ2H* + ;7 s=>C (Q’E7N7S)'
Now we want to estimate ||qg1 — gal|z-1(0)-

(@ — @)
(14 1£]2)

Q1 — Q2 (§)|2d
/g|<R /g|>R (1+[¢2) ¢

CRN C
= TR

lav = el oy < 1 = oy = [ s
]RN

< CGCSRN”Alh - Alh”i +

where the last term cones from the apriori assumption on g;. Note that ||g;| (o) <

C’RN C
M = M(E). Choose R such that —— =gz O R=Cs~

. We now have
_ 4 .
qu - q2||§{*1(9) < CeCS”ACH - qu”i +Cs N+z,08 > C (QaE7N7S)'

1
We now take s = 6|log Ay — Agyll«|. Need ||[Ag, — Ag, |« < € < 1 such that

1 9
= E|1og |IAg, — Ag,ll«] = C”. So we have

las = aallf-1(0) < CUlAG = Agallx + Cllog [Ag, — Agy 1”77,

Take ||Ag, — Ag, ||« even smaller to absorb the first term. In other words, we
have shown the following theorem.

Theorem 6.5. ¢; € L>(Q), |l¢;|| < E (N > 3).
||Q1 - QQHHfl(Q) < W(”Alh - qu”*)’

where w(t) < C\logt\_%ﬂ, O<t<e!

Remark 6.6. In the proof, we only consider ||Aq, — Ag, |« is small, i.e., ||Agy —
Agll« < € = €(E,N,Q). For t not small, the estimate is obvious ! Moreover,
theorem holds for any ¢; € L>(Q).

Step 3. Compute A(log/v;) = V - V(log,/7;) =V - (v\/\,/%ij) = A\\/ﬁ? —
[V(log \/7;)|?. Let w = log\/71 — log /72 = log % V- ((Vm72)Vw) =

V172(q1 — g2) with w|sq = (log /71 —log \/72)|a, by the elliptic estimate, one
can get estimate on w.
Finally, to get estimate for v; — 72, we compute

1
d
log~y1 —logys = / 7 log((1 — t)ye + ty1)dt
0

— / L S T

dt (1 —t)y1 + 72
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7 Reconstruction

Reconstruct y(z) by A, (Nachman’s reconstruction, for N > 3).

0
Step 1. Boundary reconstruction, one can reconstruct y(x), —’y(:lc)7 Vo € Q. We
—— v

can do this by the full symbol of A,: first order pseudodifferential operator.
Step 2. We can determine A, by A,.

Step 3. Determine ¢ from A,.

Step 4. Solve

{A\ﬁq\ﬁo in Q,

~|oq is given.

For Step 3, we consider Au —qu = 0in Q@ — A; and Av =0 in Q@ — Ag, they
are well-defined. Then

/Qquvd;l: = /Q(UAU —ulAv) = /ag(quu — ulgv)dS
= [ (&= Aa)(olon) (ulon)ds.
o0

Let u = e (1 4+ p) and v = €% with (; - (4 = G -G =0, {1 + (& = —i€.
Hence, we obtain

/ e (1+ p)e® ™ = / (Aq — Ao)(e**|ag) (ulan)dS.
Q oQ

Let |¢1] — oo, then

/qe*if'“” = lim (Ag = Ao)(€% " |a0) (ulan)dS.
Q ‘Cl‘g)oo onN

We need to know the boundary values of CGO solutions, which is contributed
by Nachman’s Annals paper in 1988. u|gq satisfies an integral equation on 9.
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