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Abstract

We develop an enclosure-type reconstruction scheme to identify pene-
trable and impenetrable obstacles in electromagnetic field with anisotropic
medium in R®. The main difficulty in treating this problem lies in the fact
that there are so far no complex geometrical optics solutions available for
the Maxwell’s equation with anisotropic medium in R3. Instead, we derive
and use another type of special solutions called oscillating-decaying solu-
tions. To justify this scheme, we use Meyers’ LP estimate, for the Maxwell
system, to compare the integrals coming from oscillating-decaying solu-
tions and those from the reflected solutions.

Keywords: enclosure method, reconstruction, oscillating-decaying solutions, Runge
approximation property, Meyers LP estimates.

1 Introduction and statement of the results

Let © be a bounded C*°-smooth domain in R? with connected complement
R3\ Q and D be a subset of £ with Lipschitz boundary. We are concerned with
the electromagnetic wave propagation in an anisotropic medium in R3 with the
electric permittivity € = (¢;;(z)) a 3 x 3 positive definite matrix and e(x) = €y (z)
in Q\D. We also assume that €(z) = €y(z) — ep(x)xp(z) with ¢g € C>(Q) a
positive definite 3 X 3 symmetric matrix and ep(x) is a positive 3 x 3 symmetric
matrix and p a smooth scalar function defined on 2 such that there exist p. > 0
and €. > 0 verifying

3
w(x) > pe >0 and Z € ()& > ec|€)? VE € R3, Vo € Q. (1.1)
ij=1
If we denote by E and H the electric and the magnetic fields respectively, then

the electromagnetic wave propagation by a penetrable obstacle problem reads

as
VxE—ikpH=0 inQ,

VxH+ikeE=0 inQ, (1.2)
vxE=f on 0§},

with € = ¢g — epXxp, and the one by the impenetrable obstacle as

VxE—ikpH =0 inQ\D,
Vx H+ikeE=0 in Q\D,
vxE=f on 01,
vx H=0 on 0D,

(1.3)



where v is the unit outer normal vector on 92 U 0D and k > 0 is the wave
number. In this paper, we assume that k is not an eigenvalue for (1.2)) and (|1.3]).
Impedance Map: We define the impedance map Ap : TH™2(8Q) — TH™=(9Q)
by

Ap(v x H|pa) = (v x Elaq),

where TH=2(8Q) := {f € H 2(8Q)|v - f = 0} and x is the standard cross
product in R3. We denote by Ay the impedance map for the domain without
an obstacle.

Consider the anisotropic Maxwell system

{VX E—ikuH =0 inQ, a4

V x H+ikeE=0 inQ,

where g and e satisfy . We are interested in the question reconstruct-
ing the shape of D using the impedance map Ap. This geometrical inverse
problem is quite well studied in the literature see [4] and several methods have
been proposed to solve it. In this paper, we focus on one of these method,
called the enclosure method, which is initiated by Ikehata, see for examples
[2, B], and developed by many researchers [7} @, 14} 18, [T9] 20], [6, 19] for the
acoustic model, [5, 9] for the Lamé model and [7, 2I] for the Maxwell model.
The testing functions used in [7, 2] are complex geometric optics (CGO) solu-
tions of the isotropic Maxwell’s equation. The construction of CGO solutions
for isotropic inhomogeneous Maxwell’s equations is first proposed in [I7]. Af-
ter that, the authors in [8] also constructed CGO solutions for some special
anisotropic Maxwell’s equations. However, there are not yet of CGO solutions
for general anisotropic Maxwell system. Besides, CGO solutions, another kind
of special solutions for anisotropic elliptic system was proposed for substitution
in [I5] and [I6]. They are called oscillating-decaying (OD) solutions. Inspired
by [I7] and [I5], our idea is to reduce to an elliptic systems and then
use the results in [I5] to construct oscillating-decaying type solutions to the
anisotropic Maxwell system. Precisely, we can decompose the equation
into two decoupled strongly elliptic systems. The main difference between the
construction of the oscillating-decaying solutions in [I5] and ours is about the
higher derivatives of oscillating-decaying solutions.

One of the main differences between the CGOs and the oscillating-decaying
solutions is that, roughly speaking, given a hyperplane, an oscillating decaying
solution is oscillating very rapidly along this plane and decaying exponentially in
the direction transversely to the same plane. Oscillating-decaying solutions are
special solutions with the phase function having nonnegative imaginary part. In
addition, these oscillating decaying solutions are only defined on a half plane.
To use them as inputs for our detection algorithm, we need to extend them
to the whole domain Q. One way to do the extension is to use the Runge
approximation property for the anisotropic Maxwell’s equation. The Runge ap-
proximation property will help us to find a sequence of approximated solutions
which are defined on (2, satisfy and their limit is the oscillating-decaying
solution. Note that it was first recognized by Lax [10] that the Runge approxi-
mation property is a consequence of the weak unique continuation property. In
[11], the authors already proved the unique continuation property and based on
it we derive the Runge approximation property for the anisotropic Maxwell’s
equation.



To be more precise, let w be a unit vector in R3, denote Q4 (w) = QN{z|z-w >
t}, Ti(w) = QN {z|z - w = t} and set (Ey, Hy) to be the oscillating-decaying
solution for the anisotropic Maxwell’s equation in ¢ (w).

Support function: For p € S?, we define the support function of D by hp(p) =
infyep x - p.

When ¢t = hp(w), which means ¥;(w) touches 0D, we cannot apply the
Runge approximation property to (Fy, Hy) in Q;(w). Therefore, we need to
enlarge the domain Q;(w) such that the OD solutions exist and the Runge
approximation property works. Let 7 be a positive real number, denote Q;_,,(w)
and X;_,(w) and note that ;_,(w) D Q(w) ¥ > 0. We can find (Ey—,, Hi—p)
to be the OD solution in Q;_,(w). By the Runge approximation property, there
exists a sequence of functions {(E,, ¢, Hy ()} satisfying the Maxwell system in
such that (E, ¢, H, ) converges to (E_,, Hi_,) as £ = oo in L?(£;_,(w)) and
in H(curl, D) by interior estimates since D € ;_,(w). In addition we show
that (Ey_,, H;_y) converges to (Ey;, Hy) in H(curl, D) as n — 0. Then we can
define the indicator function as follows.

Indicator function: For p € S?, 7 > 0 and t > 0 we define the indicator
function
I(7,t) := lim lim I7*(1,1),

n—0£— o0 P

where

Ig’e(T, t) := ikt /89(1/ x Hy ) - (Ap — Ag)(v x Hyy p) x v)dS.
Goal: We want to characterize the convex hull of the obstacle D from the
impedance map Ap.

The answer to this goal is the following theorem.

Theorem 1.1. Let p € S?. For the penetrable (or impenetrable) obstacle case,
we have the following characterization of hp(p).

lim; o |I,(7,t)] = 0 when t < hp(p),
liminf, o |I,(7, hp(p))| > 0,

To prove Theorem for the penetrable obstacle case, we need an appro-
priate LP estimate of the corresponding reflected solution. We follow the idea in
[7] to prove a global LP estimate for the curl of the solutions of the anisotropic
Maxwell’s equation, for p near 2 and p < 2.

To prove Theorem[L.1], in the impenetrable obstacle case, we use layer poten-
tial arguments as in [7] coupled with appropriate LP estimates. Precisely, first,
we use the well-posedness for an exterior isotropic Maxwell’s system with the
Silver-Miiller radiation condition and, in particular, the layer potential theory
to find a suitable estimate for the solution of this exterior problem. Second, we
decompose the reflected solution into two functions, one satisfies the reflected
Maxwell’s equation with a zero boundary data, the other satisfies the original
anisotropic Maxwell’s equation with the same boundary conditions which come
from the reflected equation. For the first decomposed function, we use the LP
estimates, and for the second function, we will use the well-posedness, in L?,
for the anisotropic Maxwell’s system. Combining these two steps, we derive the
full estimate for the reflected solution in the impenetrable obstacle case.



This paper is organized as follows. In the section 2, we give decompose the
anisotropic Maxwell system into two strongly elliptic systems. In section 3, we
use the elliptic systems derived in the section 2 to build the oscillating-decaying
solutions for the Maxwell system. Then, we give the Runge approximation
for the anisotropic Maxwell equation in section 4. In section 5, we prove the
Theorem for both penetrable and impenetrable obstacle case. Finally, in
the last section, as an appendix, we provide some technical details which we
postponed in the main text and recall some useful estimates for solutions of the
Maxwell system. Before closing this introduction, let us mention that in the
whole text whenever we use the word smooth it means C'*°-smooth.

2 Reduction to strongly elliptic systems

Our goal is to construct the oscillating-decaying (OD) solution for the following
anisotropic time-harmonic Maxwell’s system

V x E = ikpH
V x H = —ikeE
div(eE) =0
div(pH) =0,

(2.1)

where E, H denote the electric and magnetic field intensity respectively, and u
denotes the positive scalar permeability, ¢ denotes the permittivity, which is a
real, symmetric, positive definite 3 x 3 matrix.

Inspired by [I7], the first step of constructing OD solutions is to reduce (2.1)
to a strongly elliptic system. In fact, we reduce the anisotropic Maxwell’s system
to two separate strongly elliptic equations 7 while in [I7] the isotropic
Maxwell’s system is reduced to an elliptic (a single Schrodinger) system with
coupled zero-th order term. The following theorem is our reduction result.

Theorem 2.1. We set E and H of the following forms

E= —%6*1V X (u™H(V x B)) — e}V x A)

i (2.2)
H = E,u_lv x (e71(V x A)) — u=Y(V x B)
with A, B satisfying the strongly elliptic systems
puVir(MAVA) =V x (e71(V x A)) + k2uA =0 (2.3)
eVir(MBVB) =V x (0 V x B))+k?B=0 )

where M4, MB are introduced in Theorem 2.4}, then E and H satisfy .

Remark 2.2. Theorem 2.1 shows that, if we can find solutions of (2.3]), then we
can find solutions of (2.1)).

Proof. In this proof, we will show the process of the reduction. And the proof
that the systems (2.3)) are strongly elliptic systems will be postponed to Theorem



As in [I7], we set the following two auxiliary functions which are similar to
what they used:

o= %div(eE)

and )
U= %div(uH).

Note that ® and ¥ are actually zero by the Maxwell’s equation. We consider
the following first-order matrix differential operator P

0 div(e(+)) 0 0

P | w0 Vx 0
- 0 —Vx 0 e 'V

0 0 div(p(-)) 0

Note that P is a 8 x 8 matrix. Let

G Y

Then the problem (2.1]) can be rewritten as follows:

PY = —ikVY,
where
1 0 0 O
0 ¢ 0 O
V= 0 0 p O
0 0 0 1

Thus, the Maxwell’s system ([2.1)) implies
(P+ikV)Y =0and ® =¥ = 0. (2.4)

It is easy to see that conversely implies the Maxwell’s system, and hence
they are equivalent. N

The first idea of the reducing process is to construct a suitable @), which can
make (P +1kV)Q a “good” second-order differential operator. Then, a solution
X for the problem

(P+ikV)QX =0 (2.5)
will give rise to a solution Y = @X for
(P+ikV)Y =0.

Moreover, if we find the solution X such that the first and the last component
of Y = QX are zero, then we obtain solutions for the Maxwell’s system.



We try the matrix differential operator @ = @Q — ikl, where

0 div(e(-)) 0 0
I Y% 0 e (Vx()) 0
o wwxe) 0 v 20
0 0 div(p(+)) 0
Then
(P +ikV)Q
= (P +ikV)(Q — ikI)
= PQ — ikP +ikVQ + k*V
div(eV) 0 0 0
B 0 Ly 0 0
h 0 0 Lo 0
0 0 0 div(uV)
0 —ikdiv(e(+)) 0 0
| ity 0 A 0
0 1kV x 0 —ike 1V
0 0 —ikdiv(u(-)) 0
0  dkdiv(e(")) 0 0
n 1keV 0 1kV x 0
0  —ikVx 0 iV
0 0 ikdiv(p(-)) 0
K2 0 0 0
0 k% 0 0
1 o o #u oo
0 0 0 k2
div(eV) + k? 0 0 0
| ik(e—pTHYV Ly + K% 0 0
n 0 0 Lo+ Kk ik(p—e V)V |7
0 0 0 div(uV) + k2
where
Ly = 'V (div(e(-)) = V x (n7H(V x () (2.7)
Ly = LV(div(a()) - ¥ x (€T x (). (2.5)

A prominent feature of the above operator is that it decomposes the original
eight-component system into two four-component systems. Precisely, Set

¥
e
X = ,
h
(G
then (2.5)) can be separated into two systems:
div(eVy) + k*p =0
Lie + k*ce + ik(e — p~ 1)V = 0.



and

div(uVy) + k%) =0
Loh + E*ph + ik(u — e 1)V = 0.

Moreover,

—ikl| X

|
=
L
—
<
X
—
<
S~—
o
oo o

div(ee) — ikep

Vi + e 1(V x h) —ike
—p~H(V x e) + Vi —ikh
div(ph) — ik

Therefore, the problem of finding the solutions X of
(P + ikV)QX = 0 with the first and last component of QX being 0 (2.9)

is equivalent to the problem of finding solutions of the following two separate
systems:

div(ee) —ikp =0,
div(eVe) + k%9 = 0, (2.10)
p iV (div(ee)) — V x (u=1(V x e)) + k%ee +ik(e — u=1 )V = 0,

and

div(ph) — iky = 0,
div(pVy) 4+ k% = 0, (2.11)
eIV (div(ph)) — V x (e 1(V x h)) + k2uh + ik(pn — e 1)V = 0.

Notice that if we set e in the following form

e= (Vo + e (V x 4)), (2.12)

then the first equation of ([2.10) becomes the same as the second one. For the
third equation, we have

p 'V (div(ee)) — V x (7 H(V x €)) + k*ee + ik(e — p~ ")V
- _%,flv (div(eVe)) + %v X (,,Ll [V x (e H(V x A))])
—ikeVip — ik(V x A) + ikeVip — éu—lv(k%)
- 7é,uflv (div(eVe) + k*¢) + %v X (ul [V x (e 1(V x A))]) —ikV x A

=0+ év X (ul[v x (e 1V x A))]) —ikV x A,



by the second equation of (2.10). Thus, by letting e be of the form (2.12), the
system (2.10) reduces to

div(vVe) + k*¢ =0,

v (ﬂl [V x (e7(V x A))] — k?A) —0. (2.13)
Similarly, by letting
h=— (Vo +u (¥ x B))
for some vector field B, we can reduce to the following system:
div(uVy) + k*p =0,
(2.14)

V x <el [V x (p1(VxB))| - I<;2B> =0.

To resume, if we can find solutions ¢, A, and B of and , we can
find solutions of the problem and therefore the original problem .

Now let us focus on and (2.14). The goal is to find special solutions
(e.g. oscillating-decaying solutions) of (2.13)) and (2.14). The idea of doing that
is to subtract zero terms of the form V x Vtr(MAV% and Vx (Vir(MEVB))
from the second equations of and (2.14) for some matrices M4, M5, so
that they become V x (£LAA) = 0 and V x (LBB) = 0 with £4 and L? being
strongly elliptic operators. Precisely, we want to find suitable matrices M4 and
M?® such that

pVir(MAVA) =V x (e1(V x A)) + B2pA =0 (2.15)
and
eVir(MPVB) =V x (pH(V x B)) + k*e¢B =0 (2.16)

are strongly elliptic systems. In fact, by letting M4 = mu~'I and MB =
mu~te, we can show that (2.15)) and (2.16)) are strong elliptic systems for arbi-
trary positive constant m. The proof are given in Theorem 2.4 O

To prove Theorem [2.4] we start with the following computational lemma.

Lemma 2.3. Let M be a matriz-valued function with smooth entries and F be
a vector field. Then the i-th component of the vector V x (M(V X F)) 18 given

by
(VX (M(VxF)));= Z Cijredjefr + R, (2.17)
Jik,t

where

Cijie = 80Myi + 65 Myj — 61 My; — 60 M + (85061 — Gi6j0) tr(M),

and El contains the lower order terms. Here, 6;; is the Kronecker delta, M;; is
the ij-th entry of M, and F = (f1, fo, f3)7.



Proof. We prove it by direct computations. For any vectors a, b, letting ¢ =
a x b, we have

Cm = E Emekaebr,
ke

where a = (a1, az,a3)”, b= (b1, b, b3)T, ¢ = (c1,¢2,c3)T and e,,0, denotes the
Levi-Civita symbol. Therefore, we obtain the m-th component of V x F:

(V X F) = emOefi.
mo e
Then, the n-th component of M(V x F) is

<M(V X F)) = Z MnnLg’rnZkaffk-

m,k ¢

Finally, taking the curl operator on the vector M(V x F), the i-th component

of the resulted vector is

(V X (M(V X F))) = Z Eijnaj (Mnmsmfkaﬁfk)

i jm,m kL

= Z Eijnsmlk((ajMnm)affk + Mnmajffk)

7m,m, k0l
Thus
(V x (M(V x F))) = > Cijredjofr + Ri,
L gkl
where
@jke = Zgijnnganm; R; = Z €ijnEmtk (05 Mpm )0 fi.

m,n 7,m,n,k,l
Since

dim i ik

EijnEmek = | Ojm  Oje 9
nm (;né 5nk
= 51m (5j£§nk - 5nZ6jk) - 51'2 (5jm5nk - 5nm53k) + 511@ (6jm5nl - 5nm5jl)7

=]

we can obtain

Cijre =Y (&-m (3¢0nk — Onedjn) — 0ie(SmOnk — Onmdjk)

+ 5ik: (6jm5n€ - 5nm6]€)>Mnm
= (5][M1m‘ — 5jkMgi) — 51[Mkj + (5iz(5jkt7”(M) + 5ikMZj — 5ik(5jgt7"(M)
=60 Mp; + 61 My; — 86 Mei — 850 My + (80058 — Oinje)tr(M).



Theorem 2.4. Assume that p is a smooth, positive scalar function and € is
a symmetric, positive definite matriz-valued function with smooth entries. The
eigenvalues of € are denoted by (), \2(x) and As(x). Assume there ewist
positive constants pg, A, \ such that for all x € Q

0 < p(x) < po

0< A< )\1(1‘) < /\Q(x) < )\3(.%‘) < A. (2.18)

Then and are uniformly strongly elliptic by letting M4 = mu~'I
and MP = mu~1e, for arbitrary positive constant m. Here I denotes the 3 x 3
identity matrix.

Proof. To see whether (2.15) and (2.16) are strongly elliptic, we only have to
check the leading order terms of (2.15) and (2.16)). We divide this proof into

two parts, Part A and Part B, to deal with the equation (2.15|) for A and the
equation (2.16]) for B respectively.

Part A. By Lemma 2.3}
<wtr(MAVA) —Vx (eH(V x A))>

(3

= Z /J,éijaj (MﬁcazAk) — Z égkzangk — }};4

Jkt jke

=" (ubi; Mfj, — Cli0) 050 A + Y i (0;Mi)0p Ay, — R
Jkt jke

=D CludieAr + Y 1y (9;Mg)de Ay — R,
Jkt jke

where C;;‘-M = pdii Mj — 6’{;‘%2 are the coefficients of the leading order

terms of (2.15) and
5{‘};@4 = 00(€™ i + Gin (€7 ey — (€™ Nei — Sie(e™ )iy + (8ie0jk — Ginje)tr(e™ ).

Recall that (2.15]) is called uniformly strongly elliptic in some domain 2
if there exists a positive ¢g > 0 independent of x € {2 such that

> Chpi(@)aiarbibe > colal?[b|? (2.19)
ijkt

10



for any a,b € R? and for all x € Q. Now

Z C{;‘Maiakbjbg = Z (,U/51]Mé?<; - CN'{;‘-M)aiakbjbg
ijkl 7kl
~ u(a-b)(bTMa)
- (5je(6_1)ki +0ik(e ey — Ojn(e e
ijke
— (5ig(6_1)kj + (57;[(5jk; — (5ik5jg)t7“(€_1)> aiakbjbg
= p(a-b)(b" M"a)

- <b2(aT61a) + |a?(bTe 1b) — (a- b)(bTe 1a)

—(a-b)(@Te 'b) +tr(e ') (a-b)? - tr(e_1)|a|2|b|2)
— tr()Jal? b — [al’ (b7 b) b2 (T a) — tr(c)(a - b)?
+2(a-b)(b"e 'a) + u(a- b)(b"M"a)

since € (and hence ¢ !) is symmetric. Let S be the orthogonal matrix
such that e = STDS, where D = diag(\1, A2, A3). Thus e ! = STD-1S.
Also let M4 = STNAS. By letting v = Sa/|a| and w = Sb/|b|, it’s easy
to see that holds for all a,b € R3 iff

tr(e™t) — (WD 'w) — (I D7) —tr(e7 (v - w)?
+2(v-w)(WI'D™'v) + p(v - w) (WTNAV) > ¢

for all v,w € R? such that |v| = |[w| = 1. Note that tr(e”!) =tr(D~!) =
)\fl + Ay Ly Az ! In summary, we find that (2.15)) is uniformly strongly
elliptic on Q iff

inf min  F(v,w) | >0, 2.20
x€e <|v|—w|—1 ( )> ( )

where

F(v,w)= (tr(D‘l) —(wI'D7'w) = (vI'D7v) —tr(D7Y) (v - w)?

+2(v-w) (WTD1V)> + pu(v-w) (WTNAV)
=: G(v,w) + p(v - w)(wI'N*v).
We will show that
G(v,w) > A7 (1= (v-w)?) (2.21)

under the constraints |v| = |[w| = 1. Then, by choosing M4 = mu~'I for
some positive constant m, we also have N4 = mu~'I, and

F(v,w) = G(v,w) +m(v-w)?
>N (1= (v w)?) +m(v - w)?
=X+ (m =AY (v w2

11



Now since 0 < (v-w)? < 1, if m > )\gl, we have F(v,w) > )\51, while
if m < A\;', we have F(v,w) > A\;' + (m — \;') = m. Remember that
A3t(z) > A! on Q, we conclude that F(v,w) > min(A~',m) for all
|[v|=|w|=1and all z € Q.

It remains to show (2.21)). For this, note that
G(v,w) = Z A;1<1w]2v]2»(v.w) +2(v- wvjw]> Z/\ 'K;.
§=1,2,3

We can prove K; > 0 as follows: Since (v - w) — viwi = vows + vsws, by
Schwarz inequality we have

|(v-w) —vjwy| < \/v§+v§\/w§+w§: \/lfv%\/lfw%.

Taking square, we obtain

(v-w)? =2(v-wrwy +viw? <1 —vf —wi+viw?,

which means K; > 0. Similarly Ko, K3 > 0. As a consequence, since
A > A > A5t we have

G(v,w) > A\ (K1 + Ko+ K3) = A5 (1= (v-w)?),
which completes the proof of Part A.
Part B. For (2.16)), we have

(thr(MBVB) —Vx (b NV x B))>

i

= ZGU MEka@Bk Z 55k£3j4Bk — EZB (222)
Jkt jke

= Z GZJMZ]C Z]k@)a]ka + ZE'LJ 8 Mgk)a[Bk Z 7
Jke Gk

where
CBy = 801 Spi + S 005 — Ojup "0
- 5ilﬂ_15kj + (5%(53‘19 - 5ik(5jg)tr(u—1l)
=p! <5i25jk - 5ik(5jg>.

Denote the coefficients of the leading order terms of (2.22) by C. ]kb we
have

Le we obtain

> Cflyaiarb;be = ul(m(aTvb)2 - ((a»b)2 - |a2|b|2>>

ijke

By choosing M B = mu~

12



for all a,b € R3. Remember that ¢ = STDS. Since we have assumed
pu~t > g for some positive constant g, by letting v = Sa/|al] and w =
Sb/|b| for a,b # 0, we see to prove Cgkeaiakbjbg > colal?|b|? for some
constant cg > 0 is equivalent to prove

inf min H(v,w) >0, (2.23)
xeQ |v|=|w|=1

where H(v,w) = m(v'Dw)? + (1 — (v - w)?). Although looks
simpler than , we fail to find a simple method as before to get a
clear lower bound. Nevertheless, it is also easy to see that is true
by continuity, as follows: If (v -w)? =1, then v = +w, and

m(vI Dw)? = m(A\vi + \v3 + A3v2)% > mA?.

By continuity, there exists ¢ > 0 such that for 0 < 1 — (v-w)? < ¢
we have m(vI Dw)? > mA2/2. Thus for 0 < 1 — (v-w)? < ¢ we have
H(v,w) >mA?/2. While for 1 — (v-w)? > ¢, H(v,w) > . Thus under
the constraints |v| = |w| = 1 we obtain

H(v,w) > min(m\3/2,¢) > min(mA?/2, ¢),

where recall that A is the lower bound of A;(x) on . This completes the
proof of Part B.

O

Remark 2.5. One can check that the C4 and CP satisfy C},, = Cfl,; and
é‘fjke = 5}3”—. And, by choosing M4 = mu~'T and M® = mu~'e as above,

,

the C4 and CP also satisfy such symmetry. This additional property is useful
in the next section.

3 Construction of oscillating-decaying solutions

In this section, we will use the reduction results in section 2 to construct
oscillating-decaying solutions of . From now on, we suppose that u > 0
is a C'°° scalar function and € is a 3 x 3 real positive definite matrix-valued
smooth function (i.e. every entry is a real C*° function) and E , H satisfy
VxE—ikpyH =0 inQ,
V x H+ikeE=0 in Q.

In order to obtain the oscillating-decaying solutions of £ and H, we have to
construct the oscillating-decaying solutions for A and B. We follow the proof
in [I5] to construct the oscillating-decaying solutions for A and B, but here we
need to derive higher derivatives for A and B.

From [I5], we borrow notation as follows. Assume that  C R3 is an open
set with smooth boundary and w € S? is given. Let n € S% and ¢ € S? be
chosen so that {n,(,w} forms an orthonormal system of R®. We then denote
= (x-nz-C). Let t e R, Q(w) = QN{z-w > t}, and Ty(w) = QN{z-w = ¢}
be a nonempty open set.
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Theorem 3.1. Given {n,(,w} an orthonormal system of R®, 2’ = (x - n,z - ()

and t € R. We set Q(w) = QN{z-w >t} and Zy(w) = QN {z - w = t},
then we can construct two types oscillating-decaying solutions for the Mazwell
system in Q(w) which can be useful for penetrable and impenetrable obstacles,
respectively. There exist two solutions of of the forms. The first one is

X¢:b,t,Now Tx0.b,t,Now
A2

H = F3(z)eim e 7ow-0A2@0 L D02 (,7) + 705 v ) in Qu(w),

{E = F}l(x)ei”fe’T(I'“’t)Af(””/)b + 14l (z,7)+ Al (x,7) in Q(w),

(3.1)
where F}(x) = O(7), F5(z) = O(1?) are some smooth functions and for |a| = j,
7 =1,2, we have

Aj _ (s
{|Fthb,t,N,w($vT)||L2(Qt(w)) < crlol=3/2g-r(s=t)aa_

. 3.2
HTf{fb,t,N,w(%T)||L2(Qt(w)) < crimN+L/2 (3.2)

for some positive constants a4 and c. The second one has the form

Xt,b,t,N,w Xt

H = G}B(x)eiTx'Ee_T(x'“_t)AtB(x/)b + bl (x,T) + Tft:lb,t,N,w(x’T) in Qt(w)7

E = G3(a)el e W 0AT @Y 4 T8 | (@, 7) 41y (@) in (w),
Xt,b,t,N,w

(3.3)
where G5(z) = O(1), GZ(z) = O(7%) are some smooth functions and for |a| =
7, 3 =1,2, we have

1T 0% b8 (2 T 1262, 0)) < erlI =327 m(e=0as, (3.4)
1707 3 oo (@ T L2 ) < eI~ NHL2

for some positive constants ap and c.

Proof. We want to find special solutions A, B € (C°°(2;(w)\0% (w))NCO (2 (w)))?
with 7 > 1 satisfying Dirichlet boundary problems

LA = uVir(MAVA) =V x (e Y(V x A)) + k> pA =0 in Q(w),
{A = elT®§ {Xt(x’)Qt(:L")b + ﬂ;?t,t,b,N,w} on Xy (w), (3:5)
and
LB :=eVitr(MPVB) =V x (1 1(V x B)) +k%B =0 in Q(w),
{B = et {Xt(xl)Qt(ﬂfl)b + ﬂft,t,b,N,w} on ¥ (w), (36)

where ¢ € S? lying in the span of {n,(} is chosen and fixed, x;(z') € C§°(R?)
with supp(x¢) C E¢(w), Q¢(2') is a nonzero smooth function, and 0 # b € C? and
N is some large natural number. Moreover, 6>‘2‘hb7t7N7w(x’, T), ﬁft,b,t,N,w («/,7) are
smooth functions supported in supp(y;) satisfying

Hﬁ;?t,b,t,N,w('aT)HLZ(]Rz) <er Hﬁft,b,t,N,w(‘aT)”L?(Rz) <er !

for some constant ¢ > 0. From now on, we use ¢ to denote a general positive
constant whose value may vary from line to line. As in [I5], A, B satisfy second
order strongly elliptic equations; then it can be written as

— _ A A
{A - Axt,b,t,N,w - th,b,t,N,w + rXt,b,t,N,w’

_ _ .,B B
B = BXt7b7t7N7W - th,b,t,N,w + TXt,b,t,N7w
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with

A _ 1 itw-& ,—T(zw—t)Al (2 A

Wyebt,Nw = Xt(x )Qte femrl ) ;( b + FXL,ILt,N,w (xﬂ T)’
B _ / itx-& ,—71(r-w—t)AP (2’ B

Wyt bt Now = Xt(iC )Qte S MA@+ FXf,,b,t,N,w(‘T7 7)7

A B . .
and 17y 4 N s Tysbot, N Satisfying

|ir (e < e VT2 B N ol ) S et TVT2(3.8)

Hri,b,t,N,w

where A#(-), AP(.) are smooth matrix functions with its real part ReA{(z') >
0, ReAB(2') > 0, and Fﬁhb,LN,w’ Fft7b,t,N,w are smooth functions supported in
supp(x:) satisfying
10T, vl 2@ ) < erl@I782emm(am00a, (3.9)
109TY, b1 n ol L2002, () < Tl =3/ 2emm(smtan '

for |a] € NU{0} and s > t, where a4,ap > 0 are some constants depending on
AA(2") and AP (a"), respectively. We give details of the construction of A and
B with the estimates and .

In Appendix 6.1, we derive the explicit representation of A and B. Recall
that £ and H are represented in terms of A and B as follows:

E = —ie*IV x (u YV x B)) — e 1V x A),
;F (3.10)
H= E/flv x (e71(V x A)) — u=Y(V x B).

Now, we can show that (E, H) satisfies (3.1), and we will use this form to
prove Theorem for the penetrable case. Similarly, we can show that (E, H)
satisfies , (3.4) in order to prove Theorem for the impenetrable case.
All we need to do is to differentiate A and B term by term componentwise. For
the main terms of A and B, we can differentiate y; (gc')Qtei””fe_T(”‘”—t)Af(’J/)b
and Xt(x/)Qtei”'ge*T(‘”"*”t)Aig(z/)b directly and it is easy to see that

V x A= T};Av;‘(x)ez‘ng.ﬁe—T(mw—t)AtA(m/)b +V x F;?t,b,t,N,w(va) +V x T;?t,b,t,N,wv
Z . 5.
V X B =1Fp(z)e e T 4 VX TF v (@ 7) 4V X104 N

where 1:“,:(3:) and Ff;(m) are smooth matrix-valued functions and support supp(x:(z’)).

— A A
For the penetrable obstacle case, we choose A = wy ,, n , + 7%, p1.nw tO bE

the oscillating-decaying solution satisfying Ly A = 0 and B = 0 (also satisfies
Lp0=0) in Q¢(w), then (3.10) will become

E=—-c1(VxA),
H= %u—lv x (e"1(V x A)),

which means

X¢t,b,t,N,w
A2

E = F}\(x)eifx'ge”(m'“’*t)f‘?:(z')b + ng,lz,,t,zv,w(% ) +rtd (@, 7),
H = Ff, (x)GZT:r-Ee*T(x-wft)At @)p + Fﬁfb,t,N,w (2, 7) + T bt N (x,7),
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where F}(x), F3(z) are smooth functions consisting of u(x), €(x), Qi ('),
A#(2'), and their curls (it can be seen by direct calculation). Moreover, by
suitable choice of b (for example, we can choose b # 0 is not parallel to §) we
will get F}(z) = O(7) and F3%(x) = O(7?). Moreover, Fﬁg,lme,w and I‘X; bt Nw
satisfy 1) for |a| = 1 and |a| = 2, respectively, r;?t’}b’t,N’w and r;?t’}b’t,N’w satisfy
(3.8) for k=1 and k = 2, respectively. Similarly, for the impenetrable obstacle
case, we choose A =0 and B = wfﬁbi New T Tf“b’t’N’w in Q;(w), then

B ’
B = Gh(@)e' SemTewm O @ £ TR | v (@,7) #7000 e v (@ 7);
1Tx-E ,—1(xWw— B B1
H = GY(z)e'™ e ( A (« )b—i—I‘thth( )—ﬁ-rxhthw(x 7),
)

where GL(z O(7) and G%(x) = O(r?) and Fxt’,]b,t,N,w satisfies 1’ for
la| = j and TXt,b7t7N,UJ satisfies 1) for k = j. 0

4 Runge approximation property

In this section, we derive the Runge approximation property for the following
anisotropic Maxwell equation
VxFE—ikpH =0
V x H+ikeE =0

in €,
where y is a smooth scalar function defined on 2 and € is a 3 x 3 smooth positive
definite matrix. Recall that

3

,u( ) > po > 0 and Z 61] 515] Z€0|£|2 V§GR3

1.9=1
If we set u = < g ) and
et 0 0 V x
pee(5 (8 T e
then we have
Lu =0, (4.2)

where I means j x j identity matrix for j = 3, 6.
Theorem 4.1. Let D and 2 be two open bounded domains with C'°° boundary
in R with D € Q. If u € (H(curl,D))? satisfies

Lu=0 1 D.

Given any compact subset K C D and any € > 0, there exists U € (H(curl,$2))?
such that

LU =0 i Q,
and ||U = ul| g (eurt, i) < €, where ||l geur0) = ([ Fl2) + lcurlf] z2a))-
Proof. The proof is standard and it is based on weak unique continuation prop-
erty for the anisotropic Maxwell system L in (4.1) and the Hahn-Banach theo-
rem. The unique continuation property of the system L is proved in [I1]. For

more details, how to derive the Runge approximation property from the weak
unique continuation, we refer readers to [10]. O
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5 Proof of Theorem 1.1

In this section, we want to use the Runge approximation property and the OD
solutions to prove Theorem We define B to be an open ball in R? such
that Q C B. Assume that 2 C R? is an open Lipschitz domain with B C Q.
Recall we have set w € S? and {n,(,w} forms an orthonormal basis of R® and
to = infaep T - w = xo - w, where g = zo(w) € ID.

5.1 Penetrable Case

For the anisotropic Maxwell’s equation

V x E=ikuH
V x H = —ikeE
div(eE) =0
div(pH) =0,

for any t <ty and 1 > 0 small enough, in section 3, we have constructed

irab (2w (1)) A (2 A A
{Et—n = Fl(z)eimeée—m@w=(t=m)Al (=)} 4 Fxg,lb,t—n,N,w(x7 T)+ Txg}b,t—n,N,w(xv T),

Hyy = F3(2)elm =@ (= ATy 4 7700 (@, 7) 735 1 v 7))

Xt:b,t—n,N,w

to be the oscillating-decaying solutions satisfying (5.1) in B;—,(w) = BN {z|z -

w >t —mn}, where Fi(z) = O(r) and F3(z) = O(r?). Moreover, Ffﬁ’}b)tw’]\,)w

A2 atia _ _ . ; Al
and I'U% ., v, satisfy l) for |a] =1 and |a| = 2, respectively, T o bt Nw

bt N w satisfy (3.8]) for k = 1 and k& = 2, respectively. Similarly, we

X¢t,b,t,N,w

Hy = F3(a)eime€e (ow AT L DO2 (@) +700% s v 7),

{Et = Py (e te o AL, g DAL ) A ()
2
Xt,b,t,N,w

so be the oscillating-decaying solutions satisfying (5.1) in B:(w) = BN{z|z-w >

t}, where Fft’ylb’th’w and Fffb,tw’w satisfy 1' for |a] =1 and |«| = 2, respec-

tively, r;?t’}b,t’N?w and T;?;,lb,t,N,w satisfy 1) for k =1 and k = 2, respectively. In
fact, from the construction the oscillating-decaying solutions and the property
of continuous dependence on parameters in ordinary differential equations in
section 3, it is not hard to see that for any 7,

Et—n — E
Ht_n — Ht

in H?(B;(w)) as 7 tends to 0.

Note that Q¢ (w) C By—,(w) for all t < ¢y. By using the Runge approximation
property, we can see that there exists a sequence of functions (E, ¢, Hy (), ¢ =
1,2,---, such that

E,o— E_
™ N in H(curl, By(w)),
ng — Ht—n
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as £ — oo, where (E, ¢, H, ;) satisfy (5.1) in Q for all n > 0,/ € N. Recall that
the indicator function I,(7,t) was defined by the formula:

I,(7,t) := lim lim I;’E(T, t),
£—00

=1l
n—04£4—

where

IZ’Z(T, t) := ikt /aQ(V x Hy ) - (Ap — Ag)(v x Hyyp) x v)dS.

We prove the Theorem 1.1 for the penetrable obstacle case. For the anisotropic
penetrable obstacle problem

VxFE—ikpyH =0 in,
VxH+ikeE=0 inQ, (5.2)
vx H=f on 01},

where k is not an eigenvalue of . Moreover, we assume  is a positive smooth
scalar function, € = ep(x) — xpep(x), where € is symmetric positive definite
smooth matrix, ep(z) is a symmetric smooth matrix with detep(x) # 0 Va € D
and xp = L eeD .. Moreover, we need ¢ = €(x) is a positive definite
0 otherwise

matrix satisfying the uniform elliptic condition. Recall that when e(x) = €(z),
we have constructed E; and H; which are oscillating-decaying solutions defined
on the half space for the anisotropic Maxwell’s equation

(5.3)

VxE—ikpH =0 inQ,
VxH+ikeE=0 inQ,

and {(E, ¢, H; ¢)} are sequence of functions satisfying ([5.3)) defined on the whole
). Therefore, we can define the boundary data f, , = v x H, ¢ on 9 and solve

(E, H) satisfies (5.2). Let H:;g = H — H, ¢ be the reflected solution, then H::g
satisfies

V x (e7'V x Hy o) — K2uHy o = =V x ((e H(z) — €5 (x))V x Hy ) in Q,
v x Hy =0 on 09Q.
(5.4)

Lemma 5.1. We have the following estimates
1.

—r it > / (et —eg ) leg 'V x Hyyf] - (V x Hyyg)da — k2/ (1| H, o) da.
D Q
2.
T (T ) > /D((egl — e YV x Hyy) - (V x Hyg)dz — k2/gu|fm|2dx.

Proof. First, we need to prove the following identity

- () = /Q (€' —eg" )V x Hyy) - (V x Hyp)dz
— [ ) (V% Hyg)de = [l Pd65)
Q Q
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Multiplying ﬁnvl in the equation 1) and integrating by parts we have
/Q(eflv X Hy ) (V X Hyo)de — kQ/medex

+ / (7' — e )V x Hyy) - (V x Hy g)da =0,
Q

/(;lv X Hyy) - (V x Hy ¢)dx — k2/ (| Hy o da
Q Q

- /9(6*1 — e )V x Hyy) - (V x Hyg)da (5.6)
== /Q((e_l — e )V x Hyy) - (V x H)da. (5.7)

On the other hand, H(z) satisfies
V x (e Y2)V x H(z)) — K*uH(z) =0, (5.8)

then multiply by H,;(z) in the equation (5.8]) and integrating by parts we have
/((671 — eV x Hyy)-(Vx Hydr = / (e 'V x H) - (v x Hyz)ds
Q a0
[ @'V % Hy) - (< Hja9)
a0

Thus, combine (5.6), (5.9) and [, (v x Hy ) - (€5 'V x H, )ds is real, then we
have

2dx

[V Hy) - (7 x Hyda = [ il

Q Q

- / (et —eg )V x Hy ) - (V x Hyyg)da (5.10)
Q

:/ (v x Hyy) - (€'Y x H)ds _/ (v x ) - (5 x Hy)ds
o0 o0

:/m(y X Hy ) (€'Y x H)ds — /m(y x Ty7) - (5 'V x H, )ds

:/89(u x Hy ) (e'V x H)ds — /asz(y X Hy) - (g 'V x Hy)ds

= / (v x Hyy) - [SikE T ikEy ()ds
oQ

=ik | (vxHye) [(Ap —Ap)(v x Hy ) X v]ds
o)
=71 (5.11)

Second, we show the following identity
/(eglv X Hyy) - (V x Hy ¢)dx — k2/ (| Hy o >da (5.12)
Q Q
+ / (e *(x) — g (2))V x H) - (V x H)da
Q

_ =1t
=—7 Ip.
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Replacing H, ¢(x) by H(x) — I;'vng(x) in the equation 1) then we have

Vx (€t =)V x H) +V x (eglv X ﬁ;g) — KuH, =0in Q. (5.13)

Multiplying P’I;,Jl(x) in the equation 1) and using integration by parts we
have

/ (' —e )V x H) - (V X ]/{;/g) dx
Q
— e |2
+/ ('Y x Hye) - (V x Hye) do— kQ/ " ’Hn,g‘ dr =0,  (5.14)
Q Q
since v X I/I,,Vl = 0 on 0f2. Then we can write equation to be
— e — 2
/ (6'V x Hye) - (V  Hye) do = k2/ L ’H,,,g‘ dx
Q Q
+/ (€' —e" )V x H) - (V x H)dx
Q

:/ (7 = )V x H) - (V x Typ)de. (5.15)
Q

Eliminating H(z) by f/I;/l(a:) + H,(x) in 1) we have
— b |2
/ (0'V x Hye) - (V  Hye) do— k2/ L ’H,,,g‘ dx
Q Q
+/ (€' —e" )V x H) - (V x H)dx
Q
— [ (€ @) = @)V x Hy) - (V % )i
Q
+ / (e M(x) — e (x))V x Hyy) - (V x Hyg)da (5.16)
Q
Again from ([5.4) and by taking the complex conjugate, we can write
V x (€' x Hy o) — k*uHy o+ V x (6 7(2) — ¢ (2))V x Hy¢) = 0. (5.17)

Multiplying by I?n/l(a:) in the equation 1) and using integration by parts we
have

/(671V X f:{:g) (V% ﬁ;e)dx - kz/ M|m|2dl’
Q Q

+ / (e (x) —eg ')V x Hyp) - (V ¥ I/{:,Tg)dx =0. (5.18)
Q
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Then from the equations ([5.16}), (5.18) and the first identity ([5.5]), we can obtain

[ (&Y x Hy) - (7 x Hyyda = 2 [yl
Q Q
+ / (' (z) — g (2))V x H) - (V x H)dx
Q
aLw*m—%%vamw«vXE@m

- / (e7'V x Hy ) (V x Hy o)da + kQ/ (| Hy ol da
Q Q
=—7 (5.19)

Combine (5.19) with the formula

(5 'V x Hyg)- (VX Hyo)+ (€' =)V x H) - (V x H)
=((e ' =WV X H)-VxH+e'(Vx H)-(Vx H)

—2Re{eg'VxH VxH,}+e'VxHy VxH,,
= ' (VxH) - (VxH)—2Re{e'"VxH-VxHe}+6'VxHe VxHe,
= {e_%v X H—esegt (V x HM)} . {e*%V x H—eiegt (V x H,,)g)}

~[ebe (V)| b (V% Hyn)] + 6579 x Hyy -V x Ty

= {6_%V x H — e%eal (V X m)} . [6_%V x H — 6%661 (V X m)}
+ (6! =€) (V x Hyp) - (V x Hyy)

(I —eeg?) €'V x Hye] - (V x Hyp)

le(e™ —eg") g 'V x Hy ol - (V x Hyp)

and note that

2
2>

[e_%v X H—etegt (V% HM)} : {e*%V x H—eiegt (V x HM)} > 0.
Therefore, we get
—r it > /D[e(e* — e gV x Hyf) - (V x Hyyg)da — kQ/Quum\?dx
which finished the part 1 of lemma 5.1. Finally, again from (5.11)), we have
Tt > /Q((egl — e YV x Hyy) - (V x Hyg)de — kQAu\EZK\de.
O

Remark 5.2. The first inequality will be used when (6*1 - eal) is strictly pos-
itive definite, i.e.

E-(e7t —egM)E > AEJ for all € € R? and for some A > 0;

and the second inequality will be used when (eg' —e™1) is strictly positive
definite, i.e.

€-(egt — e HE > N¢)? for all € € R? and for some \ > 0.

Now, our work is to estimate the lower order term H,, ,.
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5.1.1 Estimate of the lower order term I;f;;g

Proposition 5.3. Assume 2 is a smooth domain and D € Q. Then there exist
a positive constant C' and § > 0 such that

[ Hyellz2) < ClIV X Hy el o)
4246
2 2% 9.
3’ 1+5}’ ]

Proof. We follow the proof of the proposition 3.2 in [7]. Fix [ € N and we set
fi=—(e' = ")(V x Hyy), g=0. Note that, e ' —e;' = ¢ epxp)ey ' is
supported in D. Then the reflected solution H,, , satisfies

for every p € (max{

V x (e7'V x Hyp o) — kK2puH, o = =V x ((e7H(z) — €5 (2))V x H, () in Q,
v x Hy, ;=0 on 0.

(5.20)
From the LP estimate (Theorem 6.4), if we consider the following problem

VX (eWVWxU)+et,U=Vxf inQ,

vxU=0 on 01},
has a unique solution in H&’q(curl , ), where ! is “the maximum value among
all eigenvalues of the matrix e~ !(x) in the region Q. Moreover, we have the

estimate

ULy + IV x Ullzeay < Cllfllze ) (5.21)

)
mﬂ] for some 6 > 0 which depends only on Q. Now, we set

IL,, = I/f:,/e — U, then II,, ; satisfies

for p € (

{v X (€Y x Ty 0) = K2l = (K2t b )U in (5.22)

v x 1, ¢ = 0 on 09Q.

By the well-posedness of ((5.22)) in H (curl, §2) for the anisotropic Maxwell’s equa-
tion (see Appendix), we have

MLy ellz2 @) + IV X Ty el L20) < CllUIL2(0) (5.23)
if k£ is not an eigenvalue. Moreover, for p < 2, it is to see that

[Rerw]

re@) + IV x I el e @) < CllU| 22 (-

Following the proof in the proposition 3.2 in [7] again, we denote B%?(Q) to

be the Sobolev-Besov space, then we have U € BQ’Q(Q) and the inclusion map
P

B22(Q) — L2(Q) is continuous for p € (%,2]. Moreover, since V- U = 0 and

v x U =0 on 09 and use Lemma 6.5 ( property 5 in the appendix of [7]), we
have the estimate

1Ullz2() < CllUl gr2q) < CUIU N Lo@) + IV X UllLr o)} (5.24)
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for p € (%, 2]. Combining 1) 1' and 1) we obtain

[ellre@) + IV X el ze@) < Cllfllze o) (5.25)
for p € (max{3, f—jg}, 2]. Since f:{:;g =11, ¢ + U, by using 1) and |l we
have

[ HyellLe@) + IV X Hyellzo) < C| flle - (5.26)

Since v x I;Tnv 1 = 0 on 09, we use the Lemma 6.5 again, then we can obtain

[1Hy.ell2) < CliHn.ell o2y

P

< C{[Hpellr) + IV X Hyellr) + IV - Hye

LP(Q)}. (5.27)

In addition, from 1} it is easy to see 0 = V-(,LLP/I;;g) = Vufm—l—,u(VJm),
then we have IVl
Kl Lo () Hﬁv
[ Hyp | Lo () (5.28)
l[1ell oo () K )

Finally, use (5.26)), (5.27)) and (5.28)), we will get

C{l[Hyellzr) + IV X Hy el ey}
Cllfllzr )
C||V x Hn,ZHLP(D). (5.29)

IV - Hyelleo) <

| Hy el 2o

IA A CIA

O

Remark 5.4. In the reconstruction scheme, we need to take limsup, . for
(5.29) on both sides and Hy—,, — H; in H(curl, Qi (w)) as n — 0, then we have

. . —— < »
%lgghfgigp [ Hyell2) < CIV X Hill1r(Dys

4
for p € (5,2].

In view of the lower bound, we need to introduce the sets D; s C D, Ds C D
in the following. Recall that hp(p) = infyepx - p and to = hp(p) = zo - p
for some zg € 0D. Yoo € 9D N{x - p = hp(p)} := K, define B(a,d) = {z €
R3 |z — a < &} (6 > 0). Note K C UserxB(a,d) and K is compact, so there
exists aq, -+, ay, € K such that K C UL, B(ay,d). Thus, we define

Dj’(; =DnN B(Oéj, (5) and Dg := U;nlej,(;.

It is easy to see that

A

flowc 7 0t

fD\D5 e*pT(rwfto)AtBo(w')bdx = O(e~Po7)

where A7} (2'), AP (2') are smooth matrix-valued functions with bounded entries
and their real part strictly greater than 0. so 3a > 0 such that ReA (z/) > a >0
and ReAP(2') > a > 0. Let o; € K, by rotation and translation, we may
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assume a; = 0 and the vector a; — 29 = —x¢ is parallel to e3 = (0,0,1).
Therefore, we consider the change of coordinates near each «; as follows:

y/:x/
ys =x - p — to,

where x = (21,22,23) = (2/,23) and y = (y1,¥y2,¥3) = (¥',y3). Denote the
parametrization of D near «; by 1;(y’), then we have the following estimates.
Note that the oscillating-decaying solutions are well-defined in D.

Lemma 5.5. For q <2, 7> 1, we have the following estimates.

1.
m
/ |Hy(z)|%dz < TQq*lz// =00l (V) gyl 4 O (7241 ¢—090T)
b j=1"1y'[<é
+O(T2qe—qa7) —I—O(TC_CT) +O(T_2N+5)
2.
/ |H,|*dx > 0732// =207l (W) gy _ 732007
P j=17/1y'I<é
—CTe_ZCT _ CT_2N+5
3.
/|Ef(:r)|qdq: < 7—‘1*12// efaq'rl].(y’)dy/+O(Tq71€7qa6'r)
b j=17/1v'[<é
+0(1%e797) + O(771) + O(7 72N F3)
4.

/|Et\2dz > OTZ// 672“le(y’)dy'707'672a67
D ly’|<d

=1
—Cr~ Y —Cr2NH3,

where By and Hy are oscillating-decaying solutions for the penetrable case defined
m Qt (w)

Proof. The proof is via the representation of the oscillating-decaying solutions
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of (Ey, Hy). For 7> 1(1 < 7%), we have
/D \H,|%dz < CTZq/ —gar(@w—to) gy 4 O, / |FXt thw|qu

+O / |Tthth

< CTQQ/ efqa'r(mwfto)dx + 072‘1/ efqa-r(:n-wfto)da7
Ds D\Dé
+O‘1/ |F}4,B,'y,u|qu + Cq/ |r114,B,'y,M|qu
D D
m 5
< Cr¥ Z// dy'/ e~ 99TY3 dyg 4 C'72de 99T
j=1"1y'[<é Li(y")
+CHFthth||L2 )+C||rXt,thw||L2(D)
<

CT2qfl Z // faq‘rl (v )dy C 2q 167qa6'r
; ly’|<é q

Jj=1
+C7'2qe_an —‘rCTe_CaT +CT_2N+57

where c¢ is a positive constant and a depending only on a4,ap. For the lower
bound of [}, [H;|*dz, we have

2 4 —2a7(x-w—t
/[‘) |Ht| dx > Cr /D e 2a (r-w O)d.T CHFXt,bt Nw||L2(Qt0(w))
C'||7"X, b,t,N w||1:2‘(szt0 (w))

> 07_4/ e—2a‘r(:.:t~uu—t0)dm — Cre ¢ — CT_2N+5.
m

> 3 Z // e_zaﬂj(y/)dy’ — Cr3e200m
j=1 ly’'| <o

_CTefca'r _ CT72N+5
It is similar to prove the remaining case, so we omit the proof. O

Lemma 5.6. We have the following estimate

[H.]I7
”E’t”# Z O(T2)7 T> 1.
12(D)

Proof. Since 0D is Lipschitz, we have [;(y") < C|y’|. Therefore we have the

following estimate
m m
73 Z // 672a7'lj(y')dy/ 73 Z ﬂ 672a7'\y'\
j=1 ly'|<é =1 ly'|<é
m
Cr // 672“|y/|dy’
Z: ly'| <18

j=1

O(1).

v

v
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Then we use Lemma 5.5 to get

Ce=2087 L Or—2e=267 L 07 —2N+2
” “Sarl(y’
Z;nzl ﬂ|y’\<6 207l (y )dy/

1 . 0(8—25(17')4"»0(7_6—(:(17)+O(T—2N+2)
72a'rlj(y’)dy,

1 Hell72

or?
| E¢||3

L2(D
) E;'n:Lmy/K(se

= O(r?) (if 7> 1).

Lemma 5.7. Ift = hp(p), then for some positive constant C, we have

T—>00

liminf/ 7|V x Hy|?dz > C.
D

Proof. Since 1;(y") < C|y’|, we have

/ IV x Hy(z)Pdz > c/ |By(2)|2dz
D
> // —2a‘rl e )dy/ _ CTe—Qaér
ly’|<d
—2N+3
> // —2a‘r\y ‘dy —Cre™ 2a8T
ly’|<d
—CT F—2N+3
> Or[r? Z// e_2a‘y/‘dy’] — Cre 2907

j=1 ly'|<T8
Ot = O (as 7> 1).
Therefore, we have

liminf/ 7|V x Hy|*dz > C.
D

T—00

4 246

Lemma 5.8. For p € (max{3, s

},2]. we have the following

H, |2
o ey 1)

< 07'17% > 1).
2 ISP G, (r>1)

2
122 ()
Proof. From the proposition 5.3, we have

. . j—— < i )
7171_%11218(51) [ HyellLz) < CIV x Hil| Ly (D)

Then it is easy to see the conclusion.

O

Remark 5.9. Recall that the sequence {H,, ;} converges to H;y, in H(curl, K)
as £ — oo for all compact subset D €@ K € Q and Hy4,, — Hy in H?((w)) as

17 — 0, so we have

IV x HyellLo(py = IV X Hil|zr(py and || H,, lz2(p)

as £ — oo, n — 0.
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5.1.2 End of the proof of Theorem 1.1 for the penetrable case
First, we prove the case t < hp(p). From (5.5)), we have

77*11;}74(7, t) = /Q (€' =€)V x Hyy) - (V x Hyp)dz

- /Q(eflv X Hyy) - (V x Hy ¢)dz — k2/9u|f?n}|2¢5n30)

Note that (Eeyg,fz_/g) satisfies

V X By —ikpH, ;=0 in Q,
V x Hn,e + ik’yEn’g = ik(eo — E)En’g in Q,

and rewrite it as
V x (e7'V x Ep ) — k*vEy s = k(€ — €0) By . (5.31)

Thus, we can use the same argument from the Remark 5.4 again to (5.31)), it is
easy to see -
1 Ey.ellz@) < CllEpellL2(p).-

In addition, we use the Maxwell’s equation and € — ¢g = —epXxp, then we have

/(e—lv X Hypy)- (V x Hyp)de = /(—zkeE‘; +ik(eo — €)Eng)) - (V x Hy ¢)dz
Q Q

IN

c/ |m|2dx+0/ |Ey o ?d (5.32)
Q D

C/ |Eyy o) d.
D

Thus, from (5.30)), Proposition 5.3, Lemma 5.5 and (5.32)), we can obtain

IN

Lo
\;I}Z’ (Ol < 1 EnellFreurt,p) + 1Hnel i curt, py-

From taking ¢ — co and n — 0, we have

1 - :
|;Ip(7, t) < |TZ//| | 66—2arlj(y Vdy' + O(r2e~2a07)
i=1 VW<

+0(72e72%T) + O(773) + O(7 72N +3)
o™ + 0(7‘2672“67—)
+O(7_26—2a7') —|—O(T_3) +O(7'_2N+3).

IN

In particular, we get

1
limsup |=1,(7,t)| = 0.
T

T—00

Second, we prove the case t = hp(p).
Case 1. £ (71 — ¢ h)¢ > AJ€]? for all € € R? for some A > 0.
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From the inequality in Lemma 5.1, we have
it > /D[e(e — e gV X Hyyf] - (V x Hyyg)da — kQ/QMPmFd:c
2 [ s
Q
> C/ IV % Hyo[2dw — c||Hyl[32(0)-
D

By using the definition I,,(7,t) := lim, o lim 0 I5(7,t), {H,¢} converges to
H, in H(curl, K) for all compact subset D @ K €  as £ — oo, n — 0, we have

_J Hel;
p—(TaQt) > (C7|1—C limlimsup H”—LZ‘(QQ)
IV x HtHL2(D) A N Ht”LZ(D)

> COr(1- o3,

Hence, using Lemma 5.7 we deduce that for 7 > 1,
[Lp(: hp(p))| =2 C >0

which finishes the proof.
Case 2. £ (751 — 1€ > N|¢]? for all € € R? for some A > 0.
Similarly, using the inequality in Lemma 5.1, we have

7*11;]’@(7, t) > / (gt — eV x Hyp) - (V x Hyy g)dx — k2/ wlHy o2 da.
D Q

Then use the same argument as in Case 1 we can finish the proof.

5.2 Impenetrable Case

We give the proof of the second part of Theorem 1.1, since it is the hardest
part. The other cases are easy since we have proved it in the penetrable case.
In addition, the upper bound is easy because of the well-posedness and the L?
estimate for the indicator function, but the lower bound is not easy to see. In
the following proof, we will use the layer potential properties for the exterior
isotropic Maxwell’s equation (with the Silver-Miiller radiation condition) and
the perturbation argument from the anisotropic Maxwell’s equation compared
with the isotropic case. In the impenetrable case, we have chosen the oscillating-
decaying solution as the following form

Xt,b,t,N,w Xt,b,t,N,w
B

Hy = Gl(a)eimtemmow=tA7 @0y 4 10 (@, 7) + 1 bt v (2 7)

E; = G (z)eimmEe w0 A7 (@) 4 P52 (z,7) + 152 (z,7),
Xt,0,t,N,w

where GL(z) = O(7) and G%(z) = O(r?) and Ff;,jb,t,N,w satisfies 1) for
|a| = j and Tft,,j@t,Nw satisfies 1) for k = j.
We start by the following lemma.

Lemma 5.10. Assume that p is a smooth scalar function and vy is a matriz-
valued function. Let (E,H) € H(curl;Q\D) x H(curl; Q\D) be a solution of
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the problem
VxE—ikpuH =0 inQ\D,
VxH+ieE=0 in Q\D,
vxE=Ff on 082,
vx H=0 on 0D,

(5.33)

with f € TH='/2(0Q). If we put foe=v X B, with {E, ,} is obtained by the
Runge approzimation property. Then we have the identity

1
—;Ig’e(ﬂt) = —/D{|V x Eyo(z)|? — K| B,y 0(2)|* }do

- Q\D{IV X By o(@)* = k| By e(2)* Yo

/D (IV % Hy ()] — K2 Hy ()}

+ [ {IV X Hyo2)? — K2|Hy ()Y da
Q\D

and the inequality
]_ P
e / (IV % Hy () — K2 Hy o)}l — B2 / R
T D OQ\D

where /E:;g =F—-FE,,; and Im = H — H,, ¢ are described in section 5.

Proof. Use the integration by parts and the boundary condition, we have
/ U (VXE)(V x By ¢)—K2eE-E, dx = —(/ —/ Jik(vx H)-Ey gdS = 0.
Q\D oo Jop
Adding this to
Ig’l = /{)Q(V X Emg) . (72]43H + ikag)dS
= / *(/Lilv X ETIVZ) . (V X E) + k’2(,uEn,g) . Edm
o\D

+/ Y X By ol? — K2 (uEy ) - By eda +/ (v x Epy) - (—ikH)dS
Q oD

due to the zero boundary condition on D we have the last term is vanishing. O

From the above estimate, it only need to control the lower order term
Jor Hy.e(@)[?dz.

5.2.1 Estimate of the lower order term 1{[;7/@

Proposition 5.11. Let Q be a C' domain, D e Q be Lipschitz. Then there
exists a positive constant C independent of (Ey ¢, Hye) and (Ey e, Hy ) such
that

D |Hn,€(x)|2dx < C{|IV % HmZHQLP(D) + HHnl”?{sH/?(D)}v

for all p and s such that max{2 — §,4/3} <p <2 and 0 < s <1 with 6 > 0.
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Proof. Step 1. Before proving the Proposition 5.11, we consider the anisotropic
Maxwell’s equation in ) as follows:

V x E’r],€ - ik,Ung =0 in €,
V x Hy o+ ikeE, =0 in Q, (5.34)
v X En,é = fn,[ S TH—1/2(aQ) on BQ,

where F, ; and H, , are solutions of the anisotropic Maxwell’s equation. Since
E,i=E—E, Hy,=H — H, 4, we have

V X By —ikpH, =0 in Q\D,
V X Hyo+ikyE, =0 in Q\D,
mezo on 012,
Vxlm:—nymg on OD.

(5.35)

Step 2. Let (E}%, HpY) be the solution of the following well posed exterior

Maxwell’s problem

V x B —ikH% =0 in R3\ D,
. . 0 TR3\ 7
V x Hjje +ikE, =0 in R\ D, (5.36)
v X HYYy = —v x Hyy on 0D,
EYY, H i satisfiy the Silver-Miiller radiation condition.

We can represent these solutions E% and H}% by the following layer potentials

me(T) = VX/ O (z,y) f(y)ds(y),
oD
1

() = —%V x H%(z), x € R®\oD,
eik\z—y|
where Oy (z,y) = gy z,y € R3, = # vy, is the fundamental solution of
e —y

the Helmholtz equation and f is the density. Now, we follow the arguments in
section 2.1 of [7] and use the same argument for the isotropic Maxwell’s equation

(5-36)), then we have

{nEmnm\D) < C{llv x Hydllzrop) + IV X Hyell oo}

o (5.37)
IH:5 L2 py < CLllv X Hyellzeopy + IV X Hyello(p) }s

4 __
for p € (5,2]. Moreover, if we define &, ¢ = Ey ¢ — E7%, Moo = Hye — HYY,
then &, » and H,, , satisfy the following Maxwell’s equation

V x &y —ikpHye = ik(1 — p)HE,  in Q\D,
V X Hy o+ ike€y o = ik(y — I)ESY, i Q\D,
v X Hye=0 on 99,
vXEpp=—vxEY on dD.

(5.38)
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Step 3. Now we decompose &, = 5%75 + 5374 and H, = 7—[%75 + H%,Zv where

(&) s M, ) satisfies the following zero boundary Maxwell’s equation

Vx &, —ikpH) = ik(1 - p)HY,  in Q\D,

4 -
V x ML, +ikeEl , = ik(e — I3)ES%,  in Q\D, ) (5.39)
v X 5%,@ =V X 7'[717,4 =0 on 9(Q\D),
and (8,2]7@,’}{3,,@) satisfies

Vx &, —ikpH, , =0 in Q\D,
V x H?ﬂ + ikfyfg’g =0 inQ\D,
v X 7-[72775 =0 on 0},
vV X 572175 =-—vxEY on 0D.

(5.40)

First, we deal with the equation ([5.39) by using the LP estimate in Q\D.
Note that (£} ,,H, ,) satisfies (5.39), then we have

{v X (1Y X &) ,) = K€L, = ikV x [(u" — 1)HET) +ik(y — I3) B, in Q\D,

vx & ,=0 on 9(Q\D),
and

Vx(e'V x U,y ) = kPpH) , = ikV x [(I3 — e ) ESY] +ik(1 — p)H%  in O\D,

v X 7—[717’@ = on 9(Q\D).

Now, if we use the same method in the proof of the Proposition 5.3, we will
obtain

{ne;,enm\m IV % EL | oy < CLIHS,

r\D) T 1B L2y b

1H,, oo\ py + IV X Hy ollne@py < CUIES | Loy by + I1H % L2005y
(5.41)
4
for any 3 < p < 2. If we combine (5.37) and (5.41) together, we have
IH,) oll o5y < Cllv % Hy el ooy + IV % HyellLo(p)}- (5.42)

For (Sg’e, ’Hf],@), we apply the L?-theory for the anisotropic Maxwell’s equa-
tion, we get

HH%,K”LQ(Q\D) <&, | H (curt,0\D) < C||VX572;,Z||H—1/2(BQ) < Cllvx Bl g-1/2000)-

Moreover, following the proof in the Lemma 2.3 of [7], we have
v x Ex |l g-1/2000) < CllfllLrap), VP > 1,
and

1H3.0

|L2(Q\D) < C{flv x H"],Z”QLP(BD) + |V x Hnl”ip(p)}a (5.43)

4
for all p € (5,2]. Recall that H, = ’H}M + 7-[72]’4, by using (5.42) and ([5.43)),

then we have

[ Hnell L2 by < CLUIv % HyellLropy + IV X Hye

LP(D)} (5.44)
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, (5.44]) and H:g = Hye + H5, we get

4
for all p € (g, 2]. Combining (5.37 bR

/Q Tyo(@) e < [Hoyelloeonn) + I1HEE)

\D

L2(Q\D)

IN

C{llv x Hyell1nopy + IV X Hyell7opy} (5.45)

4
for all p € (5,2}. Finally, for s > 0 and p < 2 we have H*(0D) C L*(0D) C
L?(OD), then we reduce that

v x Hyellropy < Cl[Hpellrop) < CllHnell s oD
Note that the trace map from H*+'/2(D) — H*(9D) is bounded for all 0 < s <
1. So the estimate (5.45)) will become

/Q V@ < O ooy + 1V % H el

4
forallpe(g,Q]and0<s§1. O

Remark 5.12. Now, if we take ¢ — oo and € — 0, we will get

lim lim sup /Q\D |H,o(2)|?dz < C{HHt”?qs-H/?(D) + ||V x Ht||2Lp(D)},

=0 00

where Hy is the oscillating-decaying solution defined on Q;(w).

We have the following lemmas for the oscillating-decaying solutions in the
same way as we did in section 5, so we omit the proofs.

Lemma 5.13. For1 < g < oo, 7> 1, we have the following estimates.

1.
/ ‘Ht(x”qdl' < Tq_lz/ e_aquj(y/)dy’_|_O(7.q—16—qa57')
b o Mi<s
+0(19e799) + O(771) + O(r 2N +3)
2.
/ |Ht|2d$ > CTZ// efzale(y,)dy/ _ CT672a57
p j=17/1y'I<é
_CT—l _ CT_2N+3

3.

IN

m
7_21]71 ﬂ efaq’rlj(y')dy/ + O(T2q7167qa67')

=17/ 1y'1<é

+O(12e797) 4 O(1e~T) 4+ O (72N +5)

/ |V x He(x)|%dx
D

m
/ |V x Hy(z)|*dz > C7° Z // 20Tl gy _ O3 e—2a0T
b j=1"1y'[<é

—Cre " — Or2N+5
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Lemma 5.14. We have the following estimate

| Hl22
e — < O(77%), 7> 1.
IV x Ht”%z(p)

For p < 2, we have the following estimate

V x Hy||?,
N> Bilivw) _ ga-z sy
”V X Ht”[,p(D)

Lemma 5.15. Ift = hp(p),then for some positive constant C, we have

liminf [ 7|V x H,|*dz > C.

T—00 D

5.2.2 End of the proof of Theorem 1.1 for the impenetrable case

By using the same argument in the penetrable case, it is easy to see that

1
limsup|—1I,(7,t)] =0
T

T—00

for t > hp(p). Recall that from Lemma 5.10, we have

1 —
10 2 [ (9 % Hy @) = Ry @) Yo~ 1 [ (o),
D Q\D
(5.46)
By using Proposition 6.2, we deduce

1
— () 2 /D {1V % Hy (@) P~ R2 | Hyp (@) PYda—C U E s 2 ) IV X Hi oy

A

|V x Ht||2L2(D)

4
where 0 < s < 1 and 3 < p < 2. We want to estimate , for

0<s<1. Setr=s+1/2, then we need to estimate

IH el ()
[V x Ht||2L2(D)

13
for r € (5, 5] Using the interpolation inequality, we have
| Holi- oy < CIH Ty | el gy, 0 <7 < 1.

By the Young’s inequality ab < 5’0‘% + 5ﬂ%, é + % =1, we obtain

2 o 2 8" 2
[Hellzrpy < C THHtHLZ(D)+F||Ht||H1(D)
— _(1_7’)71 67’71 H. 2 57’71 VH, 2
< CHA=r) + 70" HHollzzpy + 70" IVH: | Z404])
Recall that H; = G}B(m)eim'ge_T(w""_t)AtB(zl)b+Fft”1b7t’N,w(33, T)+7“B’1l)7t’N7w(x, T)

is a smooth function with G (x) = O(r) and Ff;,lb,t,Nw satisfies 1) for |a| =1
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and rft’lb + N, Satisfies 1] for kK = 1. If we can differentiate H; component-
) B,1 B,1

aHt B (9GlB€”I'Ee_T(I'w_t)A‘Bb n arxt,b,t,N,w 8rxt7b,t7N7w

ij 8xj 8a:j &rj

wisely, we will get

and

aNﬁ‘yBy’)’y# 2 4 —2at(z-p—t)
”7830- 1720y < OT* [pe P=dx,
2t
A,B,v,
”7857 L 2oy <er
2t J
A,B,v,
=5 Nz < 7

Then by using the same method as before, it is easy to see that

71/267CT.

~N+3/2

3
O0H,
IVE a0y = oI5 e
j=1 J
< CT4/ e 2@P=dy + erle 2T 4 or2NHS,
D

For t = hp(p), we have

IVH||72py < CT4/ e 20(@p=ho(P)) g 4 crleT2T 4 op2NES
D
< CT4(/ +/ )6—2a(w-p—hp(p))dl, + CT_16_2T(S_t)a
Ds JD\D;s
+CT_2N+3
m 5
< 07_4 Z // dy/ / 672a7y3dy3 + CT4672ac‘r
j=1"1v'[<é 1;(y")
+CT—16—20T + CT_2N+3
< OTS Z // 672a‘rlj(y')dy/ - 07,3672a5'r

j=171v'[<é

+O73e7200T 4 orlem20T 4 o T2NH3, (5.48)

From Lemma 5.13 and (5.48)), we have

V H,|?
| tHL’;(D) <c (5.49)
[V x HtHL2(D)

Combining Lemma 5.13, (5.47)) and (5.49) we obtain

-1 HHtH%P(D)

||HtH§—IT(D) < C{(l —7")(5_(1_7‘)71 +,,,57‘ }—
= IV x Hi||72(

IV x Hy||Z2p
1 ||VHtH%2(D)
|V x Ht||2L2(D)

< C{1=r)5 07 4psm YO(r ) + st

+Cré"
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We now choose p € (%, 2), combining (]5.46[), (]5.47[) and (]5.49[) we have

1
el
A 7121 1) IV Hill
|V x HtH%?(D) - HV X Ht||L2(D) ||V x Ht” ||V X Ht||L2(
> C—c{(1—-r) " 4" JO(r™ )— Cré"™ " —car'™h

-1 1
> C —cord” 1, §<7’<1,T>>1.

Hence from Lemma 5.15, we have

lirginf |I,(T,hp(p))| > ¢ > 0.

6 Appendix

6.1 Construction of the oscillating-decaying solutions A
and B

In this subsection, we show how the scheme in [I5] can be used to derive the
oscillating-decaying solutions A and B. Recall that E and H satisfy equation
. therefore we need to derive estimates of the higher derivatives for A and B.
Note that the main term of w? , , v, (resp. w? v )is xi(2 NQieim e T(@ww—D AT (=)}

(resp. x¢(z)Qei™ ¥ e T(@w t)A (@ )b), which can be directly differentiated term
by term since it is a multiplication of smooth functions. So we can calculate F
and H directly. For convenience, we denote w = Wy, b.t,N,w ¥ = Vxs,b,t,Nyw (L5 T).
Without loss of generality, we can use the change of coordinates to assume ¢ = 0,
w = (0,0,1) and n = (1,0,0), ¢ = (0,1,0). Define

QVA = e_im/f/LA(eim/'fl‘)y 61; = e‘i””l'flLB(ei”"fl.)

where ' = (21,22), & = (£1,&) with |¢'| = 1 and L4, L have been defined
by and . In the following, we will give all the details for the higher
derivatives of F and H.

In [I5], the authors used the phase plane method to get a first order ODE
system and we want to decouple the equation in order to solve it by direct
calculations. The method of construction the oscillating-decaying solution is
decomposed into several steps: -
Step 1. As mentioned before, we set QA = e~ira’¢ Ly(e iral-g, ), Qp =
e—ira’¢ Lg(e ira’-¢’, -) and solve QA’UA =0, QB’UB 0. In the following calcu-
lations, we only need to consider Q ava = 0 since QBUB = 0 will follow the
same calculations. Let Q4 = C2Q 4 be the operator which satisfies the leading
coefficient of 97 is 1 and the existence of C4 is given by the strong ellipticity of
L4 and we need to solve Q@4v4 = 0 (the same reason for the operator /C,j; and
Q). Now, We introduce the concept of the order in the following manner. We
consider 7, J3 are of order 1, 91, 0> are of order 0 and x3 is of order —1.

Step 2. Use the Taylor expansion with respect to x3, we have

N-1
QA(x”CE3) = QA(:I;/’O)—F..._A'_%

Qi+ Qu+ -+ +R

N 'Qa(2',0)+ R
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where ord(QQ) = j and ord(R) = —N. Since we hope that Q4v4 = 0, we have

Qhva=—(Q4+ Q4+ + QN + Rjva = f.

Step 3. Following the paper [I5], we denote D3 = —ids, p = (£1,&2,0) and
(a,b) = ({a,b),,) for a = (a1,a2,a3) and b = (b1, ba,b3), where (a,b),, =
Zjl Céklaj b; with C{;‘kl being the leading coefficient of the second order strongly

elliptic operator L 4. If we set W = { Zl ] , where
2

w1 = VA
wz = —7 1 (€3, €3) 4,0 D3va — (€3,0) 4,0 V4
and use f = —(Q4 + QY+ + Q:\NH + R)va, then W will satisfy

0
T {es,es) pym0 f
= (TK*+ K+ + K2+ W

DsW TKAW +

where K4 is a matrix in depending of x3 which can be diagonlizable by the
property of the strong ellipticity of L 4. Note that each K ]A’s only involves the

2’ derivatives with ord(K ') = j, ord(S) = —N — 1. It is worth to mention that
with the help of such special W, then we can solve the ODE system explicitly.
Step 4. Decompose K* such that

— - [ k2 o
KA—=—0O K40 = L
© N [ 0 KA]

where spec(;(;’i) C Cg := {£Im) > 0} (the existence of K4 and Q were showed
n [15]). If we set W =Q~'W, then
DsW = (tKA+ Ko+ -+ K_n + S)W,

Step 5. If we write W = (I + 2340 + B<0>)W<0> with A(©), B(O) being differ-
ential operators in 9, (their coefficients independent of z3), then

Dgw(o) = {Tﬁ + (I?o — T$3A(O)ﬁ + TLL'SEZA(O) — B(O)ﬁ
+EKABO 4 i A L KT .. W@
= (Tﬁ+ko+ff('\’,1+“~),ﬂ7(o)

where ord(l/(\’,l) = —1 and the remainders are at most —2. We choose A(®), B(0)
to be suitable operators and use the same calculations in [I5], then we will get

7o | Ko, 0
o 0 Ko(2,2)
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to be a diagonal form (here we omit all the details).
Step 6. Finally, following step 5, we can write
W = (I+3A0 + 77 1BOYI 42240 4 77123BMW 4 7720W)...
X (I + TP AN 4 7= 1N pIV) 4 7_2379’*10(1\7))%(]\7)
with suitable A®), BY) and CY) for j = 0,1,2,--- ,N (C© = 0), then W&

satisfies . B B o
DsWW) = (7KA 4+ Ko+ -+ K_n + SYWW),

with all I?_j are decoupled for 0 < 5 < N and ord(g) = —N — 1. If we omit
the term S, we can find an approximated solution of the form

(N) N+1(>

~(N ~(N

Va :Z V_jA
=0

satisfying

Dyt = {rK + Ko(1,1) + -+ K_n(1,1)}5Y)

and each v ) has to satisfy

N . (N)
Do) = TE A0, 057 Ly =0 = xe(2')b,
D3@(]\1,)A = TKfU(ApA + KO(l 1)”(()]\27 A(_J\{ Alzs=0 =0,
~(N oA AN N & ~(N ~(N
Dy, 4 = TKfUSJ\LLA + 22— K1, 1)Uij,)A7 1](71\;71,,4|963:0 =0,

where x;(2') € C§°(R?) and b € C3. Thus, by solving this ODE system we can
get the following estimates:

2502 (0 ) ams) < er #7712 (6.1)
~(N) ﬁ(N) . .
for 0 < j < N + 1. Moreover, if we set V' = % , then it satisfies
VY — KA+ Ko+ + K_n}V{Y = R,
N Xt (2")b
V,g )|w3 =0 = 0 1 )
where ~
HR”L?(Ri) <cer NTE2
Uy
Step 7. Finally, if we define the function ¥4 = | 02 |, with 9; being the jth
U3

component of the vector Q(I + x3A® + 7= 1BOY( + 2240 4 7=12,BM 4
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772CWY) o (T4 2 TPAWN) 4 71N BIV) 4 T_QxévflC(N))f/f(‘N) and set wy =
exp(ita’ - &)U, we will get that

Qexp(ita’ - &) ex (ZngKA( Nxe ()b + exp(ita’ - €T (z, 7)
= Qexp(ita’ - &) exp(—iTxg(—Kf(x’)))Xt(x/)b + T (z,7)

wAaA

and
wA|a:3:O - EXP(inE, . 5/)(Xt(x,)Qb + BO(xlv 7)7

where Bo(z’,7) = L(2/,0,7) is supported in supp(x:). Note that the function 4
comes from the combination of 5% j u’s, for j=1,2,--- N +1. Now, we derive
higher derivative estimates for the 0sc1llat1ng—decay1ng solutlons back to see all
the v(_J}i) 4 ’s separately. In fact, only need to see v(_Al,) 4- From the estimate ,
we know that the estimate is independent of the derivative of z’ variables, all
we need to concern is the 03 derivative. From the equation

D5o'")y = KA, + Ko(1,1)0(") (6.2)

and the standard regularity theory of ODEs(ordinary differential equations), we

~(N )

know that 0 € O if all the coefficients are smooth. Moreover, note that

K+ mdependent of x3, then we can differentiate ( ) directly, to get

D™ = Dylr KAA(N) —|—I~(0(1,1)v(()]\2]

- TKA(Dg”U(N)) (D3Ko(1,1))0§") + Ko(1,1)D50{")

P2(EA2N), 4+ rKARy(1, 1)) + (DsRo(1, 1))

+7Ro(1, )E 26

Thus, we can obtain that
1250208 (0N |2 ) < er #1732,
for all n < 2. Inductively, we have
(N _Bn—
1250205 (0 )l 2 rs y < er=HH1=372,

for all n € N. Similarly, for other 17(7]}”)14 with 2 < 7 < N + 1, we can get similar

estimate in the following:
|5 0204 (5 ~j, A)HLZ(RS < epnmPmITlR
Vn € NU {0}. Therefore, I" satisfies
162T || () < crlal=3/2=T(s—0A

on  := {x3 > s} NQ for s > 0 and V|a| € NU {0}. Note that since each
A( )

A ’s are smooth, we can get the smoothness of R and
HagRHH(Ri) < crlel=-N=3/2
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for all || € NU{0}. Furthermore, we have that
102 (Qava)llL2(y) < erlal=N-1/2.

Step 8. Now let u =w+r = e ¢ 54+ and r be the solution to the boundary
value problem

Lar = 761‘71’45’@1’}; in Qg
r=20 on 09

However, note that Qy = {3 > 0} N Q is not a smooth domain since 9y =
({zz3 =0} N Q) U ({z5 > 0} NON). Note that the oscillating-decaying solution
exists in the half space, from the construction, we know that the solution is
independent of the domain Q. Let Q C Ri be a open bounded smooth domain
containing  with {z5 =0} NQ C BQ, from the construction, it is easy to see
the form of oscillating-decaying solution does not depend on the domain €2, then
we can extend 7 to be defined on 2 and call it #(z). Here we can also extend
v4 to be defined on S~2, still denote v4 and all the decaying estimates will hold
since our estimates were considered in R?’H then we have

= —eim/'g,@:‘@] in ﬁ,
=0 on Q.
Note that all the coefficients are smooth, we apply a well-known elliptic regu-

larity theorem (Theorem2.3, [1]), then we will get # € C*(Q) Vk (recall that
0 € C*) and

7] o1 (srsy < cl|Qavall g oirs)-

Hence [|057([r2(00) < 1097 12 < erl=N+1/2 for all |a| < k, Vk € N. Simi-
larly, we can construct the oscillating decaying solution for Ly B = 0. Then we
represent A and B to be two oscillating-decaying solution in the following form:

A A .
= WibtNw T bt Nw I (),
A= ™y (2" )Qu(a")b + ﬂft,t,b71v,w} on ¥ (w),
B= W pinw b 02w,
B= ™ x(z")Qs(z")b + B)]i,t,b,N,w} on X (w),

where

A _ ! itz-€ ,—7(z-w—t) Al (! A

Wy byt,Now = Xt(il’ )Qte el ) ;( b + ,th,bi,N,w(x’T)’
B _ ! itz& ,—T1(z-w—t)AP (2’ B

WY btNw = Xe(2)Que T e T TN £y B (2, 7),

Ve btoN A0 VY 1 v, satisy (3.8) and (3.9).

6.2 Well-posedness and L” estimate for the anisotropic
Maxwell system

In the following, we would list the eigenvalue property and well-posedness results
of the following problem: let Q C R? and K € Q,
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V x E =ikuH in 0\ K
Vx H=—ikeE+J in Q\ K
vxE=f on 0f)

vxH=g on 0K,

(6.3)

where p, ¢ are symmetric and positive definite matrix-valued functions. More
precisely, we assume there exist constants g, (1, Ag, Ag > 0 such that

{MOI < u(z) < ml,

6.4

These well-posedness for the isotropic Maxwell systems can be found in Theorem
4.18 and 4.19 of [13]. However, we have the same result under our assumption
(6.4) following the arguments in [I3]. Let

X = {ueH(curl;Q\K)\yxuzoon 9Q and ur € L? (9K)® on aK}.

Definition 6.1. We say (E, H) or E is a weak solution of (6.3) if £ € X and
satisfies

</J/_1V X E7 V x ¢>Q\K_k2 <’YE5 ¢>Q\K = <’Lk‘]7 ¢>Q\K_<M_1ga ¢T>8K’ v¢ € X,

(6.5)
and v x E = f on 99, where ¢r = (v X ¢) x v and (-,-) denotes the standard
Hermitian inner product of L? space. Moreover, if (6.5)) fails to have a unique
solution, then k is called an eigenvalue or a resonance of (6.3)).

Lemma 6.2. There is an infinite discrete set ¥ of eigenvalue k; > 0, j =
1,2,... and corresponding eigenfunctions E; € Hy(curl;QY), E; # 0, such that
holds with J =0 and f = g = 0 is satisfied.

From the above lemma, we have the following theorem.

Theorem 6.3. For k ¢ ¥, there ewists a unique weak solution (E,H) €
H(curl; Q\K) x H(curl; Q\K) of given any f € H™'/?(Div;00), g €
H~Y2(Div;0K) and J € H Y (Q\K). The solution satisfies

11 oy B vy < CO - pinsomy Hllli-vaginor -1 -1 o)

for some constant C > 0, where
HV2(DivT)i= {f € HV2(0)°| v f =0, Voo - f€ HT2(D)

I'=00 or 0K.

In the following, we state the LP theory for the anisotropic Maxwell’s system.
For this purpose, we define a bilinear form

Ba(E,F) 52/

(A(@)V x E(@)) - (V x F(x))dz + M/ E(z) - F(x)da
Q Q

/ 1 1
for all E € Hy(curl,Q) and F € Hy? (curl, Q) with ;—F i 1. We only

state LP estimate in the following theorem, but we do not prove the theorem.
For more details, we refer readers to read [7].
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Theorem 6.4. [7] Let Q be a a smooth domain. Suppose that A = A(x) is
a real symmetric matriz with smooth entries and satisfies the uniform elliptic
condition

NP < A(2)€ - € < Mg, for all € € R?,

for some constants 0 < A < A < co. Assume q is some number satisfying
2 < q < 00. Under the condition

1
inf sup |BAE,F)|Z?>O

i
1EN g =1 | B ,g=1
the Maxwell’s systems of the equations
VX(AVXE)+ E=Vxf+g

is uniquely solvable in H&’q/ (curl,Q) for each g € LY (Q) and f € LY (Q) and
the weak solution satisfies

1Bl Lo ) + IV X Ell L @) < KAl fll Lo ) + 9l Lo}
where K is a positive constant depending on p.

We end up this appendix with the following lemma on the embedding related
to the Sobolev-Besov spaces, for more details, see [12].

Lemma 6.5. Let u € LP(D) such that V -u € LP(D) and V x u € LP(D).
If v x w € LP(OD), then also v -u € LP(OD) for p € (1,00). If in addition
1 < p <2, then u € B*(D) and we have the estimate

P

||U||Bzi=2(p) < C{llullzr(py + lleurlul| o (py + IV - ullr(py + [V X ul|Lo(ap) }

where the Sobolev-Besov space BE:4(D) := [LP(D), WYP(D)], , is obtained by
real interpolation for 1 < p,q < oo and 0 < a < 1.
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