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Abstract

We consider the inverse boundary value problem of determining the
Lamé moduli of an isotropic, static elasticity equations of system at the
boundary from the localized Dirichlet-to-Neumann map. Assuming ap-
propriate local regularity assumptions as weak as possible on the Lamé
moduli and on the boundary, we give explicit pointwise reconstruction
formulae of the Lamé moduli and their higher order derivatives at the
boundary from the localized Dirichlet-to-Neumann map.
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1 Introduction and main result

Let us briefly give our main result before giving its detailed mathematical de-
scription. That is we give explicit pointwise reconstruction formulae of Lamé
moduli and their derivatives at a given point on the boundary from the measured
data called the localized Dirichlet-to-Neumann map for the inverse boundary
value problem associated to an isotropic elastic equation in a bounded domain.
We will refer this kind of inverse problem by boundary determination.

Let Q C R3 be a bounded domain with boundary 9Q and A = \(z), u = u(x)
be the Lamé moduli which satisfy

w>0, 3\ +21 >0 on . (1.1)

The regularity of 02 and Lamé moduli will be specified later. Consider the
boundary value problem

, 3 9 0 . .
(Lu)i = 225 ki @(Oijkl%uk) =0(i=123) inQ, (1.2)
u=f e HY?(0Q;C?) on 0N

for the displacement vector u = (uy,uz, ugz), where

Cijrt = Cijri(x) = X001 + p(0indj1 + 0:105%) (1 < i, 5, k, £ < 3) (1.3)
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are isotropic elastic tensors in terms of the Cartesian coordinates x = (x1,x2,x3)
with Kronecker delta d;;. It is easy to see that Cj;i; defined by 1D satisfies
the symmetry given as

Cijrr(x) = Criij(z) = Cjin ()

and the strong convexity condition given as

3 3
- 2
E Cijri(x)eijem > co E €5

i\j k=1 ij=1

with some constant ¢y > 0 for any = € Q and symmetric matrix (g;;).

Define the Dirichlet-to-Neumann (DN) map Ac : H'/2(0Q) — H~'/2(0Q)
by

> ou
. % )
(Acf); = Z Vjcijkl%|69 for i=1,2,3,
7,k,l=1

where u is the solution of (1.2) and v = (v, 12, v3) is the unit normal of 99 di-
rected into the exterior of . Let e(u) := (€;;(u)) be the strain tensor associated
to the solution u of ([1.2)), where

€ij(u) = 5 (89@ + 8%) fori,j =1,2,3.

It is well-known that for f,g € H'/2(9Q),
(Acts9) m-1r2(00) x 12 (00) = /Q (A divu (dive) + 2 e(u) ?U)) dy,

where () yr-1/2(90)x H1/2(50) 1S the pairing in H~Y2(09) x HY?(0Q), v €
H'(Q) can be taken whichever satisfies v = g on 9Q and the notation “:”
denotes the Frobenius inner product. Let zy € 92 be an arbitrary point, then
the DN map A¢ can be localized near xg by restricting the support of f, g in an
open neighborhood of z in 01.

The precise description of the aim of this paper is to recover A, i and their
higher-order normal derivatives near a given point xo € 02 by knowing the
localized A¢ around z(, under the regularity assumptions on A, 4 and 0f) near
xo as weak as possible. More specifically, we will show that for any m € N, the
Lamé moduli and their normal derivatives at ¢ € 9€2 up to order m can be given
explicitly from the localized DN map A¢ around zg. There are some related
results on this boundary determination for the elasticity system. For the two
dimensional isotropic elastic system, the boundary determination was given by
[1] if the Lamé moduli and 99 are smooth. In [7] and [§] the authors developed
layer stripping algorithm in which they solved the boundary determination for
the three dimensional isotropic and transversally isotropic elastic systems also
for the case the elasticity tensor and OS2 are smooth. But it should be remarked
here that a result of boundary determination under regularity assumptions as
weak as possible was missing for the elasticity systems and we aimed to provide
such a result for the isotropic elasticity system in this paper. For practical
application, it is needless to say the importance of such a result. We note



that there are related results for both the isotropic and anisotropic conductivity
equations using arguments similar as in this paper. For that see [2, B, Bl 6] and
the references there in.

For any m € N, p € (0,1), C™P(Q) denotes the standard Holder space.
Then the regularity assumptions on the Lamé moduli A, 4 and 92 are locally
C™*2 and C™P near = = 0, respectively.

By introducing the boundary normal coordinates which was used in [3] [4]
0] for the conductivity equation and [12] for the elasticity equation, we can
flatten 0. Also, without loss of generality, we may assume that xg can be the
origin. In terms of the boundary normal coordinates the displacement vector
u = (u1, ug, us) and isotropic elastic tensor (Cijkl) will undergo tensorial change
which complicates the notations and description of arguments. Hence, in order
not to distract reader’s attention, we first focus on the reconstruction formulae
for the Lamé parameters for the flat boundary case at 0 € 9€2. We will illustrate
the non flat boundary case in the last section of this paper. It will be shown
there that the difference we will have for the non flat boundary case is just
coming from the change of coordinates and normal vector.

To begin with assume that 0 is flat near 0 € 9 and Q is locally given
as {ys > 0} in terms of the Cartesian coordinates (y1,y2,y3). For the local
determination of the Lamé parameters at 0 € 9, we only need to assume each

Cijit is of C™P class around the origin. Fix & = (21, 22,0) € 0Q and define
Ccme = (Cl4) by

N, T ah Clkl(y/70)
Ciiti () = Z %yg for y near x. (1.4)

b<m

Then extending this C"™® to Q without destroying the regularity and strong
convexity, we denote the corresponding localized DN map by A¢m.=. Similarly,
we define A"™* and p"™% by

- o \y',0) - 0 u(y',0)
N (y) = Y B () = 0 R (1)

b<m b<m

Let w' = (w1, ws,0) be a unit tangent vector of 9Q at 0 and n(y’) € C§°(R?)
satisfy

0<n<l, / n*dy’ =1 and supp(n) C {|y’| < 1}.
RQ

m 1
First, by choosing suitably large ¢ € N, we may assume that 7= for some
p

~ 1
large p € N with = < p and we also assume that
p
1 1

1
For convenience, we denote p = = and for large N € N, we put n™¥(y') =

D
n(N'=Py"). For any column vector a = (ay, as,a3) € C3, let

N (y) =N (y) exp(vV=1INy - u')a (1.7)



be the localized Dirichlet data around 0 € 02, then we have the following
theorem.

Theorem 1.1. (1) Let Q be of C! class near 0 € 9 and let C'ijkl be continuous
near y = 0. Then

3
Jim (Ao, 67) = 37 Zy;(0)aia; (1.8)

7,j=1

and Z;; = Tﬂ for 1 <i,j <3, where

I 2
Zii == 2 )\ 2 - )\ L )
/\+3#(( +2p) — (A + p)if)

Z; = )\f?)u(_(A+u)wj+\/—1(—1)’f2mk)7 1<i<j<3 (19)

with (t1,t2,t3) = (wa, —w1,0) and the index k € N has to satisfy 1 < k < 3,
k44, .

(2) For m € N, let 9 be of C™"2 class near 0 € 9Q. Let C = (Ciji1) be of
C™P near 0. Then

lim N™ <(Ac - AC7,L,0)¢N,¢*N> (1.10)

N—o0

2
1 9m\ 22
:72m+1 Tygn (0) (\/ -1 2 Wia; — a3>

1 0™ > aw; 4 aw; ) 2 —lasw; — a; ?
— 2 haias' e hetd 2 At et ) 2
S CINE 23 (Y a3

4,j=1

Hence from these formulae, we can recover Lamé moduli and their derivatives
up to order m.

Remark 1.2. We remark here that the above boundary determination formulae
and (|1.10)) are given in terms of the leading part of the equations of system.
Further as proved in the Section 2 of [IT] and was shown in Theorem
1.24 of [I1], so we omit their proofs. We will only prove .

The rest of this paper is organized as follows. In Section [2] we construct
an approximate solution of Lu = 0 with u = ¢~ on 9€2. By using this special
solution, we will prove Theorem for the flat boundary case in Section
Finally, in Section [4] we will demonstrate deriving the reconstruction formulae
in terms of the boundary normal coordinates for the non-flat boundary case in
the lasts section.
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2 Construction of approximate solutions

In order to prove Theorem we need to construct an approximate solution
depending on a large parameter N. Let

_ 1
QN = {y|y1|,|y2|§Np 1, OSySS\/N} (21)

and « be a multi-index such that
a=(1-p,1—p1)and N = (N'"Py;, N'"Pys, Nys) = (N =Py, Nys).
Inspired by [3], [6], we can prove the following lemma.

Lemma 2.1. For each N € N, there exists for any column vector a = (a1, az,as) €
C3 an approzimate solution ® of (1.2)) near 0 of the form

alE

N (y) = eV TINV emNw LN (1 a 1 T N Ty, (N ) (2.2)
1

n

with ®N|pq = ¢N = eV=INVW' N (v a, where each vector v, (N®y) is polyno-
mial in Nys with coefficients which are C>-smooth functions of N'=Py' sup-
ported in {|y'| < NP1} forn=1,2,--- 7@ and

p

(™) (y)| < ON*""PP(Nys)e ™™, y € Qn (2.3)

for some constant C = C(m) > 0. Here P(Nys) is a polynomial with non-
negative coefficients.

Proof. We look for @V = (&N &N L) € C? of the form

O (y) = eV IV NPy Nys). (24)
Then
(LD™);
3
o . 0
= —— (Cijri 5 —®1)
Jiki=1 9y; 9
3 2 2 5 2 2
_ N : N N
—Z{ Z Cz]kl(a v I‘Pk)-l-zcm?,(a 3 ‘I)k)‘FZOszl(a 0 I‘I’ )
k=1 j,l=1 j=1
5 3 2 3
P 9 P 9
+ 0131633 gq)k; + p lzzl (8 ngkl)@ k + Z (a Czij)@q)k }
(2.5)



Substituting (2.4) into (2.5)), we have

(LN),
3 2 2 P
:erlNy ‘w Z [_ N2 Z Cijklewl + \/—1N{ Z ikl wja +w— 9y )
— J =1 1=1 J
0
+ Z Cijkaw; 5 — s + Z Cszlwl -t Z Ciji wl}
Jj=1 7,l=1
82
+ Z C”k?,a m + Z Bkl g o~ + Z zgk:la 6 szSa
> 0
+ Z Z 'ijl + Z z]kS :|Vk(N1 py Ny3) (26)
11=1 j=1 9ys
j= j
Now, we introduce the scaled variables
zi = NPy, for i = 1,2 and 23 = Nys, (2.7)
which implies
0 0 0
=N~ fori=1,2and — = N—. 2.8
y; 0z; or i = an Jys 0z3 (28)
We refer (2.7)) by scaling. Then (2.6 becomes
(£o),
SINY ' 0° 2 9 < 9
VTN S N2 e L VI Gy e+ Cranean -
e ’; (Cisks 92 + (g k3w 925 + ; 3KIW] 97
_Zczklwwl+N2pV Zczklwa+wla)
J J J J a a
]l 1 j,l=1
0? 0? 9o 02
C; C; N==F Ci
—I—Z vy v 83—'—2: MG Do )+ 11221 ]klazazl
— 0
-1 Z ( ’L]k}l) wi + Z ( zgk:3> 872’3]
7,l=1
2 0
1-
+N P;; ( zgkl) 82 Vk(z 23) (29)

%C”kl(y) for n = 1,2,3 into

Taylor’s series around y = 0. Let 8 € (NU{0})? be a multi-index, then we have

On the other hand, expand C"Z-jkl(y) of and

2]kl Z z]kl )yﬁ + O(|y|m+p)’

Iﬁl<m



and for n =1,2,3,

0 1 0% (09 . m—
.. Cijra(y Z 5| P ( Cijkl) 0)y” + O(ly™ 7).
Yn 18]<m Y

Recall that we have posed the condition (1.6)), which is m+p < (1 — p)(m + p).
Thus, via (2.7]), we obtain

. sl 07 .
Cijmly) = > N7° ﬁiazﬁcijkz(o)zﬁ‘FRl(z)a (2.10)
|B|<m '

where
|Ri(2)] = O(NT™7F).

Similarly, for n = 1,2, 3, we have

0 o -
oy Cijily Z N~™ ﬂo‘ — <8nyL’jkl> (0)2° + Ra(2), (2.11)

[Bl<m

where

|R2(2)] = O(N’m’p“)-

Note that for the power of N in the expansion and 1-) are of the
form —Mp for some M € NU {0}. Thus, we comblne , (2.10), (2.11]) and
V= (Vl,Vg,Vg,) then

%
LON = e/ INV ININZOL 4 L |V, (2.12)
0

where LON = ((LON)y, (LON )y, (LPN)3)! and L, (s = 0,1,2,--- ;o) are at
most second order matrix differential operators in 2’ and z3 with coefficients
depending on y’ and y3. In particular Lg, L1, Lo are given by

Ly = —|Ciss(0 chk?’
2 ) 2 .
+ZCi3kl(O)wl D3 + Z Cijkl(o)ijl s
=1 Jil=1 1<i,k<3
L, = ﬁic (0) LAY
b Jl=1 o ’ 0z lazj
0 0
C; C; )
+Z Jkd 8 8 23 + Z Skl 82’1823
j=1 1<,k<3
2 . 82
L = Ci’ 0 )
2 Z ]k?l( )azjazl
Jl=1 1<i,k<3



0
where D3 = —\/—18—. Moreover, Ly is a second order differential operator in
z3

z and its coefficients are of order O(N2~™~°).
Now, we look for V(2/, z3) of the form

E

V(z) = SNV, (2.13)
0

where V"(2) = (V{*(2), Vg'(2), Va*(2))t € C3. By (2.12)) and equating the coef-
ficients in each term of order N, we have

n

LN = VT INY N*=oL | [ SONTV |+ LRV (2.14)
L s=0 n=0
m
— emNy/,w/ N2—7‘p Z stn—f—R :
r=0 n+s=r

where
2m
P

R = Z N2-TP Z L,V" 4+ LgV.

r= '7" +1 n+s=r

Therefore, we have obtained the following ordinary differential equations of
systems (ODE systems) of second order with respect to z3

LyVY =0,
LoVi+ L,V =0,
LoVZ + L1V + LyV0 =0, (2.15)

LoV's +...+L%v° =0,
with boundary conditions

Voo =1V () a=n(z)a,
V=0 =0forn=1,2,--- ,@.
p
Note that this undetermined boundary value problem ([2.15)) can be made de-
termined if we look for solutions which are bounded in z3 € [0, ).

First, by using the Stroh formalism which is for instance given in [I1], we
can solve LoV? = 0 with V°(2/,0) = n(2’) in the following way. The method
in solving system of differential equations was consider in [9, I3]. Let & =
(51)52,63)7 C = (Ch C2a C3) € R3 and we define the 3 x 3 matrix <£7 C> by

(&:¢) = ((&:Q)yp,) With (§,¢)yy, = Z Cinr (v y3)&; C1-
1<5,1<3
Also, if we set (£,(), = (§,¢) |y=0 , €3 := (0,0,1) and w := (wy,ws,0), we can

rewrite

LoV = — [{es, e3)o D5 + ({e3,w) + (w, €3)g) D3 + (w,w)o] VO = 0.



Let WP = VO W9 = —{(es, e3)o D3VO+(63,w>O V01, then by direct calculation,
then we have )
Dngo = — <€3, 63>a [<63,w>0 Wlo — WOQ} (2.16)

and

DsWy = [(w,w)o — (wyea)g {easea)y (eg,w)o} WP — (W, e3), (e3,e3)g " WS
(2.17)

Combine (2.16)), (2.17) and define the column vector W0 := [W{, W3], then we
obtain

DsW° = K'W?, (2.18)
where
KO _ — (e, e3)g <63,w>01 — (e, e3)g
—(w,w)y + (w, e3)q (€3, €3)g (€3, w)y — (w,e€3)q(es,€3)g

Note that K is a 6 x 6 matrix-valued function independent of z3 variable and
its eigenvalues are determined by

det(X1s — K°) =0, (2.19)
where I is a 6 x 6 identity matrix and is equivalent to
det [{es, €3)0 X2 + ((e3,w)( + (w, €3)0) & + (w,w),] = 0. (2.20)
By using the results of [I1, Chapter 1.8] , we have

det [<637 e3>0 22 + (<€3,OJ>O + <w7 €3>0) X+ <w’w>0]
=1*(0)(\ +21) (0)(1 + )2,

which means solving (2.19)) is equivalent to solve

(1+%2)?%=0

¥ = +v/—1. Moreover, we can find eigenvectors {q;", q3, 95,47 ,q5 ,q5 }(0) of
KV ie.,
K%F = +v/—1¢F for y=1,2,3, (2.21)
with g7 being the complex conjugate of ¢; , or ¢ = g5 at y = 0.
According to the result in [I1], the eigenvalue problem for K is degenerate
and there are generalized eigenvectors. More precisely, let

wao w1
—w1 w2
> 0 - v—1
+_ ¥ _
4 = /71‘uw2 (0)7 4 = *2,1%01 (0)
—v—1pw —2pw2
0 2v/—1



and

such that

and define

Ve

0K = o
—v/—1 1
—v/—1

Since we want to have a general form of solution of which is bounded for
23 € [0,00), we take ¢ = v/—1. Further we take linearly independent vectors
w2 w1 0
or=| —wi |, 00 = W and o3 = 0 . Then, for any
0 V-1 —352£(0)
given a = (a1,as,as), there exists constants cg € C (8 = 1,2,3) such that
a= Zi:l cs0s. Therefore, as in [I1, Lemma 1.6 and (2.66)], V°(z/, 23) is given
as
3

VO, 23) = 67z37](2,)(2630'87\/771630'2 23) (2.22)

s=1
= e () (a— V—-lesg z302),

which is a C*°-smooth solution of LoV? = 0 with V9(2/,0) = n(2') a.
Next, we solve

LoV' 4+ L1V° = 0 with V'(2/,0) = 0. (2.23)
Since
2 5 5
Ly = (ﬁj;l Cijkz(O)(wja—Zl + wl@)
2 ) 9 ,
+ ; Ciij(O)az?aZg + 2. Ci?’kl(o)ﬁ)lgi,kgs’
and

1
LiVO( z5) = €7 ) Fil(2')24,
d=0

10



where Pg(2') are C*°-smooth vector-valued function depending on 85,77(2’) for
multi-indices |8 < 1 for d = 0, 1. It is worth mentioning the following observa-
tion. That is for any d € N, we have by direct computation

Lo (zgle_’z?’) =e (z?‘f*l RY + ngRg)
with invertible matrices

R = d [2(es,€3)q — V=1 ((w, e3) + {e3,w)p)]
R§ = —d(d—1)(es,es),-

Based on this we look for V1(z/, z3) in the following form

Vi, 23) = e > 24P, (2.24)

2
d=1

where P{(2’) € C? are vector-valued functions which will be determined later.
By straightforward computation, we can have

LoV = z3e * Ri + e = {R3PL() + R{ Pl () }. (2.25)

Then by equating the equation LoV' = —L;V°, we have

Py (') = —RIP{ (%), (2.26)
P(2') = =R P{(¢') — Ry P{(2"). (2.27)

In order to solve P(z') explicitly for d = 1,2, first, we can invert the right hand

side of (2.26) to find P?(z') and plug it into to know Pl(z'). Thus we
have (2.24])).

Further for each n > 2, we can express the solution V" (2/, z3) of with
V™ (2’,0) = 0 inductively as

n+1
Vi(z) = Y APl()e ™,
d=1

where PZ(z") are smooth vector-valued functions depending on 1(0), A(0),7(z")
and supported in {|2/| < 1} forn=1,2,---, iy Finally, from (2.14]) and (2.15]),
p

we have

LN = LpV.

Here note that the coefficients of Lr are of the form O(N?~™~F) multiplied
with polynomials in z3. Therefore, there exists C' = C(m) such that

|LRV| S CNz_m_pP(Zg)e_z3,

where P(z3) is a polynomial in z3 with non-negative coefficients, which com-
pletes the proof. O

11



3 Proof of Theorem [1.1}, (2)

In this section, we prove item (2) of Theorem Our ideas are initiated from

1
BLEL Let Clys) € C([0,50)) satisfy 0 < ¢ < 1, ((ys) = 1 for 0 < g < 3,
¢(y3) =0 for y3 > 1, and put

(n(ys) = C(VNs).
Given € > 0, choose large N € N,
supp(n™V¢n) C Qe := {|z| < €}

For m € N, recall that the regularity of 92 is of C™*?2 class. For convenience,
denote C™ = C™0 \™ = \™0 and p™ = ™0, where C"™%, A™® and pu™* were
introduced in (1.4) and (1.5). Let v = (u,ud,ud) € H(Q;C?) be the
solution to

o . 13

3 Ny _ . .

k=1 %j(cijklaixluk )=0(1<i<3) inQ, (3.1)
uN =N on 09,

and let vV = (vIV, 0¥, vl¥) € H(Q;C?) be the solution to

3 9 m 9 N - :

D k=1 aixj(oijklaixlvk )=0 (1<i<3) inQ, (3.2)
N = N on 0f.

Let ¢y ®V and ¢y ¥V be approximate solutions of v’ and vV with (y ®V|sq =
(v UV 90 = ¢V, respectively. Likewise the construction in Section 2, we can
express ¥V as

m

P
WV (y) = eV IV e Nus SN (g a4 3T NTPRT(NY) b (3.3)

n=1
where v/ (N®y) are polynomials in Nys depending on C"Z-’?kl(O) and their co-

efficients are C°°-smooth functions of N®y supported in {|y'| < N°~1} for
m

n=12--,—.

p —_—
Note that { Agm ™, pN > is real and hence we have
(Aeng™, 67 ) = (Remd™, 6™ ).
By direct calculation, we have
((Ac = Aem)s™, o7 )
- / [/\div u™N (div (CNUN)) + 2pe(ulY) e(CN\IIN)} dy

Q

- /Q [vmdiv o (div (CVBN)) 4 20me(0™) - (CVEV) | dy.

12



Let
uN =N 4+ N and o = OV 4 gV
with
Noa = gV oa = 0.

Then we have
((Ae = Aem)o™,67)
= | [rai @V @ T + 2pe(@) < V)] dy
= [ [ Y @ O 20 5 VO]
+ [ [ £ @ TCTEN) + 2pe( ) STy

f/ [AmdivgN(div(CNCI)N)) +2ume(gh) - E(CNq)N)] dy
Q
=1+ IT + I,

where
I = /{Adiv@N(div(gN\IfN))+2Me(<1>N);e(gN\I/N)] dy
Q
—/ {Amdivw(div(mﬂ))+2ume(\11N) : E(CN(I)N)} dy,
Q

17

[ Pt 7Y @ TGV 4+ 2pe(r) 5 €TV dy,
Q
11 = —/ [/\mdivgN(div (CNDNY) + 2™ e(g™) - e((Nq)N)} dy.
Q
We will estimate I, 1T and II1 separately in the next subsections.

3.1 Estimate of |
Let

1

1
Q) ::{ : , <NPL <y < —
N Yyl ly2| < 2\/N_y3_ N

} and DN = QN\Q&
Then we can rewrite I as

I = /D [()\ — A div &N (div V) + 2(p — p™)e(DN) :m} dy
),
_/%

= Il+127

{Adiv DN (div (CNUN)) + 2pe(DN) - e(CN\I!N)} dy

’
N

{Amdiv N (div (CVON)) + 2™ e(TN) - E(CNq)N)} dy

13



where

I = / (A = A™)div N (div UN) + 2(u — p™)e(BN) 1 e(TN)dy,
Dn

I, = / Adiv @ (div ((NUN)) + 2ue(@V) 1 e(CNTN)dy,
Qn
—/ A div U (div (CVON)) — 2u™e(UN) 1 e(CVNON)dy.
Qy
Recall that a = (ay, as,a3) € C3, then for I, by , , and direct calcu-
lation, we have

2
div N = Nev/ TNV =N (V 1 wiai - a3> 1V () + OV P)e=os,

i=1
with some constant ¢y > 0. Hereafter ¢y denotes a general constant which may
differ time to time. Also for each ¢;;(®Y) of €(®V) = (¢;;(®Y)) we have
€ (PN) = V—1NeV—1INy'-w' o =Nys e ™ (y)
+O(N1_P)e_CUNy37
€i3((I)N) _ NerlNy,'W/e—Ny3 V4 —1@320Ji — Q; nN(y/) + O(Nl_p)e_CONy3,

exa(BY) = —NeV TNV = NuaN (yf)ay 4 O(N1=)e=eoVm,
Similarly, we have
2
div N = NeVTINY o= Nua (ﬁZwi a; — a3> NN (y') + O(N'=P)ecolNvs
i=1

and for i, = 1,2, we have
e (UN) =, ElNeﬁNy’»w’e—NygwnN(y/)
JFO(Nl*P)e*CONy:s’
cin(UN) = NeV TNy o o=Nys V *1‘132“’2' — W 7V (y') + O(N1—P)e—coNvs,
633(‘I’N) _ Ne\/ley/'“’/e_N%nN(y’)a;g + O(Nl—p)e—CONyg.

Recall that
(@) i e(WN) = D7 6 (@N)e; (TY),
1<i,j<3
by straightforward calculation, then we have

I, — N2 /W / €—2Ny3{nN(y/)2(/\ — ™)
0 |y |[<NP=1
2
x (lezwiai - a3)2 + 2(M - um)nN(y')2
i—1

2 2
aiWw; + a;w; 2 v—lazw; —a;\?2 2 ’
X Z (72 ) + 22 (72 ) + a3 }dy dys

4,j=1

roe) [77 [ e=260N (X — A 4 [y — ™) dy df4)
0 ly'|<Nep—1L
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For further argument we need the following lemma which was proved in [6].

Lemma 3.1. [6] For any k € N, f(y) = f(v/,y3) € CF around y = 0, we have

1
_ By 9Ny
N NH/ / ™ (y') e (f(y) — FF(y)) dy'dys
— 00 0 | |SNp—1

y/
1 oFf
= WaT/g( ) (3.5)

k-1 1 O"
n=0 E (c)yg

where f*(y) =Y f(',0)y%. Also for each d € N, we have

. N2p+k/0m/ . U(VNY' ) (Nys) e 2N | f(y) — fF(y)| dy'dys
Y/ |<NeP—1

N—00
0, (3.6)
. . . 1
where ¥ = h(v/Ny') is a C function supported in {|y'| < —=}.
VN
Take the limit N — oo on (3.4)) and use (3.5) and (3.6)), then we can see that
lim N™I (3.7)
N—o0

2
1 ™A &
=gt gy ) (V -1 ;Zl: wia; = a3>

1 0™ 2 a;w;i + a;w; 2 —lasw; — a; 2
291 @iWj + a;w; o (V. —laswi — ai 2
+ 3 5 ) Z( ! e +a2

ij=1

For I, via (2.2) and (3.3), we have |®V| + |[UV| < exp(—c;Ny3) for some
constant ¢; > 0 and

N
iz, .
Combining (3.7) and (3.8)), we have
lim N™I
N—o0

2
1 9™A 2
“omHl gy (0) (V -1 ;:1 wia; — as)

1 0™ 2 a;w; + a;w; 2 v—lasw; —a; 2 9
il o Tty T B g Y73 T T
+ 5w oy (0) jZZI ( 5 - 5 + a?
3.2 Estimates of I] and 1]
In this section, we will prove

lim N™II = lim N™III =0.
N —oc0

N—oc0

15



Since we can use the same method to prove II and 111, we only prove the case

lim N™II =0. (3.9)
N—o00
By direct calculation,
II = / [Adiv IV (div (CNEN)) + 2ue(fN) e(CN\IIN)} dy
Q

_ /D [\div £ (div (7)) + 2pe( 1) (@) dy

“
2

= IIl —|—112,

[Adiv FN (v (CNUNY)) + 2pe(fN) - e(CN\I!N)} dy

where

o= [ i @)+ 2l ) 0]y,

1, = /
oy

From (2.2) (2.3) and (3.3), it is not hard to see

|15 = O(e*g) as N — oo.

[div £ (div QY0 + 2pe( ) - «(CVO)] dy.

Hence it remains to show that

lim N™II; =0
N— 00

with
Iy =I5+ Iy,
where
II; = /D [Adiv N (div (®N)) + 2ue(fN) : e(‘PN)} dy,
I = /D {Adiv FN(div (UN = BN)) + 2ue(fV) 1 e(UN — @N)} .

Note that fV € H}(Q;R?) satisfies f¥ = vV — &V and
LN = —£oV in Q. (3.10)
By using the standard elliptic regularity theory, we have

3
. 0
1N a2 ) < CILRN g1y < C || Cijkzafxl@ff)?:l

Jrk,l=1 LQ(Q)

for some constant C' > 0. By straightforward computation and ([2.2)), we have
the following lemma.
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Lemma 3.2. Let k,l = 1,2,3. For each b € NU {0}, there exists a constant
Cy > 0 such that

< CyN—ztr=b, (3.11)

o

b N

yh——Ph
AW " 2w

By taking b = 0, (3.11]) will imply that
_1
||fN||H3(Q) < CN72tP,

Now, 0Dy =Ty UT'y, where

1
Iy = : =N*""1or =Nl o< <},
1 {y |y1] Y2 S oos
1

sl lpal < NP :}.
{y ly1l, ly2| < Y3 N

Iy

For k,1 =1,2,3, it is easy to see that

0 0 L
— &N (y) =00on Ty and — @} (y) = O(e™ 2V
e k (Y) on I an E K (Y) (e

[N

Jon Ty as N — oc.

Integration by parts yields that

[SE

3
1-13:72/ fiN(LCDN)iderO(e*%N ) as N — oo.
i=17 DN

Thus, for i = 1,2, 3, by using the Hardy’s inequality for f € H}(Q) which was
also used in [2, B, [6] [10], we obtain

FILeN)idy < Nys(LOV)ill 2o llys £ ey (3:12)

Dy
< Cllys(L2™N)ill L2 o) | Y 1 (D)
< Cllys(LV)il|2(pyy) N7
By (2.3), we can see that
lys(LON)illL2(pyy < CN* " PllysP(Nys)e V¥ | 12py)  (3.13)
< CON—™L

By (3.12) and (3.13), we get
II3 = O(N~™+P73/2) a5 N — o0,

which implies
lim N™II3 =0.

N —oc0

Finally, we need to show that

lim N™II, = 0. (3.14)

N—o00

Notice that for i = 1,2, 3,

[N

N — N =0onl, and@ﬁv—\va:O(e_%N ) as N — oc.
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By using the integration by parts and (3.10]), we have

mo= - / (L)@ — BNy + O+
i=17 DN
3 o
= > [ ey -y o i
=1 Dy

We can use the same arguments for 13 to show (3.14]), which finishes the proof
of Theorem [1.1} (2).

4 Non-flat boundary case

In this section we will consider the boundary determination for the non-flat
boundary case. By using the boundary normal coordinates to flatten 92, we
will show the necessary change we need for the non-flat boundary case based
on the boundary determination argument we gave for the flat boundary case.
Similar argument was given in [I2] Section 3] for the isotropic elasticity system.

Given any boundary point xy € 09, for all z € Q near zy € 09, let y =
F(z) : R® — R? be a C'-diffeomorphism which induces the boundary normal
coordinates y = (y',y3) such that F(z9) = 0 and VF(zg) = I3 (a 3 x 3 identity

Aa\’
matrix). Let us define the Jacobian matrix J := VF = ( 8y ) and denote
Ly a,r=1

G = JJT = (ga:), where JT is the transpose of J and G(x) = I3. In addition,
near zg € 050,

3

gui(@) = 3 22 () 22 )

T
o ox, Oz,

satisfying
933 =1, gaz = g3a =0 fora=1,2.

Now, we have the following push-forward relations of the elastic tensor C by

C:=F.C= JC.JT|z:F*1(y)’ (4.1)

or componentwisely, C = (Cigip)i<i,q,k,p<3 With

- 5. . dy, Oy
Cigkp(y) = Z Cijkl(x)aixpai;
3=l ) eer )

It is easy to check that under such localized boundary normal coordinates,
the isotropic elastic equation (1.2]) will become

~ 3 0 5 0 - . )
(£U)i~:: D g k=1 T%(Ciqkpa—ypuk) =0 in {y3 >0}, fori=1,2,3,

u=f on {y3 = 0},

(4.2)

where & = (F~1)*u := uo F~' and f = f o F~!. Similar as in Section 2, we
can find an approximate solution ® (y) of |4.6{with the localized boundary data
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&)N(y’,O) = oN () := N (y)a, where 7V (y')a € C3 was given by (1.7) with
arbitrary a € C3.
As in [12] Section 3], by denoting ¢ := ({’, (3), we can define

(y C) ( z3k3(y))

1<s k<3

2

O (L)
=1 1<4,k<3
2

<Z zpkq CjCl) .
=1 1<¢,k<3

Likewise Section 2, we need to find a solution of the second order ordinary
differential system with constant matrix variables

{T(O>D§UO + (R(0) + RT(0)) D3l + Q0)Uy =0, ws)

VO a0 = oM (y).

For that repeat the argument given in Section 2 and need to consider the fol-
lowing eigenvalue problem

det { 0)52 + (E(O) + ET(O)) 2+ @(0)} —0, (4.4)

which is similar to 220
By the transformation rule of tensor, we have

3 3
( Z Ciqkpgq(p)?,kd = J( Z Oijklfjfl)?,kzlJT (4.5)

p,q=1 J,l=1

for any z near o € 99 (or for any y near 0 € 9Q, where Q = F(12)). In addition,
for any = € 99 near x(, we can choose a unit vector v(z) = (v1,v9,v3) € R3 such
that for any & = (&1, &,£3) € R3 can be represented as £(z) = qu(x) + w(z, €)
for some ¢ € R and v 1 w and we define

3
T = Z Cijlele 5
7,i=1 1<i,k<3
3
R = Z C’ijklijl 5
Jit=1 1<4,k<3
3
Q= Z C’ijkzijl
=1 1<i,k<3
By we also have the following relations
T=J7J", R=JRJT and Q = JQJT (4.6)
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in a small neighborhood of zy € 0. For solving the eigenvalue problem
use the relation and J is an invertible Jacobian matrix, then it is equivalent
to solve

det [TEQ + (R + RT) ¥+ Q] =0. (4.7)

x=x0

Since C’ijkl is isotropic, T, R and Q will not change the forms if we rotate the
Cartesian coordinates associated to this (), therefore, for any fixed x, we may
assume £(x) = (&,&)(x), v(z) = (0,0,1) and w(x, &) = (¢/,0).

In addition, we can construct an approximate solution in terms of this Carte-
sian coordinates as we did in Section 2. Hence, we can give an explicit recon-
struction formulae for the Lamé moduli A(z), pu(z) and their derivatives from
the localized DN map at any zo € 9Q with C™*2-smooth boundary. To be
more precise, we will give the reconstruction formulae to identify the Lamé
moduli and their first order derivatives at the boundary for the non-flat bound-
ary case in which the effect coming from the transformation of coordinates
and normal vector can be seen very clearly. The reconstruction formulae are
given as follows: For any a = (aj,a2,a3) € C3, let y = F(z) be the map
given above, then for any Dirichlet boundary data ¢~ = ¢~ (F(a:)| 50)> Where
N (y") =N (y') exp(v/—1Ny'-w')a, we have the following approximate solution

m

P
N (y) = eV TINV e N SN (yhha+ Y T N TP, (NYY) b

n=1
with
OV (F(2))lo = ¢"
1. When 99 € C! and @jkl is continuous at zg € 02, we have
3
A}i_lgc <A5¢N,¢7N> = .Zl Zij(xo)aag, (4.8)
ij=

where (Z;;) is the rank 2 tensor appeared in Theorem [1.1
2. When 09Q € C3 and Cijrl € CUP near xy € 09, we have

lim N<(Ac' - Ac’l)¢N,¢7N>

N—o0
_1 23: 0 23: C (m)%% A A
2, il Oys a0 TR o Ox; kp<iiq
L ; e=F—1(0)

2
19X ZQ
7178y3 (xo) <\/ —]_ 2 w;a; — a3>
2

2 2 2
1 ou a;w;j + ajw; v—=lasw; — a; 9
57, @) | 2 (2 T2y (g ) ta

Y3 ij—=1 i=1

3
1 Z Z o . 9% [0y oY [0y
2 bt igaimae \\OY5 dys \Ou1) dy3 \0x; ) J| _
0<a,B,y<1
(4.9)
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where the elastic tensor C! is given by
¢t = F*(C"") with C"* = C(y/,0),

for y = (v, y3) near 0 € OF(Q) and Ay, is a constant rank 2 tensor defined by
v—=1 fork=1,2,3and p=1,2
Akp _ Wpai, or y 4,0 alld p ) (410)

—wsag, for k=1,2,3 and p = 3.

We remark here that the boundary determination formulae for the Lame mod-
uli and their normal derivatives are given in terms of the leading part of the
equations of system. This is really an advantage of scaling we introduced
before.

Since easily follows by taking into account on the arguments given
before the previous paragraph of this section and J(zo) = I, we will focus on
(4.9). This formula can be derived by using the integration by parts and the
representation formula of . By using the same argument given in Section
3, we know that the limit with respect to N as N — oo of the difference of DN
maps only depends on the highest order term with respect to IV, which means
we have the following relation

lim N<(A Agio)d", ¢N>— lim N [ (C—CHveN . viNdz, (4.11)

N —o0 N —oo Q

where ®V (F(x)), UV (F(z)) are approximate solutions of the differential oper-
ators V - (CV) and V - (C'V) with the same boundary data ®N(F(z))sq =
UN(F(x))]aa = ¢V, respectively.

We will further compute the right hand side of to obtain (4.9). By
the change of variable y = F'(z) and the chain rule, we have

N oUN
Z ngkl a g —dx

ijl= 8 ] 83:]
/ 23: 23: < o) 2 ayq> ooy aquv
7 kl
pk,p=17,l=1 ! 83“7 0z ) |y - 1(y) Oyp  Oyq
~ oo oulN
) dy, 4.12
/ i pkq( ) 6:1] ayq ( )

and similarly

ach afoN LI BN 9w
Chim(r) 2 / Cipkp(y',0) 5 ——dy,
/ Z jkl 35'31 833] F(Q) Z o (Y )Byp Yy Y

i,9,k,01=1 1,q,k,p=1
(4.13)
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where Z is the point such that F(Z) = (¢/,0). Then it is easy to see

/ (Cly) - C0,0)7, @Y : v, uVdy

F(Q)
6<I>N 8\I/N
/ Z Czpkp p) dy
F(Q) ;o k=1 Oyp  Oyq
6<I>N 8\I/N
_ / Z Cinta(',0) 5 = dy (4.14)
F(Q); o kp=1 Yp OYq

From direct calculation for the approximate solutions, we have
v —]_(JJI — Lo _
vV, =N ( 1 > eV TINY W o= Nya N (1Y 1 O(N1P) (4.15)
and
- ! ’ ’
qu)éy =N ( Vv _iw ) erlNy ‘W e—Nyan(y/)aj + O(Nl—p). (4.16)

Substitute (4.13)) and (4.13)) into (4.14)), by using similar arguments as in Section

3, then we have
/Q(c'(x) V@)V, Y, 0N da

- / (Clw) - C(W/,0)V, @Y : v, ¥V dy
F(Q)

3

~ oy ouY
> / ook~ Cuata - ) S Ty, (417)
iqkp=1"F() Yp Y
Now, we substitute and into (£.17), and use (3.5)) again, then we

have

Jim Q(c'(a;) —CHx))V, 0N . vV, ¥V dz

3

1 0 ~
=5 Z (8%0@,@) (0)AppAig. (4.18)

1,q,k,p=1

Note that the quantity Ay, is obtained from the representation of the approxi-
mate solution and straightforward calculation.
It remains to give the explicit formula for (4.18) in terms of the elastic tensor
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C. By the straightforward calculation for 1) it is not hard to see that

1

3 o ~
Z (8Ciqkp> (0)AwpAiq
iqkp=1 Y3
3 3
0 . Oyp Oyq
—_— i —= A, A
;71 dys ;1 Jkl($) pr &rj kpAiq
1,9,Rk,p= Jt= z=F~—1(0)

2 2 2 2
1 ou a;w;j + ajw; v—=lasw; — a; 9
57, @) | 2 (2 2 (g ) td

i,j=1

3
o . ok (oy,\ 97 (9y,
— .. i I o4 A A
2 2 ((aygc”’”> oyl (axz>ay; (axj) Tt

a+pB+vy=14,5,k,l,p,q=1
0<a,8,v<1

N =

which proves the reconstruction formula to identify the first order derivatives of
the Lamé moduli at the boundary for the non-flat boundary case.
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