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ABSTRACT. We introduce a method for solving Calderén type inverse problems
for semilinear equations with power type nonlinearities. The method is based
on higher order linearizations, and it allows one to solve inverse problems
for certain nonlinear equations in cases where the solution for a corresponding
linear equation is not known. Assuming the knowledge of a nonlinear Dirichlet-
to-Neumann map, we determine both a potential and a conformal manifold
simultaneously in dimension 2, and a potential on transversally anisotropic
manifolds in dimensions n > 3. In the Euclidean case, we show that one can
solve the Calderén problem for certain semilinear equations in a surprisingly
simple way without using complex geometrical optics solutions.
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1. INTRODUCTION

In this paper we study inverse boundary value problems for nonlinear elliptic
equations. A standard example of inverse problems for linear elliptic equations is
the problem introduced by Calderén | ], where the objective is to determine the
electrical conductivity of a medium by making voltage and current measurements
on its boundary. It is closely related to the problem of determining an unknown
potential ¢ in a Schrédinger operator A + ¢ from boundary measurements, first
solved in [ ] in dimensions n > 3. There is an extensive theory concerning
inverse boundary value problems for linear elliptic equations, and we refer to | ]
for a survey.

It is also natural to consider analogous inverse problems under nonlinear settings.
Let Q C R™ be a bounded domain with C* boundary, and consider the reaction-
diffusion equation

Ow — Aw = a(z,w) in Q x {t > 0}.
1
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Equations of this type arise in the modelling of chemical reactions, population
dynamics and pattern formation [ ]. Examples include the Fisher, Kolmogorov
or logistic diffusion equations with quadratic nonlinearity (i.e. a(z,w) is quadratic
in w), the Newell-Whitehead-Segel equation with cubic nonlinearity, and equations
in combustion involving polynomial or exponential nonlinearities.

A stationary solution w(x,t) = u(z) satisfies the elliptic equation

Au+ a(xz,u) =0 in Q.

The Dirichlet problem for this equation is related to maintaining a temperature (or
concentration or population) f on the boundary. The boundary measurements for
such an equation, provided that it is well-posed for some class of boundary values,
may be encoded by a Dirichlet-to-Neumann map (DN map) A,, which maps the
boundary value f to the flux A,(f) = O, u|sq of the corresponding equilibrium state
across the boundary.

In fact, inverse problems for nonlinear elliptic equations have also been widely
studied. A standard method, introduced in [ | in the parabolic case, is to show
that the first linearization of the nonlinear DN map is actually the DN map of a
linear equation, and to use the theory of inverse problems for linear equations. For
the semilinear Schrodinger equation Au + a(z,u) = 0, the problem of recovering

the potential a(x,u) was studied in [ , | in dimensions n > 3, and in
[ , , ] when n = 2. In addition, inverse problems have been studied
for quasilinear elliptic equations [ , , , , ], the degen-
erate elliptic p-Laplace equation | , ], and the fractional semilinear
Schrodinger equation | ]. Certain Calderén type inverse problems for quasilin-
ear equations on Riemannian manifolds were recently considered in | ]. We
refer to the survey articles | , | for further details on inverse problems

for nonlinear elliptic equations.

Inverse problems have also been studied for hyperbolic equations with various
nonlinearities. Many of the works mentioned above rely on a solution to a related
inverse problem for a linear equation. This is in contrast to the study of inverse
problems for nonlinear hyperbolic equations, where it has been realized that the
nonlinearity can actually be beneficial in solving inverse problems.

By using the nonlinearity as a tool, some still unsolved inverse problems for
hyperbolic linear equations have been solved for their nonlinear counterparts. For
the scalar wave equation with a quadratic nonlinearity, Kurylev-Lassas-Uhlmann
[ ] proved that local measurements determine the global topology, differ-
entiable structure and the conformal class of the metric g on a globally hyper-
bolic 4-dimensional Lorentzian manifold. The authors of | | studied in-
verse problems for general semilinear wave equations on Lorentzian manifolds, and
in | ] they studied analogous problem for the Einstein-Maxwell equations.
For more inverse problems of nonlinear hyperbolic equations, we refer readers to
[ , , , ] and references there in.

In this work we introduce a method which uses nonlinearity as a tool that helps
in solving inverse problems for certain nonlinear elliptic equations. The method is
based on higher order linearizations of the DN map, and essentially amounts to
using sources with several parameters and obtaining new linearized equations after
differentiating with respect to these parameters. We demonstrate the scope of the
method by solving Calderén type problems for three mathematical models.

The first model is the Calderén problem for a semilinear Schrodinger equation
with quadratic nonlinearity,

(1.1) Au +qu* =0 in Q C R",
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where ¢ € C*°(Q) and n > 2. The solution to a related inverse problem with a(z, u)
in place of qu? is known under assumptions like d,a(z,u) <0 | , , ]
Theorem 1.1 proves uniqueness for the nonlinearity qu?, which appears to be a
new result. The method applies to more general models, but we begin with the
equation (1.1) in order to introduce our approach in the simplest possible setting.

The second new result is Theorem 1.2, where we simultaneously determine the
metric, the manifold and the potential up to gauge symmetry from the knowledge of
the DN map of a semilinear Schrodinger equation on two-dimensional Riemannian
surfaces. The analogous result for a linear Schrodinger equation is not known in
this generality. Here we use nonlinearity to simultaneously determine the topology
and the conformal structure of the Riemannian surface, as well as the potential, up
to a natural gauge transformation.

The third result, Theorem 1.3, is the recovery of the potential ¢ from the knowl-
edge of the DN map of a Schrédinger operator with nonlinearity of the form qu™,
m > 3, on transversally anisotropic manifolds in dimensions n > 3. Transversally
anisotropic manifolds are product type manifolds which appear in several works
related to the anisotropic Calderén problem. Again, the solution to the analogous
inverse problem for a linear equation is not known in this generality. Existing
results will be discussed in more detail later in this introduction.

Let us introduce the mathematical setting for this article. We will denote by
(M, g) a compact Riemannian manifold with C* boundary 0M, where dim(M) =
n, n > 2. For example, one could have M = Q where © is a bounded C>° domain
in R™, and ¢ could be the Euclidean metric. Let ¢ € C*°(M). We will consider
semilinear elliptic equations of the form

(1.2) Agu+qu™ =0 in M,
u=f on oM,

where
m € Nand m > 2.

Here Ay is the Laplace-Beltrami operator, given in local coordinates by

1 "9 ou
Ay—m — [ det(g)/2g%0 2=
9= det(g)1/2 agl Dz < etlg)g &eb)’

where g = (gap(2)) and g~ = (9°(2)).

We will show that the Dirichlet problem (1.2) has a unique small solution u for
sufficiently small boundary data f € C*(OM), where s > 2 with s ¢ N. More
precisely this means that there is 0 > 0 such that whenever || f||cs@ar < 0 , there
is a unique solution uy to (1.2) with sufficiently small C*(M) norm (see Section
2 for more details on well-posedness). We will call uy the unique small solution.
Here C* is the standard Holder space for s > 2 with s ¢ N (often written as C*®
ifs=k+awherek € Z and 0 < a < 1), see e.g. | , Section 13.8]. Hence,
the DN map is defined by using the unique small solution in a following way:

Anrgq: C(OM) — C*=HOM), f+ dyuslon,

where 0, denotes the normal derivative on the boundary M. In what follows, we
use the notation Az 4 to denote the DN map when ¢ = 0. When M = Q C R" and
g is the identity matrix, we denote the DN map by A,.

As a warm-up, we begin with a theorem that illustrates our method in a simple
setting. This theorem is in R"™ for n > 2, where A, is the Euclidean Laplacian and
M = Q with Q a bounded smooth domain in R”.
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Theorem 1.1 (Global uniqueness for a quadratic nonlinearity). Let n =2, and let
Q C R™ be a bounded domain with C> boundary 0. Let q1,q2 € C*°(Q). Assume
the DN maps Ay, for the equations

(1.3) {Au+qju2:0 in Q,

u=f on 0N,

for j = 1,2 satisfy
Ag, (f) = Mgy (f)

for all f € C*(0Q) with || f|lcsom)y < 6, where 6 > 0 is any sufficiently small
number. Then ¢ = g2 in €.

We will offer a detailed proof of Theorem 1.1 in Section 3, but let us briefly
discuss the idea how to prove the theorem by using the method of higher order
linearization. The second order linearization of the nonlinear DN map has already
been used in the works | ; ] related to nonlinear equations with matrix
coefficients. First and second order linearizations were also used in | | for a
nonlinear conductivity equation (see also | ). Under certain assumptions on
the nonlinearity, by using the second order linearization, they can recover quadratic
parts of the nonlinearity (see | , Theorem 1.2 and Theorem 1.3]). In this work,
we use similar ideas but obtain interesting new phenomena for related nonlinear
inverse problems.

For the equation (1.3) with quadratic nonlinearity, the first linearization of the
nonlinear DN map Ay, linearized at the zero boundary value, is just the DN map
for the standard Laplace equation:

(DA,)o : C5(99Q) — C*109), f > dyvylan,

where vy is the unique solution of Avy = 0 in Q with vflspq = f. Thus the
first linearization does not carry any information about the unknown potential q.
However, for a quadratic nonlinearity the second linearization (D2Aq)07 which is a
symmetric bilinear map from C*(982) x C*(92) to C*~1(9€), turns out to be very
useful: it is characterized by the identity (see (2.9))

/ (D*Ag)o(f1, f2) f3dS = 72/ qQUp LU dT
20 o

where vy, is the harmonic function with boundary value f;. See formula (1.4) bel
. Thus we have the implications

Alh (f) = qu (f) for small f
= (DQAIH)O = (Dquz)O

= /(q1 — g2)v1vovzdr =0
Q

for any functions vy, ve,v3 € C? (ﬁ) that are harmonic in €.

The last statement is very close to the linearized Calderén problem for a linear
Schrodinger equation (the difference is that here one has the product of three har-
monic functions, instead of two). Choosing v; and ve to be harmonic exponentials
as in the work of Calderén | ], and choosing vz = 1, shows that the Fourier
transform of ¢; — g2 vanishes and hence q; = ¢3. Thus, somewhat strikingly, we can
solve a Calderén type inverse problem for the nonlinear equation Au+qu? = 0in a
much simpler way than for the linear equation Au+qu = 0 (the latter requires com-
plex geometrical optics solutions as in | ]). The method also provides extremely
simple reconstruction of the potential ¢, see Corollary 3.1.



We also mention that the second order linearization can be described as
(1.4) (D?A)o(f1, f2) = Ocy OcyUicy fr+enfoler—ea=0 0N L.
That is, one considers boundary data
f=efi+efr € C(0Q),
where €1, €5 are sufficiently small parameters, and takes the mixed derivative
0 0
de1 Dey

of the equation (1.3). This idea is similar to the recent works on inverse problems
for nonlinear hyperbolic equations mentioned above, and it yields the equations

61:62:0

(1.5) Awj = =2q;vy, vf,,

8%16%2 uj and vy, are harmonic functions, i.e.
€1=€e5=0

solutions to the linearized equation Av = 0. Taking the mixed derivative of the

DN maps yields (see Section 2)

0, w1 = 0, wq on ON.

Subtracting the equations (1.5) for 7 = 1,2 and integrating the resulting equation
against the harmonic function vy, yields the desired formula

/ (@1 — @)vpvpvp, dz =0
Q

which was mentioned in the discussion above.

We move on to describe our next result. By using higher order linearizations
we prove the following simultaneous recovery on a two-dimensional Riemannian
surface.

for j = 1,2, where w; =

Theorem 1.2 (Simultaneous recovery of metric and potential). Let (Mi,g1) and
(Ms, g2) be two compact connected manifolds with mutual C* smooth boundaries
OM; = OMy =: OM and dim(M;) = dim(My) = 2. Let m > 2, and let Apy, g, 4, e
the DN maps of

(1.6) Agu+qiu™ =0 in M;

for 5 =1,2. Let s > 2 with s ¢ N and assume that

AM1791,!11f = AMQ,gQ,%f on 8M’
for any f € C*(OM) with ||f|

(1) There exists a conformal diffeomorphism J : My — My and a positive
smooth function o on My such that for x € My we have

(0" g2)(x) = g1(2),
with Jlopr =1d and olop = 1.

(2) Moreover, one can also recover the potential up to a natural gauge invari-
ance in the sense that

csomy < 6, where 6 > 0 is sufficiently small. Then:

oq1 =qgoJ in M.

We see that the conformal factor o (and also the diffeomorphism J) couples to
the potential. This is due to the gauge symmetry of the inverse problem:

AMl»UJ*g,aflJ*q = AJ(M1)797<1

where J is a conformal diffeomorphism and o is a positive smooth function satisfy
the boundary conditions J|gps = Id and o|gpr = 1. For the linear equation Agu+
qu = 0, an analogous result has been proved when M is a domain in R? with
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a Riemannian metric [[UY12], when M is a manifold and the potentials are zero
[LUO1], and when the manifold M is a priori known [GT11]. The recovery of
properties of both the manifold and potential is stated as an open question in
[GT13], where further references to two-dimensional results are given. The proof
of Theorem 1.2 uses the first linearization of the DN map to recover the metric and
the manifold up to a conformal transformation. Then the second linearization is
used to recover the potential on a single fixed manifold (up to the gauge symmetry).

The final new result in this article is to consider inverse problems for the semi-
linear Schrédinger equation on transversally anisotropic manifold. Let us recall the
definition of a transversally anisotropic manifold.

Definition 1.1. Let (M, g) be a compact oriented manifold with a C*° boundary
and with dim M > 3. (M, g) is called transversally anisotropic if (M, g) CC (T, g),
where T =R x My and g(x) = g(z1,2") = e(x1) ® go(2') for 1 € R and ' € My.
Here (R, e) is the Fuclidean line and (My, go) is an (n — 1)-dimensional compact
manifold with a smooth boundary.

(Mo, 90)

FIGURE 1. An example of a transversally anisotropic manifold (M, g).

An example of a transversally anisotropic manifold is visualized in Figure 1. Espe-
cially, if 2 is a domain in R™ and g¢ is any Riemannian metric on 2, then R x Q
equipped with the metric
1 0
o= 1,0

0 go(a)
is transversally anisotropic. For more details of inverse problems in transversally
anisotropic geometries for linear equations, we refer readers to [FKLS16, FIKIL717].
We prove the following.

Theorem 1.3. Let (M, g) be a transversally anisotropic manifold, let g; € C*° (M),
and let Ay, be the DN maps for the equations

Agu+ gju™ =0 in M
for 5 = 1,2, where we assume that
meN, m>3.

If the DN maps satisfy
AQ1 (f) = qu (f)



for all sufficiently small f, then g1 = g2 in M.

The higher order linearization method in this case reduces the proof of Theo-
rem 1.3 to showing for any m > 3 that the identity

(17) / f’l)l o Um+1 dav =0
M

holding for any v; € C°°(M) with Ajv; = 0 in M, implies f = 0. Thus we prove
that the products of at least four harmonic functions on a transversally anisotropic
manifold form a complete set. The main point is that the argument works for arbi-
trary transversally anisotropic manifolds without any restriction on the transversal
geometry.

The solution to the analogous inverse problem for a linear equation Aju+qu = 0
on transversally anisotropic manifolds is only known under the additional assump-
tion that the transversal manifold (My, go) has injective geodesic X-ray trans-

form [ ]. In the linearized version of that problem, the identity (1.7) only
holds for m = 1 and one needs to prove that products of pairs of harmonic func-
tions form a complete set. In | ] this is done by using complex geometrical

optics solutions that concentrate near two-dimensional surfaces that are translates
of geodesics on Mj. Using products of such solutions and their complex conjugates
recovers certain integrals over geodesics in My, but does not yield pointwise in-
formation. In [ ] products of solutions concentrating near two intersecting
geodesics were used instead to recover microlocal information in the linearized in-
verse problem. The products are supported near finitely many points in My, but
there is oscillation that prevents recovering more information. We also mention
[ | that deals with the linearized problem on certain complex manifolds.

The idea behind the proof of Theorem 1.3 is that since one can use products of
at least four harmonic functions, we can use solutions related to two intersecting
geodesics on M, as well as their complex conjugates. The product of these four
solutions is supported near finitely many points in My and the product does not
have high oscillations. This allows one to recover the potential completely.

We mention that the aim of this paper is not to work in the highest possible
generality or to provide an extensive list of all possible applications of the higher
order linearization method. For example, it is clear that the method applies to
certain more general nonlinearities and less regular coefficients. These are left to
forthcoming works. Here we have included applications that illustrate the power of
the higher order linearization method.

Finally, we mention that before submitting this paper we became aware of an up-
coming preprint of Ali Feizmohammadi and Lauri Oksanen, which simultaneously
and independently proves a result similar to Theorem 1.3, and we agreed with them
to publish the preprints of the results at the same time on the same preprint server.
See | ]

The paper is organized as follows. In Section 2, we lay out the basic properties
for semilinear elliptic equations that we use. This includes the well-posedness of
the Dirichlet problem and higher order linearizations of the DN map. We use the
higher order linearization approach to prove Theorem 1.1 in Section 3, Theorem
1.2 in Section 4, and Theorem 1.3 in Section 5, respectively.
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2. PRELIMINARIES

In this section, we prove well-posedness of the Dirichlet problem for semilinear
elliptic equations on Riemannian manifolds with small boundary data, and study
higher order linearizations of the DN map. We assume that the Riemannian man-
ifolds we consider are compact, C'*° smooth and have C* boundary.

We state the first result of this section for a general nonlinearity satisfying two
conditions: Let @@ be the semilinear elliptic operator

(2.1) Qu) == Agu + a(z,u),

where a € C*(M x R) satisfies the following two conditions:

(2.2) a(x,0) =0,

(2.3) The map v — Ayv + dya(-,0)v is injective on HJ(M).

The first condition ensures that © = 0 is a solution, and the second states that the
equation linearized at u = 0 is well-posed.

The next result considers mappings between Banach spaces which are Fréchet
differentiable. We refer the reader to | , Section 10] and | , Section 1.1]
for basics about Fréchet differentiability.

Proposition 2.1 (Well-posedness). Let (M, g) be a compact Riemannian manifold
with C* boundary OM and let Q be the semilinear elliptic operator given by (2.1)
satisfying (2.2) and (2.3). Let s > 2 with s ¢ Z. There exist §,C > 0 such that for
any f in the set

Us :={h € C*(OM); ||hllcsarr) < 0},

there is a solution u = uy of

A = in M
(2.4) {gu+a(x,u) 0 in M,

u=f on OM,
which satisfies

ullesary < Cliflles o)

The solution uy is unique within the class {w € C*(M); ||w|csary < Co}, and if
f e C>®(0M), then uy € C®(M). Moreover, there are C> Fréchet differentiable
maps

S : U5—>CS(M), fl—>Uf,
A U(;—)Csfl(ﬁM), fl—>8VUf|aM.

Proof. We prove the existence of solutions by using the implicit function theorem
in Banach spaces [ , Theorem 10.6]. Let

X =C*(0M), Y =C*(M), Z=C**M)xC*(OM).
Consider the map
F:XxY —=Z, F(f,u)=(Qu),ulam — f)

We wish to show that F' indeed maps to Z and is a C'°* map. Note that since a is
smooth, the map

u— a(z,u)
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takes C*(M) to C*(M), and if ||lullcs(ary < K then ||a(z,u)|csary < Cla, s, K)

(these facts follow from a local coordinate computation). Thus F is well defined.

If u,v € C*(M) we use the Taylor formula

Guolr) y [F O el 1)
0

m

a(x,u +v) :Z

=

' v™ (1 — )™ dt.
m:

Since C*(M) is an algebra, we have that when [|v]

cs(my < 1 one has

™ da(x,u) j mt1
a(z,u+v) — Z T < Craullv] Ce (M)

J

Jj=0 Cs(M)

This shows that u +— a(x,u) is a C° map C*(M) — C*(M). Since the other parts
of F are linear, F' is a C* map in the standard sense of | , Definition 10.2].
Note that F'(0,0) = 0 by (2.2). The linearization of F' at (0,0) in the u-variable
is
DuF| (g0 (v) = (Agv + ua(z, 0)v, v|onr).
This is a homeomorphism Y — Z by (2.3). To see this, let (w, ¢) € Z = C*72(M) x
C*#(OM), and consider the Dirichlet problem

(2.5) {(Ag + Oya(r,0))v =w in M,
v=¢ on OM.

If a solution to (2.5) exists, it is unique by (2.3). Consequently, by using the
Fredholm alternative (see e.g. | , Proposition 1.9]), we may solve (2.5) in
H} (M) for any source in H (M) and zero boundary value. Thus, we have solutions
vy and vy in H (M) to (2.5) with sources w and —(A, + dya(x,0))P respectively,
where ® € C*(M) is a function with ®|sy = ¢ € C¥(OM). Then v = v +va + P is
the unique solution in H!(M) to (2.5). We have the well-known Schauder estimate

crony < C (Jlul

for some constant C' > 0 independent of w € C*"2(M) and ® € C*(M), which
shows that solutions to (2.5) depend continuously on w and ¢. (We have included
a proof of the Schauder estimate in the manifold setting in Appendix B.)

The implicit function theorem in Banach spaces | , Theorem 10.6 and Re-
mark 10.5] now yields that there is § > 0 and an open ball Us = Bx(0,d) C X and
a C>* map S : Us — Y such that whenever || f||cs@nr) < 0 we have

F(f,5(f)) = (0,0).
Since S is Lipschitz continuous and S(0) = 0, u = S(f) satisfies

ol e + 1®lloeany)

lullesary < Cllfllesann-

Moreover, by redefining 0 if necessary u = S(f) is the only solution to F(f,u) =
(0,0) whenever || f[|cs o < 0 and [Jul|cs(ary < C3. We have proven the existence
of unique small solutions of the Dirichlet problem (2.4) and the fact that the solution
operator S : Us — C*(M) is a C*° map. Since the normal derivative is a linear
map C*(M) — C*~1(OM), it follows that also A is a well defined C°° map Us —
Cs~HoM). O

In the rest of the paper, we consider power type nonlinearities of the form
a(z,u) = q(x)u™, where m € N and m > 2. For such nonlinearities, the higher
order linearizations of the DN map will be particularly simple. We will consider
complex solutions u to the boundary value problem (2.4). We remark that even
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though the Proposition 2.1 was proven for real valued solution the proposition re-
mains valid for the nonlinearity a(z,u) = g(x)u™ by analyticity in w. In the rest of
the work we will consider complex valued solutions without separate notice.

The next proposition justifies the formal calculation that we may differentiate
the equation

(26) Agu’f + Q(‘T)u?n =0in Ma uf|6M = 61](‘1 + -+ 6mfm
in the €; variables to have equations corresponding to first and mth linearizations,
Agvy, =0 and Ayw = —(m!)quy, -~ vy,

The normal derivative of w is the mth linearization of the DN map of (2.6). Below,
we write

(Dkf)m(yh s 72/]@)
to denote the kth derivative at x of a mapping f between Banach spaces, considered
as a symmetric k-linear form acting on (yi,...,yx). We refer to | , Section
1.1], where the notation f®)(z;y1,...,yx) is used instead of (D*f),(y1,. .., yr).
For f € C*(OM) with s > 2,5 ¢ N, let us denote by vy the unique solution of
the Laplace equation

(27) Agvf:Oin ]\47 Uf|8M:f-
By using this notation, we have the following result.

Proposition 2.2. Let ¢ € C*°(M), and let Ay be the DN map for the semilinear
elliptic equation

(2.8) Agu+ q(z)u™ =0 in M,

where
m €N and m > 2.

The first linearization (DAgy)o of Ay at f = 0 is the DN map of the Laplace
equation (2.7) such that

(DAg)o : C5(OM) — C*"1 (M), f > dyvflon-

The higher order linearizations (DIA,)o are identically zero for 2 < j <m — 1.
The m-th linearization (D™ Ay)o of Aq at f =0 is characterized by the following
identity: for any f1,..., fm+1 € C*(OM) one has

(2.9) / (D™AQo(f1s- - s fm) fmy1dS = —(m!)/ quy, -V, AV
oM M

here each vy, , k=1,...,m+1, is the solution to (2.7) with boundary value f = fj.

Proof. The nonlinearity a(x,u) = g(x)u™ satisfies the conditions in Proposition 2.1,
and thus the DN map A, = 0,5 is well defined for small data. Here S : f — uy
is the solution operator for the Dirichlet problem of the equation (2.8). To compute
the derivatives of A, at 0, it is enough to consider the derivatives of S. Let us write
f=fler,...,ex) == e1f1 + - + e fr. The function uy = S(e1fi + -+ exfr) €
C*(M) depends smoothly on €j,...,¢; since S : Us — C°(M) is C*° Fréchet
differentiable by Proposition 2.1. Applying O, - - - O, |ey=--.=c, =0 t0 the Taylor’s

formula for C*° Fréchet differentiable mappings (see e.g. | , Equation 1.1.7])
k j 1 k+1
DIS)o(f,. .., DRt S e
= 7! 0 k!

implies that (D*S) may be computed using the formula
(DkS)O(fla DR fk) = 661 T aﬁkuf|€1:"~:€k20'
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Moreover, since uy is smooth in the €; variables and A, is linear, we may differen-
tiate the equation

(2.10) Aguy + q(x)u;c” =0, uflonr = f
freely in the €; variables.

Let first k£ = 1, so that u = u., . Since up = 0 and m > 2, the derivative of
(2.10) in €; evaluated at e; = 0 satisfies

Ag(aeluf|61:0) =0, 661uf|6M :f1~
Thus the first linearization of the map S at f =0 is

(DS)O(fl) = 861u61f1 |61:0 =V,

where vy, satisfies (2.7) with f = f1.
For 2 <k <m —1, applying O, - -+ ¢, le;=--.—=¢,, =0 to (2.10) gives that

Ag(Oe, - -+ O ufley==ep=0) =0, Oey +++ Ocuplon =0,

since O, -+ - O¢, (q(z)u}') is a sum of terms containing positive powers of uy, which
are equal to zero when f = 0. Uniqueness of solutions for the Laplace equation
implies that

(D*S)o(fr,-- s fr) =0,  2<k<m-1
When k = m, the only term in 9, - - 0, (¢(z)u}") which does not contain second
or higher order power of uy is g(z)(m!) (O, uf) - - - (Oc,,us). This is the only nonzero
term after setting e; = ... =¢€,, = 0, and thus the function

w = (DmS)O(fl, ey fm) = 861 e aemuf|61:...:em:O
solves
(2.11) Agw = —g(z)(m!)vy, -- vy, In M

with zero Dirichlet boundary values.
By linearity one has
(D*Ag)o = 0, (D*S)olonr-
The claims for (D*A,)g when 1 < k < m — 1 follow immediately. For k = m we
observe that (D™Ag)o(f1,..., fm) = OLw|am satisfies

/ (an)fm+1 dsS = / (<dwv d’l)fm+1>g + (Agw)vfm+1) d‘/a
oM M

where d denotes the exterior derivative on M. The integral of (dw, dvy,, ., ), vanishes

since w|gns = 0 and vy, , is harmonic. The proposition follows by using (2.11). O

3. PrROOF OF THEOREM 1.1

In this section, we use the higher order linearization approach (in fact, the second
order linearization of the DN map) to prove Theorem 1.1. We could use Propo-
sition 2.2 to have the integral equation (3.6) below directly, even for the product
of three harmonic functions instead of two (this is a stronger statement since one
can always take the third harmonic function to be constant). The theorem would
follow from this by using harmonic exponentials. However, we choose to give a
direct hands-on approach that explains how to use the method.

Proof of Theorem 1.1. Let €1,€ea be sufficiently small numbers and let fi,fo €
C>°(OM). Let the function u; := u;(x; €1, €2) € C*(M) be the unique small solution
of

2 _ .
(3.1) {Auj +qu; =0 inQ,

uj = €1 f1 +efa  on 09,
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for j = 1,2 provided by Proposition 2.2. Let us differentiate (3.1) with respect to
€y so that

(3.2) A (a%euj) + 2q;u; (%uj) =0 in Q,

%uj = fo on 0f).
Inserting €; = €2 = 0 into (3.2), shows that

AUJ(Z) =0 in  with vj(-e) = fy¢ on 082,

where 5
@0y _ 9
((I;) 86[ 61:62:0
Here we used u;(x;0,0) = 0. The functions vf are just harmonic functions defined
in Q with boundary data fs|gq. By uniqueness of the Dirichlet problem for the
Laplacian we have that

(3.3) v = v%e) = véa inQ for{=1,2.

’LL]'((E; €1, 62) .

Next, let us differentiate (3.2) with respect to ¢ for k # ¢. Then we have that

32 62 ou; ou; .
oy {3 (m) 2 (atn) +20 (3) (32) =0 o,
ﬁuj =0 on 0f2.

Again, evaluating at €; = e = 0, the equation (3.4) becomes

{ij +2¢;vMv® =0 in Q,

(3.5)
wj =0 on 012,

where w;(z) = (%;@uj) (2;0,0) and we used wu;(x;0,0) = 0 for j = 1,2 again.
By using the fact that Ag, (e1f1 + €2 f2) = Ag, (e1f1 + eaf2) for small €1, €2, we have
dyutlaa = Oyuzlaq,
and applying Oc, Oc, |¢; =e,—0 to this identity gives that
Oywilan = dywalaq.

Thus, by integrating the equation (3.5) over € (i.e. integrating against the harmonic
function v® = 1) and by using integration by parts we have

(3.6) 0= / (0w — Oyws)dS = [ A(wy —ws) dx = 2/ (g2 — ql)v(l)v(2) dx
a0 Q Q

where (1) and v(?) are defined in (3.3). Therefore, by choosing f; and fo as the
boundary values of the Calderén’s exponential solutions | 1,

(3.7) v(l)(as) = exp((k +i€) - x), 11(2)(:E) = exp((—k +i€) - x),

where k, £ € R”, k L £ and |k| = |€], we obtain that the Fourier transformation of
the difference g3 — ¢ at —2¢ vanishes. As £ € R™ is arbitrary, we obtain q; = ¢o. [

In the proof above we did not need to construct special solutions for an elliptic
equation with unknown coefficients, such as complex geometrical optics solutions.
The linearization technique allowed us to simply use known harmonic functions.
This fact gives an extremely simple reconstruction in the setting of Theorem 1.1.

Corollary 3.1. Letn > Z,Jnd let Q C R™ be a bounded domain with C*° boundary
0Q. Assume that ¢ € C™(Q), and let Ay be the DN map for the equation

(3.8) Au+ qu® =0 in Q.
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Then

1 0?

(39) E]\(_Qé-) = _5 00 361862

Ag(e1fi +eafa) dS,

6126220

where f1 and fo are the boundary values of the exponential solutions (3.7) and q
stands for the Fourier transform of q.

Proof. The proof of the reconstruction can be directly read from (3.6) in the proof
of Theorem 1.1. O

We end of this section with a remark about the stability of the reconstruction
formula in Corollary 3.1.

Remark 3.2. Let us consider the stability of the solution of the inverse problem of
Theorem 1.1, which regards determination of the potential ¢ from the DN map of
the equation Au+qu? = 0. Let us assume as in Corollary 3.9 and adopt its notation
with the difference that we consider the equation (3.8) with two different potentials
q1 and g2 and the corresponding DN maps A,, and Ag,. By the reconstruction
formula (3.9) we have

020 = =3 [ (DA, )0l f)aS. forj=1.2

By subtracting the above formula for j =1 and j = 2 from each other, we obtain

@ = @)(-2) = =3 [ (DA)o = (DA )0) (1. f2) 5.

Now, we assume that
(1) ID*(Agy — Agy)oll« is sufficiently small for k =0,1,2, and
(2) llgjllaro) < R forj=1,2,

where

HTH* = sup ||T(flvvfk)|

If1lles poy=""=Ifrllcsoa)=1

for a bounded k-linear form T : C*(0Q)x---x C*(9Q) — C*~1(0N). Neat, by taking
harmonic functions vy = @), vf, = v@in Q, where v v@ are the functions
defined in (3.7), one can obtain that

(3.10) llgr = q2llz2 < w (IID*(Ag, — Ago)olls)

where w(t) is a modulus of continuity satisfying, for some C' = C(R),

C#=1(8Q)

1
w(t) < Cllogt| 72, 0<t< -
e

One can directly prove the logarithmic stability (3.10) by using standard arguments
in stability for the Calderdn problem, for example, see | , Section 4].

4. SIMULTANEOUS RECOVERY ON TWO-DIMENSIONAL RIEMANNIAN SURFACES

We use the higher order linearization approach to simultaneously recover, from
the DN map, the conformal class of a Riemannian surface and the potential of a
semilinear Schrodinger operator up to the gauge symmetry. We use first order lin-
earization to recover the conformal class of the manifold by using the result | ]
(see also | ] for a recent alternative proof). Then by using the result | ]
we recover the potential on the known conformal manifold (up to gauge).
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Proof of Theorem 1.2. The proof is divided into two steps. We first recover the
manifold and the conformal class of the Riemannian metric. After that we recover
the potential on a known manifold up to the gauge symmetry.

Step 1. Recovering the conformal manifold.

Notice first by Proposition 2.2 that the equality

AM17917Q1 (f) = AMz,gqu (f)
for all f € C*(OM) with || f]

(DAMI;QI:QI)O = (DAM2)92:‘12)0'

By Proposition 2.2, the maps (DA g;.4;)0, for j = 1,2, are the DN maps of the
linearizations of the equations Ay u + gju™ = 0in M; at zero. The linearized
equations are Laplace equations on (M, g;). Since D(Ans g1.01)0 = D(AMy,g0.92)0
we have that the DN maps of the Dirichlet problems

Agj'Uj =0 in Mj,
v;=f on OM

csam) < 6, 0 > 0, implies that

agree. We are in the setting of the standard anisotropic Calderén problem on 2-
dimensional Riemannian manifolds. We apply | , Theorem 5.1] (with T' =
OM) to determine the manifold and the Riemannian metric up to a conformal
transformation. That is, there exists a C'°° smooth diffeomorphism J : My — M,
such that
oJ*ga =q

with J|sar = Id. Here o0 € C°°(M;) is a positive function with o|gps = 1. This
completes the Step 1. of the proof.

Step 2. Recovering the potential.

We transform the equation (1.6) on the manifold (Ma, g2) into an equation on the
manifold (M7, g1) as follows. We denote

Go=0 ‘goJ=0"1tT"g.
Let f € C*(OM) with || f]
Ag,u + gouy’ =0 in My with us = f on OM

cs(om) < 6 and let uy be the unique solution to

given by Proposition 2.1. Let us denote
Uy := J us = ug o J.
Then 1y solves
Ag g + @2 (U2)™ = Ag gy ta + G2(Ua)™
=0 A e gy tin + 0 (T q2) ()™
=0 T (Agyuz) + 0 (T q2) (JFun)™
=0 T [Ag,us + goul'] .

Here we used the conformal invariance of the Laplace-Beltrami operator in dimen-
sion 2 in the second equality. In the third equality, the coordinate invariance of
Laplace-Beltrami operator was used. Since ug solves Ag,us + gouf* = 0 in My, we
consequently have that

(4.1)

Aglaz + a2(ﬂg)m =0 in My,
EQ = f on OM.
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Here we also used J|gpr = Id.
Next, let u; be the unique solution to the nonlinear equation (1.6) on (M, g1)
with potential ¢g; and boundary value f. We show that the following equation

(4.2) Oy, u1 = Oy, U2 on OM,

holds by the assumption that A g, ¢, (f) = Adgygage(f). Since Angy g9 =
A, go.q0, it follows that if uy = ug = f on OM, then by definition

(4.3) Oy, u1 = Oy, ug on OM.
We calculate
(44) 3V2U2 = Uy - dUQ = Uy d(UQ oJo Jﬁl) = (J,:ll/Q) . daz =1 dﬁg = 6,,1172.

Here - denotes the canonical pairing between vectors and covectors, and d is the
exterior derivative of a function. For example vy-dus = g(v2, Vug) = Zizl vk Opus.
In calculating (4.4), we used that J : M; — M> is conformal diffeomorphism,
oJ*ge = g1, with J|oppr = Id and o|spr = 1. By combining (4.3) and (4.4) we
have (4.2). Since the solution w2 is unique, we have that

(4'5) AMly!]l;Ql (f) = KMl,gl,fiz (f>7

for all f € C*(OM) with || f||cs @) < 0, where KMl,gl,z‘iz stands for the DN map
of the Dirichlet problem (4.1).
We apply Proposition 2.2 on the single Riemannian manifold (Mj,g;) for the

DN maps Az, g, ,q, and KMl,gmiza which agree by (4.5). By Proposition 2.2 we have

(D*Anty g1,q0)0 = (D*Any g1.42)0
and

/ (¢1 — g2)v1v2v3dV =0,
My

where vy, vo, v3 € C*(M;) are harmonic functions in (M, g;). Choosing v = 1,
we get

/ (@1 — @2)v1v2dV =0
My

for any harmonic functions vy and vy in (Mj,g1). We choose v; and ve to be
complex geometrical optics solutions constructed in | ]. (See the construction
in the proof of Proposition 5.1 in [ ]. We note that the construction can in
fact be significantly simplified in our case where v; and v are actually harmonic.
In this case, Carleman estimates are not needed and the construction in | ]
would suffice.) Asin [ , Proposition 5.1], this yields that

q1 = g2 in M.
This concludes the proof. O

5. TRANSVERSALLY ANISOTROPIC MANIFOLDS: SIMPLIFIED CASE

In this and the next section we prove Theorem 1.3, which will be a consequence of
the following proposition. The proof of the proposition is based on the existence of
special harmonic functions on transversally anisotropic manifolds. These harmonic
functions were constructed in [ ]. They have the property that if (M, g) is a
transversally anisotropic manifold, i.e. (M, g) CC R x My, g = e ® go, then on the
transversal manifold M, these harmonic functions concentrate near the geodesics
of (]\407 go)
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Proposition 5.1. Let (M,g) be a transversally anisotropic manifold and assume
that m > 4. If f € CY(M) satisfies

(5.1) / fur- o up,dV =0
M
for any uj; € C®(M) with Aju; =0 in M, then f =0.
Theorem 1.3 follows immediately from Proposition 5.1:

Proof of Theorem 1.3. Let Ay, be the DN map for the equation Aju + qu™ = 0
in M. If A, (f) = Ag,(f) for small f, then (D™Ay )0 = (D™Ag,)o. Thus by
Proposition 2.2, one has

/ (@1 — @2)v1- VU1 dV =0
M

where v; € C*(M) are harmonic functions in M. Since m > 3, it follows from
Proposition 5.1 that ¢; = go. O

The harmonic functions u, for £ = 1,2,...,m on M used in the proof of Propo-

sition 5.1 are of the form

e " (Us(2") + 7s(2))

where x is the coordinate along R and z = (x1,2’). They may be considered as
an analogue of complex geometrical optics solutions for transversally anisotropic
manifolds. Here vs, s = 7 + i), is a so called Gaussian beam quasimode on My,
i.e. an approximate eigenfunction concentrating near a geodesic on (Mpy, go) with
(slightly complex) large frequency s. The function 7, is a small correction term.
Such harmonic functions were introduced in | ] and | ]. Since we
need some additional properties of these harmonic functions, we include a few
statements regarding these functions. We have placed their proofs in Appendix A
for readers’ convenience.

We say that a geodesic v : [0,T] — M is nontangential if 4(0) and v(T) are on
OM, ~(t) € M™* for 0 <t < T, and 4(0) and 5(T) are not tangential to M. We
remark that we will apply the following proposition in the case where (M, g) is a
transversal manifold (Mo, go).

Proposition 5.2 (Gaussian beams quasimodes). Let (M,g) be a compact Rie-

mannian manifold with smooth boundary OM, dim(M) =m. Let v :[0,T] - M

be a nontangential geodesic, and let A € C. For any K € N and k € N, there is a

family of functions (Us) C C°(M), where s =7+ i\ € C and 7 > 1, such that
1(=Ag = 8*)Tsll r(ar) = O(—5),

[ullsean = 0(1),  [Ballzsonn = O(1)

as T — oo. The functions U5 have the following properties: If p € v([0,T]), then

there is P € N such that on a neighborhood U of p the function Us is a finite sum

(5.3) Vs = ~(1) et ﬂ(P)

(5.2)

where t; < ... < tp are the times in [0,T] such that v(t;) = p. Each vV has the
form

(54) 5(” — mg—l eise(l)a(1)7

where each © = ©W is a smooth complex function in U satisfying
o) =t, VO () =7(@),

59 I(V0(1(1) 2 0, (V)]s > 0.
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for t close to t;. Here a®(v(t)) = TmT_l(ag)('y(t)) + O(771)) where aél)(y(t)) is
nonvanishing and independent of T, and the support of a¥) can be taken to be in
any small neighborhood of v([0,T)) chosen beforehand.

We remark that if the geodesic v in Proposition 5.2 has no self-intersections,

then the formula for v, simplifies to

m—1

(5.6) Us(x)=7""=%

eis@(a:) a(x) ’

where © = O(z) satisfies (5.5). We use this fact in Section 5 below.
The following proposition describes complex geometrical optics (CGO) solutions
on transversally anisotropic manifolds.

Proposition 5.3 (CGO solutions). Let (M,g) CC (R x My, g) be a transversally
anisotropic manifold with g = e ® go. We write x € M as x = (x1,2") € R X M.
Let R, k € N. There exists 1o > 1 such that for any fized real number \ and for
any T with |T| > 1y there is a solution of the equation —Agu = 0 in M having the
form

US(*T) = e_swl(ﬁs(x/) + 7“8(37))~

Here s = 7+1i\, Us is a family as in Proposition 5.2 in (Mo, go) (so thatm =n—1)
with K = K(R, k) chosen large enough, and

|\7"S\|Hk(M) = O(T_R) as || = 0.

Before we prove Proposition 5.1 in the general case, we show how the proposition
is proved in a simplified setting. The main idea of the proof of Proposition 5.1 is
more transparent in the simplified setting.

Proof of Proposition 5.1 in a simplified setting. Let (M, g) CC (R x My, g)
be a transversally anisotropic manifold, where (My, go) is a compact Riemannian
manifold with smooth boundary and g = e & go. We call My the transversal
manifold, and denote by x; the coordinate along R. Let us make the following
simplifying assumption:

Assumption A. For each point gq in the transversal manifold My, there exist two
distinct nontangential geodesics v and 7 that intersect at yo and which have no
other intersection points, and also v and 7 do not self-intersect.

This assumption is valid for instance when g is a small perturbation of the
Euclidean metric on a domain My C R"~1, or more generally if (Mo, go) is a simple
manifold (i.e. My is diffeomorphic to a ball, M is strictly convex, and no geodesic
in My has conjugate points). We now prove Proposition 5.1 under Assumption A.
The situation of the proof under Assumption A is depicted in Figure 5.

Let yo € My and let v and 1 be geodesics as described above. By applying
Proposition 5.3, we have the following four harmonic functions in (M, g):

ur(z) = e TNV (@ (@) F (@), up(e) = THNR (T () + (),

u(x) = e (W (') +r3(x),  wa(@) = € (W (1)) + ra(2).

Here v,4;) and w, are the Gaussian beams introduced in Proposition 5.2 corre-
sponding to the geodesics v and 7, respectively. Since by assumption v and 7 do
not have self-intersections, they are of the form

Troin(z)) = 775 e THNR@) g0y and @, (af) = 75 €Y@ p(a).
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FIGURE 5. A product of once intersecting Gaussian beams local-
izes near their intersection point and oscillate.

Here ® and W are phase functions that satisfy
() =t, Ve(y(t) =5(t), Im(VZe(y(t))) 20, Im(VZ®)[;e)> >0,
V() =t, V() =n(t), m(V*E(@(t) >0, Im(V2E)[;42 >0,

and the functions a¢ and b are amplitude functions. In particular, if z are normal
coordinates on M centered at yo, one has

(5.7) Im(®)(z) = %Hess(@)boz 24 0(|2]?)

where Hess(®)|,, is the Hessian at yo in normal coordinates, and similarly for
Im(¥). Without loss of generality, we may assume that the supports of a and b
are contained in any fixed neighborhood of the graphs of v and n. Furthermore,
the functions 74, 1 < £ < 4, are small correction terms, which satisfy ||r¢|| gx () =
O(r~ %) for any k, R € N fixed beforehand. We choose some k > n/4, so that
Sobolev embedding gives ||r¢||ps(ar) = O(7~ ).

Since v,4;\ and w, are supported near v and 7, respectively, and since v and
7 intersect only at the single point ¥y, the product ujusuzuy is supported near
the point yo on the transversal manifold My. By applying the assumption (5.1) of
Proposition 5.1 to the solutions ug, 1 < £ < 4, and extending f by zero to R x M,
we have that

O:/ fU1UQU3U4dV
M

(5.8) :/ fe 2T P @, ? dVy, day + O (77 F)
—oo J My

= / fx, e 2@ Aqy, 4+ 0 (r7F).
Bs(yo)

In the second equality, we used that ||f||ze, ||Or4inllza(ar,) and ||+ | pacarg,) are
O(1) as 7 — oo and that ||r¢| 2y = O(r~ ). In the last equality, Bs(yo) is a
geodesic ball of radius 6 > 0 in Mj centered at yy € My that contains the support
of

(5.9) A= A(r) =17 "7 e PR(®)|g2p|2,
and f denotes the partial Fourier transform of f with respect to the x;-variable.

The point here is as follows. The Hessians of Im(®) and Im(¥) at yq are positive
definite in directions orthogonal to 4 and 7, respectively. Overall, the Hessians
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of Im(®) and Im(¥) are also nonnegative definite. It follows that the sum of the
Hessians of ® and ¥ at g, is positive definite:

(5.10) Im(Hess(®) + Hess(¥))|, > 0.

Yo
By (5.10) and by choosing 6 small enough, we have for some C, ¢ > 0 that

(511) |e—271m(¢>+\11)| < Ce—c-r‘z|2 in Bg(y()),

where z are normal coordinates in Bs(yo) such that z = 0 € R"~! corresponds to
yo € My. By plugging (5.9) into fB(;(yo) F2A, - )e= 2 m@+Y) A gV, - we will make

—1/2

use of the change of variables z — 7 z in the last integral in (5.8), which results

in a Jacobian 7% . Multiplying (5.8) by 71/2, and using the new variables, we
have as 7 — oo that

O(T_R+1/2) — F1/2 /M fuiuguzug dVy

12 / F(20, 2)e= 2 m@EOHE A(5) 4V, (2)
Bs(yo)

—n=2 r —27Im(®(2 2)) ,— z
=t/ [ e OO SO DR o)) V3 ()

n—2 n—1
:7‘1/27' 2 T 2

% / f(2>\, Z/,/,_l/?)6727'Im(<1>(z/7'1/2)+‘If(z/‘rl/2))672)\Re(‘1>(z/71/2))
Rn—1

x Ja(z/T2) P [b(z/7V2)Plgo (/)2 dz

_ 2 / F2x, 2 Jr1/2) = 2rIm((/ T2/ 7112) - 2ARe(@ (271 /)
Rn—1

X |7°% (ao(z/77%) + O ) PIr*T (bo(=/7'/%) + O P
x |go(z/TH?)|2 d2
=:K(7).

Then we have

lim K(7) = ¢f(2), o).

T—>00

Here the constant
L e A

Here we have used (5.7) and the Lebesgue dominated convergence theorem, which
was justified by the condition (5.11). We have also extended functions in the above
integrals by zero outside supp(A) C Bs(yo). Thus f(2X,y0) = 0. Since A € R and
Yo € My were arbitrary, this proves Proposition 5.1 in this simplified case.

6. TRANSVERSALLY ANISOTROPIC MANIFOLDS: GENERAL CASE

To prove Proposition 5.1 on general transversally anisotropic manifolds, we need
to consider the possibility where geodesics v and 1 on My may intersect at many
different points and they may have self-intersections. The proof will be achieved
by introducing additional parameters to the complex geometrical optics solutions
of Proposition 5.3, and varying these parameters. These additional considerations
make the proof of Proposition 5.1 more technical than in the simplified case con-
sidered in Section 5. We also use the following two lemmas, which will be proved
in Appendix B.
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Lemma 6.1 (Finitely many intersecting geodesics). Let (My,go) be a compact
Riemannian manifold with strictly convex smooth boundary OMy. There is a set E
of measure zero in My such that if yo € Mo\ E, there exist nontangential geodesics
v and n on My that intersect at yg, self-intersect only finitely many times and
intersect each other only finitely many times.

Lemma 6.2. Let fi,...,fn be compactly supported distributions in R such that
for some distinct real numbers ay,...,an one has

N ~
Y fiNer =0,  AeR
j=1

Then fi =---= fn =0.
We now prove Proposition 5.1 in the general case.

Proof of Proposition 5.1. We do the proof in several steps.

Step 1. Choice of the harmonic functions u;.

By taking u; = 1 for j > 5, it is sufficient to prove the result when m = 4. By the
assumption we have that M CC R x My with ¢ = e @ go. The dimension of M is
denoted by n, and so dim(Mp) = n — 1. We may enlarge My so that it has strictly
convex boundary (first embed My in some closed manifold M;, remove a small
geodesic ball from M; \ My and glue a part with strictly convex boundary near the
removed part). Let E C My be as in Lemma 6.1 and let yg € My\ E. Let also v and
1 be the geodesics on My given by Lemma 6.1. That is, the nontangential geodesics
~v and n intersect at yg, self-intersect only finitely many times and intersect each
other only finitely many times.

We denote the points x of R x My by (x1,z"). We apply Proposition 5.3 in the
case where the parameter s in the proposition is set to L(7 + ¢)), where 7 > 1 is
sufficiently large, L > 1 is an additional large parameter that will be fixed later,
and A € R is fixed. Thus we have harmonic functions of the form

uy (z) = e~ HHNT (VL (riny (@) +7r1(2)),
Uz(l‘) = eL(r-i—i/\)a;l(’gL(TH)\)(x/) I rg(x)),

where Agu; =01in M, j =1,2. Here

5L(T+i>\) (90')
is a Gaussian beam quasimode concentrating near the geodesic v in My of Propo-
sition 5.2 and 75, j = 1,2, are remainder terms satisfying
751l v ary = O(7 ™)
as 7 — oo where k, R > 0 can be chosen arbitrarily large. We have that
(61) Ui1Ug = 672iL)\zl |5L(T+i/\) (I’/)|2 =+ OL2(M) ((LT)iR).

By using Proposition 5.3 again, we choose solutions us and w4 now related to
the geodesic n of the form

ug = T (G (@) + ), ug = TR (W, (o) + 1),
where 1 € R is fixed, ||r| grar) = O(77 %) as 7 — oo. Here w1, is a Gaussian
beam quasimode concentrating near n as in Proposition 5.2. Similarly as for u;us
in (6.1), we have that

(62) uzuUyg = 6_%“%1 |ﬂjT+iu(l‘/)|2 + OLQ(M) (T_R).
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Step 2. The integral of f against uyususuy.

By the assumption that f integrates to zero against products of four harmonic
functions, we have

/ fU1UQU3U4 dV = O
M
Using (6.1) and (6.2), this implies that

0 :/ f(xla x/)672i(L/\+H)a:1 |§L(T+i>\) (x/)‘2|@7_+w(z/)|2 dv + O(TﬁR).
M

If we extend f by zero to R x My and denote the partial Fourier transform of f
with respect to the 21 variable by f(A,2’), then the previous identity becomes
(6.3) 0=/ FRIA+ 1), )Opirrin P |@r il dVy, + O(77H).
0

Note that vp(r14x) and w, i, can be chosen to be supported in arbitrarily small
but fixed neighborhoods of v and 7, respectively. Thus if py,...,pyN are the distinct
intersection points of geodesics v and 7 in My, then the integral over My in (6.3)
is actually over Uy U --- U Uy where U, is a small neighborhood of p, in M, for
r=1,...,N.

In the following, we denote
(6.4) F(2') = Foaiu(@') i= FRLA+ ), a').
Note for later purposes that

IFllcr o) S I llerany-
(Here and in the rest of the paper the notation a < b means, as usual, that there is
a constant ¢ > 0 such that @ < ¢b.) Combining the above facts, we have that

N
(6.5) S /U FIp (rainy [P AV = o(1)
r=1 T

as 7 — 00. Here we also have multiplied (6.3) by a normalization factor T3, It
will be shown below that with the normalizing factor T%, the left hand side has a
nontrivial limit as 7 — oo.

Step 3. Analysis of the integrals in (6.5).

Fix now p to be one of the intersection points p,., for some r =1,2,--- , P, and let
us denote U = U, C My and p = p, € My. We consider the integral
(6.6) [ Flnron Pl sl vy,

U

By Proposition 5.2, in U the quasimode vy (r44y) is a finite sum
5L(7—+i)\)‘U — '17(1) R +717(P)7

where t; < ... < tp are the times in [0, 7] such that y(t;) = p, each 1) has the
form

FU) = 7= 252 il (TN @D (5)
where each ® = ®U) is a smooth complex function in the neighborhood U of p
satisfying
O(y(t) =t, V() =5(t), Im(VZe(y(t))) =0, Im(VZ®)[;)e >0,

for t close to ¢, and each a9 is supported in any fixed neighborhood of the graph
of v and a¥)(p) # 0.
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In a similar way, Wy, in U is a finite sum
Wryiplu = oM+ + @@

where s; < ... < sq are the times in [0, 5] such that n(s;) = p. The function @*)
has the form

G0 = 7152 gilr+im) ¥ (k)
where each U = U(*) gatisfies
U(n(s) =s, V¥(n(s) =10(s), Im(V>T(n(s)) >0, Im(V>¥);5r >0,

for s close to si, and each b() is supported in any fixed neighborhood of the graph
of n and b (p) # 0.
Inserting the formulas for Ur,(;4;\) and w44, in (6.6) yields that

P Q
(67) T%/ F|5L(T+i>\)|2|'&77'+iu‘2dvgo = Z Z Ijklm
U

jk=11m=1

where

Liktm = T%/ FoW5® @O gm) gy,
U

(6.8)
= T%/ eiTEjkl’mA.jklmF dVgO
U
where
(6.9) Ejkim = Lol — Lé(k) + o0 — @(m)’

_ ) _ (k) _— ) _ ( A —(m
Ajpim = e~ PAST ZIAS® mp D -k ™ (N gk) O™

We will next analyze the integrals Ik, in (6.8) and show that the only nontrivial
contribution as 7 — oo comes from the terms where V=g, (p) = 0. After this, we
will fix the parameter L so that VZxim,(p) = 0 will happen only when j = k and
[ =m.

Step 4. Evaluation of Ljkim when VZgm(p) = 0.

Let j,k,l,m be the number such that Z = Z;m, which satisfies VE(p) = 0, and
write

B = FAjklnm
where F' is defined by (6.4). Writing z for a geodesic coordinate system in (Mo, go)
with the origin at p, the phase function = has the Taylor expansion

1 .
=(z) =E2(0) + in 2+ 0(]2]?).
Here Z(0) = L(t; —tg) + 81 — sm and
H = ijlm = (8zazba)a,b

the Hessian of Z in the z coordinates. Note that the imaginary parts of Hessians of
®W@) d®) g w(m) at p are all positive semidefinite. Moreover, they are positive
definite in the codimension one subspaces ¥(t;)%, 4(tx)®, 1(s))*, 1(sm)*, respec-
tively. Thus it follows that

Im(H) = Im(VA(L(@W + ®)) + ¢ 4 gy,

is positive semidefinite, and moreover it is positive definite since the above codi-
mension one subspaces span the whole tangent space at p. The last fact holds
since (t;) # £n(s1), which follows the geodesics v and 7 are distinct and also not
reparametrizations of each other.
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By Proposition 5.2, we may assume that the functions 9) and w*) are supported
in arbitrary small neighborhoods of v and 75 respectively. Thus, without loss of
generality, we may assume that U is contained in any fixed open geodesic ball Bs
centered at p. Since Im(H) is positive definite, by choosing 6 > 0 small enough, we
have

|ei‘r(%Hz»z+O(\z|3))| S ech|z|2 in U,

for some ¢ > 0. This shows that one may indeed use Lebesgue dominated conver-
gence theorem in the argument below.
One has

Liktm =7°7 / ¢TEB AV,

(6.10) v

_ T%eiTE(O) / ei‘r(%Hz-z—i—O(\Z‘?'))B(z)‘go(z)|1/2 dz.
]Rn—l

We make use of the change variables z — 7~ 1/2z again, which brings a Jacobian
factor 7~ "% that cancels the power of 7 in front. Note that, as 7 — oo, one has
l9o(z/71/*)] = 1,
B(z/m'/?) = F(p)e~ A=Ak emrormtom D) (p)a® (p)b" (p)o(m) (p).

Combining these facts and using the Lebesgue dominated convergence theorem

yield that
Ijklm _ eiT(L(tj —tk)+sl—sm)cjklmF<p)e—L)\tj—L)\tke—usl—usm + 0(1)

where

cjrim = a9 (p)a® (p)o (p)b™ (p) / e Hiim= gy,
Rn—1

The last integral is finite since Im(H ) is positive definite. For later purposes
we observe that Hj;; is purely imaginary, hence

i =l PP [ ez g,
Rn—1
where the last integral is positive. In particular, we have
Liju = ciuF (p)e 2" Mie 15 4 o(1)

where c;;;; > 0.

Step 5. Evaluation of Ijkim when VEjim(p) # 0.

In Step 5, we showed that one always has Iz, = O(1) as 7 — co. We will use a
non-stationary phase argument to show that

Likim = 0(771/2) when VEjiim(p) #0, as T — oo.

The argument is similar to [ , end of proof of Proposition 3.1]. In order to
accomplish the argument, we rewrite the integral Iz, to bring out the oscillating
part of e/"Zirim . Let us denote ¢ = Re(Zjim ). Since d®U) (p), d¥W (p) etc are real,
we have dp(p) # 0, and Iz, may be written as

Likim = 72 / e Py gk p(m) gV,
U

where we define

(i _n—2 _ Dy_ LA (i N _mnoa Wy _p®
@) = 7755 e~ LrIm(2Y) =LAt () O = 7= 2552 o= rm(ED)—pw )
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Note that by Proposition 5.2, ||17(j)||L4(MO) <1 and ||1”)(j)||L4(UmaM) < 1 and the
same bounds also hold for %), ) and w(™. Write
e = —P(e7¥), Pw = {(|dp|?dyp, dw),
iT

where we assume that U has been chosen so small that dy is nonvanishing in U.
Since F' € O, we can integrate by parts to derive

1 ) — N
Lijim =72 [ —P(e™)FsWs® a0 O 50m) av,,
U 1T -

1 .
(6.11) S /U ¢iTe pt [quv(k)w(l)w(m)} dv,,

iT?2

+ i / —a”‘i e P k) Dap(m) 4,
iT2 Junam ||
where the boundary term only appears if p € M. Note that P? is a first order
differential operator.
The boundary term in (6.11) is O(7—/?) as 7 — oo since ||17(j)||L4(Um3M) < 1.
Thus it remains to estimate the term
L / 72 P! [P0 a0m] v,
U

T2

(6.12)

In (6.12), if the differential operator P* acts F, one can estimate
L / eI (PLE) 5D (k) iV gp(m) dVgo‘
T2 JU

ST V2| F o any 139 5@ 0O w0 | 1 o,

which is O(771/2) as 7 — oo since [|8D|pa(ary)s [|0% ]| pa(ary)s 10P] La(asy) and
@™ || z4(as) are bounded by some positive constant. The worst behavior with
respect to the parameter 7 in (6.12) occurs when some derivative in P* acts one of
the factors e*LTIm(‘I)(j)), e*LTIm(q’(k)), e~ TIm(¥D) o e=rIm(¥™) g brings a fac-
tor behaving like 7V (Im(®\))) into the integrand, and since V(Im(®"))) vanishes
on the geodesic v, one can choose new coordinates z = (2’ z,_1) near 0 such that
|V(Im(®Y)))| < |2/|. Thus the integral that one needs to estimate looks like

1 . _ _ -
- /U TR {Tvam(@(ﬂ)))} 5D pE O Hm) 4y, .

1T 2

Unwinding the definitions of ), *) ® and (™, we may rewrite this integral
in the form given in (6.10), so that it is equal to

1w [ = ,
(6.13) 72 /e”=V(Im(q><J>))degO.
U

i
Evaluating the integral (6.13) as in Step 4, and using the change of variables z —
77122 together with |V(Im(®))| < |2’| brings an additional factor 7—/2, this
shows that this kind of integral is O(7~'/2). Then we conclude the proof that

VEjpim(p) #0 = lim T = o(r~'?).

Step 6. Evaluation of (6.5).

Recall from Step 3 that pq, ..., py are the distinct intersection points of v and 1 and
that U, were small neighborhoods of p,.. Asin Step 4, for each r with 1 < r < N let

<. < tgr) be the times in [0, 7] such that fy(ty)) =p,, and let s < ... < 507

T



25

be the times in [0, S] such that U(3§T)) = p,. Thus on U, we have that vy;1:y) is
of the form

Vi, =00 4o 4 3
where ‘
57(;‘) — %5 6iL(r+iA)q>§J>a£j)’
where <I>£j ) and an ) satisfy the properties of the phase and amplitude functions in

Proposition 5.2. We write similarly for 1179), \Ilﬁj) and bgj).
Going back to (6.5) and using (6.7), we have

N P Q.
ZZ Z[j;lm: as T — 00,

r=1j,k=11,m=1

where

. n =D
I](kgm:T 21/U e ]“mA;k)lmFdVgo

where Ey,;)lm and A;le are defined in U, as in (6.9) in Step 4.
)

1m Were evaluated in Steps 5 and 6. If we define

The integrals IJ(Z
r r r (r) .z —=(r
(r)  ._ a; )(pr)a](c )(pr)bl( )(pr)b( ;) pr fRn 1 eZH_]kle dz, V= gk)lm(pT) =0,
jklm *
0, otherwise,
then we get from Steps 5 and 6 that
L #7—40)+5(7 s .
S5 3 g )
(614) r=1j,k=11,m=1
e EO ) s _ 1)
as 7 — 00. In the above formula F(p,) = Frx4,(pr) is defined in (6.4).
Step 6. Choosing L so that V_jklm(pr) =0 only when j =k andl=m

Next, we choose L € N large enough, but fixed, so that

VE (o) #0

forall 1 <7 < N unless j = k and [ = m. Once we have chosen such L, Step 5

shows that terms I (Z%m with j # k or | # m are negligible. We have

=0 (o) = LVOY) — LVE 4+ Vo) — vT "

(6.15) = LO(t7) = 9(67)) +ils)”) = i(si7).
Since the geodesic « is transversal and thus it is not closed geodesic, we have
W) =5(#) # 0
for all j # k for all r with 1 <r < N. Let us define two numbers « and 5 as
o= min {[3() =3 1<r <N 1< GRS B} >0,
8= max {fi(sf”) = n(sG) s 1<r <N, 1<Lm<Q.} >0
We choose L that satisfies
S B+l

«
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Then we have that
L) =407 +0(s87) = (s8] > LG ) = 5(t)] = lils) = i(sm)|
>La—f>1>0.
Thus, by using (6.15), we have found that for any L > %, and j # k, one has

VE ) (pr) # 0.
For 1 <r < N, assume then that j = k and [ # m. Then we have
E o () = LG = 3(7)) +0(s(") = 0(s5)) = (s™) = (s5)) # 0
since 7 is transversal and [ # m.

(r)

In conclusion, the only case when dEjklm(pT> =0iswhen j=kandl=m

Step 7. Conclusion of the proof.

Going back to the equation (6.14) and using the result in Step 6, and taking 7 — oo,
we have

N P Qr
. “aLtIA 25"
(6.16) SN ) Frasu(pr)e 2 e 2 i = g,
r=1j=1I=1

i [L(t =) 457 s

Pr

where we have used that e
Let A € R and choose u so that

QLA+ 20 = 2,

=1, when j=kandl=m

which is equivalent to
w=(1-L)AeR.
Then (6.16) reads
N P. Qr

(6.17) SO B pe AT )] g,

r=1j=1 =1

where F(p,) = f(2),pr).
We will conclude the proof by using Lemma 6.2. In order to use Lemma 6.2, we
want to show that if

(6.18) (11,71, 1) # (72, ja2, 12)
then
(6.19) L — sy 4 st £ LT — 572y 4 5172

We will redefine L so that the above is true. We define two sets of real numbers as
follows:

Qi =Ue Ufj@:l {t§'T) —ty )} ; Q= Uy UzQ& 1 {Sl(r) — s\ )} ;
and
a= di —d max|d
d1€Q1, dQGQz d1¢d2| e 2|’ 6 deQo | |

Finally, we redefine the number L in Step 6 as
3 1
L_max{ﬂJrl M},
«a

where «, § are the numbers given in Step 6.
Let (r1,71,01) # (72, j2,12), then we want to show that

(6.20) Lt — sty st # L(tlr2) — 572y 4 572,

J1
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Let us set
di = t;:l) — tg-f) and dy = sl(fl) — 31(52).
We have following cases:
(a) Assume that d; = ds and suppose that
(6.21) L(tgjlﬁ) i Sl(rl)) + Sl(rl) _ L(t§:2) B sl(;"z)) + sl(§2)’
then we have L(d; —da) +d2 = 0. It follows that sl(fl) = sl(,:z). Thus I; = Iy
and 1 = ro. Since di = da, we also have t;:l) = tgz). Thus, j; = j» holds,
which leads to a contradiction to (r1,71,01) # (r2,j2,l2). Thus we must
have (6.20).
(b) Assume then that dy # dy and that (6.21) holds. Then we have
dy
di —dy

However, this cannot be true since

L =

B da
L>—=+1 .
7&—’_ >d1—d2

Thus again we have (6.20).

We have shown that (rq,ji1,01) # (r2,72,l2) implies (6.20). We now go back to
(6.17) and use Lemma 6.2 together with the condition (6.20) and the fact that
Fyx(pr) = f(2A, p,). This yields that

@A p) =0
for all (r,4,1). In Step 4 we proved that c%%l
f(2/\,pr) = 0 for all A € R and all . Since the point yo in Step 1 was one of
the points p,., it follows that f(x1,y0) = 0 for all z; € R. By Step 1 this is true

for almost every yo in (Mp, go), and by the continuity of f one gets that f =0 as
required. O

> 0 for all (r,4,1), showing that

ApPPENDIX A. COMPLEX GEOMETRICAL OPTICS SOLUTIONS

In this appendix we provide several results which were used in the previous sec-
tions, related to Gaussian beam quasimodes and CGO type solutions on transver-
sally anisotropic manifolds. The results are based on limiting Carleman weights,
which were introduced in | ] and applied to inverse problems on conformally
transversally anisotropic manifolds in | , ]

We first recall the construction of Gaussian beam quasimodes, i.e. approximate
eigenfunctions concentrating near a geodesic, from | ]. Let (M,g) be a
compact Riemannian manifold with smooth boundary.

Proposition A.1 (Gaussian beams quasimodes). Let (M,g) be a compact Rie-

mannian manifold with smooth boundary OM, dim(M) =m. Let v :[0,T] - M

be a nontangential geodesic, and let A € C. For any K € N and k € N, there is a

family of functions (Us) C C°(M), where s =7+ i\ € C and 7 > 1, such that
1(=28g = )0l r(ary = O(~F),

[0sllsary = O1), ||Uslzaoary = O(1)

as T — oo. The functions Us have the following properties: If p € v([0,T]), then

there is P € N such that on a neighborhood U of p the function Us is a finite sum

(A.2) Vs =0 4o 45

(A.1)
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where t; < --- < tp are the times in [0,T] such that y(t;) = p. Each ") has the
form

(A.3) 30 = 75150 g

where each © = OW is a smooth complex function in U satisfying
o) =t VO(y(t) =),

In(V20(+(6))) 2 0, En(V26)(3(t)) s > 0.

(A4)

for t close to t;. Here aD(~(t)) = 7% (agl)(v(t)) + O(771)) where aél)(w(t)) is
nonvanishing and independent of T, and the support of a®¥) can be taken to be in
any small neighborhood of v([0,T)) chosen beforehand.

Proof. We choose

m—1

(A.5) Vg =T 8 Vg, §=T4+ 1\,
where v are the Gaussian beam quasimodes constructed in | , Proposition
3.1]. Recall from the displayed formula after [ , equation (3.5)] that

(A.6) v =Y X0t
j=0

where X; are cutoff functions independent of s, and vgj ) are quasimodes of the
form vy’ = €150 q() near the geodesic segments (1)), where O is a complex
phase function, a() is an amplitude and I is a closed interval in [0,7]. Then it
follows that (A.2), (A.3) and (A.4) are satisfied by (A.5) and by the construction
in [ , Proposition 3.1]. We only need to verify the conditions in (A.1) about
the Sobolev H* decay estimate and the L* normalization condition for Ts. By (A.6)
it is enough to do this for a single function ﬁgj) = 75 eis0
we will drop the index j from the notation.

7). For simplicity,

Let us write I' = v(I) and let p € T'. Recall from | , Proposition 3.1] that
a is a smooth function of the form
(A?) a(t7y) = 7—% (ao + S_la,1 4+t S_NG,N) X(y/é-/)
Here (t,y) are Fermi coordinates (see e.g. | , Lemma 3.5]) near (1), ao(t,0)

is a nonvanishing function independent of s, x is a smooth cutoff function supported
in the unit ball in R™~!, and § > 0 is a fixed number that can be taken to be
very small. From the latter it follows that the support of a can be taken to be
in any small neighborhood of I' chosen beforehand. The constant N € N will be
chosen sufficiently large depending on K and k. We have chosen 7= "5 as the
normalization factor in (A.5), which will lead to the L* normalization condition

in (A.1).

As shown in | , Proposition 3.1], the functions vs are approximate eigen-
functions for —A, in the sense that the function
(A8) f = (—Ay = s,

which describes the error of v, from being a true eigenfunction, is of order O(7~¥)
in L?(M) if N is chosen large enough. We next show that the function f is of the
order O(7~%) in H*(M) when N is sufficiently large.

The function f in (A.8) was calculated in | , Proposition 3.1] to have the
form

f= O <52h2a +shi+--+ sf(Nfl)h_(N_l) - stAga_N) x(y/d")

(A.9) + O T shy(y/8),
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where for each j the function h; vanishes to order NV on I, the function b = b(t,y)
vanishes near I', and ¥ is a smooth function with x = 0 for |y| > 1/2. We have that

(A.10) ei*©| < Cye Tl

for t € I and |y| small enough by the latter two properties in (A.4). We take §’ to
be so small that (A.10) holds on the support of f. Thus we have that

1£] < Cor T el (22| V4L 4 2N 4 2 O(Jy|™)),

where the term 72|y|N*! corresponds to the terms in (A.9) with h; as a factor,
the term 777 to the term s~V Aga_y, and the term 7O(|y|*°) to the term with
bx(y/d") (which vanishes near y = 0). Moreover, taking k derivatives of f brings
at most k powers of s € C to the front of the expression, or reduces the degree of
vanishing of h; on I' by at most k. This gives

k
m—1 2
IVEFI < Car ™ 7Tl "k (2 y N 27N 2O (|y[ ).
1=0
Thus, by taking N = N (K, k) to be large enough, and by using polar coordinates
and the standard formula fooo rle=Tdr ~ =5 for | > 0 we obtain that

1(=2gy = 8%)vsll e (ary = O(r 7).
Since v, = o v, the same is true for vg.
It remains to show that ||Us||z+(ary = O(1) and ||Us|| 4oy = O(1). Again it is
enough to consider a single function v, = €**®a. By (A.10) and (A.7), one has
ot y)] < e Tx (/).

Computing the L* norm gives

m

;1).

Due to the normalization factor 7~ "5, we have ||5s||‘i4(M) = 0(1). To calcu-

lvsl|7+ = O(r

late [|Us]|Lacanr) (see [ , Proposition 3.1] for a similar computation for the
L?(OM) norm), we note that since v is nontangential we may locally write OM
in the Fermi coordinates (¢,y) as the the set {(t(y),v) : |y| < €} for some smooth
function ¢ = t(y) and for some € > 0. Since the geodesic (t) intersects OM at two
points, it follows that HﬁsHi‘*(@M) is a sum of two integrals of the form

[ st <o [ o emita = o).
{lyl<e}

Rm—1
Thus we also have [|Us||z4(aar) = O(1), which concludes the proof. d
We record next a Carleman estimate from | , Lemma 4.3]. The statement

involves the following technical assumptions. We assumed that (M, g) is a compact
Riemannian manifold with smooth boundary. Without loss of generality, we may
assume that (M, g) is embedded in a compact manifold (N, g) without boundary.
The function ¢ is assumed to be a limiting Carleman weight in (U, g), where U is
open in N and M is compactly contained in U (see | , Definition 1.1]).
Below, the space HS (N) stands for the semiclassical Sobolev space with a
small parameter h > 0, see e.g. | ]. We define HZ,(M) by restriction, i.e.
H: (M) ={ulap;uwe H3(N)}. If s > 0is an integer, then H? has the equivalent

scl scl scl
s 1/2
o~ (z hluvluup) |
=0

norm

[l
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Lemma A.2 (Carleman estimate | ). Let (M,g), U, N, and the limiting
Carleman weight ¢ be as described above. Let s € R. There exist two constants
Cs >0 and0 < hg <1 such that for all functions u € C’é’o(Mi“t) and all0 < h < hg
one has the inequality

le® ull o1y < Cshlle® Agullrrs, v).
scl sc

Proposition A.3 (H* solvability). Let s > 0. Under the conditions in Lemma
A.2, there exist constants Cg, hs > 0 such that for 0 < h < hg and for any function
f € H: (M) there is a solution u € HEI' (M) to the equation

scl

e%Age*%u =f
satisfying
lull s (ary < Cshll fll s, an)-
Proof. The proof is for the most parts the same as that of | , Proposition

4.4]. We consider the conjugated operator
P=ehh2A ek

Let f € HZ (M), so that by definition there is fe H?,(N) with f\M = f and
[ fllz=, vy < Cllfll s, (ar). Consider the subspace

E = P*(C™(N))
of H~'(N) and the linear form L defined on E by

L(P*v) = (f,v)m = (f,v)n, v e C(M™).
By Lemma A.2 the linear form L is well defined: if P*v; = P*vo, then

Hs

scl

[(fy o1 = v2) 2| < I F Iz lon = vall 2wy < Chlle® Age™ 7 (01 = v)| L2y = 0.
We also have that
|L(P*v)| < || f| e, () vl = vy < Cillfllzzz, anyhlle Ay ei%UHH;f’l(N)
= Csllf

‘Hjcl(M)h_l||P*U||HS’CIS’1(N)‘

By the Hahn-Banach theorem, there is an extension L of L which is a bounded
functional on H_ ™ '(N) with norm ||L|| < Csh™|f|#e(ar). Since the dual of

scl

H_7Y(N) is HS'(N), there exists a function @ € H:I'(N) such that L(v) =
(t,v) 12Ny and ||12|\Hs+11(N) < C’sh‘leHchl(M). Then u = alp is the desired

solution, since for all v € C2°(M™) we have that

(Pu,v) = (u, P*v) = L(P*v) = L(P*v) = (f,v).
This completes the proof. O

Recall that by definition a transversally anisotropic manifold is a Riemannian
manifold (M, g) compactly contained in R x My with the metric g = e ® go. The
coordinate z; along R is then a limiting Carleman weight | , Lemma 2.9].
The following proposition constructs complex geometrical optics (CGO) solutions
in this setting, based on the Gaussian beam quasimodes given in Proposition 5.2.

Proposition A.4 (CGO solutions). Let (M, g) be a transversally anisotropic man-
ifold compactly contained in I x My with g = e ® gog. Let also R, k € N. There
exists 7o > 1 such that for any fixed real number A and for any T with |T| > ¢ there
is a solution of the equation —Agu = 0 in M having the form

(A.11) us = e "1 (Vs +1y),
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where s = T+ 1A, x1 is the coordinate along R, v, is a family as in Proposition 5.2
in (Mo, go) (so that m =n — 1) with K = K(R, k) chosen large enough, and

H'I"SHHk(M) = O(T_R) as |1| — oo.

Proof. A straightforward calculation, done in | | after Proposition 2.1 there,
shows that a function u, of the form (A.11) is a solution to Ajus = 0 provided that
(A.12) eml(—Ag)e_”“'l(e_i’\“rs) =71,
where

f=—e?1(=Ay — s)Ts.

Since vy is independent of x1, we have by (A.1) that
1 Wl ez ary = O(r~).

Proposition A.3 with h = 77! shows that there is a solution 7, € H*¥(M) to (A.12)
satisfying

Q

1751l g4y < ?Hf”H;cd(M) =O(r %),
Thus
Ichfl)

b

Iralliean < Tl oy = OCr

and the required decay ||rs|| gx(ar) = O(7F) follows by taking K > R+k—1. 0

APPENDIX B. SOME LEMMAS

We prove some lemmas which we have used in the previous sections. We be-
gin with a well-known Schauder estimate (see e.g. | ] for domains in R™ and
[ , Proposition 8.10] for manifolds with boundary). We include a proof since
we could not find a direct reference for the statement that we need. The spaces
C*(M), s € R and s > 0, of functions on a smooth manifold are equipped with a
norm, which is given with respect to a partition of unity {¢*} subordinate to an
atlas {(Gq, Uy)} of the manifold as

ZH (V) e rmy.-

Using a different partition of unity gives an equivalent norm on a compact manifold.
We refer to | , Theorem 2.23] for properties of a partition of unity on a manifold
with boundary.

Lemma B.1 (Schauder estimate). Let (M, g) be a compact C*° Riemannian man-
ifold with C*° boundary OM. Let F € C*72(M) and f € C*(OM), for some s > 2
and s ¢ N. Assume that the map

(B.1) vi= (Ag +c(x))v
is injective on Hg(M).
Let v € HY(M) be the unique solution of

A =F nM
(B.2) { gV +cv m M,

v=f on OM.
Then there exists a positive constant C' > 0 independent of v, f and F such that
(B.3) lelleran < C ( ).
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Proof. Consider the linear map
S:C*2(M) x C*(OM) — H*(M), S(F,f)=nw.

This map is well defined since C*~2(M) ¢ H~'(M) and C*(OM) c H'/?(OM),
and since the assumption that v — (A, + c(x))v is injective on H} (M) ensures
that there is a unique weak solution v € H'(M). The map S is also bounded since

[ollzrary < CUF -2 an) + 1 f lr172000)) < CIF|

We claim that the range of S is in C*(M). If this is the case, then S will
be continuous C*~2(M) x C$(0M) — C*(M) by the closed graph theorem (if
(Fj, f;) — (F,f) in C572(M) x C*(0M) and S(Fj, f;) — w in C*(M), then
S(Fj, f;) — S(F,f) in H'(M) showing that w = S(F, f)). This implies (B.3)
for some C > 0 independent of v, F' and f and proves the theorem.

The fact that the range of S is in C*(M) follows directly from the corresponding
statement on subsets of R™ after passing to local coordinates. Let {(Qa,Ga)}E
be an atlas of M, where

cs—2n) + | fllesonr))-

Go: Qo — Y, CR™

Let us introduce notations for the coordinate representations of the relevant func-
tions and the operator P. We define a family elliptic operators {P,}X_; as

Pah:=(G31)" [(Ag +c(@) Gahl,  h e CZ().

These are second order elliptic operators with C*°-smooth coefficients on Q/, C R™.
Let us also denote

va = (G50, Fu=(G3Y)F and fo = (G5')".

(e [e3%

We have that v, solves

_ / n
(B.4) Pyva=F, onQ, CR
Vo = fa on 0,

by the coordinate invariance of the operator A, + c¢. By Schauder estimates for
domains in R™, see | , Section 6.4], we have that v, € C*(€2,). This proves
that v € C*(M) as required. O

Lemma B.2. Let f1,..., fn be compactly supported distributions in R such that
for some distinct real numbers ay,...,an one has

N ~
> fiesr =0,  XeR.
j=1

Thenflz...:fN:O.

Proof. Suppose without loss of generality that a; > as > ... > ay. Then
N
) =— Z 6_(a1_aj)>\fj()\)_
j=2

By the Paley-Wiener-Schwartz theorem there are C, M > 0 so that
<@+, AeR.
Write § = a1 — a2 > 0. Since ay — a; > § for j > 2, it follows that

C(1+ A\)M, A <0,

A< {0(1 F A M0 A > 0.
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However, no nontrivial compactly supported distribution f; can have the above
decay for its Fourier transform. To see this, note that

eMi(\) e S (R), 0<e<d.

Thus using | , Theorem 7.4.2] there exists an analytic function U in {0 <
Im(t) < 6} so that the Fourier transform of e“*f()\) is U(- + ie). By | )
Remark after Theorem 7.4.3] the limit of U( - +i¢) in .#/(R) as € — 0 is the Fourier
transform of fi()), i.e. 2rfi(—-). Fix some interval I C R that is outside the
support of f1(—-), and consider the rectangle Z = I x (0,6). For € close to 0, one
has

Ut +ie)| < e frW) e S N+ DM ey +1 S e ™.

Since the limit of U(- +i€) in 2'(I) is 2w f1(—-)|r =0, by [ , Theorem 3.1.15]
one has U = 0 in Z. Now U is analytic, so U = 0 in {0 < Im(¢) < 6} and f; = 0.
Repeating this argument gives that fo = ... = fy =0. O

Lemma B.3 (Intersecting geodesics). Let (Mg, go) be a compact Riemannian man-
ifold with strictly convex smooth boundary. There is a set E of zero measure in
(Mo, go) such that if yo € My \ E, there exist nontangential geodesics v and 1 on
My that intersect at yo, self-intersect only finitely many times and intersect each
other only finitely many times.

Proof. By | , Lemma 3.1], there is a set E of zero measure in (Mg, gp) so
that all points in My \ F lie on some nontangential geodesic between boundary
points. Fix a point yo € My \ E and a direction vy € Sy, My so that the geodesic
v : [0,T] — My through (yo,vo) is a nontangential geodesic between boundary
points. Without loss of generality, we may assume that ~ is a unit speed geodesic
(i.e. |¥] = 1). The property of a geodesic being nontangential is not changed under
small perturbations. Therefore, we may find wg € Sy, My close to vg so that wg # vg
and the unit speed geodesic 7 : [0, S] — My through (yg, wp) is also a nontangential
geodesic between boundary points. We may arrange so that the geodesics v and 7
are such that their graphs do not coincide (in fact, v can only self-intersect at yq

finitely many times [ , Lemma 7.2], and it is enough choose wg near vy that
is different from the corresponding finitely many tangent vectors of v and their
negatives).

We next show that two distinct geodesics v and 1 whose graphs do not coincide
can intersect only finitely many times. Assume the opposite, that there are infinitely
many intersection points {px }xen and intersection times {tx }ren, {Sk }ren satisfying

~v(tx) = pr. = n(sk), for all k € N.

Since M is compact, tx € [0,T] and sy, € [0, .5], by passing to subsequences and using
continuity of unit speed geodesics 7,7, we may assume that y(tx) — v(to) = po
and n(sx) — n(so) = po as k — oo, for some ty € [0,77], sp € [0, 5] and py € M.

In addition, we denote the tangent vectors V., := 4(to) and V,, := n(so). By
using the continuity of 4(t), 7(s) and the compactness of the unit sphere, we have
(by passing to subsequences again) that

kl;rgo A(tx) =V, and kli)n;o n(sk) =V,.

Now, it is clear that V., # £V,,, by using the fact that the graphs of v and 1 do not
coincide. The injectivity radius at pg is positive. However, since v and 7 intersect
in all geodesic balls B.(pg) for any € > 0, this is a contradiction. This shows that
two different nontangential geodesics can only intersect finitely many times. (]
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