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ABSTRACT. We study the Calderén problem for a logarithmic Schrédinger type
operator of the form La +¢q, where La denotes the logarithmic Laplacian, which
arises as formal derivative dis|S:0(7A)S of the family of fractional Laplacian
operators. This operator enjoys remarkable nonlocal properties, such as the
unique continuation and Runge approximation. Based on these tools, we can
uniquely determine bounded potentials using the Dirichlet-to-Neumann map.
Additionally, we can build a constructive uniqueness result by utilizing the
monotonicity method. Our results hold for any space dimension.
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1. INTRODUCTION

Calderén’s pioneer work [Cal80] investigated the inverse conductivity problem,
which asks whether the conductivity can be determined from its boundary electrical
voltage and current measurements. Using a suitable reduction scheme shows that
a closely related problem is the Calderén problem for the classical Schrodinger
equation, which can be stated as follows. Let Q C R™ be a bounded domain with
Lipschitz boundary 092, and ¢ € L*°(Q2). Consider the Dirichlet boundary value
problem

(—A+¢@u=0 1inQ,

(L1.1) u=f on 0N).

Assume that 0 is not a Dirichlet eigenvalue of the Schrédinger operator —A + ¢ in
Q, which implies that there exists a unique solution u € H*(Q) to (1.1), for any
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given Dirichlet boundary data f € H'/?(9€). Then the boundary measurement is
called the (full) Dirichlet-to-Neumann (DN) map, which is well-defined and can be
encoded by

(1.2) AW HY2(0Q) — HV2(0Q), = duuglyg

where uy € H'(£2) is the solution to (1.1). The Calderén problem for the Schrédinger
equation (1.1) is to ask whether the DN map A, determines the potential ¢ € L>(12)
or not. The result is positive for a more regular potential ¢ with the full boundary
DN map, and we refer readers to the articles [SU87] for n > 3 and [Buk08] for
n = 2. The article [Uhl09] provides a comprehensive introduction and review in
this direction.

After several decades of developments on Calderdn’s problems, this type of prob-
lem has been generalized to the nonlocal scenario. The Calderén problem for the
fractional Schrédinger equation has first been studied in [GSU20]. The underlying
problem was proposed as an exterior value problem due to its natural nonlocality:
Given s € (0,1), let Q C R™ be a bounded open set with Lipschitz boundary for
n € N, and let ¢ € L*°(Q). Counsider the Dirichlet exterior value problem

{(Af+@u:0 in Q,

(13) u=f in Q.,

where

Qe :=R"\ Q.
Similarly as in the case s = 1, let us assume that 0 is not a Dirichlet eigenvalue of
(=A)® + ¢ in . Then there exists a unique solution v € H*(R™) to (1.3), for any
given Dirichlet exterior data f in a suitable function space, such as C2°(.). The
exterior (partial) DN map can be formally defined by

(1.4) AP CR(W) 3 f e (—A) ugly, ,

where W1, W5 € Q). can be arbitrary nonempty open subsets.

In the foundational work [GSU20], the authors showed that the DN map (1.4)
can determine the bounded potential ¢ in  uniquely, which holds for any spatial
dimension n € N. Moreover, inverse problems for fractional equations have more
profound properties than their local counterparts, such as the unique continuation
property (UCP) and Runge approzimation property. Roughly speaking, the UCP
for (—A)® (0 < s < 1) states that given a nonempty open subset O C R,

u=(—A)’u=0in O implies that w« =0 in R",

where u belongs to appropriate function spaces (e.g., u belongs to some fractional
Sobolev space H"(R™) for some r € R). Moreover, the Runge approximation prop-
erty states that any L? function can be approximated by solutions of the fractional
Schrédinger equation.

Based on the properties as mentioned above, fractional-type inverse problems
have received rapidly growing attention in recent years. In the work [CLR20], the
authors demonstrated that both drift and potential can be determined uniquely,
which cannot be true for the local case in general. Moreover, simultaneous recov-
ering for both the obstacle and surrounded medium has been studied in [CLL19],
and the determination of bounded potentials for anisotropic nonlocal Schrodinger
equation was investigated in [GLX17]. These two problems remain open for the
case s = 1 and n > 3. Therefore, one could expect that the nonlocality is beneficial
in the study of related inverse problems.

For more related work on both linear and nonlinear nonlocal inverse problems,

T o ~ RS20 H)fjﬂ ]

we refer readers to [HL19, HL20, LL23, L122, GRSU20, CMRU22, RS20, 3,
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GRSU20, LLR20, Lin22, 1723, GU21, LLU22] and references therein. In partic-
ular, one can also determine the interior coefficients, by using either a reduction
of the Caffarelli-Silvestre extension (see e.g. [CGRU23, Riil23, LLU23, LZ24]) or
the heat semigroup on closed Riemannian manifolds (see e.g. [FGKU21, Fei24,
FKU24, Lin24]), where the UCP may not be a necessary tool for some cases. Very
recently, an entanglement principle for nonlocal operators has also been investi-
gated in [FKU24, FL24], and it may significantly influence new nonlocal inverse
problems.

Loosely speaking, most of the existing studies of inverse problems are related to
the classical Laplacian —A or the fractional Laplacian (—A)®, s € (0,1). We want
to point out that the key tools in solving classical and fractional inverse problems:

e Classical case. Suitable integral identities and complex geometrical optics
(CGO) solutions ((—A)* for s = 1).

e Fractional case. Suitable integral identities and Runge approximation
property ((—A)® for 0 < s < 1).

The above-mentioned tools are usually used to recover lower-order coefficients in
related mathematical problems. Furthermore, a recent work [CdHS24] investigates
geometric optics solutions for the fractional Helmholtz equation, which combines
both local and nonlocal features.

While the nonlocality distinguishes the fractional case from the classical one, it
is important to note that the fractional Laplacian (—A)® is still an elliptic operator
of positive order 2s and therefore admits a highly useful elliptic regularity theory.
In the present paper, we wish to study an inverse problem beyond the framework
of operators of positive order. To motivate our problem, recall that

(1.5) lim (—A)’u=—-Au and lim (-A)’u=u pointwisely in R"

s—1— s—0t

for any u € C?(R"). For the second limit, one may identify a well-defined first-
order correction term given as the formal derivative log(—A)u := 4| _ (=A)*u.

ds ls=0
The associated logarithmic Laplacian operator °
La :=log(—A)

has been introduced in [CW19] in the context of Dirichlet problems, and it has
attracted growing interest in recent years due to its usefulness in the analysis of
order-dependent families of linear and nonlinear fractional Dirichlet problems and
their asymptotic limits as s — 0", see e.g. [CW19, JSn W20, FJW22, HSSn22,
LW21]. It also appears in the context of the O-fractional perimeter, see [DLNP21].

We note that the operator Lx has the Fourier symbol 2log |£|, which can be seen
by differentiating the symbol |£[** with respect to s and evaluate at s = 0. More
precisely, by [CW19, Theorem 1.1], there holds

(1.6) log(—A)u = F~ 1 (2log [¢|u(€)), for ue€ CX(R™),

for some o > 0, where 1 is the Fourier transform of u, and F~! is the inverse Fourier
transform. Due to the weak growth of the logarithmic symbol, Ln is sometimes
called a (near) zero-order operator.

Very recently, the problem of finding an extension problem for the logarithmic
Laplacian has been solved in [CHW23], and the authors used it to prove the UCP
for Ln. The UCP will play a major role in the proof of our main results.
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Mathematical formulations and main results. Let Q C R™ be a bounded
domain with Lipschitz boundary 99, and ¢ € L (). Consider

{(LA+q)u:0 in €,

(L.7) u=f in Q.

To obtain the well-posedness of (1.7), let us recall the eigenvalue problem of the
logarithmic Laplacian.
By [CW19, Theorem 1.2], it is known that L in  has eigenvalues

in a bounded domain Q. Any of these eigenvalues \;(€2) may be positive, zero,
or negative, depending on the size and shape of Q. In order to have a well-posed
forward problem (1.7), let us impose the condition

(1.9) A () +g(z) > Ao >0, for all z € Q,

for some positive constant Ao, where A;(€) is the first Dirichlet eigenvalue of La
in Q. Lower bounds for A;(2) in terms of ||, the measure of ), are given in
[CW19, LW21], see in particular [LW21, Corollary 4.3 and Theorem 4.4]*.

With the eigenvalue condition (1.9) at hand, we can prove (1.7) is well-posed for
any f contained in the associated trace space Hp(2.) which is defined in Section 3
below. Hence, the DN map of (1.7) can be defined as a map

Aq : HT(QG) — HT(QG)*.

In particular, if Wy, Wy € Q. are open bounded subsets, then for every f € C°(W7)
and g € C°(W7) we have

(At g) = / (Lauy)gdz =2 / (log [£)T7(€)7(6) de,

W R™
where u; is the unique (weak) solution to (1.7), and (-, -) denotes the natural duality
pairing between Hrp(€.) and Hp(€.)*, see Section 3 below. The key question
studied in this paper is the following.

(IP) Inverse Problem. Can one determine ¢ via the DN map A,?
The following main result gives an affirmative answer to (IP).
Theorem 1.1 (Global uniqueness). Let  C R™ be a bounded Lipschitz domain for

n €N, and Wy, Wy € Q. be nonempty bounded open sets. Assume that q¢; € L>(Q)
satisfies (1.9) for j = 1,2. Let Ay, be the DN map of

(log(=A) +gj)u; =0 inQ,
u; = f in Qe,
for 3 =1,2. Suppose that

(111) <A(J1fa g> = <AII2f’ g> fOT any f € Oso(Wl)7 g€ CZ)O(WQ)
Then there holds q1 = g2 in €.

(1.10)

The proof of the preceding theorem is based on the UCP and Runge approxima-
tion for the logarithmic Schrédinger equation (1.7).

On top of that, we also have a constructive uniqueness for q using a monotonicity
test. Indeed, similarly as in the case of the fractional problem considered in [HL19],
one can derive an if-and-only-if monotonicity relation between bounded potentials
and associated DN maps. More precisely, we have the following.

INote that %LA is considered in place of La in [LW21], so the bounds there apply to Aléﬂ) in
place of A1 ().
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Theorem 1.2 (If-and-only-if monotonicity). Let Q@ C R™ be a bounded Lipschitz
domain, and assume that g; € L*>°(Q) satisfies (1.9) for j = 1,2. Then the following
are equivalent:
(i) g2 > q1 a.e. in €

(i1) {(Agy — Ag) S, f) >0 for all f € Hp(Qe);

(iti) There exists a nonempty bounded open set W € Q. with the property that
(1.12) (Agy = Ago) f,£) 20, forall f € CZ(W).

In the following, if W & (1, is a nonempty bounded open set, we say that
(1.13) Ay <Ay, in W
if (1.12) holds.

Remark 1.3. In the special case Wi = Wy = W, Theorem 1.1 can be viewed
as a corollary of Theorem 1.2 since in this case condition (1.11) implies that both
A, <Ay, and Ay, < Ay, hold in Q and therefore g1 = g2 in 2 by Theorem 1.2.

As indicated above, the if-and-only-if monotonicity relation given by Theorem 1.2
yields a constructive global uniqueness result in the case where A1(2) > 0 and
q € L>(9) is nonnegative. For this purpose, let us recall that a point z € R" is
called (Lebesgue) density one for a measurable set F if

B E
BN Bl
r=0 | By ()]
where B,.(x) denotes the ball of radius r and centered at . The space of density
one simple functions can be defined by

(1.14) L

m
Ni= {sp = ZanEi ta; €R, E; CQis a density one set}7
j=1

where we call a subset E C Q a density one set provided that E is nonempty,
measurable and has density one for all x € E. It is not hard to find that density
one sets have a positive measure, and finite intersections of density one sets are
density one. Let, moreover, ¥ o C ¥ denote the subset of nonnegative density one
simple functions.

Theorem 1.4 (Constructive uniqueness). Let Q@ C R™ be a bounded Lipschitz
domain with A1 (£2) > 0, and let g € L>°(Q) be nonnegative. Moreover, let W € €,
be an arbitrary nonempty bounded open set. Then the potential q¢ can be determined
uniquely via the formula

(1.15) g(z) =sup{p(z) : peXioand Ay, <Ay in W}, forae xz€Q,
where the relation Ay, < Ay in W is defined as above.

Note that the proofs of both Theorems 1.1 and 1.4 rely on the Runge approxi-
mation and its applications for the logarithmic Schrédinger equation.

Organization of this article. In Section 2, we introduce several basic func-
tion spaces and a rigorous definition of the logarithmic Laplacian. In Section 3, we
demonstrate the well-posedness of the exterior value problem (1.7) for suitable func-
tion spaces. The existence of the DN map can be guaranteed by the well-posedness
of (1.7). We prove Theorem 1.1 in Section 4, by using suitable integral identity and
the Runge approximation. Finally, in Section 5, we derive the monotonicity rela-
tions between the DN maps and nonnegative potentials as given in Theorem 1.2,
which will be applied to show the constructive uniqueness as stated in Theorem
1.4.
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2. PRELIMINARIES

In this section, let us introduce and recall several useful properties for our study.
Our notation for the Fourier transform is

~

(2.1) o =Fr©) = [ et

where i = 4/—1 denotes the imaginary unit. In what follows, let us always consider
u: R™ — R as a (Lebesgue) measurable function, and @ C R™ be a bounded domain
with Lipschitz boundary. Given s € (0,1), the fractional Sobolev space H*(R") is

the standard L?-based Sobolev space with the norm [|ul| =@y = || (1 + k& ﬂHLz(Rn).

2.1. The logarithmic Laplacian and associated function spaces. Given s €
(0,1), recall that the fractional Laplacian (—A)® can be defined via the Fourier
transform

(2.2) (—A)*u:=F (g (), for ueSRY),

where S(R™) stands for the Schwartz space. Alternatively, the fractional Laplacian
can be written as a hypersingular integral operator of the form

(2.3) (—A)’u(z) =P.V. (u(z) —u(2)) Ks(z — 2)dz
Rn
with the symmetric kernel

(2.4) Ks(z) = 761?_:%,
o+
and
4T (2 4 5)
2.5 s 1= -2 7
(25) Cne 1= S ()]

The logarithmic Laplacian La appears in the study of (—A)® in the limit s —
0. Given u € C&(R"™) for some o > 0, Lyu(z) can be uniquely defined by the
asymptotic expansion

(2.6) (—A)su(x) = u(x) + slau(x) +o(s), as s—0T,

so Lau appears as a linear correction term in the second limit of (1.5). Formally,
we thus have

(2.7) d (—=A)’u(z) = Lau(z),

% s=0
and Lau has the symbol 21log |¢| given by (1.6).

Moreover, from [CW19, Theorem 1.1] again, it is known that the logarithmic
Laplacian admits an integral representation

(28) Lau(w) =P, %ﬁiﬁﬁw—%/’ U5 gt pou(a),
Bi(z) |T— 2| Re\ By (z) 1T — 2]

for x € R™ and v € C¥(R"), for some o > 0, where B,(z) is the ball center at x
with radius r > 0, and

2 n
2.9 = /2T (ﬁ) =2, =2log2 (7) _ .
(2.9) Cn =T 5 =T g2+ (5) =
Here [S"!|, v := —I'(1) and ¢ = I% are the (n — 1)-dimensional volume of the

unit sphere in R™, the Euler Mascheroni constant, and the Digamma function,
respectively.

2Here o(s) denotes the small o, which satisfies @ —0ass— 0t.
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In the distributional sense, the logarithmic Laplacian is defined on the function
space

210) e = {ueshary: [ M0

————dr < OO} .
ke (L+ 2l

More precisely, for a function u € L§(R™), the (distributional) logarithmic Lapla-
cian is well-defined by setting

(La) () = [ u(Lao)do, for € O (),

On R", the natural energy space associated with the logarithmic Laplacian is de-
fined by

H(R") = {u € L*(R") : /Rn|10g €[] [a(¢))? d¢ < oo} .

It is a Hilbert space with a scalar product

(2.11) (v,w) = (v, WymEnr) = (v, W) L2®n) + /}Rn|log|§||ﬁ(§)f&7(f) d¢

and induced norm |[v||ggn) = /v, V)E(ER")-

Next, the bilinear form associated with the logarithmic Laplacian is given by
By : H(R™) x H(R™) — R,

Bo(v,w) =2 / log [¢[0(6) B(E)de.

n

(2.12)

Indeed this bilinear form is well-defined and continuous on H(R™) since
(2.13)

R - e N\ /2 g /2
[ hosin@@nde < ([ posiellisere) ([ oglellmere)
vl|m@ny  for u,v € H(R™).

< lullmn)
The bilinear form By allows to define L, in the weak sense as an operator
Lx : H(R™) — H(R™)*
by
(Lav,w) = By(v, w)

for v,w € H(R™), where (-,-) denotes the duality pairing between H(R™)* and
H(R™). By the definition of (2.12), we have the symmetry property

(2.14) By(v,w) = By(w,v), for v,w e H(R").

Finally, for an open subset {2 C R", we consider the closed subspace

(2.15) Ho(Q) :={u e HR"): u=01in Q.}

of H(R™), which is again a Hilbert space. We note the following observation.

Lemma 2.1. Let Q C R™ be an open set of finite measure. Then the inner product

(2.16) (0, w) = (0, W) = / » (v(@) —v(2)) (w(z) —w(2))

|z —z["

dxrdz

induces an equivalent norm

v = o]l @) = 4/ (v, V)mg ) on Ho(Q).

Moreover, Ho(S2) is compactly embedded into L?(12).



8 B. HARRACH, Y.-H. LIN, AND T. WETH

Proof. In the following, the letter C' > 0 stands for different positive constants. We
shall use the symbol £ ~ log(1 + |£|?), associated with the logarithmic Schrédinger
operator log(—A + 1), as a comparison function. The operator log(—A + 1) is a
singular integral operator with kernel function

25 £(2) = CpKpa(|2]) 2] 72,

for some constant C,, depending only on n € N, where K, denotes the modified
Bessel function of second kind with index v (see e.g. [Feu23, Section 1]). As a
consequence, for every ¢ € L?(R™) we have

1) [ T+ IEPNFOP A = [ tlla = 2D) (6le) — 0(:)” dod

where the finiteness of one side of this equality implies the finiteness of the other.
We also note that, by the positivity of K, and its asymptotics at z = 0 (see e.g.
[Feu23, Section 1] again), we have

ééﬁ < |z|7" < Col(z), for z € B1(0)\ {0} with a constant Cy > 0.
0

Therefore, for every ¢ € Hy(£2) C H(R™), we now have the estimate

/ M dxdz < C Uz = z]) (¢(z) — ¢(2))? dedz
lz—z|<1

|z — 2" R7 xR”
(218) —c [ o1+ PGP de

< [ 1+ floglelplate)? de
R’IL
= 119l
Moreover, by (2.17) we have
Iolfaery = [ 1+ loglelDIF(E) de
< [ (0= 1m0 @ ogle] + 1081+ ) DO de

< 18122y + 1812 (5, o) /B (~oleas

1(0

+C Uz = 21) ($(x) — ¢(2))* dadz

R™ xXR™

(6(x) — ¢(2))°
< N61220n + CllOl2 100 + C 2 PV dxdz
161172() + Clldllzr @) wos<1 Tyl

+C Uz —2) (¢*(z) + ¢°(2)) dadz

lr—z|>1

< O(161gey + 112 + 18122z /
( L2(2) Ho(0) 2E [ o
< C(1612(0y + 16112 @)

1 for & € B1(0)
0 otherwise

the assumption that 2 has finite measure || € (0,00), such that the Holder in-
equality

{(y) dy)
is the characteristic function. Here we used

where 15, 0)(§) =

9]l () < 1921721l 22 (0
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holds. Combining the above estimates with the obvious bound

[6llL2@) = 8llL2®n) = 1@ llL2@n) < @luen) for ¢ € Ho(€),
we deduce that
1
¢ [0l = (16172 () + 6l 0) ?
is an equivalent norm to || - |lgwn~) on Ho(€2). Moreover, by [JW20, Theorem 1.2],
the embedding (Ho (), || -||+) = L*(Q) is compact. From this compactness and the
fact that [|¢|[m, (o) > 0 for all ¢ € Ho(2) \ {0}, it follows by a standard argument

that |||l z2(0) < Cll@||wy (o) for all ¢ € Ho(Q2), so the norms || - ||« and || - ||m, () are
equivalent on H} (). This proves the result. O

We also have the following useful estimate.

Lemma 2.2. For o > 0, we have C&(R™) C H(R™). Moreover, for every nonempty
bounded open set W C R™, there exists a constant C = C(W,«) > 0 with

(2.19) I fllaeny < Cllfllcew) for all f € CHW).

Proof. Tt clearly suffices to prove (2.19). Since W C Br(0) for R chosen sufficiently
large, we may assume without loss of generality that W = Br(0) for some R > 1.
Since ||-||g(rn) is equivalent to ||-||w,wy on Ho(W), it suffices, by approximation, to
prove the estimate with [|-||m, ) in place of ||-||mn).

Let f € C&(W), then we can write, similar to [CW19, Proposition 3.2],

X)) — z 2
©20) Wl = [oew LOLE dode 2 [ i@ do

|lz—z|<1 |x_z|n

with

(2.21) kw(x) = / ly — x| 7" dz.
(RmM\W)NB1 (z)

It is easy to compute that

1 1 n—1 1
waw (2) < 18"~ [log gy |, < 18" roe =7,

for x € W = Bg(0), which implies that

1
f(@)Prw (z) de < |S" Y| f]? / log —| dx
[, @@ de <8 o [ flos ]
(2.22) _1p2) 412 /R -1 !
< |S™ . n 1 d
<| ISl (W) R—lr 80

< Clf 1wy,
with a constant C = C(W) > 0. Moreover, we have

/| N €A b () MR S, J I

ST R lz—z|<1

(2.23) < WIS ey / Iy dy
B1(0)

1(

(WS
< T\\fﬂzc«x(vv)-

Combining (2.20), (2.22) and (2.23), we obtain (2.19) with a constant C = C(W, o) >
0. This proves the assertion. O
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Throughout the remainder of this paper, let us denote the L?-inner product by
(2.24) (6s8) 15 = /A o) da,
for any ¢, € L?(A) and for any A C R".

2.2. The energy form of the logarithmic Schrodinger type operator. Let
) C R™ be a bounded open set with Lipschitz boundary and ¢ € L>*°(Q2). We

consider the bilinear form associated with the operator L + ¢ given by
B, : H(R™) x H(R") — R,

(2.25) !

Bq(v,w) := Bo(v,w) + (qu, w) 12 »

where By is defined in (2.12). We recall that the variational characterization of
A1(Q), the first Dirichlet-eigenvalue of L on €2, is then given by

By (u,u
(2.26) M(Q) = inf |u°”(2>
w0 L2(Q)
Hence the eigenvalue condition, if satisfied, implies that
(2.27) By (u,u) > /\0||uH%2(Q) for all u € Hy(€2).

We also note the following useful estimates.

Lemma 2.3. Let By(-,-) be the bilinear form given by (2.25), then we have

(2.28) [Bg(u,v)| < 2+ llgll e @) lullaen) lvllnen)  for u,v € H(R™).
and

(2.29) By (u,u) > 2”“”%}1(11&") - CHuHQLg(Q) for u € Ho(?)

with a constant C' > 0. If moreover (1.9) holds, then

(2.30) B, (u, u) > C’Hu||§ﬂ(w) for u € Hy(2)

with a constant C' > 0.
Proof. For u,v € H(R™) we have, by (2.13),
|By(u,v)| < |Bo(u,v)| + | (qu, w) 12 |

< 2/]1@ | Tog [€[[[@(&)[[0(E)1dE + [lgll Lo @ l[ull L2 [Vl L2

< 2l|ullpwe) v lmER) + gl Lo @) 1wl L2 @) V]| 22 (7Y
< 2+ llglle= @) lulla@n) 1o lnEn)

as claimed in (2.28). Moreover, we have
Bo(u.w) =2 [ o €lla(e) de
_ SN2 ae ~reV (2
=2 [ ozl plaePae—2 | faoP de
+a [ (oglehlaP as
B1(0)

> 2 ull gy — 2l 220y + A2 o / log [¢] dé

B1(0)
> 2||ullfy@n) — 2llulliz ) — Cllulliq

> 2[ulfygny — Clluliz),  for u € Ho(Q).
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Here we used again the fact that ||ul[z1(q) < Cllul/z2(q) thanks to Q has finite
measure. We conclude that

By(u,u) > Bo(u,u) — Hq”L‘X’(Q)”uH%%Q) 2 2||UHI%I(RTL) - CHU||2L2(Q):

for u € Ho(Q?), as claimed in (2.29).
Finally, if (1.9) holds, then by (2.27) and (2.29) we have, for u € Hp(2) and
€€ (0,1),

By (u,u) = (1 — €)Bg(u, u) + €By(u, u)
> (1= ) Nollull7z(q) + e(2llullfirny — Cllullz2))
= 2l + (1 — 9% — Ce)lullZa(ey,
Since Ag > 0, we can then choose € € (0,1) such that (1 — €)A\g — Ce > 0. Then
(2.30) holds with C' = 2e. This concludes the proof. O
3. THE FORWARD PROBLEM

Let 2 C R™ be a bounded open set with Lipschitz boundary, and let ¢ € L>(2)
satisfy (1.9). In this section, we study the forward Dirichlet problem for the log-
arithmic Schrodinger type equation (Lx + ¢)u = F in Q. For this, we need some
preparations. We define the trace space

Hr(Qe) = {f]q, : f€HR")}.
To define a suitable norm on Hy(£2.), we note the following result.
Lemma 3.1. For every function f € Hr(Q.), the infimum
(3.1) cf = inf{||gllu@n) : g € HR"), g, = f}

admits a minimizer f € H(R™). Moreover, f s uniquely determined by the property
that

(3.2) {f, W) g =0 for all h € Ho(Q),

and the map f v [ is linear.

Proof. Let f € Hp(Q.) By definition of Hp(2.), the set
My = {g e HR") : g, = f}

is nonempty. Let (fi),cy be a minimizing sequence in My for the infimum in
(3.1). Since fi is bounded in H(R™), we may pass to a subsequence such that
fr — f € H(R™) and therefore

f n < 1. ny — .
I flla@n) < Jm | frllmarny = ¢y

Moreover, we have hy := fr — f1 in Hp(Q2) for all & €N, and hy, — f- fl.~ Since
Ho(2) C H(R™) is a closed subspace, it follows that f — f1 € Hy(£2), hence f € My

and f is a minimizer for (3.1). It then follows that for any h € Hy(Q2) we have
0 < lim ~ (I f £ thl|Z e — 1712 = £2(f,h
< lim - (IIf lfiRny = 1flFzn)) (fs h)mgn)

and therefore (3.2) follows. Moreover, if foeM ¢ is another function satisfying
(3.2), then f — f. € Ho(Q) N (HO(Q))J' = {0} and therefore f = f,. This shows
that f is uniquely determined by (3.2), and from this, the linearity of the map
f — f follows. This proves the assertion O
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Lemma 3.1 shows that a norm | - ||z, (.) is well-defined by setting
33)  Ifllr@.) = If @) = nf{llglagn) : g€ HR™), glo = f},
for f € Hp ().

3.1. The Dirichlet problem. For f € Hr () and F € L*(Q), we now consider
the Dirichlet problem

5.0 {(LA +qQu=F inQ,

u=f in Q.
To define the notion of weak solutions, we use the bilinear form B, defined in (2.25).

Definition 3.2 (Weak solutions). Let Q C R™ be a bounded open set with Lipschitz
boundary. Given f € Hr(Qe) and F € L*(Q), a function u € H(R™) is called a
weak solution to (3.4) if u= f in Q. and

(3.5) Bo(u, ) = (F, ) 1210y, for any ¢ € Ho(9).
We then have the following well-posedness result.

Lemma 3.3 (Well-posedness). Let @ C R™ be a bounded open set with Lipschitz
boundary, and g € L>(2) satisfy (1.9). Then, for any f € Hy(Q.) and F € L?(),
there exists a unique weak solution v € H(R™) to (3.4). In addition, there holds

(3.6) lullany < C (IFlz2() + 1 flmr.)) -

for some constant C > 0 independent of u, I, f.

Proof of Lemma 3.3. Let f be the || - [[s(rn)-minimizing extension of f given by
Lemma 3.1, which satisfies Hf||H(Rn) = [[fllur(0.)- Then u € H(R") is a weak
solution to (3.4) if and only if v = u — f € Hy(Q), and v satisfies

(3.7) By(v,9) = (F,¢) 12(0) = By(f, ), for any ¢ € Ho(€).

The existence of a unique v € Hp(Q2) with this property follows from the Lax-
Milgram theorem, since, by Lemma 2.3, By is a continuous bilinear form on H(£2)
satisfying (2.30). This shows the existence of a unique weak solution u € H(R™) to
(3.4), and u = v + f with v € Hy(2) as above. Moreover, by (2.30) and (2.28) we
have, with a constant C' > 0,

[v[|f(gny < CBy(v,v)
= C((F,v) 21y — Ba(f,0))
< C(Iloll 2@ |1 Fllz(0) + I Fllsgen) l0llgn))
< Cllvllm@s) (1 Fll 2y + | fllmen)
and therefore
(3.8) [vllm@ey < C(I1Flr2@) + || fllmgn)-
Consequently,
[l < [vllmg-) + ”JEHIHI(R")
< C(IF N2 + I Fllen))
=C(IF 2 + 1 f Iz en)),

as claimed. 0
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Corollary 3.4. Let 2 C R™ be a bounded open set with Lipschitz boundary, let
q € L™(Q) satisfy (1.9), and let W C Q. be a nonempty bounded open set. Then
for every f € C¥(W), there exists a unique weak solution u € H(R™) to (3.4). In
addition, there holds

(3.9) lullgny < C (1FllL2c) + [ flloaw)) ,
for some constant C > 0 independent of u, I, f.

Proof. The result follows by combining Lemma 2.2 and Lemma 3.3, since f €
Co(W) C H(R™) and

17
by definition of | - [|m,(.)- -

allir @) < Mfllaes < Clifllcsw)

3.2. The DN map. With Theorem 3.3 at hand, the DN map of (1.7) can be
defined rigorously via the bilinear form B, defined in (2.25).

Lemma 3.5 (The DN map). Let Q@ C R" be a bounded Lipschitz domain, and let
q € L>(Q) fulfill (1.9). Define
(3.10) (Mg f.g) = By(ug,vg),

for any f,g € Hp(Q.), where uy € H(R™) is the solution to (1.7), and v, € H(R™)
can be any representative function with vy|, = g. Then

(311) Aq : HT(QE) — HT(Qe)*
is a bounded linear operator, which satisfies the symmetry property
(3.12) (Agf,9) = (Agg. f) for any f, g € Hr(Qe).
Proof. First, if there are two functions vy, v, € H(R™) such that velg, = vyl ,
then vy — v, € Hy(£2). Therefore, by the linearity of B,(uy,-), one has
(313) Bq(ufagg) - Bq(ufa Ug) + Bq(ufa’ﬁg - ’Ug) = Bq(ufavg)a
since uy solves (1.7) and ¥y —vy€Ho(£2)

which shows (3.10) is well-defined. To show the boundedness of A4, we let g €
H(R™) be the || - ||g(gn)-minimizing extension of g € Hp(€2) given by Lemma 3.1,
so that ||gl[mm®n) = ||9llm,(0.)- Then, by Lemma 2.3 and (3.6) applied with ' = 0,
we have

[(Aqfs )| = |Bq(ug, 3)| < Cllugllaen19lluee < Cllifllan @) lgler@.)-

This shows that A, : Hp(2.) — Hp(2:)* is bounded. Now, the symmetry of the
DN map can be seen from the symmetry of the bilinear form B,. This proves the
assertion. (|

We can also derive the integral identity.

Lemma 3.6 (Integral identity). Let Q C R™ be a bounded Lipschitz domain, and
let gj € L™(Q) satisfy (1.9) for j =1,2. For any f1, fo € Hp(Qe), we then have

(3.14) (Agy — Agy) i, f2) = / (a1 — 42) up,ug, da,

where uy, is the unique weak solution to

{(LA+qj)ufj =0 inQ,

(3.15) )
uf, = fi in Qe,

forj=1,2.
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Proof. Via (3.12), one can obtain
(Mg, = Ago) f1, f2) = (Mgy (f1), f2) = (f1: g, (f2))

(3.16) = By, (ug,, up,) = By (ug,, ugp,)
= / (1 — q2) upuy, do,
Q
where we used (2.14) in the last equality. O

4. PROOF OF THEOREM 1.1

As we discussed before, in solving nonlocal inverse problems, one usually needs
the Runge approximation for nonlocal operators. The proof of the (qualitative)
Runge approximation for Ly is based on the following unique continuation property
(UCP) for the logarithmic Laplacian. Recall the definition of the space L}(R")
given in (2.10).

Proposition 4.1 ([CHW23, Theorem 5.1]). Let D C R™ be a nonempty open set.
If u € L§(R™) satisfies
(4.1) u= Lau =0 in D in distributional sense,

then ©w =0 in R™.

Let @ C R™ be a bounded nonempty Lipschitz domain, and let ¢ € L>®()
satisfy (1.9). Then the solution operator associated with (1.7) is defined as

(4.2) P, : Hp(Qe) — H(R"™), f+— uy,

where uy € H(R™) is the solution to (1.7), so the solution of (3.4) with F' = 0.
With Proposition 4.1 at hand, we can show the Runge approximation.

Proposition 4.2 (Runge approximation). Let @ C R™ be a bounded Lipschitz
domain, let ¢ € L>(Q) satisfy (1.9), and consider the solution operator P, given
by (4.2). Then for every nonempty open set W € ., the set

(4.3) R:={P,fly: f€CZW)},
is dense in L*(Q).

Proof. By the Hahn-Banach theorem, it suffices to show that for any w € L?(£),
which satisfies

(4.4) (Pyf,w)pzq) =0 forany feCF(W),
it results that w = 0. Let ¢ € Hy(£2) be the solution to

¥Q+@¢:w in Q,

4.5
(4.5) p=20 in Q.

The well-posedness of the above equation was guaranteed in Section 3. Hence, we
have

(4.6)  Bg(e, f) = Byl f = Pof) = (w, f = qu)LZ(Q) == (w?qu)L2(Q) =0,

for any f € C(W), where we used (4.4) in the last identity. Hence for any
f € C° (W) we have, since f =0 in €,

o~

| etatde=2 [ (oglchaefe)as
= By(e )+ [ ale)o(o) (o) do

Q
=0.
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This yields that Ly = 0 in W in distributional sense, while also ¢ = 0 in W. Note
that ¢ € L§(R™) since Hy(Q) C Li(R™), and this allows us to apply the UCP of
Proposition 4.1. Therefore, Proposition 4.1 implies that ¢ = 0 in R™ and therefore
w = 0 as desired. This concludes the proof. (]

Remark 4.3. As we have mentioned earlier in Section 1, the logarithmic Laplacian
is a near zero-order operator, so we do not expect that the above-mentioned Runge
approximation possesses a higher reqularity approximation property.

We are now ready to prove the global uniqueness result by using the Runge
approximation.

Proof of Theorem 1.1. With the condition (1.11), the symmetry of the operators
A, and integral identity (3.14) imply

(4.7) / (g1 — g2) usugder =0 for all f € C*(Wh), g € C°(Wa),
Q

where uy = Py, f and uy = P,,g € H(R") are the solutions to

: ur = f in Qe,
and
(4.9) (La + ¢2)ug =0 in Q,
: Ug =g in Qe,

respectively. By the Runge approximation in Proposition 4.2, given any h € L?(Q),
there exist sequences of functions fr € C°(Wh), gr € C(Ws) with Py, fr — h
and P,g, — 1in L*(Q2) as k — co. By (4.7), we then conclude that

@) [ (o= whde = Jim [ =) (P f) (Prag) do =0

Due to the arbitrariness of h € L?(Q), there must hold ¢; = g2 a.e. in Q. This
proves the assertion. O

Remark 4.4. It would be interesting to ask if one can prove Theorem 1.1 using
a single measurement. It is clear that if the potential q is regular enough (e.g.
continuous potentials), one may directly apply the existing UCP of Proposition 4.1
for Ln. However, for the rough potential case, one meeds to study a measurable
UCP result for the logarithmic Laplacian, i.e., the UCP for Lx holds on a set of
positive measures.

5. CONSTRUCTIVE UNIQUENESS

To prove Theorem 1.4, we will utilize the monotonicity method combined with
the localized potentials for (1.7). This shows that increasing the potential ¢ in-
creases the DN map A, in the sense of quadratic forms, and vice versa. To accom-
plish the complete arguments, we need the following localized potentials.

5.1. Localized potentials. With the Runge approximation at hand, we can im-
mediately derive the existence of the localized potentials.

Lemma 5.1 (Localized potentials). Let Q@ C R™ be a bounded Lipschitz domain
qg € L*(Q), and W € Q. be a nonempty open set. For every measurable set
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M C Q, there exists a sequence f¥ € C°(W), such that the corresponding solutions
uF € H(R") of

(5.1)

(La+q)ufF =0 in Q,
uk = fk m Qe,

for all k € N, satisfy that

/|uk|2dx%oo and / ’ukfdx%() as k — oo.
M O\M

Proof. Applying the Runge approximation of Proposition 4.2, we find a sequence
of functions f* € C°(W) so that the corresponding solutions ﬂk’ o converge to

\/% in LZ(Q), and
M X

~L 112 ~ 12 ~L (12 12
[#ay = [ T =1, and gy = [ 4 0

as k — co. We may assume for all k& € N that u* # 0 without loss of generality,

so that Hﬂ(’f) HLQ(Q\M) > 0 follows from the UCP of Proposition 4.1 for L. Taking
normalizing
fk
—l/2
¥ 11 £ @ ary

fr=

the sequence of corresponding solutions u* € H(R™) of (5.1) possesses the desired
property

k112 . HU ||L2(JV1) k112 |~k
[ u HL2(M) = m — 00, and |u HL2(Q\M) = | HL2(Q\M) — 0,
as k — oo. This completes the proof. (]

5.2. Monotonicity relations. Here we complete the proof of Theorems 1.2 and
1.4.

Lemma 5.2 (Monotonicity relations). Let Q@ C R™ be a bounded open Lipschitz
domain and f € Hy(Q.). Moreover, for j =1,2, let g; € L>(Q) satisfy (1.9), and
let u; € H(R™) be the unique solutions of

(5.2) {(LA +g)u; =0 inQ,

Then we have the monotonicity relations

(5.3) (Ags — Ag) 2 1) < /Q (¢ — @) Jua | dz,
and
(5.4) (Agy — Mgy /1 1) > / (g2 — @) [ual? de.

Proof. The definition of the DN map (3.10) implies that

<ALI1f7f> :Bm(ul’ul) and <ALI2f7f> :qu(u2’u2) :B42(u27u1>'
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By the symmetry property of the bilinear form, we thus have

0 < By, (ug —u1,us — uy)
= By, (ug, uz) — 2By, (u2, u1) + By, (u1,u1)
59 = — (Ao ) + By, )
= <(Aq1 - qu) fof)+ BQQ(ulvul) — By, (u1,u1)

— (Mg~ M) [ 1)+ / (g2 — @) s |? d,

which proves (5.3). Interchanging ¢; and ¢o in the above computations yields (5.4).
This proves the assertion. O

Proof of Theorem 1.2. We have to show the equivalence of Properties (i)—(iii). Sup-
pose first that (i) holds, i.e., we have ¢ < g2 a.e. in Q. Then (5.4) readily implies
that ((Ag, — Ag,) f, f) > 0 for every f € Hp (L), so (ii) holds. From (ii) it di-
rectly follows that (1.12) holds for any nonempty bounded open set W & €., since
C(W) C Hy (). Therefore (ii) implies (iii). Finally, let us show the implication
(iii) = (i). So we assume that (1.12) holds for any nonempty bounded open set
W & Q. for some nonempty bounded open set W & €., and we need to show that
g1 < g2 a.e. in Q. Arguing by contradiction, let us assume that ¢; < g does not
hold a.e. in §2. Then there exists § > 0 and a positive measurable set M C € such
that g1 — g2 > 0 > 0 on M C Q. Using the sequence of localized potentials from
Lemma 5.1 for the coefficient g1, and the monotonicity inequality from Lemma 5.2,
one can get

<(Aq2 _AQI)fk7fk> < /(QQ —q1) |ulf|2 dx
Q

(56) k112 k112
< llgz = a1ll oo () [ HLz(Q\M) — 0ui HL2(M)
— —00, as k — oo,
which contradicts (1.12). Therefore, the assertion is proved. O

Finally, let us prove Theorem 1.4.

Proof of Theorem 1.4. By [HL19, Lemma 4.4], it is known that given any nonneg-
ative ¢ € L*(2), then one has

(5.7) g(z) =sup{p(z): p € £, p < g} for ae. z €.

Moreover, since we assume that A1 (2) > 0, the relation (1.9) is satisfied, and it is
also satisfied for ¢ in place of ¢ if ¢ € ¥, o. We may therefore combine (5.7) with
Theorem 1.2, applied to g1 = ¢ € ¥4 o and ¢2 = g, to complete the proof. U

Remark 5.3. With the if-and-only-if monotonicity relations, inverse problems
have more possible applications. For instance, one can also study inverse obsta-
cle problems, which recover the unknown inclusion via the monotonicity test (see
e.g. [HL19, HPS19]). The stability result could also be interesting (see e.g. [HL20]).
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