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ABSTRACT. In this paper, we study inverse boundary problems associated with semilinear
parabolic systems in several scenarios where both the nonlinearities and the initial data
can be unknown. We establish several simultaneous recovery results showing that the
passive or active boundary Dirichlet-to-Neumann operators can uniquely recover both of
the unknowns, even stably in a certain case. It turns out that the nonlinearities play a
critical role in deriving these recovery results. If the nonlinear term belongs to a general
C! class but fulfilling a certain growth condition, the recovery results are established by
the control approach via Carleman estimates. If the nonlinear term belongs to an analytic
class, the recovery results are established through successive linearization in combination
with special CGO (Complex Geometrical Optics) solutions for the parabolic system.
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1. INTRODUCTION

1.1. Mathematical setup and statement of main results. In this paper, we are con-
cerned with inverse problems for semilinear parabolic equations. Depending on the form of
the nonlinear term, there are two setups for our study, which shall be discussed separately
in what follows.
First, we consider the case that the nonlinear term belongs to a C' class fulfilling a
certain growth condition. We begin by introducing the forward model. Let 2 C R" be a
1
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bounded domain with a C'"*°-smooth boundary I'" for n € N and I'g be a nonempty relatively
open subset of I'. For any T' > 0, we set Q@ = Q x (0,T) and X =T x (0,T). Assume that
v = (vij(z, t))?jzl € C21(Q; R™™") is a symmetric matrix-valued function in @, such that

n
pol€? <D v, )& < pg €7 Y (2,t) €Q and £=(&,..., &) €RY,
ij=1
for some positive constant py € (0,1). Moreover, we denote by H*"(Q), H*"(T'), C*+*(Q)

and Ck+a:5+5% (Q), respectively, the standard Sobolev spaces and Hélder spaces for s, € R,
k€ N and a € (0,1). We refer to [AF03] and [Eval0] for details of these Banach spaces.
Consider the following semilinear parabolic equation:

u — V- (yVu) +a(z,t,u) =0 in Q,
u=f on X, (1.1)
u(z,0) = g(z) in ,

where u; = Oyu = %, V and V - ( denote the gradient operator with respect to the spacial
variable and the divergence of a vector ¢ € R", g € H}(Q), f € L*(X) and a = a(z,t,u) :
@ xR — R is a given function, satisfying suitable conditions that will be specified later.

For any g € H} () and a suitable function a : Q@ x R — R, which guarantees the global
well-posedness of (1.1) (see Section 2), we introduce the following Dirichlet-to-Neumann
(DN for short) operator:

Aag: € — L*(To x (0,T)),

f—ou Pox(0.1)

(1.2)

In (1.2), Oyu = % denotes the outer normal derivative of w, v is the unit outer normal
vector on T, and u is the solution to (1.1) associated to the initial data g € H}(2) and the
boundary data f € £ with

&= {f e L3 (%) ) (1.1) is well-posed associated to g and a, such that
€ C([0,T); L3(Q)) and dyulp, o) € L3(To x (o,T))}.
It is known that when a € L>(Q; WH*°(R)) and g € HZ(9),
{f € H31(D) | f(z,0)=0on r} ce.
When f =0 on X, we denote
A((l(,); 1= Nag(0).

In such a case and in the physical situation, the field u is generated by the initial data g,
acting as a source, which is assumed to be unknown in our inverse problem study. Hence,

the boundary measurement encoded in A((z% is passively taken by the observer, and in the

literature, A((l?; is usually referred to as the passive measurement. In contrast, Ay q(f)
associated with the boundary input f is called the active measurement, since the field wu is
actively induced by the observer by imposing boundary inputs in £.

Associated to the forward model (1.1)—(1.2), first, we are interested in the following two

inverse problems:

e Inverse Problem 1. Can we identify the unknown functions (a, g) by using the
passive measurement Agy?



SIMULTANEOUS RECOVERIES FOR SEMILINEAR PARABOLIC SYSTEMS 3

e Inverse Problem 2. Can we identify the unknown functions (a,g) by using the
active measurement A, 47
It is emphasized that the principal coefficient v = y(x, t) of our Inverse Problem 1 and
Inverse Problem 2 can be space-time dependent. In order to study the above problems,
we introduce certain a priori conditions on the nonlinear term a to guarantee the well-
posedness of the forward problem as well as the feasibility of the inverse problems. Assume
that a : Q x R — R satisfies a(z,t,-) € C*(R) in Q and the following growth condition:

aya(xu ta y)

lim sup =0, uniformly for (z,t) € Q. (1.3)

1
y=oo Inzly|

It is clear that any function in L°°(Q; W1°°(IR)) satisfies the condition (1.3). For notational
clarity, we set

Ar = {a :QxR—-R| a(xt,)eCYR)inQ, a(--0) € L*(Q),

(1.4)
and the condition (1.3) is fulfilled }

In Section 2, we shall show that for any g € H}(Q2), a € Ar and f = 0, (1.1) has a unique
solution u € H*1(Q) and therefore, d,u € L?(%).

We are in a position to state the first recovery result for the inverse problems introduced
above.

Theorem 1.1 (Conditional stability of determining initial data by the passive measure-
ment). Assume that a € Ap and for any M > 0, set

Grr = {9 € B | N9llmye) < M}.

For any g; € Gy (j = 1,2), let Aggj be the passive measurement associated to the following
semilinear parabolic equation:
Owuj — V- (vVuj) +al(z,t,uj) =0  in Q,
uj =0 on 3, (1.5)
uj(x,0) = gj(x), in Q.
Then there ezist positive constants C' and oy € (0,1), depending only on n,T and 2, such
that the following quantitative stability estimate holds:
C(1+M)
2 0 0
Hgl - g2HL2(Q) STHAa,gl - Aa,ggHLZ(FOX(O,T))
CM?
In (J0|A%gy = Algallz2(rox0,7)
By Theorem 1.1, it is directly verified that if Agym = Aght]2 on I'g x (0,T),then g1 = g2 in
Q. Theorem 1.1 partially answers Inverse Problem 1 that if the nonlinear term a belongs

to the general class (1.4) and is a priori known, then the initial data g can be uniquely
recovered (in a stable manner) by the passive measurement for ¢ in a bounded set Gy.

(1.6)

We proceed to consider Inverse Problem 2 and introduce another admissible set on a:
Br = {a Q@ xR—=R a($7 t, u) - ao((E, t, u)X[O,T—e} (t) + C(.’B, t, U)X[T—QT] (t>
for some € > 0 and any given ag € Ar, (1.7)

where ¢ € Ar and ¢(z,t,0) =0 in Q},

where x g is the characteristic function of a set E C [0, T7].
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As a corollary of Theorem 1.1, our main unique recovery result for Inverse Problem 2
is stated as follows.

Theorem 1.2 (Uniqueness of determining initial data by the active measurements). As-
sume that aj € By and g; € Hj(Q) (j = 1,2). Let Aq, 4, be the DN map of the semilinear
parabolic equation:

Oruj =V - (YVuy) + aj(z, t,u;) =0 in Q,

uj = f on 3, (1.8)
uj(z,0) = g;(x), in Q.
If for any f € € with suppf C Iy x [0,T7],
Aay g (f) = Aargo(f)  on Tox(0,T), (1.9)
then one has that
g1=92 n (1.10)

Theorem 1.2 means that the map A, 4 uniquely determines the initial data g, independent
of functions a € Br.

In the second setup of our study, we consider the case that the nonlinear term a belongs
to an analytic class. In such a case, assume that both the initial data and nonlinear term
are unknown. Then we can simultaneously recover both of them. To this end, introduce
the following class for the nonlinear term.

Definition 1.1 (Admissible class). Assume that b = b(x,t,u) : Q@ x R — R satisfies the
following conditions:

{ the map u — b(-,-,u) is analytic on R with values in C2T*1+/2(Q),

b(z,t,0) =0 in Q, (1.11)

for some a € (0,1). It means that b can be written as the Taylor expansion at any ug € R:

o0
b(k) (33‘, t, UO)
b(x,t,u) = ZT(U—UO)’C, (1.12)
k=0
b(k) ('T’ t, UO) _ 35()(90, t, UO)
k! N k!
Next, let 2 C R™ be a bounded domain with a C**°-smooth boundary I', for n > 2. We
introduce the forward model of the following semilinear parabolic equation:
Ou — Au+b(z,t,u) =0 in Q,
u=f on X, (1.13)
u(z,0) = g(x), in Q,
where b is the function given in Definition 1.1. It is easily seen that the second condition
(1.11) of b implies that u = 0 is a trivial solution when the initial and boundary data are
both zero. In Section 2, we shall prove the (local) well-posedness of the forward problem
(1.13) under the assumption that the coefficient b, initial data g and the boundary data f
fulfill the following compatibility condition:
9() = 92,(:) = 92ie; -) = f(,0) = fi(-,00 =0 on I, fori,j=1,---,n. (1.14)
Furthermore, we introduce the boundary measurement associated with (1.13) for our
inverse problem study. Let S?~! be the unit sphere of R" and fix wy € S"~!. Define

Ty = {a: el ‘ +u(z) - wy > 0} and Ty, = Deoy % (0,7). (1.15)

where

are the Taylor’s coefficients at ug € R for any k € N.
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Let U+ be a neighborhood of I'y ) in I" and set
Vi=U;y x(0,7) and V_=U_x(0,T).
With these notations and the local well-posedness at hand, the partial DN map AE g 18
defined as:
Apgy & — CHrltel2(y ),

1.16
fHBVu‘V_7 ( )

where & — {f c C§+a,1+a/2<v+) ’ [fllc2tantarzpy,) < 51} for sufficiently small §; and

g € Cg+a(Q), which satisfy the compatibility conditions (1.14) and guarantee the well-
posedness of (1.13), and w is the associated solution to (1.13). Meanwhile, the (full) DN
map of the initial-boundary value problem (1.13) is given via
Apg: & — CHFOITE (),
ha - &) (1.17)
[ al/u‘zp

where £ = {f € C§+a’1+%(2) ||f||02+a,1+%(2) < 52} for sufficiently small d, and g €

C’nga(Q), which satisfy the compatibility conditions (1.14) and guarantee the well-posedness
of (1.13), and w is the associated solution to (1.13).
Our third inverse problem is as follows:

e Inverse Problem 3. Can we determine the unknown functions (b, g) by using
active measurements, either A, or AE g?

The main result established for Inverse Problem 3 is stated as follows.

Theorem 1.3 (Simultaneous recovery for the semilinear parabolic equation). Let by and by
be in the admissible class. There exists a 6 > 0, such that for any g; € C’nga(Q) (1 =1,2)
with ||ngCQ+a(Q) < /2, we denote by Ay, 4. and Abpj,gj the full and partial DN maps of the
semilinear parabolic equation:
u — Au+bj(z,t,u) =0 in Q,
u=f on X, (1.18)
u(z,0) = gj(x), in Q,
for 7 = 1,2, respectively. Then we have the following results:
(a) (Full data) If

Ablagl (f) = Ab2,g2 (f)7
for any f € & with a sufficiently small d2, then

g=gomQ and by =0byinQ xR

(b) (Partial data) For a domain Q' C Q satisfying T C 9SY, assume that by = by in
O x(0,T)xR. If
Apgn () = Mgy g, (),
for any f € & with a sufficiently small 51, then

gi=goin ) and by =0byinQ xR.
Theorem 1.3 states that Inverse Problem 3 can be solved under suitable situations. In
fact, we can determine b(-,-,-) and g(-) simultaneously by using active measurements with

full data. Meanwhile, if we assume b(-, -, -) is known a-priori in a small neighborhood of X,
then we can also determine b(-,-,-) and g(-) simultaneously with partial measurements.

Remark 1.2. We would like to point out that
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(1) The proof of Theorem 1.3 relies on the successive linearization method combining
with suitable complex geometrical optics (CGO) solutions (see [CK18b] or Appendiz
A) and approzimation properties (see Section 4). We can utilize either full or partial
DN maps for the semilinear equation (1.18) to determine both coefficients and initial
data uniquely. Moreover, the smallness assumptions for both initial and boundary
data are needed due to the local well-posedness of the forward problem (1.18) (see
Section 2), but not used to solve the inverse problem.

(2) In the statement (b) of Theorem 1.3, the domain ) can be chosen as Q' = Q\ D
with D C Q such that Q \5 is connected. Moreover, such a set D C ) can be as
large as possible so that the domain U is very “thin”. This means, for our partial
data result, it is sufficient for us to know the coefficient near the boundary I" x (0,T")
a priori.

Finally, it would be interesting to consider the linear counterparts of the inverse problems
studied in Theorem 1.3. To our best knowledge, the simultaneous recovery results are
untouched in the literature even in the linear case, namely

b(xz,t,u) = q(z,t)u

as a linear function with respect to u € R. For this linear model, the smallness conditions
for initial and boundary data are not required, since the well-posedness for general linear
parabolic equations have been well understood (for example, see [Eval(, Chapter 7] or
[LSUS8SJ). To proceed, let us consider the linear parabolic equation:

Oy —Au+qu=0 in Q,

u=f on X, (1.19)

u(x,0) = g(x) in Q.
In order to derive the well-posedness of classical solutions to (1.19), we need to impose the
following compatibility condition:

9(-)=r(,0) onl. (1.20)

Then one has the well-posedness of (1.19) (see [EvalO, Chapter 7]) and therefore, we may

define the corresponding partial DN map
Aqu . C§+a71+a/2(v+) N Cl+a’1+a/2(V,),
(1.21)
f— a’/“‘v;

and the (full) DN map
24a,1+a/2
Aq,g : CO+ +a/ (2) - 01+a,1+a/2(2)’ (122
f— (9,,u‘2.

Now, the inverse problem is to determine ¢ and ¢ by using the measurements either qu’g
or Ay 4. The last main unique recovery result is stated as follows.

Theorem 1.4 (Simultaneous recovery for linear parabolic equations). Assume that for
j=1,2, ¢ € C*1+/2(Q) and g; € C2T*(Q2). Denote by Ay g and Aqu’gj are the full
and partial DN maps of the linear parabolic equation:

Ou—Au+qju=0 in Q,

u=f on X, (1.23)

u(z,0) = gj(x), in €,

for j = 1,2, respectively. Then we have the following results:
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(a) (Full data) If
ACILQI (f) = Aq2,g2 (f)a
forany f € C’§+a’1+a/2(2), then

g1=g2mQ and q =g inQ.

(b) (Partial data) For a domain Q' C Q satisfying T C 0, assume that qg1 = g2 in
Q' x(0,7). If

A}])lvgl (f) = AqPQ,gz (f)a
for any f € Cot T2V, then
gp=¢g2mQ and q =qsin Q.

It is noted that when the initial data g1 = go = 0 in €2, the logarithmic stability result
for two potentials of the inverse problem associated with the linear parabolic equation with
partial data has been investigated in [CK18b].

1.2. Background and discussion. In this paper, we are interested in the study of inverse
problems for semilinear parabolic equations. A classical result of inverse boundary value
problems for semilinear parabolic equations was proposed by Isakov [Isa93], where a first-
order linearization technique was exploited to reduce the inverse problem associated with
the nonlinear equation into its counterpart associated with a linear equation. Then one can
apply some existing results for the linear equations to investigate related inverse problems
for the nonlinear equations. In addition, one can also consider the second-order linearization
method, which has been successfully adapted in solving some related inverse problems; see
[AZ21, CNV19, KN02, Sun96, SU97] and the references cited therein.

In recent years, various inverse problems for nonlinear hyperbolic equations have been
proposed and studied. Some works mentioned above are based on solution properties to
inverse problems associated with the linearized equations. It turns out that in the inverse
problem study associated with nonlinear hyperbolic equations, one finds that the nonlinear
interactions bring more information which enables to solve some inverse problems that are
still unsolved in the setting associated with linear equations. In [KLU18], the authors
investigated inverse problems for hyperbolic equations with a quadratic nonlinearity on a
globally hyperbolic 4-dimensional Lorentzian manifold. For more related works of inverse
problems for nonlinear hyperbolic equations, we refer readers to [LUW17, LUW18, CLOP21,
dHUW18, KLOU14, WZ19, LLPMT20, LLPMT21, LLL21| and references cited therein. In
addition, inverse problems for semilinear elliptic equations have been attracted a lot of
attentions in recent years. By utilizing high order linearization approach, it is possible
to solve several inverse problems for local and nonlocal nonlinear elliptic equations, and
we refer readers to [LLLS21, FO20, LLLS20, LLST22, L122, LL19, Lin22, LZ20, KU20a,
KU20b, KKU22, CK20, CF21] for more detailed discussions.

The study of inverse problems on simultaneously recovering an unknown source and its
surrounding inhomogeneous medium has also received considerable attentions recently in
the literature due to its connection to many cutting-edge applications, including the photo-
and thermo-acoustic tomography [LU15], magnetic anomaly detection via the geomagnetic
monitoring [DLL19, DLL20] and quantum mechanics [LLM19, LLM21]. Here, in the setup
described in the previous section, say e.g. in (1.13), the initial data g and b for b in
(1.12) represent the source terms, whereas the other terms in (1.12) of b represent the
medium effects. In [LLL21], the simultaneous recovery for inverse problems associated
with semilinear hyperbolic systems with unknown sources and nonlinearities was studied.
In this paper, we consider the simultaneous recovery for inverse problems associated with
semilinear parabolic systems. It is remarked that we develop new strategies which enable
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us to deal with more general source and medium configurations in the semilinear parabolic
setup than the semilinear hyperbolic case. Finally, we would like to mention in passing some
related physical applications that can be described by the semilinear parabolic systems in
our study, including the heat diffusion [GSS18|, mean-field game theory [Carl3, GLL11]
and phase field theory [BWBKO02, KKL01]. The inverse problems proposed and studied in
this paper can be connected to those practical applications.

The rest of the paper is organized as follows. In Section 2, we study the well-posedness
of the initial boundary value problems for the semilinear parabolic equations under suitable
assumptions. In Section 3, we establish the conditional stability estimates, and show the
unique determination by utilizing either passive or active measurements. We prove Theo-
rems 1.3 and 1.4 in Section 4. Finally, for the sake of completeness, we review some basic
properties on CGO solutions and weak maximum principle for linear parabolic equations.

2. WELL-POSEDNESS OF THE FORWARD PROBLEMS

This section is devoted to studying the local and global well-posedness for initial-boundary
value problems of semilinear parabolic equations, respectively. Let us consider the following
semilinear parabolic equation:

u— V- (3Vu) + b(z,t,u) =0 in Q,
w=f on X, (2.1)
u(z,0) = §(x) n 0,
where 4 is symmetric and uniformly positive definite on Q with 4 € C1T®/2(Q; R™*") for
a € (0,1), and b satisfies the following conditions:

be C*(@QxR) and b(-,-,0)=0in Q. (2.2)
As a preliminary, we recall the well-posedness result for linear parabolic equations, which

can be found in [LSUSS|.

Lemma 2.1. Assume that 7 is symmetric and uniformly positive with 7 € ClHae/2(Q; R™™),
and q € C*2(Q). For any §j € C***(Q), f € C*T*1+/2(X) and h € C*/2(Q) with the

compatibility conditions:
g(x) = f(x,0) and fi(z,0) = V - (5(2,0)V§(z)) - ¢(x,0)§(z) + h(x,0) onT,  (2.3)
the following linear parabolic equation:

up—V-(AVu)+qu=h in Q,

u=f on X, (2.4)
u(z,0) = g(x) in g,

admits a unique solution u € C*T*1H/2(Q). Moreover,
Jullgmsonsors@y < O (Il casansoragey + Il gesa + Wllonors)):

Note that, if h = 0 in Q, g € C***(Q) with § = gs; = Jase; =0 (4,5 =1,--- ,n) on T
and f € C*rolte/2(T) with f(z,0) = fi(x,0) = 0 on T, then the compatibility condition
(2.3) holds.

By Lemma 2.1 and the fixed-point method, we have the following local well-posedness
for (2.1).

Theorem 2.1 (Local well-posedness). Assume that 7 is symmetric and uniformly positive
with 4 € C1/2(Q: R"™), and b satisfies the condition (2.2). Then there exists a positive
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constant 6, such that for any (f, g) € Vs, the equation (2.1) has a unique solution u €
02+a,1+a/2(Q>’ where

Vs = {(f,g) € CZralte/2(3y 5« 02 (Q) | f(2,0) = fi(x,0) =0 on T,
9= G :gwiwj =0,4,j=1,---,nonl,

and ||f”c2+a,1+a/2(§) + ||§HC2+Q(§) < 6},
Proof. The proof can be accomplished by the fixed-point technique. First, we set

K ={2€ @) | Iallgaang < 1,5(,0) =g in Qand z = f on 5},

where (f,§) € Vs for a sufficiently small § > 0. It is straightfoward to show that K is a
nonempty convex and compact subset in L?(Q). Also, we define

q(.’I}, t? S) = S
bs(z,t,0) for s =0.

For any z € K, let us consider the following linear parabolic equation:

up — V- (YVu) + ¢ (z,tlu=0 in Q,

u=f on X, (2.5)
u(z,0) = g(x) in Q,

where q,(x,t) = q(x,t, z(x,t)), and define the following map:
VU(z)=u, VzekK,

where u is the solution to (2.5) associated to ¢.. By Lemma 2.1, it follows that u €
C?+e1+3(Q). Moreover,

HUHC%L%IHX/?(@) < C(:Yv b,n, Qa T) <”f~H02+&a1+&/2(§) + HQHCQ-W(Q)) < C(:Yv b,n, Q: T)57

where C(7,b,n,Q,T) denotes a positive constant, depending only on 7, b, n, Q and T.
Hence, when ¢ is sufficiently small, ||ul|c2+a11a/2g) < 1, and therefore, W(K) € K. By the
Schauder fixed-point theorem, it is ready to show that ¥ has a fixed point in K, which is
the solution to (2.1). The proof is complete.

U

Remark 2.2. Regarding the local well-posedness, we give several remarks.

(a) The condition (2.2) on b = b(x,t,u) is not essential and it is for convenience to
express compatibility conditions. Also, the admissible condition on b(x,t,u) is not
used in the proof of the local well-posedness, but it will be utilized in the proof of our
simultaneously recovering inverse problem.

(b) In [Isa93], it was assumed that the coefficient b = b(x,wu) is independent of t and
Oub(z,u) > 0 for any u € R. In contrast, we provide different time-dependent
nonlinearities and utilize different techniques to study related inverse problems for
semilinear parabolic equations.

(¢) In order to apply the higher order linearization method, we need the infinite differ-
entiability of the equation with respect to the given lateral boundary data f, which
can be shown by applying the implicit function theorem in Banach spaces. To see
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this, let us define the following spaces. Set
X1 = {(f.9) € CHOIFIE) O Q) | f(a,0) = fi(2,0) =0 onT,
9=Y9z; = guju; =0 onT fori,j=1,--- ,n},
Xy = {u e CHralte/2() ‘ u(z,0) = ug(z,0) =0 onT,
u(z,0) = g, (7,0) = Uga;(7,0) =0 onT fori,j=1,--- n,
ut(x,0) = V- (v(z,0)Vu(z,0)) =0 on F},
and X3 = {h e C*2(Q) | h(x,0) =0 on F} x X7.
We consider the map G : X1 X X9 — X3 by
Gg(f,g,u) = (ut — V- (yVu) + b(a:,t,u),u‘E — fyu(z,0) — g).

Then G(0,0,0) = 0 and G,(0,0,0) : Xo — X3 is given by

o v(z, 0))

It is straightforward to show that G,(0,0,0) is a linear isomorphism from Xo to X3
by Lemma 2.1. By the implicit function theorem in Banach spaces, there erists a
positive constant &, and a holomorphic map S : Vs — C’2+a’1+°‘/2(Q), such that for
any (f,g) € Vs, we have G(f,q9,S(f,g)) = 0. Set u = S(f,g) and this implies the
local well-posedness of (2.1). Notice that in the above proof, we use the condition
that b = b(x,t,u) is in the admissible class in Definition 1.1. Also, the map of
boundary data to the solution is C°°-Fréchet differentiable. Hence, we can also
derive the corresponding DN map is also C°°-Fréchet differentiable.

G.(0,0,0)v = (vt — V- (yVov) +by(-,-,0)v,v

Next, for a different nonlinearity, let us consider the global well-posedness of the semi-
linear parabolic equation:
ur — V- (yVu) +a(x,t,u) =0 in Q,
u=f on X, (2.6)
u(z,0) = g(x) in Q,
where v is symmetric and uniformly positive definite with v € C19(Q;R™ "), and a :
Q x R — R satisfies
a('a K 0) € L2(Q)7 G(JJ, t, ) € Cl (R) (27)
and the increasing condition (1.3).

The global well-posedness result of (2.6) is stated as follows.

Theorem 2.2 (Global well-posedness). Assume that a satisfies (2.7) and (1.3). Then for

any g € H}(Q) and f € H%%(E) with f(-,0) =0 on T, the semilinear parabolic equation
(2.6) admits a unique strong solution u € H*>(Q).

Proof. First, let us set

a(z,t,s) —a(z,t,0)
g(2,t,5) = . for s # 0,

as(x,t,0) for s = 0.
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For any z € L?(Q), consider the following linear parabolic equation:
u— V- (yVu) + ay(z,t)u + a(z,t,0) =0 in Q,
u=f on X, (2.8)
u(z,0) = g(x) in €,

where a,(x,t) = q(x,t,2(x,t)). By the condition (1.3), we have that a,(-,-) € L""2(Q).
Indeed, there exist positive constants, which are denoted by C and may be different in one
place or another, such that

/|a z, )" 2 drdt = / la (-, HijQ

<c+c/ laz O nt2gy gy — c+c/ Z illas (.t LM o) di

Tn+2 )
_C+C/ Z H a (-t LM dt+0/ H a, ’t>”i]n+z(mdt
j= n+3
(2.9)
9
<C+C’/ \| az (5 )| o) Ot
Jj= n+3
nt2
=C+C </ la.(x,t) ]"”da:) * dt
0 j= n+3
<C+C/ Z T /]az(x,t)\2jdxdt§0+0/eo|az(x’t)|2da:dt.
Jj= n+3 SRl Q

By the condition (1.3), for any € > 0, there always is a positive constant C¢, such that for
any z € L%(Q), it holds that

las(z,t, 2(x,1)))? < eln|z(z,t)| + C..
Hence, for a sufficient small e,
/ (Clas@OP qrdr < / Ll (@)D +C] g g
Q

N (2.10)
§C/ (1+|2(z, t)) € dedt < C’(l + ||z||%2(Q)).
Q

(2.9) and (2.10) imply that a, € L"*2(Q).
By [LSUS8S]|, the linear parabolic equation (2.8) admits a unique strong solution u €
H?'(Q). Moreover, by the energy estimate, it holds that

ullZ2 0711 ynoqorp2 ) T+ el F2 o 1))

T||az||%,,
<Ce laz17n 12 (Ha(-, -,O)||%2(Q) + ||g||%2(Q) + HfHJQLILO(E)) :

Define the following map:

(2.11)

G: L*Q) — L*(Q)
by
where u is the solution to the equation (2.8) associated to a,. Obviously, G is well-posed
and compact. Define

vV — {z € L*(Q) ‘ 12l 22 (@) < C*}’
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where C* will be specified later. By (2.9)-(2.11),

[ulZ2g) < C <||a(', 501220 + 1911720y + ||f||%{1,0(2)) (1 + 112l L2()) -

Indeed, we may choose ¢ = 1/C' in (2.10). It follows that there exists a C* > 0, such that
G(V) € V. By the Schauder fixed point theorem, it is easy to check that G has a fixed
point in V', which is the solution to (2.6) in H%(Q). O

3. UNIQUE DETERMINATION OF INITIAL DATA

In this section, we present proofs of Theorems 1.1 and 1.2 concerning the first two inverse
problems of this paper.

3.1. Carleman estimates. In order to prove Theorem 1.1, we first present two Carleman
estimates for the following linear parabolic equation:

ug — V- (vVu) + A(z,t)u = F(z,t) in Q,

u=20 on 3, (3.1)
u(z,0) = g(z) in Q,

where 7 is the same as the one in (1.1), A € L*°(0,T; L**(Q)), F € L*(Q) and g € H}(9).

As preliminaries, for two parameters A\, u > 1, we introduce the following functions:
e,mp(x) _ eQN”@Z’”c(ﬁ) el“b(x)
t) = e —
n(xa ) t2(T _ t)2 ) g0($, ) t2(T . t)2

and 0 (z,t) = M@,
where 9(-) € C*() satisfies that 1 (z) > 0 in ©, [V¢(z)| > 0 in Q and

n
> ijthev; <0 on (I'\Ty) x (0,7).
i,j=1

Also, for any L > 0, there exist tg € (0,7") and K > 0, such that

1
K+t inqgl,— .
+ 0<m1n{ ’2L}

Set (92(t) fort € [O, to].

T K+l —t

The first Carleman estimate is stated as follows.

Lemma 3.1. There exist positive constants o, po and C, such that for any A > Ag and
W > po, the following estimate holds for any solution to (3.1):

/ 6? ()\M2cp|Vu|2 + )\3u4go3u2> dzdt

Q

T (32)

gc/ 03 F? da:dt—i—C/ / 03\ |9, ul® dSdt.
Q 0 JIg

Proof. The proof is inspired by [Yual7, Theorem 2.2]. In fact, when A = 0, the estimate
(3.2) holds true for any solution to (3.1). If A € L>(0,T; L**(f2)), we have that

/ 6? ()\u2ap|Vu|2 + )\3,u4g03u2> dxdt
Q

T
<C / 03(F — Au)? dzdt + C / 02\ |8, ul® dSdt.
Q 0 JTo
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Notice that when n > 3,

T
2 42,2 2
/Q 02 A% ddt < /O A2 o 10l 2 010,

T
< c/ (1010132 0+ 1 9(010) 0y ) dt < 0/ 02 (1Vul? + X2 ded.
0 Q

When n = 1 and n = 2, the term ||91u|]L%(Q) can be replaced by |ful|f~q) and

012 1), respectively. Hence, when pyg is sufficiently large, (3.2) holds for any solution to
(3.1). O

The second Carleman estimate is given as follows.

Lemma 3.2. Assume that T' € (0,1). Then there exists a positive constant Lo, such that
for any L > Lo, to € (0,T) and K > 0 with

1
K+t0<min{1,2L},

one can always find positive constants Ao and C, so that for any A > Xy, the following
estimate holds for any solution to (3.1):

to n )\
2 2,2 § : 2
/0 /9(92 ()\QQU + L ’yijuxiuxj> dxdt + /Q WU (CC, 0) dx

ij=1
</ Lzﬂ(az to)da:—i—/ o Zn: viji (2, 0)ug, (z,0)u,. (x,0) dx (3.3)
= Jo KL ’ Q (K+t0)2)\ij:1 o o o
to
+C / / 02 F2 dadt.
0o Jo

Proof. The proof can be adapted from that of [Yu2l, Theorem 2.4.1] for the Carleman es-
timate of stochastic degenerate parabolic equations. We sketch the necessary modifications
in what follows. First, for any A > 1, we set z = 603 (¢)u. Then it is straightforward to show
that

n n
205‘ —)\022’ — Z (”)’ijzzi)xj Ut — Z (’yijufi>1'j
i,j=1 i,j=1
n n n
=— (M2 + M032% =2 (Vijzez)ay + O (VijZai o))t — D VijtZa Za
1,j=1 1,j=1 =1

2

n
+2 [ Moz + Y (Yija,)a,
ij=1
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Integrating the above equality on € x (0,tp), we obtain that

/ / N222 dadt + / S i (0 £0) s (2 10) 2, (2 o)l + / A2(0)22(z, 0) da
Q

i,7=1
/ Z Yij x,O)in(l‘,O)ij(x,O) dx+/ )\Hg(to)ZQ(ZC,tQ) dx (34)
Q ij=1 o)
to
/ /‘ Z YijtRx; fa; de‘dt—F/ /(9 F AU dxdt.

i,j=1

On the other hand, notice that

n

n
29%’\u{ut — Z ('yijuxi)xj} = 2’\ 2 ) — 2 Z VijZusZ)a; — 2)\03)‘+1u2 +2 Z VigUa; U -
ig—1 i,j=1 ij=1

This implies that for any L > 0,

/ / Z VijZus 2, da:dt+L/ 03 (to)u®(x, to) d

i.j=1 (3.5)
to
<2L)\/ /92)‘+1u2 da:dt—i—L/ 92> (z,0) dw+2L/ /0 (F — Au) dzdt.

By (3.4), (3.5) and the definition of 05, it follows that
to n
/ / (A63M202 4 20680 3™ s, ) ddt
0o Jo <
i,j=1

A
+/ m u®(z,0) d:r—i—/ 7 Z%J (z,t0)ua, (T, to)us; (7, t0) dx
i,7=1

1 1
<t | @0 | (K + 1) Z %ig (@, 0, (2, 0}, (2, 0) da

to
/ o (x to) d:):+/ / 2L)\92’\+1u2+‘ Z Vij 2z 2

1,j=1

) dadt

/ /9 Lu + L+1)(F—Au)2] dzdt.

Furthermore, we notice that 6s(t) > > 2L. Also, for any € > 0,

K+t

to
/ / 02> A% dxdt

< [ BN ey ol ], g g

/ /9§A|Vu|2dxdt+0/ /9 M2 dxdt.
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Hence, for sufficiently large L and A, it follows that

n )\
2)\+2 2 2
/ / )\9 +2L9 E 'yijuxiuxj>dxdt / ® t0)2/\ TU (2,0)dx

i,7=1

</Q(K+t()2)‘ Z Yig (, 0)ug, (2, 0)ug, (z,0) dz

to
+/ A2 z,to dx+C/ /GZAFQdmdt.
QK”‘H ( ) o Ja 2

This implies the desired estimate (3.3). The proof is complete. O

3.2. Determination of initial data. Based on Lemmas 3.1 and 3.2, one has the following
conditional stability result for the inverse source problem of (3.1).

Lemma 3.3. For any M > 0, if
9/l 2 ) + 1 FllL2) < M, (3.6)

there ezist positive constants C' and dy € (0,1), depending only on n,T and 2, such that
the following estimate holds for any solution to (3.1):

C(M +1) " CM?
u .’O 2 S - - ’al/u - ’
[[u(-, 0) |72 (0 5o I )l In[dol| (£}, Opu)|l]

(3.7)

1/2
where |(F,0,u)]| = (||FI220) + 1001220y 0.1) -

Proof. Without loss of generality, we assume that T < 1. For any ¢; € (0 T)N(0,2)N(0, 5)
with L being the constant in Lemma 3.2, choose K = % and ¢ € [%,t1]. Then,

1
K+t < 2751 <m1n{ 2L}

and
t1 + 2t —2A 2\
(B57) =k P <0 < (5) . forany A Agand ¢ € (0,1l
1
By Lemma 3.2,

t + 2o\ —2A—1
/\/ — u(x,0) dx
LC)
1+ 2tp\ —2A 2\ 22 +1
SC/ ( 1+ 0) \Vu(x,0)|? dx—i—C’)\(f) [/uQ(w,to)der/ F2(2,t) dadt].
Q 2 t 0 o

This implies that

/QuZ(:z:,O) dx

SC/ |Vu(z,0)]? dx
A Jo

_|_C<t1—;%0)2’\(51)2”1[/Qu2(x,t0)d:v+/QFz(x,t)dwdt

§g / |Vu(z, 0)]2 dx + C9A\\(F, tO)HZ,
Q

(3.8)

where ||(F, t0)]||? ::/u2($,to)dx+/ F2(x, ) ddt.
Q Q
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On the other hand, by Lemma 3.1, for fixed parameters A and y, it holds that

to T
/ / (v + |Vul?) dadt < 0/ F2dxdt+(}/ / |0,ul? dSdt.
o Jo Q 0 Jro

Hence, there exists a t € (%0, to), such that
T
/ (u? (2, 1) + |Vu(z, 1)]?) do < C’/ F2d:cdt+C/ |8, u|® dSdt.
Q Q 0 JTo

By the standard energy estimate,

/uQ(m,to)dx
Q
to
gc/ u?(z, 1) dx—i—C/ /(u2+F2)dxdt (3.9)
Q t Q

T
gc/ F? dwdt+0/ 8, ul? dSdt.
Q 0 JTIp

By (3.8) and (3.9), it holds that

C
/QuQ(a:,O) iz < )\/Q|Vu(:n,0)|2d:17—|—09’\H(F,u,,)||2. (3.10)
Take
- 1 | (F )| + 1
do € (0,e~20m? d A=—In(2-—
o€ O In9 “( Soll B )
where A\g is the constant in Lemma 3.2. Then, A > A\g. Set
. do - do
it=——————u and F=_————F
[(F,w)|l + 1 [(Fyuy)|| +1
By (3.10), it follows that
/ﬂQ(:z:,O)dx
Q
<C/ Vi, 0)2 do + C9* % 1(F, )2
“AJa ’ (N )| +1)27
Soll(F, u,
,Uy , Uy
In (Yl ) Jo
This implies that
C Fou)|| + 1|1(F,w
° In (Yl ) Jo ’

For any M > 0 given in (3.6), by the well-posedness of linear parabolic equations, we have
that

I(F, w)|| < CM.
Hence,
M? M +1)||(F,u,
/uQ(x’O)de ||<61;u Tt e )CSH( )l
N n (Kt) 0
This implies the desired estimate (3.7). 0

Now, we give a proof of Theorem 1.1.
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Proof of Theorem 1.1. For any a € Ar and two initial values g1, g2 € H} (), let U = uj —us,
where u; (j = 1,2) are the solutions to (1.5) associated to g;. Then u € H>!(Q) is the
solution to the following parabolic equation:
u— V- (yVu)+ A(z,t)u=0 in Q,
i=0 on ¥, (3.11)
ﬁ(l‘,O) =491 — g2, in Qu
with

Az, t)u = a(x,t,u1) — alx, t,ug) = (/01 ay(z,t, sup + (1 — s)ug) ds) - 1.

1
with A(z,t) = / ay(x,t,su; + (1 — s)ug)ds. Similar to [LLL21, Theorem 3.2], we can

0
prove that A € L>(0,T; L**(Q?)). By Lemma 3.3, for any M > 0, if ||g1 — gg||H3(Q) < M,
there exist positive constants C' and dp € (0, 1), depending only on n, T and €, such that
~ CM+1), . - CM?
(-, 0)[1 720y < =02 L2(ryx(0,1)) — =~ :
e 9o o@D 10 (80100l £2(rex (0,7))

This proves the desired estimate (1.6). O

Furthermore, there is a counterexample showing that if a is unknown, the passive mea-
surement cannot uniquely determine all unknowns.

Theorem 3.1 (Non-uniqueness). Suppose that v € C*1(Q;R™ ™) is symmetric and uni-
formly positive definite, aj € Ar and g; € H}(Q) for j =1,2. Denote by Agﬁgj the passive
measurement of the following semilinear parabolic equation:

Ouj — V- (vVuy) +aj(z,t,u;) =0 in Q,

uj =0 on %, (3.12)

uj(x,0) = gj(x), in Q.
Then there exist two groups of unknown sources (gi1,a1), (g2, a2) € HA(Q) x Ar, such that

(91,a1) # (92, az),
but
0 0
Agl,a1 = Agz,az'

Proof. Assume that two functions uj, us € C*°(Q) satisfy that

u1(+,0) # u2(+,0) in a measurable set of 2 with positive measure,
and ui(x,t) = ug(z,t) = 0 in Q¢ x [0,T7,
where Q. = {m €N ’ dist(z,T) < e}. Set
Aj(z,t) = —0wuj(x, t) + V- (7Vu;(z,t)), for j=1,2 and (z,t) € Q.

It is easy to show that u; (j = 1,2) are solutions to (3.12) associated to
gj(x) =uj(x,0) and aj(x,t,u;) = Aj(x,t).

Then,
(gl,al) # (92,62)7
but
0, =A0 =AY =9 =0
“rgwor) ~ Tover T Remar TV BIp oy
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Finally, as a corollary of Theorem 1.1, we prove Theorem 1.2 under the condition that
a € Br (see (1.7)).

Proof of Theorem 1.2. For any a; € Br (j =1,2),

a; (fL‘, i, y) = aop (l’, t, U)X[O,T—e] (t) +¢ (337 t, u)X[T—e,T] (t)7

where € > 0, ap € Ap and c¢1,¢0 € Ap with c¢i(x,t,0) = co(x,t,0) = 0 in Q. By the
condition (1.9),
Aoy g (0) = Ay g (0)  on Tox (0,7).

Hence,
0
Aghgl =ANgyg o Tox (0,7 —e).
By the results in Theorem 1.1 for a = ag in the time period [0,7 — €|, we get the assertion
in Theorem 1.2. ([l

4. SIMULTANEOUS RECOVERY RESULTS FOR INVERSE PROBLEMS

In this section, we present the proofs of Theorems 1.3 and 1.4 on the simultaneous recovery
results for the inverse problems. We first derive the unique determination of the coefficient
for the linear parabolic equation. To that end, let us prove some useful properties, which
will be needed in the proofs of Theorems 1.3 and 1.4.

4.1. Approximation and denseness properties. Let us begin with the Runge approx-
imation properties for linear parabolic equations. The following approximation property
will be used in the proof of Theorems 1.3 and 1.4 with full data.

Lemma 4.1 (Runge approximation with full data). Let ¢ € C2T®1+2/2(Q). Then for any
solutions vy € L2(0,T; HY(Q)) N H(0,T; H1(Q)) to

Othr - A’UJr +quy = 0 m Q, (4 1)
v4(z,0) =0 in £, '
and
—Ow_ —Av_ +qu_=0 m Q, (4.2)
v_(z, T)=0 mn 9,
and any n > 0, there exist solutions Vi € C*t112/2(Q) to
8tV+ — AVJr + qV+ =0 m Q, (4 3)
Vi (z,0) =0 in Q, '
and
—OV_ —AV_+qV_=0 m Q, (4.4)
Vo(z,T)=0 in €,
such that

Vi —vallp2g) < n-

Proof. We only prove the case for the forward parabolic equation, and the backward one
can be proved similarly. Define

X = {V € C2Fl+e/2(9) |V is a solution to (4.3)}

and
Y = {u e L2(0,T; HY(Q)) N H'(0, T; H~1(Q)) ] v is a solution to (4.1)}.
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We aim to show that X is dense in Y. By the Hahn-Banach theorem, it suffices to prove
the following statement: If f € L?(Q) satisfies

/ fVdxdt =0, foranyV € X,
Q

then
/ fvdxdt =0, for any v €Y.
Q

To this end, let f € L?(Q) and suppose fQ fVdxdt =0, for any V € X. Consider

—8tV—AV+qV:f in Q,

V=0 on X, (4.5)

V(z,T)=0 in Q

and its solution is in H*!(Q). For any V € X, one has
0 :/ fVdzdt = / (—0V — AV +qV)V dadt = / 0,VV dSdt.
Q Q by

SiIEe V|s can be arbitrary function, which is compactly supported on ¥, we must have
0,V =0 on X. Thus, for any v € Y,

/ fodxdt = / (=0,V — AV + ¢V)vdxdt = / 0,VvdSdt = 0,
Q Q =

which verifies the assertion. O

Let  C R™ be a connected domain, and §2’ be a connected open subset of  such that
00 C 9. Define Q' = (Q\) x (0,T). Meanwhile, for given ¢ > 0 and w € S"~ 1, we set

Iype = {:E el ‘ v(z) w> 5},
I = {a: el ‘ —v(z) w> E},
and Ei,w,a = Fi,w,a X (O,T).

The following approximation property will be used to prove Theorems 1.3 and 1.4 with
partial data.

Lemma 4.2 (Runge approximation with partial data). Let ¢ € C2+a’1+a/2(@). Then for
any solutions Wy € L?(0,T; HY(Q)) N HY(0,T; H~1(Q2)) to

8tW+ — AW+ + qW+ =0 m Q, (4 6)

Wy (z,0) =0 in '
and

—OW_ —AW_+qgW_=0 in Q, (47)

W_(xz,T)=0 in €, '

and any 1 > 0, there exist solutions vy € C2T1H/2(Q) to

Oy —Avy +quy =0 in Q,
vy =0 on T'_,.x(0,T), (4.8)
v4(z,0) =0 in ,
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and
—Oww_ —Av_+qu_=0 in Q,
v_=0 on I'y,.x(0,7T), (4.9)
v_(z,T)=0 in Q,

such that

||Wi — UiHLQ(Q’) <.
Proof. We may only prove the case for forward parabolic equations. Define
X' = {v e C*ralta/2(() ’v is a solution to (4.8)}
and
Y = {W e L2(0,T; HY(Q)) N H'(0, T: H~L(Q)) ‘ V is a solution to (4.6)}.

We aim to show that X’ is dense in Z. By the Hahn-Banach theorem again, it suffices to
claim that if f € L?(Q’) satisfies

fvdxdt =0, for any v € X',

o
then
fW dzdt = 0, for any W € Y.
o
Let f € L?(Q') satisfy that fQ’ fvdzdt =0, Vv € X'. We extend f to Q by letting f =0
outside Q.
Consider
-0 —Av+qu=f in Q,
v=0 on X, (4.10)
v(z,T) =0 in Q,

and its solution is in H*!(Q). Then for any v € X',
0= / fvdxdt = / (—0/v — AT + q)v dxdt = / 0, vv dSdt.
Q@ Q b

Since v|y, can be arbitrary function, which is compactly supported on X\(I'_, . x (0,7"))
andv=0onI_, . x(0,7), we have that 9, =0 on X\(I'_ ,, . x (0,7)).
Next, let £; be a nonempty open set such that (2, N 9Q) C (I'\'_ ). Then 7 =0 on
2y x (0,T). Notice that
00— Av+qu=01in (QUQ) x (0,T).
Since 'US; is open and connected, by the unique continuation principle for linear parabolic
equations (for instance, see [SS87]), we have 7 = 0 on ' x (0,T). Hence, © =

oY x(0,T)
61,@‘ =0, and it follows that
89 x (0,T)
g =0, =
B(Q\QY) % (0,T) A(Q\QY) % (0,T)
Hence, for any W € Y7,
fWdzdt = / (=0 — AT+ qu)W dzdt = / 0,oW dSdt = 0.
Q' ! ANY)x(0,T)

This completes the proof. O
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Remark 4.3. Let us refer readers to some related approrimation property for some different
diffusion equations, such as [CK18a, Lemma 5.3]. Since the proofs of the global uniqueness
results with either full data or partial data are similar, we focus on presenting the arguments
for the full data case and remark the necessary modifications for the partial data case, and
vice versa.

Lemma 4.4 (Denseness property). Let q1,q2 € L*(Q). Assume that f € L*(Q), such
that

/ fvive dxdt =0,
Q

for any v and vy, which satisfy vive € LY(Q), and are, respectively, solutions to

01 — Avy +qro1 =0 m Q, (4.11)
vi1(z,0) =0 in €,

and
Oz + Avg — o2 =0 m Q, (4.12)
va(x,T) =0 in .

Then f = 0. In other words, the linear span of products of solutions to forward and backward
parabolic equations are dense in L'(Q).

Proof. Since g; € L*°(Q) for j = 1,2, without loss of generality, we may assume that there
exists a positive number m, such that ¢1,q2 € {q € L>(Q) | llgllr=q) < m}. First, let
us fix w € S*7!. Consider p > 0 to be sufficiently large, and (£,7) € M := {(5,7’) €
R"H‘ﬁ Cw o= O} with [(¢,7)]> < p — 1. Then by Proposition A.1, there is a solution
v1,p( 1€, 7) to (4.11) such that

V1 =V p(04p + 24,p.01)

with |24 p.qllz2(g) — 0 as p — co. Similarly, there is a solution vz ,(-,-) to the backward
parabolic equation (4.12) such that

V2 = Py p(0p+ 2 )
with [|2- p,[l2(@) tending to 0, as p — oo. Then
V1pV2,p = 04 00— p + 04 p2— gy + 240,01 0—p + 240,017~ p.g2
= Sop(t)efi(x’t)'(gﬁ) T 0402 p.a2 T 240000 + 24 p.01 2 9,025
where ¢, (t) = 1 —exp(—p*/4t) — exp(—p**(T —t)) + exp(—p*/*T). Note that 0, , and 6_,
are bounded with respect to p > 0. Hence, letting p — 400 in /valypvg,p dxdt = 0, we

have that
/ ferl@0ED guat — o, (4.13)
Q

Therefore, for a fixed w € S*~1, (4.13) holds in any compact subset of M. Clearly, M is an
n-dimensional subspace of R"*!. Notice that f has compact support as a distribution and
its Fourier transform is analytic. The Fourier transform of f is zero in any compact subset
of M as shown, and therefore by changing w € S"~! in a small conic neighborhood, we can
conclude it is zero in R™*!. This implies f = 0 in @Q as desired. (I

In the application of the preceding denseness result with full data, we are able to derive
the following global uniqueness result as follows.
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Corollary 4.5 (Global uniqueness with full data). Let q1,q2 € L>(Q). Let Ay; be the full
DN map of the linear heat equation:

{atvj —Avj+quj =0 in Q,

4.14
vj(z,0) =0 in €, (4.14)

for j = 1,2, respectively. Assume that
AQ1 (f)= qu (f) on %, (4.15)
for any f € L*(0,T; HY/?(T")), then ¢, = ¢ in Q.

Proof. This result can be regarded as an application of [CK18b], and we offer the proof for
the sake of completeness. Let © be a solution to the backward heat equation:

O+ AD—qed =0 i Q, (416
0(z, T)=0 in Q. '
Subtracting (4.14) with j7 = 1,2, then we have
QU —AV+ v = (g2 —q)v1  in Q, (4.17)
v(z,0) =0 in Q, '

where v = v1 — vy in . Multiplying (4.17) by the solution ¢ of (4.16), with the condition
(4.15) at hand, it is easy to derive that

/ (g2 — q1)v10 dzdt = 0. (4.18)
Q

Therefore, by applying (4.4), one can conclude that ¢; = g2 in @ as desired.
O

Lemma 4.6 (Global uniqueness with partial data). Let Q C R™ be a bounded domain with
C>-smooth boundary I'. For any q; € C’2+a’1+%(@) (j = 1,2), assume that Agj are the
partial DN maps of the linear parabolic equation:

(8,5—A+(]j)u:0 m Q,
u=f on %, (4.19)
u(z,0) =0, mn
and
Mg (F) = Agy(f) in V-,

for any [ € C§+a’1+a/2(V+). If 1 = q2 in Q' x (0,T), where Q' is an arbitrarily given
connected open subset of Q with T' C 9V, then

q = q2 in Q.
Proof. By Proposition A.1, there is a solution
(50,67 w) = Vo p(Orp + 24 pq) € L2(0. T3 HN(Q)) N H'(0, T3 H™H(Q))
to the forward parabolic equation (4.19) with respect to g; such that
pILHC}OHZ-&-,p,ql I12(@) = 0.
For j € {1,2}, let us define
S; = {v € L2(0,T; H'(Q)) N H (0, T; H1()) | (8, — A+ g;)v = 0 in Q,v(z,0) = 0 in Q}
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and the map M : S — 59 is defined by
M(’Ul) = V2,
where vq is the solution to

(O —A+qlve=0 in Q,
vy = U1 on X, (4.20)
va(x,0) =0, in Q.

By using the trace theorem, vl‘z e L?(0,T; H'/?(T)) and the map M is well-defined. Now
we have

(O — A+ g2)(v1 —v2) = (2 —q)v1  in @,
vy —v2 =0 on X, (4.21)
(v —v2)(x,0) =0 in Q.

Consider a solution v to the backward parabolic equation (A.2) of the form that we have
constructed in Proposition A.1 with ¢ = ¢s. Then by Lemma 4.2, there are two sequences
of functions {vlf}:ozl, {@k}zozl e C*143(Q), such that v¥ are solutions to (4.8), 9% are
solutions to (4.9), and vf — vy, 9% — ¢ in L?(Q') as k — co. Hence, we have

(0 — A+ q2) (v} = M(v})) = (g2 —q)vf  in Q,
of — M(vf) =0 on X, (4.22)
(vf — M(v}))(x,0) =0 in Q.

Let v§ = M(v¥). Multiplying by the functions ©* on the both sides of the above equation
and integration by parts implies

/ (g2 — q1) voF dadt = / %9, (v — v§) dSdt.
Q by

Since Uy is a neighborhood of I'y ,, (recalling Vi = Uy x (0,T)), there is an € > 0, such
that!

{xel“’0<w0-y(a:) <25} x (0,T) C V_,
{x € F‘wg ‘v(x) > —25} x (0,T) C Vy.
Therefore, by choosing
w e {weS"_l‘\w—wol <5},
we get that
supp vlf‘z C {w € F‘w-y(x) > —5} x (0,T)
C {$ Ef‘wow(m) > —25} x (0,T) C Vy4,
and

{a: el ‘ wo - v(z) > 25} CTlywe.

We also utilize the same parameter € to construct the solution v;.
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Note that v} ‘ ’2“’ € C’2+a 1+O‘/2(V+) and recall 9 =0 on 'y, .. Then we have

— ’U2) det‘

L (vF — vh) dSdt| +

/ o9, (v — o) dSdt
{0<wp-v<2¢e}

{wo- u>2z—:}

- / k9, (v — o) dSdt
{wo-v<0}

=0
Then
/ (g2 — q1) vN0F dadt + / (g2 — q1) V0% dadt = 0.
! Q\Q’

Since we assume ¢; = g2 in @ \ @', it follows that
/ (g2 — q1) V0% dadt = 0.
Therefore, by similar arguments as in Corollary 4.5, letting p — 0o, one has that

/ (g2 — q1)e @D &) ddt = 0,

where i = y/—1. Since w € {w e st ‘ |w — wo| < 5}, it can be changed in a small conic
neighborhood. By by using similar arguments as in Corollary 4.5, we have

q1=q2in Q
as desired. 0

Remark 4.7. For the full data case of Theorem 1.3, we can use Lemma 4.1 to get an
approximation of CGO solutions instead of Lemma 4.2, since the boundary inputs f needs to
belong to the Holder space. However, our CGO solutions only in the space L*(0,T; H*(2))N
HY0,T; H71(2)), so we need to utilize the approximation property to connect these two
different solution spaces. In other words, Lemma 4.1 is necessary even for the full data case
in this paper. We do not need to assume q1 = g2 in Q' x (0,T), and we also point out that
we cannot apply Corollary 4.5 to get the result for full data because we need to control the
trace of solution on X.

4.2. Proof of Theorem 1.3. With Lemma 4.6 at hand, combining with the higher order
linearization method, we are able to prove Theorem 1.3.

Proof of Theorem 1.3. Let us first remark that the proofs of (a) and (b) in Theorem 1.3
are similar, so it suffices to show the global uniqueness result with partial data. The whole
proof is divided into five parts.

Step 1. Initiation

Let us introduce the following boundary value

flz, t;e) = qug on X, (4.23)
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where M € N, f1,---, fum € C§+a’1+a/2(V+) and € = (e1,...,€)7) is a parameter vector in
v M

RM with |e| = 3 |e¢| small enough, such that Z eofe is sufficiently small.
/=1 /=1 C§+a,1+a/2(§)

For j = 1,2, by the local well-posedenss property in Section 2, there exist unique solutions
uj = uj(z,t;€) € O201+a/2(Q) to

Ujt — Au]‘ + bj(.%',t, Uj) =0 in Q,
M

uj = Zngg on X, (4.24)
/=1
uj(x,0) = g;(x) in Q,

where g; € C3T*(Q) with gjllc2ra@) < ¢ being sufficiently small, and bj(x,t,z) are ad-
missible coefficients defined in Section 1. For the sake of convenience, when ¢ = 0, let
u; = u;(-,-;0) be the solutions to

ﬂjﬂj — Aﬂ] + bj(:L’,t, ﬂ]) =0 in Q,
U =0 on ¥, (4.25)
’ljj(.%,()) =09y, in Q.
By utilizing the higher order linearization to (4.24) around the solution u; to (4.25), we will
determine information on b; for j = 1, 2.

Step 2. The first order linearization (M = 1)

One can linearize the equation (4.24) around u;, where w; is the solution to (4.25), for
j = 1,2. Due to Remark 2.2, direct computations demonstrate that for j = 1,2 and
{=M=12
i(z,t) —uj(x,t
v(-é)(x,t) — lim u;(z,t) — uj(, t)
J e—0 €y

satisfies the following parabolic equation:

v(.z) - Av(.f) + qjvj(-g) =0 in Q,
ot = fe on X, (4.26)
0)=0 in Q,

where
gj(z,t) == bju(z, t,uj(z,t)) in@Q and ¢; € 02+a’1+%(@).

We need to point out that both u; and vj(e) in (4.25) and (4.26) are still unknown, respec-

tively, since they solve parabolic equations with unknown coefficients and initial data. In
this step, we will show that

With the same partial DN maps at hand
Apy o (F) =My, 4, (), for any sufficiently small f € C§+a’1+%(V+),

such that we have

4 4 l l
o1 (z,0) = v (2, 0), vﬁ)‘zzvé) , Oy ‘\L: Vg ‘v,’ (4.28)

N
for{ =M = 1.

2In fact, the arguments hold for all £ = 1,..., M, and we will use in steps 2-5.
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Now, subtracting (4.26) with j = 1,2, we have
vl — Av® + gou® = (gy — CJ1)U§Z) n @,

v =0 on X, (4.29)
v (z,0) =0 in Q,
where v(0) := UE@) — vy). Let @ég) be a solution to the following backward parabolic equation:
(4) (£) ~(0) _ :
; +Aly 7 — 2y =0 ?n Q, (4.30)
UQ(LL‘,T) =0 in Q.

Multiplying both sides of the first equation in (4.29) by 17%6), by (4.28), an integration by
parts yields that

/ (@2 — q1) v% )vé ) dadt = / ﬁg)&,vgz) dsdt. (4.31)
Q by

Moreover, with the condition by = by in Q' x (0,7) x R at hand, by applying Lemma 4.6,

one can easily see that the claim (4.27) holds. Furthermore, as ¢ = ¢2 in Q, vgz) and vy)

satisfy the same parabolic equation (4.26), by the uniqueness of solutions, we obtain that
o = vge) = vy) in Q. (4.32)

Step 3. The second order linearization (M = 2)

For the second linearization (m = 2), one can differentiate (4.24) with respect to different
parameters €; and e2. A direct computation shows that w]@) (j = 1,2) satisfy

;2) ij(?) + qw](.2) + bjuu(, t, aj)v(l)v@) =0 in Q,
w? =0 on %, (4.33)
(2)(93 0)=0 in Q,
where ¢ = 1 = q2, bjuu(-, -, Uj) € C?el+5(Q) and v v?) e 020143 (Q) satisfy
vt(é) Av® + g(z,t)v® =0 in Q,
v = fe on X,
v (x,0) =0 in Q,

here f; and fy can be arbitrarily chosen.
Next, we will prove that

biwu(x, t,ur(x,t)) = bayu(x, t, uz(x,t)) in Q. (4.34)
With the same DN map at hand, by differentiating €; and €2, we have

o @,0) = ui(2,0), wl?| = uf

(2) (2)
5’ &/wl V_ = OpWy ‘V_. (4.35)

Let v(© be any solution to the backward parabolic equation:
UISO) +Av® — @ =0 inQ,
{ v (2, T) =0 in Q.

By subtracting the equations (4.33) associated to j = 1,2, an integration by parts yields

(4.36)

/ [bl,uu(wa t, ﬁl(xa t)) - b2,uu(x7 t, 62('%7 t))] U(O)U(l)v@) dzdt =0 (437)
Q



SIMULTANEOUS RECOVERIES FOR SEMILINEAR PARABOLIC SYSTEMS 27

We next choose a nonzero boundary data f2 such that fo > 0on ¥ and fo > 0on Dy x (0,7,
where D; C T is a relative open subset for any ¢ € (0,T). Via the condition fo = v®|g €
L>(X) at any time t € (0,7, by applying the maximum principle for parabolic equation
(for example, see [EvalO, Chapter 7] or Appendix A), we have a bounded positive solution
v®@ in Q. Now, by selecting v and v(® as the CGO solutions of forward and backward
parabolic equations, via Corollary 4.5, we get

[bl,w(x,t,al(x,t)) — by (@, t, U2 (2, 1)) ][0 = 0 in Q.

With the positivity of v(2) in Q at hand, we have (4.34) as desired. Furthermore, by the
uniqueness of solutions to (4.33), one can immediately obtain

wgz) = w§2) in Q.

Step 4. The higher order linearization (M > 2)

By utilizing the higher order linearization with the induction hypothesis, we are able to find
M-th order derivative of (4.24) and prove that

oMby (x,t, Uy (z,1) = OMby (2, t, Us(x, 1)) in Q, (4.38)
for any M = 3,4,---. Let us first assume that
OFby (x,t, 71 (2,1)) = Ofby(z,t, Us(x,t)) in Q, forany k=1,...,M —1.

Similar to previous steps, we differentiate (4.24) with respect to €1,...,€ep—1 and €y, then
we have

/ [33/[61(33, t, 11 (x,t)) — OMbo(z, t, Us(, t))}v(o)v(l) oM dadt = 0,
Q

where v(9) is the solution to the backward parabolic equation (4.36), and v(© (¢ =1,2,--- , M)
are solutions to the forward parabolic equation (4.26). Similar to Step 3, let us choose v
and v(1) as CGO solutions, and v@, ..., v™) are bounded positive solutions in Q

OMby (z,t,uy (x,t)) = OMby(z,t,Us(x,t)) in Q, for any M € N. (4.39)

Step 5. The determination of initial data and coefficients
Recall that uw; (j = 1,2) are the solutions to the semilinear parabolic equation:
ﬂj’t — Aﬂj + bj(.%',t, ﬂ]) =0 in Q,
uj =0 on X,
uj(z,0) = gj, in Q.
As in the proof of [LLL21, Theorem 1.3], by the admissible property of b; and bo,

bl(l',t, ﬁl(iﬂ,t)) — bQ(ZC,t,aQ(.’IJ t))

_ i 85()2(@21&’2(90,75)) { (et ] i Okby (w,t, Ul z,t)) [‘%(m,t)}k
k=1 =1

- 0 (o)

k=1

(4.40)
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Since both wu; and uy are bounded, set R = |[u1||po(g) + [[U2l/ L (). Then, for any L > 0
and (z,t) € Q,
b1($7 l, 171 (Iv t)) — b2(x7 l, 172(.’1;, t))

H1(3’:7 t) - a2($7 t)

k-1

_ i aﬁbl(w,t];!ﬂl(x,t))( 1)k+1{[ul(x t)]

k=1

+ay(z,t) [?72(337 t)} o + [%(x’ t)} k_l}

+ [ﬂl(:c,t)}k_2ﬁ2(a;,t) 4+

o

Rk—l
))‘ (k1)

kkal
I sup b1 (2, t,2)|.
k=1 |z—11 (2,t)|=L

<

Choose L = 2(R + 1). By the admissibility of b; and bs,
bl('7 .7ﬂ1(.7 )) — bg(', . ﬂQ(', .
al(.7 ) — ﬂg(., )

Set w = uy — uy. It is easy to see that

G(-,-) = ) ¢ 1=(0).

—Aw+Gw=0 in Q,
w=0 on X,
w(z,0) = g1 — go in Q.
By Ap, g, (0) = Ap, ¢,(0) and Lemma 3.3, we have
gi=¢goin Q) and w3 =7usin Q.
By (4.40),
bl(xataﬂl(xat)) :bg(l’,t,ag(x,t)) in Q
In addition, note that for j = 1,2 and any (x,t,2) € Q x R,

o0 ~
- kb, (z,t,u;(x,t)) ~ i
bj(w,t,2) = bj(x,t,7(w, b)) + y_ 2 o J (z — wj(z, 1)k,
k=1
which implies that b (z,t, z) = ba(z,t,2) in Q x R. This proves the assertion. O

4.3. Proof of Theorem 1.4. Similar to the proof of Theorem 1.3, we are ready to prove
Theorem 1.4.

Proof of Theorem 1.4. The argument is similar to the proof of Theorem 1.3, and we prove
this result with the full data. Let us divide the proof into two steps.

Step 1. Unique determination of coefficients
Let u; = u;(x,t) be the solution to
t—Auj—i—qjuj:O in Q,
uj = f on X,
uj(z,0) = g;(x) in Q,
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and let u; = u;(x,t) be the solution to

ﬂj,t — Aﬁj + qjﬂj =0 in Q,

uj =0 on X, (4.41)
uj(x,0) = gj(x) in Q,
for y = 1,2. With the same DN maps on the lateral boundary at hand, we have
oyur = O0yus and O up =9d,us on . (4.42)

We next consider v; := u; — u; for j = 1,2, then v; is the solution of
Vit — A’Uj + qjv; = 0 in @,
vi=f on X, (4.43)
vj(z,0) =0 in Q.
Subtracting (4.43) with respect to j = 1,2, we get

v —Av+qu=(—q)nn in Q,

v=0,0=0 on X, (4.44)

v(x,0) =0 in Q,

where v = v; — v2. Moreover, via the condition (4.42), we have d,v = 0 on X. On the other
hand, let 75 be a solution to the backward parabolic equation

527,5 + AV + oo =0 in Q,
52(.’1}7T) =0 in €.

Multiplying (4.44) by the function vy, an integration by parts yields that
/ (g2 — q1)v1v2 dzdt = 0. (4.45)
Q

By applying the global uniqueness result with full data (Corollary 4.5), then we have ¢; = ¢
as desired.

Step 2. Unique determination of initial data

Recalling that u; is the solution of (4.41), by using the uniqueness ¢ = g2, we can subtract
(4.41) with respect to j = 1,2, then we obtain

ur—Au+qu=0 in Q,
u=0 on X, (4.46)
u(z,0)=¢g1 —ga in Q,

where ¢ = ¢1 — ¢2 and u = u; — up. Via the condition (4.42) again, we have d,u = 0 on X.

Finally, by applying the quantitative stability estimate (1.6), we can obtain the uniqueness
of the initial data g1 = go in 2. This proves the assertion. ([l

Remark 4.8. One can find that when the initial and boundary data are small enough,
Theorem 1.4 can be regarded as a corollary of Theorem 1.3, where we can simply take
bj(z,t,u) = qj(z,t)u for j = 1,2. In order to distinguish the statements of Theorems 1.3
and 1.4, we provide two complete proofs of both theorems.

APPENDIX A. AUXILIARY RESULTS

In the end of this paper, for the sake of self-containedness, we review some properties for
linear hear equations, which were used in our proofs.
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A.1. Complex geometrical optics solutions. We first prove a density result for the
product of solutions to forward and backward parabolic equations in L'(Q). It depends
on the construction of CGO solutions, which vanish at initial or final time. They were
constructed in [CK18a], and we summarize the results as the following propositions. To
make the explanation clear, we split the procedure into two parts.

For any p > 0, we define

Ui p(a,t) = exp(—(pw - + p*t)),
Y p(x,1) = exp(pw -z + p*t),
and
9+,p(x> ta 57 T) = (1 - exp(—p3/4t)) exp(—i(afj, t) ’ (67 T))>
0*7,0(337 t) =1- exp(ip3/4(T - t))v
where £ € R” with £ -w =0 and 7 € R.
The following proposition was demonstrated in [CK18a, Propositions 4.3, 4.4], and we
state the result without proofs for the sake of convenience.
Proposition A.1. Let m,e > 0 and w € S"~L. There is a positive constant C, depending
only on Q,m and €, such that for any q € {q € L>®(Q) ‘ llall (@) < m} Then we have
(a) There exists a CGO solution v € L*(0,T; HY(Q))NH(0,T; H1(Q)) to the forward

parabolic equation

{(Bt—A—i-q)U—O in Q, A1)

u(z,0) =0 in ),
of the form
u(s, 50,6 7) =V 5010 + 24 ),
where 24 pq € L*(0,T; H'(Q)) N H'(0,T; H1(Q))

pliglonJr’p’q LQ(Q) =0

(b) There exists a CGO solutionu € L*(0,T; H (Q))NH(0,T; H=1(Q)) to the backward
parabolic equation
(=0 —A+q@u=0 1in Q,
u=20 on T'y,ex(0,7T), (A.2)
u(z,T) =0 in €,
of the form
u(‘? .; p) = QJZ)+,P(0*7P + Zﬁ7p7‘1)7
where z_ ,, € L*(0,T; HY(Q)) N HY(0,T; H~1(Q)) and it satisfies the decay condi-
tion:
plgglonz—,p,qHL?(Q) =0
A.2. Maximum principle. Finally, let us show the maximum principle for a linear para-
bolic equation.

Lemma A.2 (Strong maximum principle). Let Q@ C R™ be a bounded domain with smooth
boundary T for n € N. Let ¢ € C(Q) and v € C*1(Q) N C(Q) be a solution to
nw—Av+qu=0 in Q,
v=f on X, (A.3)
v(z,0) =0 in .
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Suppose that f >0 on ¥ and f >0 on Dy x (0,T) with D; C T being a relative open subset
for any t € (0,T), then v >0 in Q.

Proof. Without loss of generality, we assume that ¢ > 0 in Q. Otherwise, let u = e v,

where A\ > 0 is a sufficiently large positive parameter. If there exists a pair (xg,ty) € Q,
such that v(zg,t9) = 0. Then by [EvalO, Chapter 7], v = 0 in Q x (0,%p). It contradicts
with the fact that f > 0 on D; x (0,tp). Hence, v > 0 in Q.

O

Acknowledgment. The work of Y.-H. Lin is partially supported by the Ministry of Science
and Technology Taiwan, under the Columbus Program: MOST-110-2636-M-009-007. The
work of H. Liu is supported by a startup fund from City University of Hong Kong and the
Hong Kong RGC General Research Funds (projects 12301420, 12302919 and 12301218).
The work of X. Liu is partially supported by NSF of China under grants 11871142 and
11971320.

REFERENCES
[AF03] Robert A Adams and John JF Fournier. Sobolev Spaces (Pure and applied mathematics; v.
140). Elsevier, 2003.
[AZ21] Yernat M Assylbekov and Ting Zhou. Direct and inverse problems for the nonlinear time-

harmonic Maxwell equations in Kerr-type media. J. Spectr. Theory, 11:1-38, 2021.
[BWBKO02] William J Boettinger, James A Warren, Christoph Beckermann, and Alain Karma. Phase-field
simulation of solidification. Annual review of materials research, 32(1):163-194, 2002.

[Carl3] Pierre Cardaliaguet. Notes on mean field games. Technical report, from P.-L. Lions’ lectures at
College de France, 2013.

[CF21] Catalin I Carstea and Ali Feizmohammadi. An inverse boundary value problem for certain
anisotropic quasilinear elliptic equations. Journal of Differential Equations, 284:318-349, 2021.

[CK18a] Pedro Caro and Yavar Kian. Determination of convection terms and quasi-linearities appearing

in diffusion equations. arXiv preprint arXiv:1812.08495, 2018.

[CK18D] Mourad Choulli and Yavar Kian. Logarithmic stability in determining the time-dependent zero
order coefficient in a parabolic equation from a partial Dirichlet-to-Neumann map. Applica-
tion to the determination of a nonlinear term. Journal de Mathématiques Pures et Appliquées,
114:235-261, 2018.

[CK20] Catalin I Carstea and Manas Kar. Recovery of coefficients for a weighted p-laplacian perturbed
by a linear second order term. Inverse Problems, 37(1):015013, 2020.

[CLOP21] Xi Chen, Matti Lassas, Lauri Oksanen, and Gabriel P Paternain. Detection of Hermitian con-
nections in wave equations with cubic non-linearity. Journal of the European Mathematical
Society, 24(7):2191-2232, 2021.

[CNV1Y9] Catalin I Carstea, Gen Nakamura, and Manmohan Vashisth. Reconstruction for the coefficients
of a quasilinear elliptic partial differential equation. Applied Mathematics Letters, 98:121-127,
2019.

[dHUW18] Maarten de Hoop, Gunther Uhlmann, and Yiran Wang. Nonlinear interaction of waves in
elastodynamics and an inverse problem. Mathematische Annalen, pages 1-31, 2018.

[DLL19] Youjun Deng, Jinhong Li, and Hongyu Liu. On identifying magnetized anomalies using geo-
magnetic monitoring. Archive for Rational Mechanics and Analysis, 231(1):153-187, 2019.

[DLL20] Youjun Deng, Jinhong Li, and Hongyu Liu. On identifying magnetized anomalies using geo-
magnetic monitoring within a magnetohydrodynamic model. Archive for Rational Mechanics
and Analysis, 235(1):691-721, 2020.

[Eval0] Lawrence C Evans. Partial differential equations. American Mathematical Society; second edi-
tion, Providence, RI, 2010.

[FO20] Ali Feizmohammadi and Lauri Oksanen. An inverse problem for a semi-linear elliptic equation
in Riemannian geometries. Journal of Differential Equations, 269(6):4683-4719, 2020.

[GLL11] Olivier Guéant, Jean-Michel Lasry, and Pierre-Louis Lions. Mean field games and applications.
In Paris-Princeton lectures on mathematical finance 2010, pages 205-266. Springer, 2011.

[GSS18] Davood Domairry Ganji, Yaser Sabzehmeidani, and Amin Sedighiamiri. Nonlinear systems in

heat transfer. Elsevier, 2018.



[[sa93]
[KKLO1]
[KKU22|
[KLOU14]
[KLU18]
[KNO02]
[KU20a]
[KU20b)

[Lin22]

[LL19]
[LL22]
[LLL21]

[LLLS20]

[LLLS21]

[LLM19]

[LLM21]

[LLPMT20]

[LLPMT21]

[LLST22]

[LSUSS]

[LU15]
[LUW17]
[LUW1S]
[LZ20]

[SS87]

SIMULTANEOUS RECOVERIES FOR SEMILINEAR PARABOLIC SYSTEMS 32

Victor Isakov. On uniqueness in inverse problems for semilinear parabolic equations. Archive
for Rational Mechanics and Analysis, 124(1):1-12, 1993.

Alain Karma, David A Kessler, and Herbert Levine. Phase-field model of mode iii dynamic
fracture. Physical Review Letters, 87(4):045501, 2001.

Yavar Kian, Katya Krupchyk, and Gunther Uhlmann. Partial data inverse problems for quasi-
linear conductivity equations. Mathematische Annalen, pages 1-28, 2022.

Yaroslav Kurylev, Matti Lassas, Lauri Oksanen, and Gunther Uhlmann. Inverse problem for
Einstein-scalar field equations. arXiv preprint arXiv:1406.4776, 2014.

Yaroslav Kurylev, Matti Lassas, and Gunther Uhlmann. Inverse problems for Lorentzian man-
ifolds and non-linear hyperbolic equations. Inventiones mathematicae, 212(3):781-857, 2018.
Hyeonbae Kang and Gen Nakamura. Identification of nonlinearity in a conductivity equation
via the Dirichlet-to-Neumann map. Inverse Problems, 18:1079-1088, 2002.

Katya Krupchyk and Gunther Uhlmann. Partial data inverse problems for semilinear elliptic
equations with gradient nonlinearities. Mathematical Research Letters, 27(6):1801-1824, 2020.
Katya Krupchyk and Gunther Uhlmann. A remark on partial data inverse problems for semi-
linear elliptic equations. Proc. Amer. Math. Soc., 148:681-685, 2020.

Yi-Hsuan Lin. Monotonicity-based inversion of fractional semilinear elliptic equations with
power type nonlinearities. Calculus of Variations and Partial Differential Equations, 61(5):1-30,
2022.

Ru-Yu Lai and Yi-Hsuan Lin. Global uniqueness for the fractional semilinear Schrédinger equa-
tion. Proc. Amer. Math. Soc., 147(3):1189-1199, 2019.

Ru-Yu Lai and Yi-Hsuan Lin. Inverse problems for fractional semilinear elliptic equations.
Nonlinear Analysis, 216:112699, 2022.

Yi-Hsuan Lin, Hongyu Liu, and Xu Liu. Determining a nonlinear hyperbolic system with un-
known sources and nonlinearity. arXiv preprint arXiw:2107.10219, 2021.

Matti Lassas, Tony Liimatainen, Yi-Hsuan Lin, and Mikko Salo. Partial data inverse problems
and simultaneous recovery of boundary and coefficients for semilinear elliptic equations. Revista
Matemdtica Iberoamericana, 37(4):1553-1580, 2020.

Matti Lassas, Tony Liimatainen, Yi-Hsuan Lin, and Mikko Salo. Inverse problems for elliptic
equations with power type nonlinearities. Journal de mathématiques pures et appliquées, 145:44—
82, 2021.

Jingzhi Li, Hongyu Liu, and Shiqi Ma. Determining a random Schréinger equation with un-
known source and potential. STAM Journal on Mathematical Analysis, 51(4):3465-3491, 2019.
Jingzhi Li, Hongyu Liu, and Shiqi Ma. Determining a random Schroédinger operator: both
potential and source are random. Communications in Mathematical Physics, 381(2):527-556,
2021.

Matti Lassas, Tony Liimatainen, Leyter Potenciano-Machado, and Teemu Tyni. Uniqueness and
stability of an inverse problem for a semi-linear wave equation. arXiv preprint arXiv:2006.13193,
2020.

Matti Lassas, Tony Liimatainen, Leyter Potenciano-Machado, and Teemu Tyni. Stability es-
timates for inverse problems for semi-linear wave equations on Lorentzian manifolds. arXiv
preprint arXiw:2106.12257, 2021.

Tony Liimatainen, Yi-Hsuan Lin, Mikko Salo, and Teemu Tyni. Inverse problems for elliptic
equations with fractional power type nonlinearities. Journal of Differential Equations, 306:189—
219, 2022.

Olga Aleksandrovna Ladyzhenskaia, Vsevolod Alekseevich Solonnikov, and Nina N Ural'tseva.
Linear and quasi-linear equations of parabolic type, volume 23. American Mathematical Soc.,
1988.

Hongyu Liu and Gunther Uhlmann. Determining both sound speed and internal source in
thermo-and photo-acoustic tomography. Inverse Problems, 31(10):105005, 2015.

Matti Lassas, Gunther Uhlmann, and Yiran Wang. Determination of vacuum space-times from
the Einstein-Maxwell equations. arXiv preprint arXiv:1703.10704, 2017.

Matti Lassas, Gunther Uhlmann, and Yiran Wang. Inverse problems for semilinear wave equa-
tions on Lorentzian manifolds. Communications in Mathematical Physics, 360:555-609, 2018.
Ru-Yu Lai and Ting Zhou. Partial data inverse problems for nonlinear magnetic Schrodinger
equations. arXiww preprint arXiv:2007.02475, 2020.

Jean-Claude Saut and Bruno Scheurer. Unique continuation for some evolution equations. Jour-
nal of differential equations, 66(1):118-139, 1987.



[SU97]
[Sun96]
[WZ19]
[Yu21]

[Yual?]

SIMULTANEOUS RECOVERIES FOR SEMILINEAR PARABOLIC SYSTEMS 33

Zigi Sun and Gunther Uhlmann. Inverse problems in quasilinear anisotropic media. American
journal of mathematics, 119(4):771-797, 1997.

Zigi Sun. On a quasilinear inverse boundary value problem. Mathematische Zeitschrift,
221(1):293-305, 1996.

Yiran Wang and Ting Zhou. Inverse problems for quadratic derivative nonlinear wave equations.
Communications in Partial Differential Equations, 44(11):1140-1158, 2019.

Yongyi Yu. Carleman estimates for some stochastic partial differential equations and applica-
tion. PhD Dissertation, 2021.

Ganghua Yuan. Conditional stability in determination of initial data for stochastic parabolic
equations. Inverse Problems, 33(3):035014, 2017.

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL YANG MING CHIAO TUNG UNIVERSITY, HSINCHU
30050, TATWAN
Email address: yihsuanlin3@gmail.com

DEPARTMENT OF MATHEMATICS, CITY UNIVERSITY OF HONG KonG, KowLooN, HoONG KoNG SAR,

CHINA

Email address: hongyu.liuip@gmail.com, hongyliu@cityu.edu.hk

KEY LABORATORY OF APPLIED STATISTICS OF MOE, SCHOOL OF MATHEMATICS AND STATISTICS,
NORTHEAST NORMAL UNIVERSITY, CHANGCHUN, CHINA
Email address: 1iux216@nenu.edu.cn

DEPARTMENT OF MATHEMATICS, CITy UNIVERSITY OF HOoNG KoNGg, KowLoon, HonG KonGg SAR,

CHINA

Email address: szhang347-c@my.cityu.edu.hk



	1. Introduction
	1.1. Mathematical setup and statement of main results
	1.2. Background and discussion

	2. Well-posedness of the forward problems
	3. Unique determination of initial data
	3.1. Carleman estimates
	3.2. Determination of initial data

	4. Simultaneous recovery results for inverse problems
	4.1. Approximation and denseness properties
	4.2. Proof of Theorem 1.3
	4.3. Proof of Theorem 1.4

	Appendix A. Auxiliary results
	A.1. Complex geometrical optics solutions
	A.2. Maximum principle

	References

