GAUGE RIGIDITY IN AN INVERSE PROBLEM FOR THE PRESCRIBED
GAUSSIAN CURVATURE EQUATION

YI-HSUAN LIN

ABSTRACT. We prove uniqueness for an inverse boundary problem for the prescribed Gaussian cur-
vature equation det D*u = K (z)(14|Vu|?)? on a smooth bounded simply connected planar domain.
We compare smooth positive curvatures on a common open class of Dirichlet values for which the
convex problems are well posed. Equality of the nonlinear Dirichlet-to-Neumann maps, together with
the prescribed first boundary jet of the curvature, implies equality of the curvatures throughout the
domain. The first linearized equation has conductivity ¥ = K (D2u)71. The planar anisotropic con-
ductivity theorem determines this tensor up to a boundary fixing diffeomorphism. We prove that the
Hessian and gradient structure forces this diffeomorphism to be the identity. The difference between
the pulled-back background gradient and the original gradient satisfies a local elliptic system whose
components have the same scalar principal part and zero boundary Cauchy data. A first-order Carle-
man estimate gives unique continuation for this system. The argument uses the nonlinear boundary
response at one admissible Dirichlet value and its first derivative there.
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The prescribed Gaussian curvature equation for graphs is a natural fully nonlinear equation in
geometric analysis. If u is locally strictly convex on a planar domain € C R2, the graph {(z,u(z)) :

. 2 o . .
r € 0} C R? has Gaussian curvature 0 det Du_  Prescribing this curvature gives

1+|Vul?)2

det D?u = K(x)(1 + |[Vul?)? in Q,

1.1
(L1.1) U= on 0f2.
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The inverse problem asks whether the boundary response of this nonlinear Dirichlet problem deter-
mines the interior function K.

We first specify the forward class. The elliptic branch of (1.1) is tied to convexity, and one should
not expect a solution map for arbitrary boundary values without an admissibility condition. We
therefore compare the two curvatures only on boundary data for which both Dirichlet problems are
well posed. We assume that there is a nonempty open set U C C*°(99) such that, for j = 1,2 and
pel,

det D?uV) = K;(z)(1 + |[Vul)[?)?  in Q,

ul?) = on 0f)
has a unique smooth admissible solution u;(¢) with D?u;(¢) > 0 on €. On this common class the
nonlinear DN map is Ag; () = dyu;(p)|oa-

For a fixed admissible solution u, the logarithmically normalized first variation is Lv = AY Oijv +
Bi0;v, where A = (D*u)~! and B = —4Vu/(1+|Vu|?). The cofactor identity for a Hessian puts this
equation in divergence form: L = K~!div(XV), with ¥ = KA = Cof(D?u)/(1+ |Vu|?)%. Boundary
determination converts the first derivative of the nonlinear DN map into the conductivity DN map.

The planar anisotropic conductivity theorem [ | then gives a boundary fixing diffeomor-
phism J with X5 0 J = (det DJ)"!DJ X1 DJT. This is a gauge freedom for general conductivities.
The conductivities arising from the prescribed curvature equation also have a Hessian and gradient
structure, which imposes further conditions on J.

We use these conditions in the original Euclidean coordinates. Let p = (Vug) o J and V =
p — Vuy. Taking the cofactor of the conductivity transformation and applying the Piola identity
gives div(aVV,) + 04(c- V) = 0 for o = 1,2, where a is a smooth positive definite matrix and c is a
smooth vector field. Both equations have the same scalar principal part; the coupling has order at
most one. Boundary fixing and equality of the background boundary gradients give zero Dirichlet
and conormal data for V.

We prove Cauchy uniqueness for this local system by reducing its common principal part to
the Laplacian in local isothermal coordinates and applying a first-order Carleman estimate. This
gives V = 0. The cofactor transformation then implies DJ = I, and the boundary condition gives
J = 1Id. Thus the background solutions and their prescribed curvatures agree. Neither a smallness
assumption on their difference nor global injectivity of their gradient maps is used.

We now state the main theorem. Throughout the paper, © C R? is a bounded simply connected
domain with C*°-smooth boundary.

Assumption 1.1. Let K; € C™(Q), j = 1,2, satisfy K; > co > 0 on 2 for some constant co > 0.
We assume that there exists a nonempty open set U C C*°(0N) such that, for each j = 1,2 and each
@ €U, the Dirichlet problem

det D?ul) = K;(z) (14 [Vu@[2)? in Q,
ud) = on 0}
has a unique solution u;j(p) € C®() with D*u;(p) > 0 in Q.

Assumption 1.1 fixes the common domain on which the two nonlinear DN maps are defined. It is
not used as an additional interior rigidity input. Under this assumption, for each ¢ € U we define

Ak, () = Oyuj(p)|on, j=1,2.

Theorem 1.1. Let Q C R? be a bounded simply connected domain with C*-smooth boundary. Let

K; € C®(Q), j = 1,2, satisfy Assumption 1.1, and let A, be the nonlinear DN maps defined on
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the common open set U. Suppose that the boundary derivatives of K1 and Ko agree up to order 1,
in the semse that, in every boundary normal coordinate system,

(1.2) DK, = 0% Ky ondQ foralla,b>0, a+b<1.
Suppose also that
(1.3) A, (0) = Ak, () forall p €U.

Then K1 = Ko in Q.

The boundary values of K enter the recovery of the boundary conductivity. The proof below
then eliminates the conductivity diffeomorphism using the local system for V. The first normal
derivative of K in (1.2) is not needed for this argument; the precise boundary information used is
recorded after the proof of the theorem.

Earlier literature. Linearization is a standard way to bring nonlinear inverse problems back to

linear boundary value problems; an early example is | ]. In many equations, the first variation is
not enough, and one has to use higher-order terms in the boundary response. Second-order arguments
occur, for instance, in | , , , ]. Nonlinear interaction methods
were developed in a systematic form for wave equatlons in | ], and they now appear in a wide

range of nonlinear inverse problems.
For elliptic equations, semilinear problems have been studied in | , , , ,
, , ], including partial data results. Quasilinear elliptic problems are treated in
[ , , , ]. The minimal surface equation has been considered in | ,
, |. Further related results for nonlinear elliptic and fractional elliptic
equatlons can be found in | ; , , ]; see also the survey [ ]-
The fully nonlinear case has some dlfferent features The first variation is often a non-divergence
form equation, and higher variations naturally involve Hessians of linearized solutions. In [ ]
an inverse source problem for the Monge-Ampeére equation was studied in the plane, and another
fully nonlinear inverse source problem was considered in | |. A related Monge—Ampere inverse
source problem is treated in | |. For the prescribed Gaussian curvature equation, we use the
special conductivity form of the first variation. The additional compatibility between the background
Hessian and gradient removes the conductivity gauge through a local elliptic system. Thus the
background response and the first variation suffice, without a second interaction identity.

Organization of the article. Section 2 establishes smooth dependence on the Dirichlet data and
the boundary reconstruction. Section 3 derives the first linearized equation, identifies its conductivity
DN map, and records the conductivity and drift gauge identities. Section 4 proves interior and
boundary unique continuation for systems with a common scalar principal part. Section 5 derives
the local equation for the pulled-back gradient, determines the gauge, and proves Theorem 1.1.

2. PRELIMINARIES

2.1. The solvability framework. We begin with the forward class used for the linearization ar-
gument. Throughout the paper, Q@ C R? is bounded and simply connected with C* boundary, and
the pair K1, K5 satisfies Assumption 1.1.

For a fixed curvature K, the equation can be written as det D?u = 9(z, u, Vu) with ¢ (z, z,p) =
K (x)(1+]|p|?)%. The function 1 is smooth, positive, and independent of z. On the common solvability
class, the solutions are smooth and admissible, and the Hessian remains positive up to the boundary.
All linearizations below are taken along such nondegenerate branches.

Proposition 2.1 (Local smooth dependence). Assume that the pair satisfies Assumption 1.1. Fix
j€{1,2}, ¢ €U, an integer m > 2, and o € (0,1).
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(i) There is a unique smooth admissible solution u;j(¢p) of

det D2uj(¢) = Kj(z)(1+ |Vuj(¢)|2)2 n Q,
ui(¢) = ¢ on 0f).

Its Hessian is uniformly positive definite on Q.
(ii) There is an open neighborhood Up, o of ¢ in C"™*(0K2) and a smooth Banach space map

Sim.a t Uma = C™(Q) such that Sjm o(P) = uj(¢) and, for every ¢ € Up o, the function
u = Sjmalp) is admissible and satisfies

det D*u = K;(x)(1 + |Vul?)? in Q,
U= on 0.

For ¢ € U NUp o, this is the solution in Assumption 1.1. The local maps are compatible on
different Holder scales. On U, the maps ¢ — u;j(p) and ¢ — Ag;(p) are smooth in the C>°
topology: their iterated directional derivatives exist and are jointly continuous in the base
point and directions.

Proof. The first assertion is part of Assumption 1.1. The smallest eigenvalue of the continuous
positive definite matrix D?u;(¢) has a positive minimum on the compact set . Thus the positivity
is uniform.

For the local map, let X,,, = {w € C"™%() : w|po = 0} and choose a bounded linear right inverse

E,, : C"™*(0Q) — C™(R2) of the trace. Write u = u;(¢) + En(¢ — ¢) + w and define
Fo(w, @) = det D*u — Kj(z)(1 + |[Vul?)2.

This map takes X,, x C"™%(9€) into C™2%(Q2). The map (w,p) + u is continuous and affine,
and spatial differentiation through order two is continuous between the stated Holder spaces. The
determinant is a polynomial in the second derivatives, and (1 + |[Vu|?)? is a polynomial in the first
derivatives. Multiplication is continuous in C™~2?, including when m = 2. Consequently, F;, is a
smooth map of real Banach spaces and F,,,(0, ¢) = 0.

Its derivative in w at (0, ¢) is

Pv = Cof(D?u;(6))*dapv — AK; (1 + [Vu;(4)[*) Vui(4) - Vo.

The cofactor matrix is uniformly positive definite, and all coefficients are smooth. The operator
has no zeroth-order term. The maximum principle gives uniqueness for Pv = 0 with zero boundary
value. Dirichlet solvability for a uniformly elliptic operator on a smooth domain and the Schauder
estimate give, for every f € O™ 2% a unique v € X,,, with Pv = f and

|U||Cm,a(§) =< CHfHCm—za(ﬁ)-

The C° term in the Schauder estimate is controlled by the maximum principle estimate. For m > 2,
apply higher-order boundary regularity after solving at order two. Thus, P : X,, — C™ 2% is an
isomorphism.

The Banach implicit function theorem now gives w = w(y) smoothly on an open neighborhood
U o of ¢. Define S 1 0(0) = uj(¢) + Em(o — ¢) +w(p). Continuity into C? permits shrinking this
neighborhood so that its Hessians remain uniformly positive definite.

We justify identification with the assumed smooth branch without presuming that it already
depends continuously on . If u,v € C>%(Q) are two admissible solutions with the same boundary
value, set z = u — v and u; = v + tz. Their logarithmic equations and the fundamental theorem of



GAUSSIAN CURVATURE EQUATION 5

! 2 1 ab ! Vuy
D2u,) L dt g [ MM ) ve—o.
</0( ) ) Oun </0 e > Ve=0

Every D?u; is positive definite, with uniform bounds on € x [0,1]. This is a uniformly elliptic
equation for z with bounded coefficients, no zeroth-order term, and zero boundary value. The
maximum principle gives z = 0. It follows that the local Banach solution coincides with u;(¢)
whenever ¢ € U MUy, It also follows that the maps obtained at different Holder levels coincide
wherever both are defined and admissible.

For smooth data in U, the values of these maps are smooth by the original solvability assumption.
At each smooth base point, the preceding construction can be performed at every m. Banach
derivatives of the maps at different levels agree after inclusion into C%?, since the maps agree on
their common domains and differentiation commutes with continuous linear inclusions. Therefore,
on smooth directions, an iterated derivative has values in every C""“. Its joint continuity in each
of these norms follows from the corresponding Banach derivative. This proves smoothness in the
Fréchet topology; no common neighborhood in all higher norms is assumed.

The maps Tou = u|pg and T,u = v-Vu|gq are continuous linear maps from C™%(Q2) to C"™(9Q)
and C™~1%(9Q), respectively. They commute with parameter differentiation. In particular,

D"Ag ()b, hy) = T,D*S;()[ha,... ki), k> 1.

calculus give

The Hessian map is likewise continuous linear from C™® to C™~ 2%, Hence, differentiation of the
equation and its boundary traces along any smooth finite-dimensional family is justified at the
required level. This completes the proof. O

2.2. Boundary determination. The boundary reconstruction determines the background gradient
and Hessian from the Dirichlet value, its measured normal derivative, and K|gqo. It determines the
boundary conductivity of the first linearized equation.

Lemma 2.2 (Boundary determination). Assume the hypotheses of Theorem 1.1. Then, for each
@ €U, the nonlinear DN map together with K;|pq determines the boundary values of

()
AD) = (D20t p@i o o AOmMe oy
4 v v 1+ |Vu9(0])|2

In particular, if (1.2) and (1.3) hold, then Afpl) = Ag) on 0NQ.

Proof. Fix j € {1,2}, ¢ € U, and p € 9. Choose boundary normal coordinates (s,t) near p, where
s is arclength on 0f2 and t is the inward normal coordinate. We write 7 for the unit tangent vector
and v, for the inward unit normal.

The Dirichlet datum gives ug ) = © on the boundary, hence, all tangential derivatives of ug ) there

are known. The nonlinear DN map gives the outer normal derivative, and also 8tug ) loq after fixing

the sign convention. Taking tangential derivatives, we know ug ), 8Sug ), &gug ), assug ), and &gtufpj )

on 0.
The only second-order boundary component still unknown is the normal-normal derivative. At p,
write the Euclidean Hessian in the orthonormal frame (7,v4y,) as

H:r = D2u<(pj)(7_a ), Hp = D2U£0j)(7_a Vin), Hy = D2u50j)(7/inal/in)-
Let x be the signed curvature defined by 0s7 = ki, 80 Ostin = —KT. Put gin = Vug)'yin = —Ag; ().
Differentiating along the boundary gives H,,r = 02¢ — kigin and H,, = Osgin + k0sp. Every quantity
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on the right is known. The normal coordinate lines are straight, so the remaining component is
H,, = opuly

vv tthyp - )

In the frame (7, v4y), det Dzufg ) = H,,H,, — H2,. Evaluating the equation on 99 gives

(2.1) Hyr 0pul) — HZ, = K;(1+|Vud)]%)?  on 09.

The right-hand side is known from Kj|pqo and the known first boundary jet of ug). Since the
solution is admissible, D2u£0j ) > 0on Q, H,; > 0 on 952. Thus, (2.1) uniquely determines 8ttu<(pj ) on
the boundary.
We have recovered the full second-order boundary jet of ug ). Hence Afpj ) = (Dgug ))_1 is deter-
mined on 0f). The coefficient Bg ) depends only on the first boundary jet, so it is also determined.
If (1.2) and (1.3) hold, then K; = K3 on 9d€2 and the two nonlinear DN maps give the same
first boundary jet for the two solutions with the same boundary value ¢. The reconstruction above,

(1)

therefore, gives the same second-order boundary Hessian for uy,’ and ug ), Hence, AS) = Ag ) on
9. O

Remark 2.3. Lemma 2.2 uses only Kj|sq, not normal derivatives of K. The local rigidity argument
below also requires no normal derivative of the curvature. The stronger boundary assumption in
Theorem 1.1 is therefore sufficient but not necessary for the proof.

3. THE FIRST LINEARIZATION

We first linearize the equation in logarithmic form. This normalization removes a harmless positive
factor from the principal coefficient and leaves the gradient dependence as a drift term.

To compare this with Proposition 2.1, differentiate the determinant form. The principal coefficient
is Cof(D%uy,). Since Cof(D?uy) = (det D*uy)(D?u,) ! and det D?u, > 0 on the admissible branch,
multiplication by (det D2u¢)_1 gives the operator used below. This multiplication does not change
the Dirichlet problem, the first variations, or the linearized boundary data.

For the moment, let the curvature be a single function K. If u, is the admissible solution with
boundary value ¢, then the equation is equivalently

log det D*uy, — 2log(1 + [Vuy|?) — log K = 0.

For matrices of the same size we write A : B = tr(AT B); for symmetric matrices this is A : B =
A" B;j. Repeated indices are summed over 1, 2.

Lemma 3.1 (Formula for the first linearized operator). Let ¢ € U and h € C*(09Q). For |t|
sufficiently small, o +th € U. Define vy, = %}t:ouw-ﬁ-thf then vy, satisfies

Lovp =0 in Q,
vy, =h on 051,

where

(3.1) L,= Agaij + B;ai,

with

(3.2) A, = (D), B = ¢

2T 4 Va2

Proof. Let u; = u,y4p,. Proposition 2.1 gives differentiability of ¢+ u; in every Holder space under
consideration. Since Tj is continuous linear, differentiation of Tou; = ¢ + th gives Tovy, = h. The
same proposition gives d,vp|a0 = DAk (p)[h].
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The derivative of logdet H at a positive definite matrix is H~' : H. Also, 4log(1+ |Vu|?) =

2 Xﬁtv.th?' Differentiating the logarithmic equation in C™~2% gives
4Vu
D?uy,)~": Dy — £ Vup =0
( U’(P) Uh 1 + ‘VU@P (%
This proves (3.1) and (3.2). The derivative identities hold in each Hélder space and thus for the
smooth solutions used below. O

We shall also use the following geometric form of the first linearized operator. We use the con-
vention

Agv = gijaijv — gijffj(g)(f?kv.
Lemma 3.2. Let g, be the Riemannian metric whose inverse coefficients are (g@)ij = Afg, then
Ly,=A4 +Y,-V,
where
Y, =Bo+ Xy, Xp =(9,)"TF(9,).
Proof. By the convention above,
Agv = Afg@ijv - Afgl“fj(g@)ﬁkv = Afg&jv — Xy, - V.
Substituting this into (3.1) gives Lyv = Ay v + (By + Xy,) - V. O

We compare the first linearized operators corresponding to K1 and Ko. For j = 1,2, let ug ) be

the solution with boundary value ¢, and let Ag ), Bg ), gf@j ), and Yw(j ) denote the corresponding first

linearized coefficients and geometric data.

For the linearized inverse problem, the boundary operator is the conormal trace associated with

the principal tensor. Thus, if v}(Lj ) solves

Lg)v,(lj) =0 in €,
v,(f) =h on 02,
we define

N C%(09) = C(0Q), b s ADVOY v,

for j = 1,2. The next lemma identifies this conormal trace with the linearized boundary data coming
from the nonlinear Euclidean DN map.
Lemma 3.3 (Identification of the first linearized DN map). Adopt the assumptions of Theorem 1.1.
Fiz o € U. Then (1.2) and (1.3) imply

ANk = ASh on 09
for all h € C*>(0Q).

Proof. By Lemma 2.2, the nonlinear DN map together with K1 = K> on 9f2 determines the boundary
values of the logarithmically normalized principal coefficients. Hence,

(3.3) AD = AD) on 09.

Only the boundary values of the curvature are used for this conormal identification.
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Let u{(:-j ) be the solution corresponding to K; with boundary value p+-¢h. Since U is open, this path
(1) 2

lies in U for all sufficiently small |¢|. The equality of the nonlinear DN maps gives d,us * = 0, ug
on 0f). Differentiating at ¢ = 0 yields
(3.4) 81,1)}(:) = 8Vv,(12) on 0f.

Since both first variations have the same Dirichlet value h, their tangential derivatives agree on the
boundary. Together with (3.4), this gives VU,(ZI) = VU](LQ) on 0f2. Combining this gradient equality
with (3.3) gives Ac(pl)Vv}(Ll) V= Ag)Vv}(f) v on 0N This is exactly A1h = Abh. O

We use the planar anisotropic conductivity theorem directly. For a smooth positive definite
symmetric matrix field X, let Axh = (X¥Vv) - v|pq, where div(XVv) = 0 and v|spq = h. This is the
Euclidean flux, not a metric unit normal derivative. The conductivity form (3.15), derived in the

next subsection directly from the curvature equation, will identify this map with the measured first
variation.

Lemma 3.4 (Planar conductivity gauge). Let Q C R? be bounded and simply connected with smooth
boundary. Let X; be smooth uniformly positive definite symmetric matriz fields, and let K; be
smooth positive functions on Q. Set L; = K{l div(3;V) = Agbaab + B;?ab, where Aj = KJIZ]- and
B;-’ = Kj_lé)aZ?b. Suppose that Ay, = As,, ¥1 = X9 on 897, and K1 = Ky on 0). Then there
is an orientation preserving smooth diffeomorphism J : Q@ — Q fizing the boundary such that, with

N =DJ and d=det N,

(3.5) YpoJ=d N NT.

The positive function p = d(Ky o J)/K; equals one on the boundary and satisfies

(3.6) Li(foJ)=p(Laf)oJ for every f € C™(Q).

In particular,

(3.7) NANT = p(Ay0.),

and, fora =1,2,

(3.8) A7 9,;J% + Bid;J* = p(BS 0 J).

Proof. By the planar anisotropic conductivity theorem | , Theorem 1], equality of the con-

ductivity DN maps gives a boundary fixing quasiconformal homeomorphism satisfying (3.5) almost
everywhere. We first verify the regularity needed here. Taking determinants in that identity gives

det X3 o J = det ;. Define the smooth metrics g; = y/det X; E;l. They have determinant one.
Inversion of the matrix identity gives
(3.9) (D) (go 0 J)DJ = (det D.J)gy

almost everywhere. Thus J is conformal between these two smooth metrics.

The smooth global isothermal coordinate theorem for a simply connected compact surface with
smooth boundary gives conformal diffeomorphisms 7 : (Q,g;) — D; see | , Theorems 3.4.15
and 3.4.16]. Equivalently, one may compose global isothermal coordinates with a Riemann map
using smooth boundary regularity. The map TboJoT|" s a quasiconformal homeomorphism of the
disk whose complex dilatation vanishes almost everywhere by (3.9). The Cauchy—Riemann equation
in distributions implies that it is holomorphic. Being bijective, it is a disk automorphism and hence
extends smoothly with nonzero derivative to the closed disk. Composing back shows that .J and J~*
are smooth on €. In particular, d > 0 on §, and (3.5) holds everywhere by continuity.

At a boundary point, use the same ordered orthonormal tangent-normal basis in the source and
target. Boundary fixing gives N7 = 7,s0 N = ({ 7), where s = d > 0. Write the common boundary
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conductivity as (g g), with ¢ > 0. Equation (3.5) is NY{NT = s¥; at this point. Its lower right
entry gives s>c = sc, hence d = s = 1 on the boundary. Since K| = Ky there, p = 1 there as well.

We next derive the operator identity, including the density. Under y = J(x), the divergence
transformation and (3.5) give

(3.10) divy (Z1Va(f o J)) = d[divy(Z2V,f)] o J.

For example, this follows by writing X1 N7 = dN~1(350.J), differentiating its product with (V, f)o.J,
and using 9;(dN~1);, = 0, the Piola identity. Division by K gives (3.6) with the stated p.
Multiplying (3.5) by d/K; gives (3.7). Finally, the chain rule is
0ij(f o J) = ((Dagf) © J)0;78;J° + ((8af) 0 J) iy J°.

Substituting this and the first derivative formula in (3.6), and comparing the coefficients of 9, f,
proves (3.8). O

A boundary fixing gauge pair is a smooth diffeomorphism J, : @ — Q with J,|oq = Id and a
smooth positive function p, with p,lag = 1. We write I for the 2 x 2 identity matrix.

Proposition 3.5 (Unique determination up to gauge). Under the assumptions of Theorem 1.1, for
any @ € U there is a boundary fixing gauge pair (J,, p,) such that

(3.11) DJ,AVDJIY = py (AP o J,),
(3.12) AW Je + B9 J8 = pp (BP0 J,), a=1,2,
and

Lg)(f 0J,) = p@(L&2)f) oJ, forevery fe C™>(Q).
Moreover,

(3.13) Joloa =1d, poloa=1, AL =AB  onoQ.

For ¥; = KjAg), the same map satisfies (3.5).

Proof. The calculation in (3.15) uses only the curvature equation and the cofactor identity. It gives
prj ) = K;l div(2;V). Therefore the solutions defining A also define Ay, and As;h = KjlaaAh.
Lemma 3.3 and K1 = K3 on 02 give equality of these conductivity DN maps. More explicitly,
(3.14) As,h = (v"S;7)0:-h + (v"S;0) DAk, (9)[h].

The boundary matrices agree by Lemma 2.2. Equality on smooth data also gives equality as
maps H'/2(0Q) — H~/2(0Q), by their boundedness and density of smooth boundary functions.
Lemma 3.4 now gives the asserted conductivity transformation and all three operator identities. The
boundary values in (3.13) follow from that lemma and the boundary reconstruction. O

Corollary 3.6 (Boundary first jet of the gauge). For the gauge in Proposition 3.5, DJ, = I on 0f2.

Proof. Equations (3.11) and (3.13) give NANT = A on the boundary, where N = D.J, and A = Afpl).
In the ordered orthonormal basis (7,v), write N = ((1) g) and A = (‘g IC’) Here ¢ > 0 and 3 > 0,
since the diffeomorphism maps the interior side to the interior side. Direct multiplication gives

a+2ab+a’c B(b+ ac)
Bb+ac)  pe )

The lower right entry gives 3%c = ¢, so 8 = 1. The off-diagonal entry then gives b 4+ ac = b, hence
a = 0. This proves the claim at every boundary point. O

NANT = <
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Remark 3.7. The first-order coefficient in (3.12) does not transform by a pure vector-field pullback.

The term Ag i 0ijJg comes from the chain rule for the principal part. The conductivity formulation
accounts for this term through (3.10).

3.1. The conductivity form and the curvature ratio gauge equations. Fix the background
boundary value and suppress the subscript ¢. Recall that

40qu;
_ Aab a _ 2 —1 a __ a™y
Lj'U = AJ 8ab’U + Bjaa’U, A] = (D U]) s B] = —W
Let 0; = 1+ |Vu;|%. Since Cof(D?u;)® = (det D2u]-)A§-‘b and det D?u; = Kja?, one has KjA‘}b =
Cof(D2uj)“b/aj2~. The Piola identity gives 9, Cof(D?u;)® = 0, and hence,
0a(K;AS") = =207 %(0a05) Cof (D*uy)™.
Using 0,05 = 20mu; Oumuj, wWe get
EX
Da(IGAL) = —do 3 (det D?uy) A Dy Oumuj = —4K; 4 = KB,
J
Thus,
(3.15) Ljv = K; 0, (K; A 0pv).

The associated conductivity is ¥; = K;A;.

The scalar density chosen in Lemma 3.4 is also forced by the operator identity. We record
the converse calculation for the same map .J, using only the divergence form and the boundary
normalization.

Lemma 3.8 (The scalar density from the divergence form). Let J and p be the boundary fixing
gauge obtained from (3.6). Then

(3.16) DJADJT =pAyoJ
Moreover,
KyolJ
(3.17) p=(det DJ)=227,
K,

Proof. Write
(3.18) N=DJ, d=detN, X;=K;A;

Since J is a diffeomorphism and DJ = I on 91, we have d > 0 on .

Comparing the second-order coefficients in the intertwining identity gives (3.16), namely NA; N7 =
p(Az o J). We now write the same identity in divergence form. Let y = J(x). Set % =
(d"IN$1NT)o J~1. The divergence transformation gives div, (X1 V,(f o J)) = d[div,(E{V, f)] o J.
Thus,

Li(f o J) = Ky d[divy(Z{Vy f)] o J.
Set K1 = Ky0J71, p=poJ !and d=doJ!, using (3.16), the above identity becomes

d

= divy (?Agvyf)] 0.

Li(fo) = |
On the other hand,

p(Laf)oJ = [I’; divy (K2A2V, f)} o J.
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Comparing the first-order coefficients gives

K
AV, log( 1”) —0.
dKo
Since As is invertible, the function fl%ﬁ is constant. On 02, we have J = Id, DJ =I,d=1,p=1,

2
and K; = K. Hence, the constant is 1. Returning to the = variable gives @ K = J) = 1, which is

exactly (3.17). O

Adopting the notations (3.18), define the affine-coordinate curvature ratio by

qaft = log 0 :=logd — qag-

1
K2 o J’
Then (3.17) gives p = €, p~! = ¢7?, and thereforer =1 —p

l=1—e"

3.2. The drift mismatch and the equation for J. We now extract the equation for the gauge
map. The affine-coordinate curvature ratio is gag = log(K; /(K2 o J)). The background boundary
value is fixed, and the subscript ¢ is suppressed.

Recall that Bf = —40,u;/(1 + |Vu;|?), and set Z; = —Bj. Let (gj)ap = Oapu; and (g;)? A;Lb.
Then g; is the Hessian metric of uj, and A; = gj_l. With the convention Ag v = A;-‘baabv —
A?bf(gj)’;b@kv, we have L; = Ay +Y; -V with Y; = X, — Z;, where Xg”j = A;bf(gj)a . We first
relate Z; to X, and Kj.

Since (g;)ap = Oupuj, the Christoffel symbols of g; are

1
T(g;)h = 514?[ (9a(95)be + O6(95)at — Oe(gj)ab)-

Substituting (g;)ay = Oapuj gives I'(g;)k, = %Aff (Oabetsj + Opartij — Ogapuj). By the symmetry of
third derivatives, the first two terms are equal, and the last term is the same third derivative; then
we obtain F(gj)’;b = %A;?Z@abguj. This implies

1
= A?br<9j )y = 514?414?1)3@5%-

Since mixed derivatives commute, Oypett; = Opapuj, and we also have 0y logdet D2uj = A‘jb(?gabuj.
Thus,

1
XZ;]_ = EA;?K(% log det D2uj.

Using det D?u; = K;(1+|Vu;|?)?, we get 9, log det D*u; = 9;log K +20, log(1+4|Vu,|?). Moreover,
since 9p(1 + |Vu;|?) = 20,u; Opmu;, this becomes 9y log det D?u; = 9, log K; + 40mu; Oemy

T a2 Substi-
ZA;?eagmuj Omu

tuting this into the formula for XZ;’J_ gives ng = %Aé?g@g log K+ . Since A; = (D?%u;)7},

14+ Vu,|?
we have Aﬁgagmuj = 5,’%. Hence,
1 QakU‘
Xk = —AM9)log K; + ————2 .
9 = 379 OB T TP
Since Zj’? = %, we obtain
(3.19) 7y =2X} — Afoplog K.

Expanding the intertwining identity (3.6) and comparing the coefficients of 0, f gives
(3.20) ATp0% — 71,0 = —pZ5(J).
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We also use the corresponding identity for the Laplace—Beltrami parts. The principal gauge relation
is g1 = p~'J*ga, where p is evaluated in the source coordinates. By conformal covariance of the
scalar Laplacian in dimension two,

Ay (fod)=p(Ag,f)oJ.

Comparing the coefficients of d, f gives
(3.21) AV 0% — X1 0;T% = —pX2 (J).
Subtracting (3.21) from (3.20) yields

Z10;J% — pZs (J) = X} 0:J% — pX g ().

Insert (3.19) into both sides. The terms involving 2X, cancel. Using the principal gauge relation,
we obtain

(3.22) Z10iJ% — pZ5(J) = 0,7 AV 0jast
Combining (3.20) and (3.22) gives, in the original Euclidean affine coordinate,
Aijﬁijjo‘ = 82‘(]0614?8]'(]3@.
Equivalently, this is the tensorial identity
AY (VTS = 8,7 AY ;s

where the covariant Hessian of the map J is taken with respect to the flat FEuclidean connection in
the domain and target.

The identities above are in the original Euclidean coordinates. We keep these coordinates for
the rigidity argument in Section 5. Local isothermal coordinates will be used only to prove unique

continuation for a scalar principal operator; the components of the gradient difference will then be
treated as scalar functions under that coordinate change.

4. CAUCHY UNIQUENESS FOR A LOCAL ELLIPTIC SYSTEM

We prove the continuation result needed for the gradient difference. The essential condition is
that all components have the same scalar elliptic principal part. The coupling may contain first
derivatives, but not second derivatives of other components.

Lemma 4.1 (Unique continuation). Let O C R? be connected, and let a = (a¥) be a smooth
real symmetric matriz-valued function that is uniformly positive definite on compact subsets of O.
Suppose that a real vector v = (vy,...,vy) € HIIOC(O;Rm) satisfies

4.1 0;(aY05vq) + U’ 50508 + dasvg =0, a=1,...,m,
J apilp BYB

with smooth real coefficients, where repeated spatial indices range over 1,2 and component indices
over 1,...,m. If v vanishes on a nonempty open subset of O, then v =0 in O.

Proof. First, v is smooth in the interior. The right-hand side of each scalar divergence equation is
initially in LIQ0 o, s0 local elliptic regularity gives v, € HI%C. Repeating this argument with the smooth
coefficients gives v € Hf _ for every k, and hence v € C*(O).

In a sufficiently small coordinate neighborhood, choose isothermal coordinates for the metric a=';
see [ , Section 3.4]. If y = x(z) and w, = vy 0 x !, then Dxa Dx? = kI for a smooth positive
k. Apply the same change of variables to all components, treating each v, as a scalar function. The
second derivative chain rule gives a¥/9;jv, = K(Aywa) o X+ a8, X*(kwa) o x. The remaining terms
in (4.1) have order at most one. On a smaller relatively compact neighborhood, division by x gives

(4.2) |Aw| < C(|Dwl| + |w)).
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Write 2 =y + iy, 8 = (9y, — 10y,)/2, and 0 = (9, + 10y,)/2. Set Y = (w,dw) € C*™. Since
each wy, is real, Ow, = Owy and |Dwy|? = 4|0w,|?. Also, 00w, = Aw, /4. Thus, (4.2) implies
(4.3) oY | < MY

on each smaller coordinate disk, for a finite constant M.
We prove the required continuation for this inequality. On a punctured disk, let ¥ = 7log |z
|z|2/(2¢), where € > 0 and 7 > 0. For a scalar test function ¢ compactly supported away from zero,

(4.4) e Hle all7e < lle” " Iqll7--
Indeed, set P = e~ Vde¥ = 0+ 0V. Its Hermitian adjoint is P* = —0 + d¥. Since AV = —2/¢ away

from zero, direct commutation and integration by parts give

* 1 —
P13~ 17" 118 = —5 [ AwIsPda =B

> -

Take f = e V¢ and discard the nonnegative term |P*f||3. This proves (4.4). The estimate also
holds for compactly supported H' functions on the annulus by approximation, and for vectors by
summation over the components.

Suppose that Y vanishes near the center of a coordinate disk Br on which (4.3) holds. Translate
its center to zero. Choose 0 < Ry < R; < R < R and n € C°(Bg,) equal to one on Bg,. The
function 7Y vanishes near zero and is an admissible test function. Applying (4.4) componentwise
gives

ey 3 < 2M2|e~ Y (3 + 2le" (Bn)Y |3
Fix € so that 2eM? < 1/2. Absorption yields [[e"YnY||3 < 4e|e ¥ (On)Y||3. Since e 2V =
|z|~47¢l=*/¢ we obtain

2 o2 R2/e (B0 e
V1 2(55,) < 4el@lee™ (52) 1Y Wm0, )

All quantities except the displayed power are fixed. Letting 7 — oo gives Y = 0 on Bp,. The radii
were arbitrary, so the zero set fills Bg.

Finally, let Z be the set of points of O having a neighborhood on which v = 0. It is open and
nonempty. If z lies in its closure, choose one isothermal chart about  whose image contains a closed
disk about x(z). A point of Z sufficiently close to x has image y such that a disk centered at y,
containing x(x) in its interior, is still contained in this chart. The transformed vector Y vanishes
near y, and the preceding argument extends its vanishing to that disk. Thus, z € Z. The set Z is
also closed in O, and connectedness proves Z = O. O

Lemma 4.2 (Boundary unique continuation). Let Q C R? be bounded and connected with smooth
boundary. Let a be a smooth real symmetric uniformly positive definite matriz on ), and let ¢ =
(c1,c2) be smooth and real. Suppose that V€ C(Q;R?) satisfies

div(aVVy) + 0a(c- V) =0, a=1,2,

and that V=0 and (aVVy)-v = 0 on a nonempty relatively open boundary arc, for both components.
Then V =0 in Q.

Proof. Fix a point in the stated boundary arc and a small ball B about it that meets no other part
of the boundary. The tangential derivative of each component is zero on the arc, so VV, = vd,V,
there. The conormal condition and vTarv > 0 give 8,V, = 0. Thus both V and its first derivatives
vanish on the arc.

Extend a, ¢ smoothly to B, preserving positive definiteness of a by taking B smaller if necessary.
Extend V by zero from B N Q to B, and denote the extension by VY. The zero trace implies
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VY € HY(B); the vanishing first derivatives also show it is C! across the interface. For ¢ € C>°(B),
integration by parts in B N () gives

/ (aVV2-V(+ (¢ V2)a() d
B

:/ C((@VVa) - v+ (- Vi) dS—/ ¢(div(aVVi) + 0a(c- V) dz = 0.
BNo BNQ

The interface terms vanish by the two Cauchy conditions. Thus, V9 satisfies the same local system
in distributions on the full ball; no boundary measure is produced. Expanding d,(c- V°) gives only
first-order and zeroth-order coupling, so the regularity argument and Lemma 4.1 apply. Since V°
vanishes on the exterior open part of B, it vanishes throughout B. We have obtained an interior
open zero set. Applying the same lemma to the connected domain €2 proves the assertion. O

5. RIGIDITY OF THE CONDUCTIVITY GAUGE

The argument in this section uses the original Euclidean coordinates. For a vector-valued map
p, our Jacobian convention is (Dp)ai = Oipo. For a general invertible 2 x 2 matrix N, we use
Cof N = (det N)N~T. Hence, Cof denotes the cofactor matrix, not its transpose. In dimension two,
Cof(Cof N) = N, Cof(tN) = t Cof N, and Cof(NM) = Cof N Cof M. Define the positive gradient
factor F(p) = (1 + [p|?)?; below F~! means its reciprocal 1/F.

Proposition 5.1 (Rigidity from the background gradients). Let Q@ C R? be bounded and connected
with smooth boundary, and let uy,us € C*°(Q2) have positive definite Hessians on ). Set
Cof H;
5.1 H; = D*u;, p;=Vu;, %= S
( ) J J J J J F(pj)

Suppose that p1 = pa on 0 and that an orientation preserving smooth diffeomorphism J : Q — Q
fixes the boundary and satisfies

(5.2) Yool J=d 'NLNT, N=DJ, d=detN >0.

Then J = 1d and Vui = Vug in Q. In particular, the two functions agree if they have the same
Dirichlet trace.

Proof. The pulled-back gradient. Set

F(p1)
F(p)
These functions are smooth, and 3 has a positive lower bound on Q. The vector p is the composition
of the Euclidean gradient with J; it is not the gradient of us o J in the source coordinates. Its
derivative is Dp = (Ha o J)N.

For a symmetric 2 x 2 matrix H, the identity Cof(Cof H) = H gives Cof(Cof H/F) = H/F.
Therefore, taking cofactors in (5.2) yields

HQOJ_ 1
F(p) — dF(p)

Here the factor is d !, because the cofactor is homogeneous of degree one in dimension two. Multiply
by F(p) and then by N on the right. Since (Cof N)TN = dI, we obtain

(5.4) Dp = 7 Y(Cof N)H;.
Transposing and multiplying on the left give
(5.5) a(Dp)T = (Cof N)T,  a = pH".

(53) pZPZOJ, V:p_ph and B:

(Cof N)YH,(Cof N)T.
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The matrix a is smooth and uniformly positive definite on the closed domain.
e The local differential system.

If J = (J!, J?), the convention above gives

0 J?  —01J?

(5.6) Cof D.J = <—a2 1o

> , 0i(Cof DJ); =0, a=1,2.
The two divergence identities are exactly the commutation of mixed second derivatives of J? and
J'. The column form of (5.5) is aVp, = (Cof N)Te,. Taking divergence and using (5.6) gives
div(aVp,) = 0.

Since p; = Vuy and Hj is symmetric, V(p1)a = Hieo. Hence, aV(p1)a = Beq. Subtracting its
divergence from the equation for p, gives

(5.7) div(aVVy) = —0,0.

The right-hand side depends linearly on V" and its first derivatives once the comparison pair is fixed.
Indeed, the fundamental theorem of calculus along p; + tV gives

1
(5.8) B—1=cVi o= F(pl)/ Dy (F~Y) (1 + 1V dt.
0
For the prescribed Gaussian curvature factor F(p) = (1 + |p|?)?, we have
g
p1)e +tVe
= —4(1 + |p1|? 2/ dt.
R G A (e

The denominator is positive everywhere, including where V = 0. Thus c is smooth on , with no
division by |V| and no smallness requirement. Combining (5.7) and (5.8) gives

(5.9) div(aVVy) 4+ 04(c- V) =0, a=1,2.
In non-divergence form, this reads
aij@jVa = —(&‘aij)ajva — Cgaaw — (8an)Vg.

Thus the two components have the same scalar second-order operator, with coupling only in lower
derivatives. Although a,c depend on the fixed solutions and J, they are fixed smooth coefficients
when applying Lemma 4.2. That lemma needs no bound independent of the comparison pair.

e The boundary unique continuation.

Boundary fixing and p; = py on 9 give V = 0 and § = 1 there. We verify the conormal data
without assuming DJ = I on the boundary. At a boundary point, N7 = 7. In the common ordered
orthonormal tangent-normal frame, write

10 e O
V(i) = (5, 9.
Consequently, (Cof N)v = v. Taking the normal component of (5.5) gives (aVpq)-v = eq-(Cof N)v =
Vg. On the other hand, aV(p1)a = Beq gives (aV(p1)a) - v = V4 there. Subtraction yields

V=0 (aVVy)-v=0 ond, a=12
Applying Lemma 4.2 to (5.9) gives V' =0 in Q.
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e Determination of the map.

Now, plugging V' = 0 into (5.3) and using (5.8), we have p = p1, 8 = 1, and Dp = H;. Equation (5.4)
becomes H; = (Cof N)H;. Invertibility of H; gives Cof N = I. Taking cofactors again in dimension
two gives N = I, so D(J — 1Id) = 0. Connectedness and the boundary value imply J = Id. Hence,
po = p1, proving equality of the gradients. The function us —wu; is constant, and a common Dirichlet
trace makes that constant zero. No global inverse of either gradient map has been used. O

For the conductivities coming from the curvature equation, the scalar in this proof agrees with
the density in Section 3. Taking determinants in (5.2) gives det X3 0 J = det 31, while (5.1) and the
equation give det ¥; = K;/F(p;). Therefore,

Ky  detDJ

BZKQOJ_ p

This is an identity for the same J, not an additional condition on the gauge.

Proof of Theorem 1.1. Fix @9 € U and write u; = u;(pp). The background Dirichlet values are
equal, and (1.3) gives equality of their normal derivatives. Hence, Vu; = Vug on 0f). Together with
K, = K5 there, Lemma 2.2 gives D?uy = D?uy and consequently 7 = 35 on the boundary.

Proposition 2.1 justifies differentiating (1.3) at ¢ in each smooth direction. Lemma 3.3 and (3.14)
give Ay, = Ay,. The planar conductivity theorem, in the smooth form proved in Lemma 3.4, gives
a smooth boundary fixing diffeomorphism satisfying (3.5).

The curvature equation and (3.15) give ¥; = Cof(D?u;)/F(Vu;). All hypotheses of Proposi-
tion 5.1 are now verified. It gives J = Id and u; = uo in 2. Taking the prescribed curvature of this
common graph yields

det D? det D?
Kl: (§] U122: (§] 'LL222:K2'
I+ [Vui[?)? (14 [Vugl?)
This proves Theorem 1.1 under its stated assumptions. O

Remark 5.2. The proof uses K1 = Ko on 0%, equality A, (o) = Ak, (o) at one common admissi-
ble boundary value, and equality DA, (¢o)[h] = DAk, (po)[h] for every smooth boundary direction h.
It uses neither normal derivatives of the prescribed curvature nor a second derivative of the nonlinear
DN map. In particular, it proves the conclusion under the original first boundary jet assumption.
The first derivative is still a full boundary operator; it is not a single scalar measurement.
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