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Abstract. We prove uniqueness for an inverse boundary problem for the prescribed Gaussian cur-
vature equation detD2u = K(x)(1+ |∇u|2)2 on a smooth bounded simply connected planar domain.
We compare smooth positive curvatures on a common open class of Dirichlet values for which the
convex problems are well posed. Equality of the nonlinear Dirichlet-to-Neumann maps, together with
the prescribed first boundary jet of the curvature, implies equality of the curvatures throughout the
domain. The first linearized equation has conductivity Σ = K(D2u)−1. The planar anisotropic con-
ductivity theorem determines this tensor up to a boundary fixing diffeomorphism. We prove that the
Hessian and gradient structure forces this diffeomorphism to be the identity. The difference between
the pulled-back background gradient and the original gradient satisfies a local elliptic system whose
components have the same scalar principal part and zero boundary Cauchy data. A first-order Carle-
man estimate gives unique continuation for this system. The argument uses the nonlinear boundary
response at one admissible Dirichlet value and its first derivative there.
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1. Introduction

The prescribed Gaussian curvature equation for graphs is a natural fully nonlinear equation in
geometric analysis. If u is locally strictly convex on a planar domain Ω ⊂ R2, the graph {(x, u(x)) :
x ∈ Ω} ⊂ R3 has Gaussian curvature detD2u

(1+|∇u|2)2 . Prescribing this curvature gives

(1.1)

{
detD2u = K(x)(1 + |∇u|2)2 in Ω,

u = φ on ∂Ω.
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The inverse problem asks whether the boundary response of this nonlinear Dirichlet problem deter-
mines the interior function K.

We first specify the forward class. The elliptic branch of (1.11.1) is tied to convexity, and one should
not expect a solution map for arbitrary boundary values without an admissibility condition. We
therefore compare the two curvatures only on boundary data for which both Dirichlet problems are
well posed. We assume that there is a nonempty open set U ⊂ C∞(∂Ω) such that, for j = 1, 2 and
φ ∈ U , {

detD2u(j) = Kj(x)(1 + |∇u(j)|2)2 in Ω,

u(j) = φ on ∂Ω

has a unique smooth admissible solution uj(φ) with D
2uj(φ) > 0 on Ω. On this common class the

nonlinear DN map is ΛKj (φ) = ∂νuj(φ)|∂Ω.
For a fixed admissible solution u, the logarithmically normalized first variation is Lv = Aij∂ijv+

Bi∂iv, where A = (D2u)−1 and B = −4∇u/(1+ |∇u|2). The cofactor identity for a Hessian puts this
equation in divergence form: L = K−1 div(Σ∇), with Σ = KA = Cof(D2u)/(1+ |∇u|2)2. Boundary
determination converts the first derivative of the nonlinear DN map into the conductivity DN map.

The planar anisotropic conductivity theorem [APL05APL05] then gives a boundary fixing diffeomor-
phism J with Σ2 ◦ J = (detDJ)−1DJ Σ1DJ

T . This is a gauge freedom for general conductivities.
The conductivities arising from the prescribed curvature equation also have a Hessian and gradient
structure, which imposes further conditions on J .

We use these conditions in the original Euclidean coordinates. Let p = (∇u2) ◦ J and V =
p − ∇u1. Taking the cofactor of the conductivity transformation and applying the Piola identity
gives div(a∇Vα) + ∂α(c · V ) = 0 for α = 1, 2, where a is a smooth positive definite matrix and c is a
smooth vector field. Both equations have the same scalar principal part; the coupling has order at
most one. Boundary fixing and equality of the background boundary gradients give zero Dirichlet
and conormal data for V .

We prove Cauchy uniqueness for this local system by reducing its common principal part to
the Laplacian in local isothermal coordinates and applying a first-order Carleman estimate. This
gives V = 0. The cofactor transformation then implies DJ = I, and the boundary condition gives
J = Id. Thus the background solutions and their prescribed curvatures agree. Neither a smallness
assumption on their difference nor global injectivity of their gradient maps is used.

We now state the main theorem. Throughout the paper, Ω ⊂ R2 is a bounded simply connected
domain with C∞-smooth boundary.

Assumption 1.1. Let Kj ∈ C∞(Ω), j = 1, 2, satisfy Kj ≥ c0 > 0 on Ω for some constant c0 > 0.
We assume that there exists a nonempty open set U ⊂ C∞(∂Ω) such that, for each j = 1, 2 and each
φ ∈ U , the Dirichlet problem{

detD2u(j) = Kj(x)
(
1 + |∇u(j)|2

)2
in Ω,

u(j) = φ on ∂Ω

has a unique solution uj(φ) ∈ C∞(Ω) with D2uj(φ) > 0 in Ω.

Assumption 1.11.1 fixes the common domain on which the two nonlinear DN maps are defined. It is
not used as an additional interior rigidity input. Under this assumption, for each φ ∈ U we define

ΛKj (φ) = ∂νuj(φ)|∂Ω, j = 1, 2.

Theorem 1.1. Let Ω ⊂ R2 be a bounded simply connected domain with C∞-smooth boundary. Let
Kj ∈ C∞(Ω), j = 1, 2, satisfy Assumption 1.11.1, and let ΛKj be the nonlinear DN maps defined on
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the common open set U . Suppose that the boundary derivatives of K1 and K2 agree up to order 1,
in the sense that, in every boundary normal coordinate system,

(1.2) ∂aτ ∂
b
νK1 = ∂aτ ∂

b
νK2 on ∂Ω for all a, b ≥ 0, a+ b ≤ 1.

Suppose also that

(1.3) ΛK1(φ) = ΛK2(φ) for all φ ∈ U .
Then K1 = K2 in Ω.

The boundary values of Kj enter the recovery of the boundary conductivity. The proof below
then eliminates the conductivity diffeomorphism using the local system for V . The first normal
derivative of Kj in (1.21.2) is not needed for this argument; the precise boundary information used is
recorded after the proof of the theorem.

Earlier literature. Linearization is a standard way to bring nonlinear inverse problems back to
linear boundary value problems; an early example is [Isa93Isa93]. In many equations, the first variation is
not enough, and one has to use higher-order terms in the boundary response. Second-order arguments
occur, for instance, in [AZ21AZ21, CNV19CNV19, KN02KN02, Sun96Sun96, Sun10Sun10, SU97SU97]. Nonlinear interaction methods
were developed in a systematic form for wave equations in [KLU18KLU18], and they now appear in a wide
range of nonlinear inverse problems.

For elliptic equations, semilinear problems have been studied in [FO20FO20, LLLS21LLLS21, LLLS20LLLS20, LLST22LLST22,
KU20bKU20b, KU20aKU20a, FLL23FLL23], including partial data results. Quasilinear elliptic problems are treated in
[KKU23KKU23, CFK+21CFK+21, LW23LW23, LJ26LJ26]. The minimal surface equation has been considered in [ABN20ABN20,
CLLO24CLLO24, CLLT23CLLT23, CLT24CLT24, Nur24Nur24]. Further related results for nonlinear elliptic and fractional elliptic
equations can be found in [LL19LL19, LL22LL22, LSX22LSX22, HL23HL23, ST23ST23, LL25bLL25b]; see also the survey [Las25Las25].

The fully nonlinear case has some different features. The first variation is often a non-divergence
form equation, and higher variations naturally involve Hessians of linearized solutions. In [LL25aLL25a]
an inverse source problem for the Monge–Ampère equation was studied in the plane, and another
fully nonlinear inverse source problem was considered in [LLW26LLW26]. A related Monge–Ampère inverse
source problem is treated in [CG26CG26]. For the prescribed Gaussian curvature equation, we use the
special conductivity form of the first variation. The additional compatibility between the background
Hessian and gradient removes the conductivity gauge through a local elliptic system. Thus the
background response and the first variation suffice, without a second interaction identity.

Organization of the article. Section 22 establishes smooth dependence on the Dirichlet data and
the boundary reconstruction. Section 33 derives the first linearized equation, identifies its conductivity
DN map, and records the conductivity and drift gauge identities. Section 44 proves interior and
boundary unique continuation for systems with a common scalar principal part. Section 55 derives
the local equation for the pulled-back gradient, determines the gauge, and proves Theorem 1.11.1.

2. Preliminaries

2.1. The solvability framework. We begin with the forward class used for the linearization ar-
gument. Throughout the paper, Ω ⊂ R2 is bounded and simply connected with C∞ boundary, and
the pair K1,K2 satisfies Assumption 1.11.1.

For a fixed curvature K, the equation can be written as detD2u = ψ(x, u,∇u) with ψ(x, z, p) =
K(x)(1+|p|2)2. The function ψ is smooth, positive, and independent of z. On the common solvability
class, the solutions are smooth and admissible, and the Hessian remains positive up to the boundary.
All linearizations below are taken along such nondegenerate branches.

Proposition 2.1 (Local smooth dependence). Assume that the pair satisfies Assumption 1.11.1. Fix
j ∈ {1, 2}, ϕ ∈ U , an integer m ≥ 2, and α ∈ (0, 1).
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(i) There is a unique smooth admissible solution uj(ϕ) of{
detD2uj(ϕ) = Kj(x)(1 + |∇uj(ϕ)|2)2 in Ω,

uj(ϕ) = ϕ on ∂Ω.

Its Hessian is uniformly positive definite on Ω.
(ii) There is an open neighborhood Um,α of ϕ in Cm,α(∂Ω) and a smooth Banach space map

Sj,m,α : Um,α → Cm,α(Ω) such that Sj,m,α(ϕ) = uj(ϕ) and, for every φ ∈ Um,α, the function
u = Sj,m,α(φ) is admissible and satisfies{

detD2u = Kj(x)(1 + |∇u|2)2 in Ω,

u = φ on ∂Ω.

For φ ∈ U ∩ Um,α, this is the solution in Assumption 1.11.1. The local maps are compatible on
different Hölder scales. On U , the maps φ 7→ uj(φ) and φ 7→ ΛKj (φ) are smooth in the C∞

topology: their iterated directional derivatives exist and are jointly continuous in the base
point and directions.

Proof. The first assertion is part of Assumption 1.11.1. The smallest eigenvalue of the continuous
positive definite matrix D2uj(ϕ) has a positive minimum on the compact set Ω. Thus the positivity
is uniform.

For the local map, let Xm = {w ∈ Cm,α(Ω) : w|∂Ω = 0} and choose a bounded linear right inverse
Em : Cm,α(∂Ω) → Cm,α(Ω) of the trace. Write u = uj(ϕ) + Em(φ− ϕ) + w and define

Fm(w,φ) = detD2u−Kj(x)(1 + |∇u|2)2.

This map takes Xm × Cm,α(∂Ω) into Cm−2,α(Ω). The map (w,φ) 7→ u is continuous and affine,
and spatial differentiation through order two is continuous between the stated Hölder spaces. The
determinant is a polynomial in the second derivatives, and (1 + |∇u|2)2 is a polynomial in the first
derivatives. Multiplication is continuous in Cm−2,α, including when m = 2. Consequently, Fm is a
smooth map of real Banach spaces and Fm(0, ϕ) = 0.

Its derivative in w at (0, ϕ) is

Pv = Cof(D2uj(ϕ))
ab∂abv − 4Kj(1 + |∇uj(ϕ)|2)∇uj(ϕ) · ∇v.

The cofactor matrix is uniformly positive definite, and all coefficients are smooth. The operator
has no zeroth-order term. The maximum principle gives uniqueness for Pv = 0 with zero boundary
value. Dirichlet solvability for a uniformly elliptic operator on a smooth domain and the Schauder
estimate give, for every f ∈ Cm−2,α, a unique v ∈ Xm with Pv = f and

∥v∥Cm,α(Ω) ≤ C∥f∥Cm−2,α(Ω).

The C0 term in the Schauder estimate is controlled by the maximum principle estimate. For m > 2,
apply higher-order boundary regularity after solving at order two. Thus, P : Xm → Cm−2,α is an
isomorphism.

The Banach implicit function theorem now gives w = w(φ) smoothly on an open neighborhood
Um,α of ϕ. Define Sj,m,α(φ) = uj(ϕ)+Em(φ−ϕ)+w(φ). Continuity into C2 permits shrinking this
neighborhood so that its Hessians remain uniformly positive definite.

We justify identification with the assumed smooth branch without presuming that it already
depends continuously on φ. If u, v ∈ C2,α(Ω) are two admissible solutions with the same boundary
value, set z = u− v and ut = v + tz. Their logarithmic equations and the fundamental theorem of
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calculus give (ˆ 1

0
(D2ut)

−1 dt

)ab

∂abz − 4

( ˆ 1

0

∇ut
1 + |∇ut|2

dt

)
· ∇z = 0.

Every D2ut is positive definite, with uniform bounds on Ω × [0, 1]. This is a uniformly elliptic
equation for z with bounded coefficients, no zeroth-order term, and zero boundary value. The
maximum principle gives z = 0. It follows that the local Banach solution coincides with uj(φ)
whenever φ ∈ U ∩ Um,α. It also follows that the maps obtained at different Hölder levels coincide
wherever both are defined and admissible.

For smooth data in U , the values of these maps are smooth by the original solvability assumption.
At each smooth base point, the preceding construction can be performed at every m. Banach
derivatives of the maps at different levels agree after inclusion into C2,α, since the maps agree on
their common domains and differentiation commutes with continuous linear inclusions. Therefore,
on smooth directions, an iterated derivative has values in every Cm,α. Its joint continuity in each
of these norms follows from the corresponding Banach derivative. This proves smoothness in the
Fréchet topology; no common neighborhood in all higher norms is assumed.

The maps T0u = u|∂Ω and Tνu = ν ·∇u|∂Ω are continuous linear maps from Cm,α(Ω) to Cm,α(∂Ω)
and Cm−1,α(∂Ω), respectively. They commute with parameter differentiation. In particular,

DkΛKj (φ)[h1, . . . , hk] = TνD
kSj(φ)[h1, . . . , hk], k ≥ 1.

The Hessian map is likewise continuous linear from Cm,α to Cm−2,α. Hence, differentiation of the
equation and its boundary traces along any smooth finite-dimensional family is justified at the
required level. This completes the proof. □

2.2. Boundary determination. The boundary reconstruction determines the background gradient
and Hessian from the Dirichlet value, its measured normal derivative, and K|∂Ω. It determines the
boundary conductivity of the first linearized equation.

Lemma 2.2 (Boundary determination). Assume the hypotheses of Theorem 1.11.1. Then, for each
φ ∈ U , the nonlinear DN map together with Kj |∂Ω determines the boundary values of

A(j)
φ = (D2u(j)φ )−1, B(j)i

φ = − 4∂iu
(j)
φ

1 + |∇u(j)φ |2
, j = 1, 2.

In particular, if (1.21.2) and (1.31.3) hold, then A
(1)
φ = A

(2)
φ on ∂Ω.

Proof. Fix j ∈ {1, 2}, φ ∈ U , and p ∈ ∂Ω. Choose boundary normal coordinates (s, t) near p, where
s is arclength on ∂Ω and t is the inward normal coordinate. We write τ for the unit tangent vector
and νin for the inward unit normal.

The Dirichlet datum gives u
(j)
φ = φ on the boundary, hence, all tangential derivatives of u

(j)
φ there

are known. The nonlinear DN map gives the outer normal derivative, and also ∂tu
(j)
φ |∂Ω after fixing

the sign convention. Taking tangential derivatives, we know u
(j)
φ , ∂su

(j)
φ , ∂tu

(j)
φ , ∂ssu

(j)
φ , and ∂stu

(j)
φ

on ∂Ω.
The only second-order boundary component still unknown is the normal-normal derivative. At p,

write the Euclidean Hessian in the orthonormal frame (τ, νin) as

Hττ = D2u(j)φ (τ, τ), Hτν = D2u(j)φ (τ, νin), Hνν = D2u(j)φ (νin, νin).

Let κ be the signed curvature defined by ∂sτ = κνin, so ∂sνin = −κτ . Put gin = ∇u(j)φ ·νin = −ΛKj (φ).

Differentiating along the boundary gives Hττ = ∂2sφ−κgin and Hτν = ∂sgin +κ∂sφ. Every quantity
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on the right is known. The normal coordinate lines are straight, so the remaining component is

Hνν = ∂ttu
(j)
φ .

In the frame (τ, νin), detD
2u

(j)
φ = HττHνν −H2

τν . Evaluating the equation on ∂Ω gives

(2.1) Hττ ∂ttu
(j)
φ −H2

τν = Kj(1 + |∇u(j)φ |2)2 on ∂Ω.

The right-hand side is known from Kj |∂Ω and the known first boundary jet of u
(j)
φ . Since the

solution is admissible, D2u
(j)
φ > 0 on Ω, Hττ > 0 on ∂Ω. Thus, (2.12.1) uniquely determines ∂ttu

(j)
φ on

the boundary.

We have recovered the full second-order boundary jet of u
(j)
φ . Hence A

(j)
φ = (D2u

(j)
φ )−1 is deter-

mined on ∂Ω. The coefficient B
(j)
φ depends only on the first boundary jet, so it is also determined.

If (1.21.2) and (1.31.3) hold, then K1 = K2 on ∂Ω and the two nonlinear DN maps give the same
first boundary jet for the two solutions with the same boundary value φ. The reconstruction above,

therefore, gives the same second-order boundary Hessian for u
(1)
φ and u

(2)
φ . Hence, A

(1)
φ = A

(2)
φ on

∂Ω. □

Remark 2.3. Lemma 2.22.2 uses only Kj |∂Ω, not normal derivatives of Kj. The local rigidity argument
below also requires no normal derivative of the curvature. The stronger boundary assumption in
Theorem 1.11.1 is therefore sufficient but not necessary for the proof.

3. The first linearization

We first linearize the equation in logarithmic form. This normalization removes a harmless positive
factor from the principal coefficient and leaves the gradient dependence as a drift term.

To compare this with Proposition 2.12.1, differentiate the determinant form. The principal coefficient
is Cof(D2uφ). Since Cof(D

2uφ) = (detD2uφ)(D
2uφ)

−1 and detD2uφ > 0 on the admissible branch,
multiplication by (detD2uφ)

−1 gives the operator used below. This multiplication does not change
the Dirichlet problem, the first variations, or the linearized boundary data.

For the moment, let the curvature be a single function K. If uφ is the admissible solution with
boundary value φ, then the equation is equivalently

log detD2uφ − 2 log(1 + |∇uφ|2)− logK = 0.

For matrices of the same size we write A : B = tr(ATB); for symmetric matrices this is A : B =
AijBij . Repeated indices are summed over 1, 2.

Lemma 3.1 (Formula for the first linearized operator). Let φ ∈ U and h ∈ C∞(∂Ω). For |t|
sufficiently small, φ+ th ∈ U . Define vh = d

dt

∣∣
t=0

uφ+th, then vh satisfies{
Lφvh = 0 in Ω,

vh = h on ∂Ω,

where

(3.1) Lφ = Aij
φ ∂ij +Bi

φ∂i,

with

(3.2) Aφ = (D2uφ)
−1, Bi

φ = − 4∂iuφ
1 + |∇uφ|2

.

Proof. Let ut = uφ+th. Proposition 2.12.1 gives differentiability of t 7→ ut in every Hölder space under
consideration. Since T0 is continuous linear, differentiation of T0ut = φ + th gives T0vh = h. The
same proposition gives ∂νvh|∂Ω = DΛK(φ)[h].
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The derivative of log detH at a positive definite matrix is H−1 : Ḣ. Also, d
dt log(1 + |∇ut|2) =

2 ∇ut·∇u̇t
1+|∇ut|2 . Differentiating the logarithmic equation in Cm−2,α gives

(D2uφ)
−1 : D2vh −

4∇uφ
1 + |∇uφ|2

· ∇vh = 0.

This proves (3.13.1) and (3.23.2). The derivative identities hold in each Hölder space and thus for the
smooth solutions used below. □

We shall also use the following geometric form of the first linearized operator. We use the con-
vention

∆gv = gij∂ijv − gijΓk
ij(g)∂kv.

Lemma 3.2. Let gφ be the Riemannian metric whose inverse coefficients are (gφ)
ij = Aij

φ , then

Lφ = ∆gφ + Yφ · ∇,

where

Yφ = Bφ +Xgφ , Xk
gφ = (gφ)

ijΓk
ij(gφ).

Proof. By the convention above,

∆gφv = Aij
φ ∂ijv −Aij

φΓ
k
ij(gφ)∂kv = Aij

φ ∂ijv −Xgφ · ∇v.

Substituting this into (3.13.1) gives Lφv = ∆gφv + (Bφ +Xgφ) · ∇v. □

We compare the first linearized operators corresponding to K1 and K2. For j = 1, 2, let u
(j)
φ be

the solution with boundary value φ, and let A
(j)
φ , B

(j)
φ , g

(j)
φ , and Y

(j)
φ denote the corresponding first

linearized coefficients and geometric data.
For the linearized inverse problem, the boundary operator is the conormal trace associated with

the principal tensor. Thus, if v
(j)
h solves{

L
(j)
φ v

(j)
h = 0 in Ω,

v
(j)
h = h on ∂Ω,

we define

Λ′
j : C

∞(∂Ω) → C∞(∂Ω), h 7→ A(j)
φ ∇v(j)h · ν

∣∣
∂Ω
,

for j = 1, 2. The next lemma identifies this conormal trace with the linearized boundary data coming
from the nonlinear Euclidean DN map.

Lemma 3.3 (Identification of the first linearized DN map). Adopt the assumptions of Theorem 1.11.1.
Fix φ ∈ U . Then (1.21.2) and (1.31.3) imply

Λ′
1h = Λ′

2h on ∂Ω

for all h ∈ C∞(∂Ω).

Proof. By Lemma 2.22.2, the nonlinear DN map together withK1 = K2 on ∂Ω determines the boundary
values of the logarithmically normalized principal coefficients. Hence,

(3.3) A(1)
φ = A(2)

φ on ∂Ω.

Only the boundary values of the curvature are used for this conormal identification.
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Let u
(j)
ε be the solution corresponding toKj with boundary value φ+εh. Since U is open, this path

lies in U for all sufficiently small |ε|. The equality of the nonlinear DN maps gives ∂νu
(1)
ε = ∂νu

(2)
ε

on ∂Ω. Differentiating at ε = 0 yields

(3.4) ∂νv
(1)
h = ∂νv

(2)
h on ∂Ω.

Since both first variations have the same Dirichlet value h, their tangential derivatives agree on the

boundary. Together with (3.43.4), this gives ∇v(1)h = ∇v(2)h on ∂Ω. Combining this gradient equality

with (3.33.3) gives A
(1)
φ ∇v(1)h · ν = A

(2)
φ ∇v(2)h · ν on ∂Ω. This is exactly Λ′

1h = Λ′
2h. □

We use the planar anisotropic conductivity theorem directly. For a smooth positive definite
symmetric matrix field Σ, let ΛΣh = (Σ∇v) · ν|∂Ω, where div(Σ∇v) = 0 and v|∂Ω = h. This is the
Euclidean flux, not a metric unit normal derivative. The conductivity form (3.153.15), derived in the
next subsection directly from the curvature equation, will identify this map with the measured first
variation.

Lemma 3.4 (Planar conductivity gauge). Let Ω ⊂ R2 be bounded and simply connected with smooth
boundary. Let Σj be smooth uniformly positive definite symmetric matrix fields, and let Kj be

smooth positive functions on Ω. Set Lj = K−1
j div(Σj∇) = Aab

j ∂ab + Bb
j∂b, where Aj = K−1

j Σj and

Bb
j = K−1

j ∂aΣ
ab
j . Suppose that ΛΣ1 = ΛΣ2, Σ1 = Σ2 on ∂Ω, and K1 = K2 on ∂Ω. Then there

is an orientation preserving smooth diffeomorphism J : Ω → Ω fixing the boundary such that, with
N = DJ and d = detN ,

(3.5) Σ2 ◦ J = d−1NΣ1N
T .

The positive function ρ = d(K2 ◦ J)/K1 equals one on the boundary and satisfies

(3.6) L1(f ◦ J) = ρ(L2f) ◦ J for every f ∈ C∞(Ω).

In particular,

(3.7) NA1N
T = ρ(A2 ◦ J),

and, for α = 1, 2,

(3.8) Aij
1 ∂ijJ

α +Bi
1∂iJ

α = ρ(Bα
2 ◦ J).

Proof. By the planar anisotropic conductivity theorem [APL05APL05, Theorem 1], equality of the con-
ductivity DN maps gives a boundary fixing quasiconformal homeomorphism satisfying (3.53.5) almost
everywhere. We first verify the regularity needed here. Taking determinants in that identity gives
detΣ2 ◦ J = detΣ1. Define the smooth metrics gj =

√
detΣj Σ

−1
j . They have determinant one.

Inversion of the matrix identity gives

(3.9) (DJ)T (g2 ◦ J)DJ = (detDJ)g1

almost everywhere. Thus J is conformal between these two smooth metrics.
The smooth global isothermal coordinate theorem for a simply connected compact surface with

smooth boundary gives conformal diffeomorphisms Tj : (Ω, gj) → D; see [PSU23PSU23, Theorems 3.4.15
and 3.4.16]. Equivalently, one may compose global isothermal coordinates with a Riemann map
using smooth boundary regularity. The map T2 ◦J ◦T−1

1 is a quasiconformal homeomorphism of the
disk whose complex dilatation vanishes almost everywhere by (3.93.9). The Cauchy–Riemann equation
in distributions implies that it is holomorphic. Being bijective, it is a disk automorphism and hence
extends smoothly with nonzero derivative to the closed disk. Composing back shows that J and J−1

are smooth on Ω. In particular, d > 0 on Ω, and (3.53.5) holds everywhere by continuity.
At a boundary point, use the same ordered orthonormal tangent-normal basis in the source and

target. Boundary fixing gives Nτ = τ , so N = ( 1 r
0 s ), where s = d > 0. Write the common boundary
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conductivity as
(
a b
b c

)
, with c > 0. Equation (3.53.5) is NΣ1N

T = sΣ1 at this point. Its lower right

entry gives s2c = sc, hence d = s = 1 on the boundary. Since K1 = K2 there, ρ = 1 there as well.
We next derive the operator identity, including the density. Under y = J(x), the divergence

transformation and (3.53.5) give

(3.10) divx
(
Σ1∇x(f ◦ J)

)
= d

[
divy(Σ2∇yf)

]
◦ J.

For example, this follows by writing Σ1N
T = dN−1(Σ2◦J), differentiating its product with (∇yf)◦J ,

and using ∂i(dN
−1)iα = 0, the Piola identity. Division by K1 gives (3.63.6) with the stated ρ.

Multiplying (3.53.5) by d/K1 gives (3.73.7). Finally, the chain rule is

∂ij(f ◦ J) = ((∂αβf) ◦ J)∂iJα∂jJ
β + ((∂αf) ◦ J)∂ijJα.

Substituting this and the first derivative formula in (3.63.6), and comparing the coefficients of ∂αf ,
proves (3.83.8). □

A boundary fixing gauge pair is a smooth diffeomorphism Jφ : Ω → Ω with Jφ|∂Ω = Id and a
smooth positive function ρφ with ρφ|∂Ω = 1. We write I for the 2× 2 identity matrix.

Proposition 3.5 (Unique determination up to gauge). Under the assumptions of Theorem 1.11.1, for
any φ ∈ U there is a boundary fixing gauge pair (Jφ, ρφ) such that

(3.11) DJφA
(1)
φ DJT

φ = ρφ(A
(2)
φ ◦ Jφ),

(3.12) A(1)ij
φ ∂ijJ

α
φ +B(1)i

φ ∂iJ
α
φ = ρφ(B

(2)α
φ ◦ Jφ), α = 1, 2,

and

L(1)
φ (f ◦ Jφ) = ρφ(L

(2)
φ f) ◦ Jφ for every f ∈ C∞(Ω).

Moreover,

(3.13) Jφ|∂Ω = Id, ρφ|∂Ω = 1, A(1)
φ = A(2)

φ on ∂Ω.

For Σj = KjA
(j)
φ , the same map satisfies (3.53.5).

Proof. The calculation in (3.153.15) uses only the curvature equation and the cofactor identity. It gives

L
(j)
φ = K−1

j div(Σj∇). Therefore the solutions defining Λ′
j also define ΛΣj , and ΛΣjh = Kj |∂ΩΛ′

jh.
Lemma 3.33.3 and K1 = K2 on ∂Ω give equality of these conductivity DN maps. More explicitly,

(3.14) ΛΣjh = (νTΣjτ)∂τh+ (νTΣjν)DΛKj (φ)[h].

The boundary matrices agree by Lemma 2.22.2. Equality on smooth data also gives equality as
maps H1/2(∂Ω) → H−1/2(∂Ω), by their boundedness and density of smooth boundary functions.
Lemma 3.43.4 now gives the asserted conductivity transformation and all three operator identities. The
boundary values in (3.133.13) follow from that lemma and the boundary reconstruction. □

Corollary 3.6 (Boundary first jet of the gauge). For the gauge in Proposition 3.53.5, DJφ = I on ∂Ω.

Proof. Equations (3.113.11) and (3.133.13) giveNANT = A on the boundary, whereN = DJφ and A = A
(1)
φ .

In the ordered orthonormal basis (τ, ν), write N =
(
1 α
0 β

)
and A =

(
a b
b c

)
. Here c > 0 and β > 0,

since the diffeomorphism maps the interior side to the interior side. Direct multiplication gives

NANT =

(
a+ 2αb+ α2c β(b+ αc)
β(b+ αc) β2c

)
.

The lower right entry gives β2c = c, so β = 1. The off-diagonal entry then gives b + αc = b, hence
α = 0. This proves the claim at every boundary point. □
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Remark 3.7. The first-order coefficient in (3.123.12) does not transform by a pure vector-field pullback.

The term A
(1)ij
φ ∂ijJ

α
φ comes from the chain rule for the principal part. The conductivity formulation

accounts for this term through (3.103.10).

3.1. The conductivity form and the curvature ratio gauge equations. Fix the background
boundary value and suppress the subscript φ. Recall that

Ljv = Aab
j ∂abv +Ba

j ∂av, Aj = (D2uj)
−1, Ba

j = − 4∂auj
1 + |∇uj |2

.

Let σj = 1 + |∇uj |2. Since Cof(D2uj)
ab = (detD2uj)A

ab
j and detD2uj = Kjσ

2
j , one has KjA

ab
j =

Cof(D2uj)
ab/σ2j . The Piola identity gives ∂aCof(D

2uj)
ab = 0, and hence,

∂a(KjA
ab
j ) = −2σ−3

j (∂aσj) Cof(D
2uj)

ab.

Using ∂aσj = 2∂muj ∂amuj , we get

∂a(KjA
ab
j ) = −4σ−3

j (detD2uj)A
ab
j ∂muj ∂amuj = −4Kj

∂buj
σj

= KjB
b
j .

Thus,

(3.15) Ljv = K−1
j ∂a(KjA

ab
j ∂bv).

The associated conductivity is Σj = KjAj .
The scalar density chosen in Lemma 3.43.4 is also forced by the operator identity. We record

the converse calculation for the same map J , using only the divergence form and the boundary
normalization.

Lemma 3.8 (The scalar density from the divergence form). Let J and ρ be the boundary fixing
gauge obtained from (3.63.6). Then

(3.16) DJ A1DJ
T = ρA2 ◦ J.

Moreover,

(3.17) ρ = (detDJ)
K2 ◦ J
K1

.

Proof. Write

(3.18) N = DJ, d = detN, Σj = KjAj .

Since J is a diffeomorphism and DJ = I on ∂Ω, we have d > 0 on Ω.
Comparing the second-order coefficients in the intertwining identity gives (3.163.16), namelyNA1N

T =
ρ(A2 ◦ J). We now write the same identity in divergence form. Let y = J(x). Set ΣJ

1 =
(d−1NΣ1N

T ) ◦ J−1. The divergence transformation gives divx(Σ1∇x(f ◦ J)) = d[divy(Σ
J
1∇yf)] ◦ J .

Thus,

L1(f ◦ J) = K−1
1 d[divy(Σ

J
1∇yf)] ◦ J.

Set K̃1 = K1 ◦ J−1, ρ̃ = ρ ◦ J−1 and d̃ = d ◦ J−1, using (3.163.16), the above identity becomes

L1(f ◦ J) =
[ d̃

K̃1

divy

(K̃1ρ̃

d̃
A2∇yf

)]
◦ J.

On the other hand,

ρ(L2f) ◦ J =
[ ρ̃

K2
divy(K2A2∇yf)

]
◦ J.
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Comparing the first-order coefficients gives

A2∇y log
(K̃1ρ̃

d̃K2

)
= 0.

Since A2 is invertible, the function K̃1ρ̃

d̃K2
is constant. On ∂Ω, we have J = Id, DJ = I, d = 1, ρ = 1,

and K1 = K2. Hence, the constant is 1. Returning to the x variable gives K1ρ
d(K2◦J) = 1, which is

exactly (3.173.17). □

Adopting the notations (3.183.18), define the affine-coordinate curvature ratio by

qaff := log
K1

K2 ◦ J
, θ := log d− qaff .

Then (3.173.17) gives ρ = eθ, ρ−1 = e−θ, and therefore r = 1− ρ−1 = 1− e−θ.

3.2. The drift mismatch and the equation for J . We now extract the equation for the gauge
map. The affine-coordinate curvature ratio is qaff = log(K1/(K2 ◦ J)). The background boundary
value is fixed, and the subscript φ is suppressed.

Recall that Ba
j = −4∂auj/(1 + |∇uj |2), and set Zj = −Bj . Let (gj)ab = ∂abuj and (gj)

ab = Aab
j .

Then gj is the Hessian metric of uj , and Aj = g−1
j . With the convention ∆gjv = Aab

j ∂abv −
Aab

j Γ(gj)
k
ab∂kv, we have Lj = ∆gj + Yj · ∇ with Yj = Xgj − Zj , where X

k
gj = Aab

j Γ(gj)
k
ab. We first

relate Zj to Xgj and Kj .
Since (gj)ab = ∂abuj , the Christoffel symbols of gj are

Γ(gj)
k
ab =

1

2
Akℓ

j

(
∂a(gj)bℓ + ∂b(gj)aℓ − ∂ℓ(gj)ab

)
.

Substituting (gj)ab = ∂abuj gives Γ(gj)
k
ab = 1

2A
kℓ
j

(
∂abℓuj + ∂baℓuj − ∂ℓabuj

)
. By the symmetry of

third derivatives, the first two terms are equal, and the last term is the same third derivative; then
we obtain Γ(gj)

k
ab =

1
2A

kℓ
j ∂abℓuj . This implies

Xk
gj = Aab

j Γ(gj)
k
ab =

1

2
Akℓ

j A
ab
j ∂abℓuj .

Since mixed derivatives commute, ∂abℓuj = ∂ℓabuj , and we also have ∂ℓ log detD
2uj = Aab

j ∂ℓabuj .
Thus,

Xk
gj =

1

2
Akℓ

j ∂ℓ log detD
2uj .

Using detD2uj = Kj(1+|∇uj |2)2, we get ∂ℓ log detD2uj = ∂ℓ logKj+2∂ℓ log(1+|∇uj |2). Moreover,

since ∂ℓ(1 + |∇uj |2) = 2∂muj ∂ℓmuj , this becomes ∂ℓ log detD
2uj = ∂ℓ logKj +

4∂muj ∂ℓmuj

1+|∇uj |2 . Substi-

tuting this into the formula forXk
gj givesX

k
gj =

1
2A

kℓ
j ∂ℓ logKj+

2Akℓ
j ∂ℓmuj ∂muj

1+|∇uj |2 . Since Aj = (D2uj)
−1,

we have Akℓ
j ∂ℓmuj = δkm. Hence,

Xk
gj =

1

2
Akℓ

j ∂ℓ logKj +
2∂kuj

1 + |∇uj |2
.

Since Zk
j =

4∂kuj

1+|∇uj |2 , we obtain

(3.19) Zk
j = 2Xk

gj −Akℓ
j ∂ℓ logKj .

Expanding the intertwining identity (3.63.6) and comparing the coefficients of ∂αf gives

(3.20) Aij
1 ∂ijJ

α − Zi
1∂iJ

α = −ρZα
2 (J).
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We also use the corresponding identity for the Laplace–Beltrami parts. The principal gauge relation
is g1 = ρ−1J∗g2, where ρ is evaluated in the source coordinates. By conformal covariance of the
scalar Laplacian in dimension two,

∆g1(f ◦ J) = ρ(∆g2f) ◦ J.
Comparing the coefficients of ∂αf gives

(3.21) Aij
1 ∂ijJ

α −Xi
g1∂iJ

α = −ρXα
g2(J).

Subtracting (3.213.21) from (3.203.20) yields

Zi
1∂iJ

α − ρZα
2 (J) = Xi

g1∂iJ
α − ρXα

g2(J).

Insert (3.193.19) into both sides. The terms involving 2Xgj cancel. Using the principal gauge relation,
we obtain

(3.22) Zi
1∂iJ

α − ρZα
2 (J) = ∂iJ

αAij
1 ∂jqaff .

Combining (3.203.20) and (3.223.22) gives, in the original Euclidean affine coordinate,

Aij
1 ∂ijJ

α = ∂iJ
αAij

1 ∂jqaff .

Equivalently, this is the tensorial identity

Aij
1 (∇dJ)

α
ij = ∂iJ

αAij
1 ∂jqaff ,

where the covariant Hessian of the map J is taken with respect to the flat Euclidean connection in
the domain and target.

The identities above are in the original Euclidean coordinates. We keep these coordinates for
the rigidity argument in Section 55. Local isothermal coordinates will be used only to prove unique
continuation for a scalar principal operator; the components of the gradient difference will then be
treated as scalar functions under that coordinate change.

4. Cauchy uniqueness for a local elliptic system

We prove the continuation result needed for the gradient difference. The essential condition is
that all components have the same scalar elliptic principal part. The coupling may contain first
derivatives, but not second derivatives of other components.

Lemma 4.1 (Unique continuation). Let O ⊂ R2 be connected, and let a = (aij) be a smooth
real symmetric matrix-valued function that is uniformly positive definite on compact subsets of O.
Suppose that a real vector v = (v1, . . . , vm) ∈ H1

loc(O;Rm) satisfies

(4.1) ∂i(a
ij∂jvα) + biαβ∂ivβ + dαβvβ = 0, α = 1, . . . ,m,

with smooth real coefficients, where repeated spatial indices range over 1, 2 and component indices
over 1, . . . ,m. If v vanishes on a nonempty open subset of O, then v = 0 in O.

Proof. First, v is smooth in the interior. The right-hand side of each scalar divergence equation is
initially in L2

loc, so local elliptic regularity gives vα ∈ H2
loc. Repeating this argument with the smooth

coefficients gives v ∈ Hk
loc for every k, and hence v ∈ C∞(O).

In a sufficiently small coordinate neighborhood, choose isothermal coordinates for the metric a−1;
see [PSU23PSU23, Section 3.4]. If y = χ(x) and wα = vα ◦χ−1, then DχaDχT = κI for a smooth positive
κ. Apply the same change of variables to all components, treating each vα as a scalar function. The
second derivative chain rule gives aij∂ijvα = κ(∆ywα)◦χ+aij∂ijχk(∂kwα)◦χ. The remaining terms
in (4.14.1) have order at most one. On a smaller relatively compact neighborhood, division by κ gives

(4.2) |∆w| ≤ C(|Dw|+ |w|).
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Write z = y1 + iy2, ∂ = (∂y1 − i∂y2)/2, and ∂ = (∂y1 + i∂y2)/2. Set Y = (w, ∂w) ∈ C2m. Since

each wα is real, ∂wα = ∂wα and |Dwα|2 = 4|∂wα|2. Also, ∂∂wα = ∆wα/4. Thus, (4.24.2) implies

(4.3) |∂Y | ≤M |Y |
on each smaller coordinate disk, for a finite constant M .

We prove the required continuation for this inequality. On a punctured disk, let Ψ = τ log |z|2 −
|z|2/(2ϵ), where ϵ > 0 and τ > 0. For a scalar test function q compactly supported away from zero,

(4.4) ϵ−1∥e−Ψq∥2L2 ≤ ∥e−Ψ∂q∥2L2 .

Indeed, set P = e−Ψ∂eΨ = ∂+∂Ψ. Its Hermitian adjoint is P∗ = −∂+∂Ψ. Since ∆Ψ = −2/ϵ away
from zero, direct commutation and integration by parts give

∥Pf∥22 − ∥P∗f∥22 = −1

2

ˆ
∆Ψ |f |2 dA = ϵ−1∥f∥22.

Take f = e−Ψq and discard the nonnegative term ∥P∗f∥22. This proves (4.44.4). The estimate also
holds for compactly supported H1 functions on the annulus by approximation, and for vectors by
summation over the components.

Suppose that Y vanishes near the center of a coordinate disk BR on which (4.34.3) holds. Translate
its center to zero. Choose 0 < R0 < R1 < R2 < R and η ∈ C∞

c (BR2) equal to one on BR1 . The
function ηY vanishes near zero and is an admissible test function. Applying (4.44.4) componentwise
gives

ϵ−1∥e−ΨηY ∥22 ≤ 2M2∥e−ΨηY ∥22 + 2∥e−Ψ(∂η)Y ∥22.
Fix ϵ so that 2ϵM2 ≤ 1/2. Absorption yields ∥e−ΨηY ∥22 ≤ 4ϵ∥e−Ψ(∂η)Y ∥22. Since e−2Ψ =

|z|−4τe|z|
2/ϵ, we obtain

∥Y ∥2L2(BR0
) ≤ 4ϵ∥∂η∥2∞eR

2
2/ϵ

(R0

R1

)4τ
∥Y ∥2L2(BR2

\BR1
).

All quantities except the displayed power are fixed. Letting τ → ∞ gives Y = 0 on BR0 . The radii
were arbitrary, so the zero set fills BR.

Finally, let Z be the set of points of O having a neighborhood on which v = 0. It is open and
nonempty. If x lies in its closure, choose one isothermal chart about x whose image contains a closed
disk about χ(x). A point of Z sufficiently close to x has image y such that a disk centered at y,
containing χ(x) in its interior, is still contained in this chart. The transformed vector Y vanishes
near y, and the preceding argument extends its vanishing to that disk. Thus, x ∈ Z. The set Z is
also closed in O, and connectedness proves Z = O. □

Lemma 4.2 (Boundary unique continuation). Let Ω ⊂ R2 be bounded and connected with smooth
boundary. Let a be a smooth real symmetric uniformly positive definite matrix on Ω, and let c =
(c1, c2) be smooth and real. Suppose that V ∈ C∞(Ω;R2) satisfies

div(a∇Vα) + ∂α(c · V ) = 0, α = 1, 2,

and that V = 0 and (a∇Vα) ·ν = 0 on a nonempty relatively open boundary arc, for both components.
Then V = 0 in Ω.

Proof. Fix a point in the stated boundary arc and a small ball B about it that meets no other part
of the boundary. The tangential derivative of each component is zero on the arc, so ∇Vα = ν∂νVα
there. The conormal condition and νTaν > 0 give ∂νVα = 0. Thus both V and its first derivatives
vanish on the arc.

Extend a, c smoothly to B, preserving positive definiteness of a by taking B smaller if necessary.
Extend V by zero from B ∩ Ω to B, and denote the extension by V 0. The zero trace implies
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V 0 ∈ H1(B); the vanishing first derivatives also show it is C1 across the interface. For ζ ∈ C∞
c (B),

integration by parts in B ∩ Ω givesˆ
B

(
a∇V 0

α · ∇ζ + (c · V 0)∂αζ
)
dx

=

ˆ
B∩∂Ω

ζ
(
(a∇Vα) · ν + (c · V )να

)
dS −

ˆ
B∩Ω

ζ
(
div(a∇Vα) + ∂α(c · V )

)
dx = 0.

The interface terms vanish by the two Cauchy conditions. Thus, V 0 satisfies the same local system
in distributions on the full ball; no boundary measure is produced. Expanding ∂α(c · V 0) gives only
first-order and zeroth-order coupling, so the regularity argument and Lemma 4.14.1 apply. Since V 0

vanishes on the exterior open part of B, it vanishes throughout B. We have obtained an interior
open zero set. Applying the same lemma to the connected domain Ω proves the assertion. □

5. Rigidity of the conductivity gauge

The argument in this section uses the original Euclidean coordinates. For a vector-valued map
p, our Jacobian convention is (Dp)αi = ∂ipα. For a general invertible 2 × 2 matrix N , we use
Cof N = (detN)N−T . Hence, Cof denotes the cofactor matrix, not its transpose. In dimension two,
Cof(Cof N) = N , Cof(tN) = tCof N , and Cof(NM) = Cof N CofM . Define the positive gradient
factor F (p) = (1 + |p|2)2; below F−1 means its reciprocal 1/F .

Proposition 5.1 (Rigidity from the background gradients). Let Ω ⊂ R2 be bounded and connected
with smooth boundary, and let u1, u2 ∈ C∞(Ω) have positive definite Hessians on Ω. Set

(5.1) Hj = D2uj , pj = ∇uj , Σj =
CofHj

F (pj)
.

Suppose that p1 = p2 on ∂Ω and that an orientation preserving smooth diffeomorphism J : Ω → Ω
fixes the boundary and satisfies

(5.2) Σ2 ◦ J = d−1NΣ1N
T , N = DJ, d = detN > 0.

Then J = Id and ∇u1 = ∇u2 in Ω. In particular, the two functions agree if they have the same
Dirichlet trace.

Proof. The pulled-back gradient. Set

(5.3) p = p2 ◦ J, V = p− p1, and β =
F (p1)

F (p)
.

These functions are smooth, and β has a positive lower bound on Ω. The vector p is the composition
of the Euclidean gradient with J ; it is not the gradient of u2 ◦ J in the source coordinates. Its
derivative is Dp = (H2 ◦ J)N .

For a symmetric 2 × 2 matrix H, the identity Cof(CofH) = H gives Cof(CofH/F ) = H/F .
Therefore, taking cofactors in (5.25.2) yields

H2 ◦ J
F (p)

=
1

dF (p1)
(Cof N)H1(Cof N)T .

Here the factor is d−1, because the cofactor is homogeneous of degree one in dimension two. Multiply
by F (p) and then by N on the right. Since (Cof N)TN = dI, we obtain

(5.4) Dp = β−1(Cof N)H1.

Transposing and multiplying on the left give

(5.5) a(Dp)T = (Cof N)T , a = βH−1
1 .
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The matrix a is smooth and uniformly positive definite on the closed domain.

• The local differential system.

If J = (J1, J2), the convention above gives

(5.6) CofDJ =

(
∂2J

2 −∂1J2

−∂2J1 ∂1J
1

)
, ∂i(CofDJ)αi = 0, α = 1, 2.

The two divergence identities are exactly the commutation of mixed second derivatives of J2 and
J1. The column form of (5.55.5) is a∇pα = (Cof N)T eα. Taking divergence and using (5.65.6) gives
div(a∇pα) = 0.

Since p1 = ∇u1 and H1 is symmetric, ∇(p1)α = H1eα. Hence, a∇(p1)α = βeα. Subtracting its
divergence from the equation for pα gives

(5.7) div(a∇Vα) = −∂αβ.

The right-hand side depends linearly on V and its first derivatives once the comparison pair is fixed.
Indeed, the fundamental theorem of calculus along p1 + tV gives

(5.8) β − 1 = cℓVℓ, cℓ = F (p1)

ˆ 1

0
∂pℓ(F

−1)(p1 + tV ) dt.

For the prescribed Gaussian curvature factor F (p) = (1 + |p|2)2, we have

cℓ = −4(1 + |p1|2)2
ˆ 1

0

(p1)ℓ + tVℓ
(1 + |p1 + tV |2)3

dt.

The denominator is positive everywhere, including where V = 0. Thus c is smooth on Ω, with no
division by |V | and no smallness requirement. Combining (5.75.7) and (5.85.8) gives

(5.9) div(a∇Vα) + ∂α(c · V ) = 0, α = 1, 2.

In non-divergence form, this reads

aij∂ijVα = −(∂ia
ij)∂jVα − cℓ∂αVℓ − (∂αcℓ)Vℓ.

Thus the two components have the same scalar second-order operator, with coupling only in lower
derivatives. Although a, c depend on the fixed solutions and J , they are fixed smooth coefficients
when applying Lemma 4.24.2. That lemma needs no bound independent of the comparison pair.

• The boundary unique continuation.

Boundary fixing and p1 = p2 on ∂Ω give V = 0 and β = 1 there. We verify the conormal data
without assuming DJ = I on the boundary. At a boundary point, Nτ = τ . In the common ordered
orthonormal tangent-normal frame, write

N =

(
1 b
0 e

)
, Cof N =

(
e 0
−b 1

)
.

Consequently, (Cof N)ν = ν. Taking the normal component of (5.55.5) gives (a∇pα)·ν = eα·(Cof N)ν =
να. On the other hand, a∇(p1)α = βeα gives (a∇(p1)α) · ν = να there. Subtraction yields

V = 0, (a∇Vα) · ν = 0 on ∂Ω, α = 1, 2.

Applying Lemma 4.24.2 to (5.95.9) gives V = 0 in Ω.
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• Determination of the map.

Now, plugging V = 0 into (5.35.3) and using (5.85.8), we have p = p1, β = 1, and Dp = H1. Equation (5.45.4)
becomes H1 = (Cof N)H1. Invertibility of H1 gives Cof N = I. Taking cofactors again in dimension
two gives N = I, so D(J − Id) = 0. Connectedness and the boundary value imply J = Id. Hence,
p2 = p1, proving equality of the gradients. The function u2−u1 is constant, and a common Dirichlet
trace makes that constant zero. No global inverse of either gradient map has been used. □

For the conductivities coming from the curvature equation, the scalar in this proof agrees with
the density in Section 33. Taking determinants in (5.25.2) gives detΣ2 ◦ J = detΣ1, while (5.15.1) and the
equation give detΣj = Kj/F (pj). Therefore,

β =
K1

K2 ◦ J
=

detDJ

ρ
.

This is an identity for the same J , not an additional condition on the gauge.

Proof of Theorem 1.11.1. Fix φ0 ∈ U and write uj = uj(φ0). The background Dirichlet values are
equal, and (1.31.3) gives equality of their normal derivatives. Hence, ∇u1 = ∇u2 on ∂Ω. Together with
K1 = K2 there, Lemma 2.22.2 gives D2u1 = D2u2 and consequently Σ1 = Σ2 on the boundary.

Proposition 2.12.1 justifies differentiating (1.31.3) at φ0 in each smooth direction. Lemma 3.33.3 and (3.143.14)
give ΛΣ1 = ΛΣ2 . The planar conductivity theorem, in the smooth form proved in Lemma 3.43.4, gives
a smooth boundary fixing diffeomorphism satisfying (3.53.5).

The curvature equation and (3.153.15) give Σj = Cof(D2uj)/F (∇uj). All hypotheses of Proposi-
tion 5.15.1 are now verified. It gives J = Id and u1 = u2 in Ω. Taking the prescribed curvature of this
common graph yields

K1 =
detD2u1

(1 + |∇u1|2)2
=

detD2u2
(1 + |∇u2|2)2

= K2.

This proves Theorem 1.11.1 under its stated assumptions. □

Remark 5.2. The proof uses K1 = K2 on ∂Ω, equality ΛK1(φ0) = ΛK2(φ0) at one common admissi-
ble boundary value, and equality DΛK1(φ0)[h] = DΛK2(φ0)[h] for every smooth boundary direction h.
It uses neither normal derivatives of the prescribed curvature nor a second derivative of the nonlinear
DN map. In particular, it proves the conclusion under the original first boundary jet assumption.
The first derivative is still a full boundary operator; it is not a single scalar measurement.
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