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ABSTRACT. The main purpose of this article is the study of an inverse prob-
lem for nonlocal porous medium equations (NPMEs) with a linear absorp-
tion term. More concretely, we show that under certain assumptions on the
time-independent coefficients p,q and the time-independent kernel K of the
nonlocal operator L, the (partial) Dirichlet-to-Neumann map uniquely de-
termines the three quantities (p, K, g) in the nonlocal porous medium equation
poiu + L (u™) + qu = 0, where m > 1. In the first part of this work we
adapt the Galerkin method to prove existence and uniqueness of nonnegative,
bounded solutions to the homogenoeus NPME with regular initial and exterior
conditions. Additionally, a comparison principle for solutions of the NPME is
proved, whenever they can be approximated by sufficiently regular functions
like the one constructed for the homogeneous NPME. These results are then
used in the second part to prove the unique determination of the coefficients
(p, K,q) in the inverse problem. Finally, we show that the assumptions on
the nonlocal operator Lx in our main theorem are satisfied by the fractional
conductivity operator £~, whose kernel is v1/2(z)y1/2(y)/|z — y|" 125 up to a
normalization constant.
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1. INTRODUCTION

In recent years inverse problems for a wide class of nonlocal partial differential
equations (PDEs) have been studied. The most classical example is the fractional
Calderon problem. In this problem one considers Dirichlet problem for the fractional
Schriodinger equation

(A 4+ q@u=0 inQ,
u =@ in Qe7

where 0 < s < 1, (—A)*® is the fractional Laplacian, ¢ is a given potential and
Q. = R"\ Q is the exterior of the bounded domain 2 C R™. The fractional
Calder6n problem now asks to uniquely determine the potential ¢ from the (exte-
rior) Dirichlet-to-Neumann (DN) map ¢ — Ay(¢) = (=A)%ulg . A first affirmative
answer has been established in [GSU20] for bounded potentials.

Later, this work initiated many further developments in the field of nonlocal
inverse problems, which includes determination of singular potentials, lower or-
der local perturbations, higher order fractional Laplacians, single measurement re-
sults, generalizations to other nonlocal operators in place of the fractional Laplacian
and unbounded domains (see [BGU21, CMR21, CMRU22, GLX17, CL19, CLL19,
CLR20, FGKU21, HL19, HL20, GRSU20a, GU21, Gho22, Lin22, LL22, LL23,
LLR20, LLU22, KLW22, RS20, RS18, RZ22b] and the references therein). Another
type of inverse problems for nonlocal operators has been investigated for exam-
ple in the articles [R7Z22b, RZ22a, CRZ22, RZ22¢c, CRTZ22, Zim23, GU21, Li21],
where the authors try to recover coefficients in a nonlocal operator from the DN
map instead of determining lower order perturbations of a nonlocal operator. The
solvability of the inverse problems in the above works strongly depend on the linear
structure of the nonlocal operator, the unique continuation principle (UCP) and
the Runge approximation. The last property is a consequence of the UCP, which
in turn can be phrased as follows:

Unique continuation principle. Let X be a Banach space satisfying C°(R™) —
X < 2'(R™). We say that an operator L: X — 2'(R™) has the UCP on X if
Lu = u =0 in some nonempty open set Q0 implies u =0 in R™.

In particular, in the article [GSU20] it has been shown that the fractional Lapla-
cian (—=A)*, 0 < s < 1, has the UCP on X = H'(R") for any ¢ € R. The same
clearly remains true for local perturbations of fractional Laplacians. In [GLX17], it
has been proved that fractional powers of second order operators L = — div(AV-),
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where A € Cp°(R™™™;R) is symmetric and uniformly elliptic, satisfy the UCP on
X = H*(R™). Furthermore, in [Zim23] it has been established by using the frac-
tional Liouville reduction that the fractional conductivity operator £, has the UCP
as well, at least when the coefficient 7 is sufficiently regular. The fractional con-
ductivity operator £, belongs to a subclass of integro-differential operators of order
2s, that is of operators of the form

u(z) — u(y)
1.1 Liu(x) =P.V. K(z,y) ————= dy,
(11) (x) [ K[
where K : R®" xR™ — R is a given function and P.V. stands for the Cauchy principal
value. In the rest of the article, we abuse the terminology and refer to K as the

kernel of L. Such an operator is said to belong to the class Ly, whenever the
kernel K satisfies the following properties:

(i) K is symmetric in the sense that
K(z,y) = K(y, ) for all ,y € R".
(ii) K is uniformly elliptic, that is there holds
ASK(z,y) <A
for all z,y € R™ and some constants 0 < A < A < oo.

Now, the fractional conductivity operator £, is the integro-differential operator of
order 2s of the form (1.1), whose kernel is given by

K(z,y) = Cp oy ()72 (y)

for some uniformly elliptic function v: R™ — R and hence £, € Ly. Here (), ; is
the constant given by

S

(1.2) Chs = %,
/2|0 (=s)
where I" is the Gamma function. Let us note that in the special case v = 1 the
operator £, reduces to the fractional Laplacian (—A)® and we remark that the
constant C, 5 is defined as in (1.2) precisely that the Fourier symbol of (—A)?® is
2.

Recently, the interplay between nonlocality and nonlinearity of an operator and
its 1nﬂuence on the solvability of the related inverse problem has been studied in

; 122]. The underlying models in these articles are closely related,

but exhlblt dramatlcally different unique continuation properties. In the first article
vector-valued generalizations of weighted fractional p-biharmonic operators

(1.3) (—A);Uu = (_A)S/2 (0’|(—A)s/2u|p_2(—A)s/2u)

has been investigated, where one wants to determine the uniformly elliptic func-
tion o from the DN map. This has been achieved by monotonicity methods and
the observation that the operators in (1.3) have the following unique continuation
property on the Bessel potential space H*P(R"): If (=A); ju; = (=A); juz and
(=A)*?u; = (=A)*/?uy in an open set Q C R”, then there holds u; = uy in R”.
This property rests on the fact that the fractional Laplacian satisfies the UCP on
the Bessel potential spaces X = H"P(R") witht € R and 1 < p < oo. On the other

hand, in [KLZ22] the authors studied weighted fractional p-Laplacians, which are
integro-differential operators of the form
) A =PV [ oleyule) - u(m) D gy

o [ — e

where 0 < s < 1, 1 < p < oo and o: R®” x R® — R is a uniformly elliptic
function. A disadvantage concerning inverse problems is the fact that it is not
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known whether operators of the form (1.4) have an appropriate unique continuation
property and hence an alternative approach has been established. In this work an
exterior determination method in the spirit of the boundary determination result of
Kohn and Vogelius [K{V84] has been introduced. A similar method was also used for
the classical p-Calderén problem by Salo and Zhong [SZ12] and for the fractional
conductivity problem in [CRZ22, RZ22¢c] or the parabolic fractional conductivity
problem in [LRZ22

In this article we follow the same line of research, namely we investigate an
inverse problem for a nonlocal and nonlinear PDE. More concretely, we study an
inverse problem for a class of nonlocal porous medium equations (NPMEs), which
are of the form

(1.5) pOru + L (D™ (u)) + qu =0 in Q7.

Here Q C R™ is a bounded Lipschitz domain, T > 0, Q7 = Q x (0, T)!, the function
d™: R — R is given by

O™ (t) = [t|™ ¢ for some m > 1,

p: R™ — R is uniformly elliptic, Lx an integro-differential operator of order 2s in
the class Ly and ¢g: R™ — R a nonnegative potential. More concrete assumptions on
the coefficients p, ¢ and the nonlocal operator Lg will be given below (Section 1.2).
To motivate the investigation of the PDE (1.5) and the related inverse problem,
we first review in the next section the classical porous medium equation and then
discuss natural nonlocal generalizations of it.

1.1. Local and nonlocal porous medium equations. The porous medium equa-
tion (PME) is one of the simplest examples of a nonlinear evolution equation and
its study at least dates back to 1957 [Ole57]. One of its basic forms is

(1.6) Ou — AD(u) =0 in Qrp,

where 2 C R™ can be any domain and & is typically assumed to be of the form
® = ¢™ for some m > 1 but not restricted to. Let us note that for m > 1 the
PME is degenerate parabolic, whereas for m = 1 one would obtain the classical
heat equation and for m < 1 a singular PDE or fast diffusion equation. Physically
speaking this equation models the gas flow through a porous medium and it is also
used to model various phenomena in other fields, such as plasma physics [RK
and population dynamics [Nam&0]. In the literature many generalizations of (1.6)
had been studied like adding a forcing term f(u, Vu) on the right hand side. For
such a term the dependence on Vu incorporates convection of the medium and
the dependence on u reaction or absorption effects. For a detailed account on the
mathematical theory for the porous medium equation, we refer the reader to the

(o]y]

monographs [Sch60, V4z92).

Furthermore, inverse problems for the PME (1.6) have been investigated in
[CGN21, CGU23]. In [CGN21], the authors determined two coefficients (p,~y) for
the PME in the form

(1.7 poyu — div(yVO™ (u)) =0

for m > 1. In [CGU23] this result has been generalized to porous medium equations
with a possible nonlinear absorption term. They prove a unique determination
result for the three parameters (p,7,q) in

(1.8) pOru — div(yV O™ (u)) + ¢@" (u) = 0,
where m > 1 and m™! <r < /m.

1Throughout the article we write Ar to denote the space-time cylinder A x (0,7), whenever
7>0and A CR".
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An interesting, nonlocal generalization of the PME (1.6) is obtained by replacing
the Laplacian by the fractional Laplacian, which leads to

(1.9) Ou+ (—A)* (@™ (u)) =0 in Qr

for 0 < s < 1. This model describes anomalous diffusion through a porous medium
and additional information on this equation as Well as generahzatlons of it can be
found for example in the articles [Vaz14, BSV15, B (

Hence, based on what we said a natural generahzatlon to conblder are nonlocal
porous medium equations of the form

(1.10) pOru + L (P (uw)) + ¢P"(u) =0 in Qr

(see (1.8) and (1.9)). To simplify the presentation and the technicalities, we will
restrict our considerations in this work to the linear case (1.5) instead of (1.10).

1.2. Inverse problem for nonlocal porous medium equations. Next, let us
consider the initial-exterior value problem for the NPME

pou+ L (™ (u)) +qu=0 in Qr,
(1.11) u=¢ in (Q)p,
u(0) =0 in Q,

where €2 C R" is a bounded Lipschitz domain, Lx € Ly, m > 1, p: R — R is
uniformly elliptic, ¢: R™ — R is a nonnegative potential and ¢: Q. x (0,7) — R is
a given exterior condition.

In Section 3, it is established that under suitable assumptions on the coefficients
p, ¢ and the exterior condition ¢ the problem (1.11) is well-posed. More concretely,
we show in Theorem 3.13 and Theorem 3.17 that there exists a unique, nonnegative,
bounded solution of (1.11). Therefore, we can now introduce the DN map A, x4
related to (1.11), which is strongly given by

Apkqp = Lr (" (w)|q.),

for suitable exterior conditions ¢, where u: R™ x (0,T) — R is the unique solution
o (1.11). A more detailed account on the DN map is given in Section 5.1. Now,
we can formulate our inverse problem.

Question 1. Can one uniquely determine the coefficients p,q in Q and the kernel
K in R®™ by the nonlocal DN map A, k ¢

Next, let us recall that for any Lx € Ly one can show by the Lax-Milgram
theorem and the fractional Poincaré inequality (see (2.1)) that for any ¢ € H*(R™)
there is a unique weak solution v € H*(R™) of

{LKU =0 in Q,

1.12
(1.12) U= in Q..

Furthermore, it is not difficult to prove that the exterior value to solution map of
(1.12) is well-defined on the (abstract) trace space Z = H*(R"™)/H*(2). Hence, we
can define the DN map related to (1.12) by

(1.13) Ak:Z = Z*, (Akp, ) = B (u,9),

where u € H*(R™) is the unique solution to (1.12), ¢ € Z and Bg: H*(R") x
H*(R™) — R is the naturally bilinear form related to Ly (see (2.2)).

In general, the determination of the kernel K from the DN map (1.13) is a highly
nontrivial inverse problem. Nevertheless, it can be expected that if the linear elliptic
nonlocal inverse problem is not uniquely solvable, then the same remains true for
the inverse problem of the NPME. To rule out this possibility, we next introduce a
suitable class of nonlocal operators, so called measurement equivalent operators. In
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a similar spirit, the authors of [RZ22b] formulated general conditions under which
local perturbations of linear elliptic nonlocal operators can be uniquely determined
from the related DN map.

Definition 1.1 (Measurement equivalent operators). Let Q@ C R™ be a bounded
domain and 0 < s < 1. We say that two uniformly elliptic nonlocal operators
Ly, , Lk, € Ly of order 2s are measurement equivalent, written as Lx, ~ L, , if
the condition

(1.14) Ak, elw, = Ao @lyy, » for all p € CZ(Wh) with ¢ >0
for some nonempty, open sets Wy, Wy C Qe with W1 N Wo # 0, implies K1 = Ks.

Remark 1.2. We assumed that the measurement sets Wy, Wy C Q. in the above
definition are non-disjoint due to the counterezamples constructed in [RZ22a] and
, For example in [R722c], it is proved that if the measurement sets are
disjoint and have a positive dzstance to ), then one can construct two different
conductivities y1,v2 such that the related fmctzonal conductivity operators L., j =
1,2, satisfy (1.14) and the regularity assumptions in Proposition 5.4 below.

In Section 5.2, we provide some examples of nonlocal operators that fulfill Defini-
tion 1.1. Now, we are ready to state our main result of this article, which generalizes
the recent work [CGU23] on the local porous medium equation to the a nonlocal
setting.

Theorem 1.3. Let  C R"™ be a bounded Lipschitz domain, T >0,0< s < a <1,
m > 1 and Wi, Wy @ Q. two nonempty open sets with Wy N Wy # 0. Assume
that for j = 1,2 we have given nonlocal operators Ly, € Lo satisfying the UCP

on H*(R™), and coefficients pj,q; € C’i’o‘(R") such that p; is uniformly elliptic. If
Ly, ~ Lk, and there holds

AP17K17Q190|(W2)T =A
for any 0 < ¢ € C.([0,T] x W1) with ®(¢) € L*(0,T; H*(R™)), then we have
p1=pa, ¢1 =qo in Q and K; = Ky in R?".

P27K27qz<p|(W2)T )

Finally, let us observe that if one can show that the fractional powers (— div(AV-))*
induce measure equivalent operators, then Theorem 1.3 implies that the related in-
verse problems for the NPME are uniquely solvable (see Remark 5.6).

1.3. Inverse problem for the porous medium equation. In this section, we
will have a closer look at some aspects of the proof of the unique determination
in the inverse problem for the porous medium equation (1.7), since some of these
ideas also enter into the proof of Theorem 1.3. For this purpose let us consider the
initial-boundary value problem related (1.7) for » = 1, namely

poru — div(yVO®™ (u)) + qu=0 in Qr,
(1.15) U= on O,
u(0)=0 in Q.
For any regular boundary value ¢ > 0, one can prove under suitable regularity
assumptlons on p, v and ¢ the existence of a unique nonnegative solution to (1.15)

(see [CGU23]). Hence, the natural measurements related to (1.15) can be encoded
in the DN map

oAy g0 = yaucpm(u)bm .
In [CGU23], they showed that if one has

Ny yr,ar P = Do yasan®
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for all sufficiently regular boundary data ¢ > 0, then there holds p; = p2, 11 = V2
and g1 = g2 in (2. Furthermore, under the additional assumption 1 = 5 = 1 in €,
the authors of [CGU23] also obtained a partial data uniqueness result. Actually,
these results were established for r > 0 satisfying m~—* < r < m!/2.

Next, we describe the main idea of the uniqueness proof for the inverse problem
related to (1.15). In the first step, one introduces the new function v := ®™(u) =

4", which solves the problem

pdw™ — div(yVv) + qum =0 in Q x (0,T),

(1.16) v=f in 0Q x (0,7T),
v(0) =0 in Q,
with f = ¢™, whenever u is a nonnegative solution to (1.15). The DN map A;fﬂ‘f;;

related to (1.16) satisfies

red.l, .m

Nprgp = A5 9™

Next consider large, time homogeneous boundary values of the form

F(@,t) = ht"g(x)
with g > 0 on 992 and assume h > 1 is a fixed large parameter. Now the essential
observation is that the time-integral transform

T
Viz) = / (T —t)%v(z,t) dt,
0
gives a solution to Dirichlet problem

(1.17) div(yVV) =N + N, in  Q,
. V= hjﬂ-i—a-i—m%g on 09,

where the parameters 77 > 0 and a > 0 are determined later. The DN map of
(1.17) is given by

ed.2 3 —1
A;T%qg_ h 'YaVV’aQ

and can be computed from the DN map A;’ej;;. The approach to establish the
unique determination result can be briefly summarized as follows:

(i) The Neumann data A;fiﬁlﬁg converges (up to a constant) to Ayg = 79, Vo |

as h — oo, where A, is the DN map of the conductivity equation and Vj is

defined via the expansion
P(1+a)I'(14m)
24 a+m)
(ii) In addition, making use of the more delicate asymptotic ansatz
V(x) = hV(z) + hY/™Vi(z) + Ra(z),

for suitable functions V; and Ry, one can see that the Neumann data A;f,‘fﬁ g
has the asymptotic expansion

V(x) = AT totm Vo(z) + Ri(z).

I'(l1+a)'(1+m)
r2+a+m)

+ A0 V| O

e

V()({L‘)

as h — oo.
(ili) Finally, if {(p;,7;,4;)},=, » 1s a triple of coefficients such that the related
DN maps A, -, 4, coincide, then the property (i) yields that v; = 72 and
(ii) that p; = p2, g1 = g2 in Q.
In fact, based on the above ideas, we also prove Theorem 1.3 in Section 6.
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1.4. Structure of the paper. The paper is organized as follows. In Section 2,
we review several function spaces and integro-differential operators. In Section 3,
we study the forward problem (1.11). More specifically, we prove the existence of a
unique, nonnegative, bounded solution of (1.11) under suitable sign and regularity
assumptions on the data. Moreover, we demonstrate a novel comparison principle
for NPMEs in Section 4, which will be utilized to establish Theorem 1.3. In Section
5, we define the DN map rigorously, and provide some examples of measurement
equivalent operators. Our main result Theorem 1.3 will be proved in Section 6.
Finally, some compactness and density properties will be addressed in Appendix A
and B.

2. PRELIMINARIES

Let us emphasize that  C R™ always denotes an open set and Q. := R" \ Q is
called the exterior of 2 throughout this article.

2.1. Sobolev and Hélder spaces. The classical Lebesgue and Sobolev spaces
are denoted by LP(Q2) and W*P(Q), respectively. As usual we will write H* () for
WkP(Q), whenever p = 2.

Next, we recall the definition of fractional Sobolev spaces. For 1 < p < oo and
0 < s < 1, the fractional Sobolev space W*P(Q) is defined by

WoP(Q) :={ue LP(Q); [uWlwsn) <0 }.

which are naturally endowed with the norm

1/p
el = (el + llyeniay)

Ju(z) — u(y)[? Y
sop = — 77 dxd .

Next, we introduce a closed subspace of WP (R™), which can be regarded as con-
sisting of functions with zero exterior value, namely:

Ws’p(Q) := closure of C°(£2) with respect to || - ||y s.»®n)-

where

Let us note that like the classical Sobolev spaces, the spaces W*P(R"™) or /V\V/S’p(Q)

are separable for 1 < p < oo and reflexive for 1 < p < oo (see [BH22, Section 7]).

We remark that it is known that W*? (©) coincides with the set of all functions
u € W*P(R") such that u = 0 a.e. in Q°, when 9Q € C°, and with

WP () := closure of C2°(Q) with respect to || - [[wer(q)
whenever 2 @ R™ has a Lipschitz boundary (see [KXLL22, Section 2]).

An important advantage of the spaces W”’(Q) is that they support a fractional
Poincaré inequality, that is, for any bounded set 2 C R", 0 <s<land 1< p < o0
there holds

(2.1) [ull Lo gy < Clulwern)

for all u € W*P(Q).

As for the classical Sobolev spaces, we write H*(R™) and H*(Q) instead of
W#P(R™) and W”’(Q), when p = 2. Finally, let us point out that we denote
the dual space of H*(Q) by H~*(). This notation is justified by the fact that if
one defines the latter via Fourier analytic methods, that is as a Bessel potential

space, then they are isomorphic. Throughout the article, we will denote the duality
pairing between H*®(2) and H~*(2) by (-, ).
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Now, we introduce the used notation for Holder continuous functions. For all
0 < a < 1, the space C%%(Q) consists of all continuous functions u € C(Q2) such
that the norm

lullco.a(qy == [lull Lo () + [u]co.a(q)
is finite, where

u(z) — u(y
[u]co,a(g) = sup 7| (2) i )|
TAYEN |.I‘ - y|

Finally, we recall some standard function spaces for time-dependent PDEs. If X
is a given Banach space and (a,b) C R, then we write LP(a,b; X) (1 < p < o) for
the space of measurable functions u: (a,b) — X such that

b 1/p
lull Lo (ap;x) == (/ l[u(®)|1% dt) < oo
a

and L*(a,b; X) for the space of measurable functions u: (a,b) — X such that
lull oo (ap;x) := Inf{ M ; |lu(t)|[|x < M a.e.} < oo.

Additionally to these Bochner—Lebesgue spaces, we will also make use of the Sobolev
spaces H'(0,T; X) and generalized Sobolev spaces

Wr(X,Y)={ueL*0,T;X); due L*0,T;Y) },
where X,Y are Banach spaces such that X — Y, T > 0 and J; denotes the
distributional time derivative. These spaces carry the natural norms
2 2 /
wll 1 0,m5x) = (||UHL2(O,T;X) + ”atuHL?(O,T;X))

and

/
ullwr vy = (lale o) + 10cullEao iy ) -

For more details, we refer to the monograph [DL92] or the article [Sim87].

2.2. Nonlocal operators. As explained in Section 1, in this article we consider
uniformly elliptic integro-differential operators of order 2s. That is, we assume our
operators are given by

u(z) — u(y)
Ligu(z) =P.V. K(z,y)————= dzxdy,
(z) . ( )|x—y|”+25
whenever u: R” — R is sufficiently regular and the function K: R"™ x R" — R
satisfies the following properties
(i) K(z,y) = K(y,z) for all z,y € R™,
(ii) N < K(z,y) <A for some 0 < A < A < 0.
Recall that if the kernel K satisfies the above conditions, then we say Ly belongs to
the class Ly. The natural bilinear form related to Lx on H*(R™), will be denoted
by Bk and is given by

(2.2) Bi(ur)= [ K.y (u(z) }Z(f);(fi(ﬁil —20D) gray

for all u,v € H*(R™). One easily sees that a nonlocal operator Lk in the ellipticity
class Lo defines via (2.2) a bounded linear operator from H*(Q) to H*(f).
Finally, let us point out that the following operators belong to the class Ly (see
Section 1 and [GLX17, eq: (2.15)-(2.16)]):
(i) Fractional Laplacians (—A)?,
(i) Fractional conductivity operators L.,
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(iii) Fractional powers of second order divergence form operators L = — div(AV-),
where A € Cp°(R™; R"*™) is symmetric and uniformly elliptic.

3. THE FORWARD PROBLEM

In this section, we study the forward problem of the NPME. We begin with an
auxiliary lemma, in order to prove the well-posedness of (1.11).

3.1. Auxiliary lemma.

Definition 3.1. Let m > 0 be a fized number, then we define the function ®™: R —
R by ®™(t) = [t|™ ¢ for all t € R.

Lemma 3.2. Let m > 1 be an arbitrary number, then there exists a sequence
O R — R, € > 0 sufficiently small, satisfying the following conditions

(i) o € CY(R),

(i) ®c(t) = —Pc(—1),
(111) c. < (D7) < C. for some constants 0 < c. < Cp < 00,
(iv) ®T — O™ as e — 0 uniformly on any compact set.

Proof. To simplify the notation, let us replace m by p — 1 and write ® instead of
®P~1. Note that in the simple case m = 1 or equivalently p = 2, one can take
®. = ¢, which satisfies all conditions (i)-(iv). Hence, we can assume without loss
of generality that p > 2. Now choose M € 2N satisfying M > p > 2. Next, we
introduce the strictly positive coefficients

_9 M —
p p=M pgp—Q

= —2" M—2

and define the family ®.: R — R by

O(1), for e <|t| <1/¢,
actM =1 4+ b.t, for —e<|t] <e,
(p—1)e?Pt+ (2—p)etP, for t>1/,
(p—1)e? Pt —(2—p)et=P, for t<—1/e

D, (t) =

for t € R. We directly see that these functions satisfy (ii).
Next, we show the condition (i). Clearly, ®. is a continuous function. Note that

(3.1) O'(t)=(p—Dt|P"2 for t#0
and hence @, exists and is continuous for [t| > €. Since ®.|__ ) is clearly Clit

remains to check that its derivative coincides with ®. at the endpoints. Let us
define ¥: [—¢,¢] — R by

d
(3.2) U(t) = pr (act™~t +b.t) = (M — 1)atM 2 +b., for t| <e.
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Since ¥ is symmetric it is enough to show that ¥(e) = ®’(¢). We have
U(e) = (M —1)a.e™ 2 4+ b,

_9 M —
=(M - 1)7]@725”_1”51\4_2 + Mﬁgepd
_ (Mp—2M —p+2)+(M—p) 5
M -2

_ Mp—M—2p—|—28p_2

M -2
_M-2p- (M-,

M -2
=(p— 1)
=d'(e).

This establishes the condition (i). The condition (iii) is easily seen from (3.1), (3.2)
and the fact that @, is for [¢| > 1/¢ an affine function with strictly positive slope.

Finally, let us prove the assertion (iv). By the symmetry condition (ii), which is
also satisfied by @, it is enough to prove that for any K > 0 we have

[Pc — @ oo, =0 as e—0.
For this purpose, let us fix K > 0. Without loss of generality we can assume that

e > 0 is sufficiently small that K < 1/e. For any 0 <t < ¢, we have

P—2 -1, M—p 0 -2
P_(t) — P(t)] = |——£P t ——ePTp — |tPTt
(1) — (1) \A[_Qs + e -

—9 —2
= ‘(AZ er MMz 7]\7} 251’2) b+ (P72 — |t”2)t‘

< ( p—2 (Ep—Z _ Ep—MtM—z) i (Ep—Z _ tp—Q)) c

M —2

(%) —

= M+p—4 45”*1.
M -2

In (*) we used that both terms are decreasing in ¢ on [0, ¢]. Hence, taking Q>E|[E 1/ =
® into account, we have

M+p—4 ,
[P — @l oo (0,5) < WEP E

which shows the claimed convergence. O

3.2. Existence of solutions to the forward problem. Let us begin with the
definition of weak solutions.

Definition 3.3 (Weak solutions). Let Q C R™ be a bounded Lipschitz domain,
T>0,0<s<1l,m>1and Lig € Ly. For given ug € L>®(Q), v € C.([0,T] x Q)
with ®™(¢) € L*(0,T; H*(R™)) and f € L*(0,T; H—%(Q)), we say that u: R% — R
is a (weak) solution of

Ou+ L (®™(u)) = f in Qr,
(3.3) U= in (Qe)T,

u(0) = ug n Q,
provided that

(i) ®™(u) € L*(0,T; H*(R™)),
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(ii) @™ (u ~ ) € L*(0,T; H*(2)),
(iti) u satisfies (3.3) in the sense of distributions, that is there holds
T T
—/ w0yt dxdt +/ Br (9™ (u),v) dt = / (f ) dzdt +/ uo(0) dz
Qr 0 0 Q
for allp € C([0,T) x Q).
If a (weak) solutions u of (3.3) additionally satisfies u € L= (Qr), then it is called
bounded solution.

Remark 3.4. Let u be a (weak) solution of (3.3). Observe that the preceding
definition directly implies Oyu € L?(0,T; H=*(Q)) and thus u belongs to the same
space. If we have an additional nonlinear absorption term this does not need to
hold.

Theorem 3.5 (Basic existence result). Let Q@ C R™ be a bounded Lipschitz domain,
T>0,0<s<1,m>1andLg € Ly. For any 0 < ug € L(Q) N H*(Q) and
0 < € C.([0,T] x Q) with @™ (p) € L*(0,T; H*(R™)), there exists a non-negative,
bounded solution of

Ou+ Lg(®™(u)) =0 in Qp,
(34) U= imn (Qe)T,

u(0) = ug in Q.

Moreover, there holds

(3.5) lul| oo (@) < sUP ug + sup ©.
zeQ (z,t)€[0,T)x Qe

Proof. Throughout the proof we will write ®, ®., L, B instead of ®™,®", Lk, Bk,
where ®7" is the family of functions constructed in Lemma 3.2.

We prove existence of a solution u by the Galerkin method. For this purpose, let
us first observe that since ¢ is compactly supported in [0, 7] x €., u is a solution
of (3.4) if and only if v = u — ¢ solves

v+ L(®Ww))=f inQr,
(3.6) v =0 in (Qe)r,
v(0) = ug in €,

with f = 0rp — L(®(¢)) = —L(®(y)) in Qr by using ¢ = 0 in Q7. Note that for

any (x,t) € Qp, we have
P(p)(x,t) = P(p)(y; t) 2(p)(y, 1)
f.’E,t = K.’L‘7y dy:/ K‘T>y7dy7
N o, ey
where we used that ®(0) = 0 and ¢|q, = 0. The compact support of ¢ in [0, 7] x £,
®(0) = 0, the uniform ellipticity of K, ®(t) > 0 for ¢t > 0 and ¢ > 0 clearly implies
that f has the following properties:
(a) 0< fla,t) <C [, ®(p)(y,t) dy < oo for (z,t) € Qr,
(b) f € C(0, T} L3(%).
Next recall that H*(2) is a separable Hilbert space and hence the finite dimen-
sional subspaces

E,, =span{wi,...,w,}, meEN,
form a Galerkin approximation for H*(Q). Here (wj)jen C H*(Q) is a priori any
orthogonal basis of H*(£2). Since 2 is bounded, we will take in the following (w))en
to be the eigenfunctions to the positive discrete eigenvalues ()\j)j cn of the positive,

symmetric, nonlocal operator L. This is possible as the embedding HS Q) —
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L?(Q2) is by the Rellich-Kondrachov theorem compact (see [Eval0, Section 6.5,
Theorem 1], [DL92, Chapter XVIII, Section 2.1-2.2] and [KRZ23, Theorem 3.2]).
Observe by density of H*(Q) in L2(Q) the family (Em) ey is also a Galerkin
approximation for L?((2). Moreover, we will assume in the following that (w;)

jeN
are normalized in L?(Q).
Let us note that if

N
(3.7) Z (¥, wj) 2wy,

for some 1 € H*(), then we have
(3.8) [N] s ey < ClY]Hsrn),

for some constant C' > 0 independent of ¢ and N € N. Here and in the following
(-,) > always denotes the inner product in L?(2). In fact, by assumption we have

for all j € N. Thus, (3.7) and (3.9) yield that
N
wN:Z@bvwa 2 Wi = ZB@[’an/\/» wy/\/>
j=1

and w;/\/A; for j € N, is an orthonormal basis of H*(Q) with equivalent inner
product induced by B. The last part follows from the symmetry and uniform
ellipticity of K and the fractional Poincaré inequality. But then by Parseval’s
identity we have

B(¢7¢):Z‘B(wawj/\//\J)‘ Z’B w7wj/\/ ’ ¢N3¢N)
JjEN
Now, the uniform ellipticity of K gives (3.8). The rest of the proof is divided into
three steps.

Step 1: Construction of approximate solutions.

Let € > 0, vo € L%(Q), F € L*(0,T; H *()) and consider the initial-exterior

value problem

v+ L(P(v))=F in Qr,

v=2~0 in (Qe)Ta

v(0) = vy in Q.
Next, choose a sequence Fny € C([0,T]; H (), N € N, converging to F in
L?(0,T; H=*(£2)). This can be achieved by setting F(t) = 0 for ¢ ¢ [0,7] and then
mollify in time. As usual in the Galerkin approximation, in a first step we will be
looking for functions ve x € C1([0,77], Ey), that is they can be written as

’UEN.Tt ECNE wj

for N € N, and solve in Ey the problem
0w+ L(®.(v)) =Fy in Qp,
(3.10) v=20 in (Qe)r,
v(0) = vo,N in €,
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where vg y = Zjvzl (vo, w;) ;> wj. If vey € CH([0,T]; En) solves (3.10), then we
have

(3.11) (Orve N, ¥) 2 + B(Pe(ve,n), ¥) = (i, )

for a.e. t € (0,T) and ¢ € E. In particular, choosing ¢ = w; for 1 <j < N as a
test function, we get

(3.12) (Orve, N, Wj) 12 + B(®c(ve,N), w)) = (Fn,wy)

forall 1 <j < N and 0 <t <T. Expanding everything, we see that
Ce N 1= (c;,N, . ,cé\fN) e C([0,T];RY)

is a solution of the ordinary differential equation (ODE)

{6téE7N +b(éen) =Gn(ben), for 0<t<T

3.13
( ) éE,J\T(O) - éO,]\fa

where
N .
con = ((Vo,w1)p2,-- -, (Vo,wN)2), Gn(Cen) = <FN,ZC’;N%’>
j=1
and for 1 < j < N the components b;j: RY — R of b = (by,...,by) are defined by

N
bj(c) =B (CDE (Z ckwk> ,wj)
k=1

for ¢ = (cy,...,cn) € RV,
Claim 3.6. The functions Gn: RY — R and b: RN — RY are continuous.

Proof of Claim 3.6. The continuity of G y is immediate since Fy € C([0,T], H*(f2)).

To see the continuity of b, consider a sequence (&), oy = (éi, e ,é{cv)keN c RY,
which converges to ¢ = (61, . .,éN) € RN as k — oo. Note that by uniform

ellipticity of K and Holder’s inequality we have

oo E) o))

N N
(I)E <Z éiwg> — (I)E (Z ézwg>]
(=1 (=1 Hs(R™)

Using the Lipschitz continuity of ®. and Lebesgue’s dominated convergence theo-
rem, one easily sees that the last expression in (3.14) goes to zero as k — oo and
hence showing the continuity of b. This proves the claim. O

[b(ék) —b(O)] < max,

(3.14)
<C

Hence, by Peano’s existence theorem for ODEs there exist a solution éy. €
C1([0,6]; RN) of (3.13) for possibly a small § > 0. Later, we show that the solution
actually extends to [0,T]. Let us denote the corresponding approximate solution
of (3.10) by v vy € C'([0,4], Ex). Multiplying (3.12) by ¢y, and summing from
7 =1to N gives
(315) <8tUE,Na UE,N>L2 + B((I)E ('US,N)a UE,N) - <FN; UE,N> .

We have

g

_d o nl3s
=g 2
(N ve )| S EN -5 (0)llve, N o (7 -

(316) <atvE,N,UE,N>
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Moreover, using the fundamental theorem of calculus, the uniform ellipticity of
®’ and K the second term in (3.15) can be lower bounded as (suppressing the ¢
dependence)

B((De (UE,N)a UE,N)
(Pc(ve,v)(2) — Pe(ve,n) (y)) (Ve,n (2) — ve,n (y))

= Jpen K(w,y) |z — y|nt2s i
= K(QT y) 01 % [CI)E(UE,N(?/) + T(UE’N(m) — UE’N(yD)] dr
R2n ’ |'T - y|n+28
(3.17) “(ve,N (%) — ve, N (y)) dxdy
[ Ky do Pe0an ) + T(0en (@) v W) dr
R2n ’ |x - y|n+25

: (UE,N(:E) - UE,N(y))z Cl.’l?dy
>C ['Us,NﬁIs(Rn) y

where the constant C' > 0 is independent of N and ¢ but depends generally on e.
Thus, by the fractional Poincaré inequality we have

(3.18) B(®.(ve,n), v=8) = C oo w77 ()

Thus, an integration of (3.15) over [0,Tp] with 0 < Ty < § and using (3.16) and
(3.18), we obtain

||UE7N(T0)||22(Q) + ||Ua,N||iz(07TO;H5(RV,L))
(3.19)

2
=C (”FN”LQ(o,To;H*s(Q)) el o,y e ) + HUO’N”L%Q)) )

for some constant C' > 0 independent of N and 0 < T < §. By applying Young’s
inequality we can absorb the factor ||ve n|| L2(0,Tos He (RM))> appearing on the right of
(3.19), on the left hand side to obtain

2 2
||U5,N(TO)||L2(Q) + ||UE,N||L2(07TO;H5(R7L))

2
< C (IFN 320 zyet1-< + 00320y )

for some constant C' > 0 independent of N and 0 < Ty < 4.

Notice that by the convergence Fy — F in L?(0,T; H=*(2)), then for N €
N, each term |[Fn/|z2(0,1;5-+(0)) i uniformly bounded in N € N and Ty and
additionally by Parseval’s identity, one has

(3.20)

(3.21) ||v07N||L2(Q) < HUOHL?(Q) :
Thus, after taking the supremum in Tp € [0, 6] we get
el L (0,6 200)) T Vel L2 o,5:002 ey < €

uniformly in V € N, for some constant C' > 0 independent of N. But this means
ve v Temains in L2(2) as t — § and hence we can repeat our local existence result
finitely many times to conclude that v. y € C1([0,T]; Ey) solves (3.10) on [0, T.

Next observe that (3.20) and (3.21) gives us by standard arguments a useful
energy estimate for v, n, namely

||U6,N||LOO(O’T;L2(Q)) + ||U6,N||L2(O7T;HS(R"))
(3.22) < O (IFw 20,0+ + ool 2oy )

< € (14 1Pl pagosrm—rcay + [0l 2oy
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uniformly in N € N. In addition, we want to control dyv. y in L*(0,T; H=*()).
Note that by (3.10), Holder’s inequality, the uniform ellipticity of ®. and K,
(3.22), the convergence Fy — F in L%*(0,T; H%(Q)) and (3.8), for any 1 €
L2(0,T; H(Q)) we have

T
/ <atvs,Naw>L2 dt
0

T
/ <atUE,N77/}N>L2 dt
0

T
= |/0 B(q)e(Ue,N)va) + <FN7UN> dt

(3.23)
< Cl®e(ve,N)] 20,7110 me)) N 120,711 ()

+ 1EN 20,7512 0N [l 20,730 ()

<C ([UE,N}[@(O,T;HS(]RTL)) + ||FN||L2(0,T;H—S(Q))) 1Nl p2(0,7; 015 (7 Y)
< c ”wN”LQ(o’T;Hs(Rn))
< ¢ ||w||L2(O7T;HS(Rn)) 5

for some constant C' independent of N, where we set )y = Zjvzl (Y, w;) 2 wj.
Finally, using (U, V)2 = (U, V) whenever U,V € H*(2), we see that

(3.24) dyve,n € L0, T; H(Q)) with  [[0pve,n [l 120 1 () < C
for some C' > 0 independent of N.
Step 2: Passing to the limit N — oc.
By (3.22) and (3.24), we see that (v- n) ey C X is uniformly bounded, where
X := L*(0,T; H*(Q)) N H*(0,T; H*(Q)).
Since X is a reflexive Banach space, there exists v. € X such that
(3.25) Ve N — Ve in X as N — o0

(up to extracting a subsequence). Next recall that by the Rellich-Kondrachov
theorem H*(Q) — L?(£2) is compact and thus Theorem A.1 implies that (v. y)
is precompact in L?(€27) and hence up to extracting a subsequence we have

NeN

(3.26) Ve, N — Ug In L*(Qr) and a.e. in Qp as N — oo.

Next, we claim that:

Claim 3.7. There holds
T T
/ B(q)a(va,N),"/)) dt — / B((I)a(va)aw) dt as N — oo,
0 0

for all ¢ € L*(0,T; H*(R)).
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Proof of Claim 3.7. Using a similar method as in (3.17), the fundamental theorem
of calculus yields that

T T
/ B(@®. (v, ), ) dit — / B(®.(0.), ) dt
0 0

1
K(z.y) ( [ @)+ 7(0el) = ) dT>
(e (@) — v ) () — $(w)

o — gl

- [ K ([ #0w)  rte) -veyar)
| (00) ~ () () V()

|z —y|*+2e

(ve.n (#) — v () (P(x) = P(y))

|z —y[nF2

2n
]RT

dxdydt

dmdydt‘

<

K(x’ y)\IIE,N(xv y)

2n
RT

dxdydt

+

K@ ([ 0 ) + 70 @) — e (0) )

ey = v) (@) = (ve,x = ) () (W) — ¥(v)) dxdydt’
‘SL‘ _ y|n+28

2n
RT

=1 + 17,
where we have set

V. n(z,y)
= / (B (0o () + 7(0e (@) — ve (1)) — B (02 () + 7(0e(2) — ve(w))) dr-

It is clear that the operator in IV defines an element of L2(0,T; H=*(f2)) for fixed
v and v.. Thus, the weak convergence v, y — v, in L2(0,T; H5(2)) (see (3.25)),
implies that IY — 0 as N — oo. Hence, we need only to show that I¥ — 0 as
N — oo.

As ®. € C'(R), the convergence (3.26) implies

OL(ven () + T(ven (7) = ven (1)) = PL(ve(y) + T(ve(2) — ve(y))) = 0

for a.e. ,y € R™ and ¢t € (0,T) as N — oo. Hence, the uniform ellipticity of ®.
and Lebesgue’s dominated convergence theorem implies

(3.27) Un(z,y) = 0 as N — oo,
for a.e. x,y € R™. Now, let us define

ve N () —ve N (y)

2 2n
o — 72+ € L*(R7").

Wen(w,y) = K(z,y)¥ n(z,9)

By (3.22) and the uniform ellipticity of K, this sequence is uniformly bounded in
L?(R2™). Thus up to subsequences, we know that W, y — W, in L*(R2") for some
W. € L*(R3"). Additionally, we know that W. xy — 0 a.e. in R3" by (3.27). As
a consequence of Egoroft’s theorem (see [EG15, Theorem 1.16]), we deduce that
W. =0 a.e. in R2". Now, testing the weak convergence W, y — 0 in L?(R?") with
w;%@ € L?(R2") establishes I¥ — 0 as N — oo and we can conclude the proof

of the claim. O
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Now, we return back to our proof of Theorem 3.5. Let N > M, use @ €
CL([0,T]; Ep) satisfying ¢(T) = 0 in (3.11) as a test function and integrate by
parts in time the resulting equation to obtain

(3.28)
T T
—-/QT ’UsyNaﬂ/)d.’Edt-i-/o B(‘I)E(’UE’N),#)) dt = A <FN,1/)> dt+/§2U0,Nt/}(O) dx.

By (3.25), (3.26), Claim 3.7, Fy — F in L*(0,T; H=*(2)) and vg y — vo in L2(£2),
we can pass to the limit in the above equation (3.28) and get

T T
_/QT Usatwd:cdwr/o B(®.(v.), ) dt:/o (F, ) dt—&—/ﬂvow(o)da:

for all ¢ € C*([0, T); Ear) with ¢(T) = 0 and M > 0. As H*(Q) = ;e B, this
actually holds for all ¢» € C([0,T]; H*(Q)) with ¢(T) = 0. Hence, in particular
it holds for all v € C2°([0,T) x Q). Thus, for any € > 0, vg € L*(Q), F €
L2(0,T; H=5(£2)) we have found a solution v, € L2(0,T; H*(Q))NH (0, T; H=5(Q))
of

v+ L(®.(v)) =F in Qp,

v=0 in (Qe)7,

v(0) = vo in .

Step 3: Passing to the limit € — 0.

Now, let 0 < up € L>®(Q) N H3() and ¢ € C((Q)7) or ¢ € C([0,T] x Q)
with ®(¢) € L?(0,T; H*(R™)) as in the assumptions of Theorem 3.5. The same we
said at the beginning of the proof for the solvability of (3.4) is true when we replace
® by ®.. More precisely, u. solves

ou+ L(®(u)) =0 in Qp,
U= in (Q)r,
u(0) = ug in Q

if and only if v. = us — ¢ solves

0w + L(®.(v)) = fo  in Qp,
(3.29) v=0 in (Qe)r,
v(0) = ug in £,

where fo = —L(®.(¢)). The functions f. satisfy

(A) 0< fe(@,t) < C [, @e(p)(y,t) dy for (z,t) € Qr,

(B) f. € C(0,T): L2(2)).
By Step 1 and Step 2, we know that a solution v, of (3.29) exists such that v. €
L2(0,T; H*(Q))NH(0,T; H=*()). Note that the additional approximation of the
inhomogenity is here not needed by (B). Next, we need to establish the following
claim:

Claim 3.8. For any ¢ > 0, there holds
(i) 0. € L*(Q7), N
(ii) ®c(ve) € L*(0,T; H*(Q)),
(11i) O (Pe(ve)) = PL(v:)Opve a.e. in Qr.
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Proof of Claim 3.8. Since ®. € C1(R) and v. y € C'([0,T]; Ex), we may compute
aif (<b6 (UE,N)) = (I):.; (UE,N)atvs,N~

Hence, 0;P:(ve,n) € En for a.e. ¢t € (0,T) and therefore using this function in
(3.10), we obtain

1
/ (I);(UE,N) |6tvs,N|2 dx + iatB((bs(ve,N)a (I)E(UE,N)) = <fs>at(1)s(vs,N)> .
Q

An integration over [0,¢] C [0,T], using the uniform ellipticity of ®. and K and the
fractional Poincaré inequality, we get

t
/ / Oy 2 dads + | (e () 35 oy
0 Q
< C (B(®-(vo,n), P=(vo,n)) + I fell2(@r) 10:@c (ve,n) | 22 (02r)) -

By standard arguments this gives
[0rve,n | L2 () + [P (Ve, M) Loc (0,73 1 (7))
< C(B(®<(uo,n), Pe(uon)) + £l 22r)) -
Finally, using the uniform ellipticity of K and ®., ug € fIS(Q) and (3.8), we get
||8tv€,N||L2(QT) + H‘I)E(UE,N)||Loo(o,T;Hs(Rn))
< O ([®c(uo,n)me @y + | fell2(ar))
< C ([uo,N]me@ry + 1 fell2(00))
< O ([wol s mny + I1f=llz2(02r)) -

Hence, 0;®.(v. y) is uniformly bounded in L?(27) in N. Therefore, we conclude
that

(3.31) e N — Opve in L?(Qr) as N — oo
as we wish (see (3.26)). Hence, we have established (i).

Additionally, we see that ®.(ve n) is uniformly bounded in L*°(0,T; H*(R"))
and hence @, (ve v) — w, in L2(0,T; H*(Q)) as N — oo for some w. € L(0,T; H*(12)).
Again by the Aubin-Lions lemma (Theorem A.1l), we have ®.(veny) — we in
L?(Qr) as N — oo. Furthermore, the Lipschitz continuity of ®. and (3.26) imply
we = P (v:). Hence, we can conclude
(3.32) D, (ven) — Po(v2)in L2(0,T; H°(2)) as N — oc.

This shows (ii). By (3.26) and ®. € C°, we know

DL (ve,n) = PL(ve) ace. in Qp as N — oo,

(3.30)

but the uniform boundedness of &~ and Lebesgue’s dominated convergence theorem
give rise to

(3.33) @’ (ven) — ®L(v.) in L*(Qr) as N — 0.
Therefore, we can deduce
e (ve,n) = DLy (v, N)Oyve, v — PL(ve)Dyve in L (Qr) as N — oo,

since it is a product of a weakly and strongly converging sequence in L?(27) (see
(3.31) and (3.33)). On the other hand, by (3.32) we know

0P (ve N) = O Pe(ve) in Z'(Qr) as N — oo,
and hence
0P (ve) = ®L(v.)Opve ace. in Qr.
This finally shows (iii) and we can conclude the proof of Claim 3.8. O
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In order to complete the proof of Theorem 3.5, we next prove a maximum prin-
ciple for problem (3.29).
Claim 3.9. There exists M > 0 such that
(3.34) 0 <ve(z,t) <M ace. inQrp.

Proof of Claim 3.9. First note that by construction the function u. := v, + ¢ €
L2(0,T; H*(R™)) solves

Ou+ L(P(u)) =0 in Qp,
U= in (Qe)r,
u(0) = ug in €.
Here, we used that supp (ve) C Qr, supp () C [0,T] x Q. are disjoint, and hence
D (ue) = Pe(ve) + Pe(p)-
Moreover, observe by Claim 3.8, there holds

T
/ (Oyuc) o dadt +/ B(®.(u.), ) dt = 0
Qr 0
for all ¢ € L2(0,T; H*(€2)) and thus
(3.35) /Q () ¥ da + B(®-(u.), ) = 0

for a.e. 0 <t < T and all 1 € H*(Q).
Next, let us define w. € L*(R%) by

(3.36) we = (ue — M) with M = supug + sup ©.

+
reQ (z,t)€[0,T]x Qe

Here and later, we write a subscript + for the positive part and — for the negative
part of a given function. We assert that w. € H'(0,T;L?(Q)) N L?*(0,T; H*(%)).
In fact, by (3.36) we known dyu. € L?*(Qr) and hence d,w. € L*(Qr), then it is
known that

(3.37) dywe = (Dpue) Xu. >y € L*(Qr),

where x4 denotes the characteristic function of a given set A. On the other hand,
we may estimate (suppressing the ¢ dependence)

[ws]HS(JRn) < [UE}HS(]R")'
where we used that ¢ — ¢, = max(¢,0) is Lipschitz with Lipschitz constant 1.
Taking into account

lwell 2 gny = llwell 2y < lluell paqy + MIQIM2,
where || denotes the Lebesgue measure of 2, and this implies w. € L?(0,T; H*(R")).
Moreover, by assumption there holds w. = 0 in (Q¢)7 and thus the Lipschitz con-
tinuity gives w. € L2(0,T; H*(Q)). This completes the proof of the fact w. €
HY(0,T; L2(Q)) N L2(0,T; H5(12)).
Using ¢ = w, as a test function in (3.35) and (3.37), we have

O:/Q(@tus)wsderB(fbs(us),ws)

(3.38) = /Q(atws)ws dx + B(®.(u:), w:)

|7v08|2

zat
o 2

dx + B(®.(ue), we).
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Next, we write the bilinear form as

B@.(u)w) = [ K(zy) ( / 0 uay) + 7o) — e () dT)

(3.39) (ue(@) = u(y)) (we (@) — we(y))
|z — y|nt2s

dxdy

and observe

( W) = ((ue = M)~ () = (ue = M)-(y)) (we(2) — we(y))
= [we(z) — we (Y)]” + (e = M)_ (@)we(y) + (ue = M)_ (y)we ()

This guarantees

(3.40) /O B@.(u).w) dr > 0

for all 0 <t < T. Integration of (3.38) over [0,¢] C [0,T] gives

L2GIE t [ w0
/QTd(E—‘r/O B(@E(UE(T))7U}E(T))_/QTd$'

By the fact that w.(0) = 0 and (3.40), we deduce w. = 0 a.e. in Q7 and hence
ue < M a.e. in Q7. This establishes the upper bound.

On the other hand, we want to show that u. > 0 a.e. in Q7. The proof is exactly
the same but this time we take

we = (ue)_ € L*(0,T; H*(Q))

as a test function in (3.35). This regularity follows precisely the same lines as
before. Taking into account

Orw, = (_atua) X{u-<0}>

we deduce
|w8|2
(341) —8t/ T dx + B(@E(ua),wg) =0
Q

for a.e. 0 <t < T. Next, note that we have
(ue (@) — us(y))(we(z) — we(y))
(3.42) = —(we (@) —we(y))? = (ue) 4 (2)we (y) — (ue)+ (y)we(2)
<0.

Hence, combining (3.42) with (3.39) we get

¢
/ B(®.(ue),we)dr <0
0
for 0 <t < T. Hence, integrating (3.41) over [0,t] C [0,T], we obtain

2 t 2
[we®F dz — / B(®.(u.),w.)dr = e (0)] dzx.
o 2 0 o 2

By the fact that w.(0) = 0 as ug > 0, the right hand side vanishes. From (3.42),
we deduce that terms on the left hand side of (3.43) are nonnegative and thus it

follows that u. > 0 a.e. in Qp. Since ¢ = 0 in Qp, this shows the desired inequality
(3.34) for v., which establishes Claim 3.9. O

(3.43)
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As an immediate consequence of Claim 3.9, we see that there exists M > 0 such
that

0<V. =P (v:) < Ma.e. inQp

for all sufficiently small € > 0. The lower bound follows from the fact that v, > 0
and ®.(t) > 0 for t > 0. On the other hand, 0 < v, < M and (iv) of Lemma 3.2,
establishes

Ve = (I)E(Ua)
§ |(I)s(vs) - (I)(UE)‘ + (I)(”Us)
<@ — (I)”L‘X’([O,M]) + ®(v:)
< 20 (M),

where we used that ®(M) < oo, M > 0. Hence, ve, V. € L>®(Qr) are uniformly
bounded in ¢ in this space and thus there exist ¥,V € L>(Q27) such that

(3.44) ve 2T V.=V in L®(Qr), ase — 0,

and by lower semi-continuity of || - ||, (q,) under weak-* convergence in L> ()
we have

(3.45) Ol ey <M, and (V][ g, < M-

a.e. in Qp. By boundedness of Qp and (3.44), we have
(3.46) ve =0, V. = Vin LP(Q7)

for any 1 < p < oc.

Next, let us denote by U.: R — R to be the antiderivative of ®. satisfying
W.(0) = 0. Since V. € L%(0,T; H*(Q)) and dyv. € L2(Qr) (see Claim 3.8), we can
test the equation for v, with V. to obtain

t
(3.47) / (Opve) Ve dadT + / B(®.(ve),Ve)dr = feVe dxdr
Q 0 Q

for 0 <t < T. Clearly, there holds
Oy (Ve(ve)) = \Ijls(vs)atvs = V:0v..

Hence, using the uniform ellipticity of K, the fractional Poincaré inequality and
Hoélder’s inequality, we obtain

t
/Q . (v.)(t) da + / 0 (0237 sy
<c (||f6||L2<Qt>|<I>E||L2<Q,,> +f \I’s(uo)dx>

By the usual argument this gives

(3.48)
sup [ We00)do + 100 e < © (1ol + | Welun) o).

0<t<T

Assuming ¢ is sufficient small (i.e. [[uo|l e (q) < 1/€), then

(3.49) /Q\Ifg(uo) de < C

for all € > 0 sufficiently small.
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On the other hand, let K C [0,7] x 2. be a compact set such that supp(y) C K
and denote its projection onto R™ by K’ C ., then using (a), ®.(0) = 0, the
monotonicity of ®. and ®.|j. 1/ = @ (see Lemma 3.2), we deduce

(3.50)
2 (I)E((p(yvt)) ?
Hf€||L2(QT) S C/S;T (/’C, Wdy dl‘dt

C T 2

< Q ® 1 o d

< el [ ([ 2 el o) )

<C,
for all € > 0 sufficiently small, where C' > 0 is a constant independent of ¢ >
0. Therefore, (3.48), (3.49) and (3.50), show that V. is uniformly bounded in
L2(0,T; H*(Q2)). Hence, we have
(3.51) Ve L*0,T; H*(Q)) and V. —Vin L?(0,T; H°(Q)) as e — 0.

Furthermore, we know that L(®.(p)) — L(®(¢)) a.e. in Q7 as e — 0. The
convergence P, (¢) = P(p) a.e. in R% follows from the fact that ¢ € C.([0,T] x £2.)
and ®. — & uniformly on compact sets. This pointwise convergence, the uniform
ellipticity of K and ¢ € C.([0,T] x ), then imply the asserted convergence. But
then (3.50) and Lebesgue’s dominated convergence theorem justifies

(3.52) fe = fi=—L(®(p)) in L*(Q7) as ¢ — 0.

Now, recall that v, satisfies

T
—/ vgatwdxdt—i—/ B(®.(ve),v)dt = fgwdxdt—l—/ uot(0) d,
Qr 0 Qr Q

for all p € C°(]0,T) x ). Using (3.46), (3.51) and (3.52), we can pass to the limit
¢ — 0 and obtain

T
—/ Eatwdxdt—i—/ BV, ) dt =
Qr 0

for all ¢ € C°([0,T) x ). Next, we show:
Claim 3.10. We have V = ®(7).

Proof of Claim 3.10. We first want to show that Jyv. is uniformly bounded in
L2(0,T; H=*(£2)). For this observe that we have

Opve = 7L(VE) + fe

as distributions on Q7. Now, as V. is uniformly bounded in L?(0, T} H 5(Q)) and f.
in L2(Q7), we see that d;v, is uniformly bounded in L2(0,T; H~%(f2)). Additionally
by Claim 3.9, v. is uniformly bounded in L?(27). Since the compact embedding

H*(Q) — L2() and Schauder’s theorem tells us that L2(€2) < H~*(f) is compact,
we see that all conditions of Theorem A.2 with

X=1%Q), B=Y=H %), forp=r=2, and s =1
are satisfied. Hence, we can conclude that up to extracting a subsequence we have
ve — T in L*(0,T; H*(Q)) as € — 0.
But then taking into account (3.51), we get

f dxdt+/ uo®(0) dz,
Q

Qr

(3.53) / v Ve dzdt — vV dxdt as e — 0,
QT QT

since its the product of a strongly converging sequence in L2(0,7; H=*(f2)) and a
weakly converging sequence in L?(0,T; H=%(Q)).
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Next choose w € C°(§2r) and observe that the monotonicity of ®. implies
0< / (Ve — @ (w)) (ve —w) dadt
Qr
= / (Veve = Vew — O (w)ve + P (w)w) drdt.
Qr

Asv. = v in L3(Q7), V. =V in LQ(O,T;ﬁS(Q)), ®. — & uniformly on compact
sets and (3.53), we obtain in the limit ¢ — 0:

0< / (Vo = Vw — ®(w)v + ®(w)w) dadt

(3.54) o

_ / (V- ®(w)) (7 — w) dadt,
Qr

for all w € C(Qr). Now, since v, T € L (Qr), we can change ® (and accordingly
®.) outside a compact set without affecting our established convergence results. In
fact, if we make ® outside a sufficiently large compact set linear, then we see by an
approximation argument that (3.54) is true for all L?(Qr).

But then we have for all n € L?(Qr) and 0 < X\ < 1 the estimate
(3.55) (V=& - N7+ M) 5-7) >0

L2

Next, we observe that L2(Qr) 3 v — (®(v),u).> is continuous for every fixed
w € L*(Qr). In fact, if vy — v in L?(Qr), then up to extracting a subsequence

we have ®(v;) — ®(v) a.e. in Qp. But then the linearity assumption outside a
compact set guarantees that

‘5(%)14 < max (C, clvg|) |u| € L' (Qr).

By [Brell, Theorem 4.9], u| < |h| for some h € L*(Q7) and thus |®(vg)u| < g for
some g € L'(Qr). But then the dominated convergence theorem guarantees

<<5(vk),u>L2 — <&>(v),u>L2 as k — oo.
Hence, we can pass to the limit A — 0 in (3.55) and get
<V - (,I;(E)aﬁ - 7l>

This can only hold if V = ff(ﬁ) and we can conclude the proof of Claim 3.10. [

L2(Qr) —

Next, we may observe by the compactnes of the embedding I;TS(Q) — L*(Q)
that V. — V in L2(0,T; H*(€)) implies V. — V in L2(Qr) and a.e. in Qp as
e — 0, but then V. > 0 ensures V > 0. Since by Claim 3.10 we have V = ®(7), this
guarantees ®(7) > 0 and thus 7 > 0 as ®(¢) < 0 for t < 0. Therefore, we have found
a solution of (3.6). Using the observation at the beginning of the proof, we see that
ue = Ve + ¢ is a solution of the original problem (3.4) and the estimate (3.5) follows
from (3.45). Let us note that ®(u) = ®(u— ) + ®(p) belongs to L2(0,T; H*(R™)),
as ®(p) € L?(0,T; H*(R™)). This proves the assertion of Theorem 3.5. O

We next define the used notion of weak solutions to NPMEs with a linear ab-
sorption term.

Definition 3.11 (Weak solutions with absorption term). Let Q C R™ be a bounded
Lipschitz domain, T > 0,0<s<a<1,m >1and Lx € Ly. Assume additionally
that we have given p,q € Ci’a(R”) with p uniformly elliptic. For given ug € L™ (£2),
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© € C.([0,T] x Q) with ®™(p) € L*(0,T; H*(R™)) and f € L?>(0,T; H=*(Q2)), we
say that u: R} — R is a (weak) solution of

pou+ L (P (u)) +qu=f in Qp,
(3.56) u=yp in (@)1,
u(0) = g in §,

provided that
(i) ®™(u) € L*(0,T; H*(R")),
(ii) @™ (u— @) € L*(0,T; H*(2)),
(it1) w satisfies (3.56) in the sense of distributions, that is there holds

T
- / pudytp dxdt —|—/ Br (9™ (u),v) dt —|—/ quip dxdt
Qr 0 Qr
T
— [ tordsdr+ | puovo)ds
0 Q
for all € C([0,T) x Q).

If it additionally satisfies u € L™ (Qr), then it is called bounded solution.

Remark 3.12. Note that by [CRTZ22, Lemma 3.1] we have

Q|| sy < C|lQllco.e ||| s (rmy

for Q € CH*(R™) and u € H*(R"), where 0 < s < a <1 and C >0 only depends
on s, and n. In particular, if w € H*(Q) and 9Q € C%L, then Qw € H*(2). This
in turn guarantees Qu € L2(0,T; H*(12)), whenever v € L*(0,T; H=*(Q)).

Theorem 3.13 (Existence result with linear absorption term). Let Q@ C R™ be
a bounded Lipschitz domain, T > 0, 0 < s < o <1, m > 1 and Lxg € Ly.
Assume additionally that we have given p,q € C’i’a(R”) with p uniformly elliptic.

For any 0 < ug € L®(Q) N H*(Q) and 0 < ¢ € C.([0,T] x Q) with ®™(p) €
L?(0,T; H*(R™)) there exists a non-negative, bounded solution of

pOiu + L (D™ (u)) + qu=0 in Qp,
(3.57) . in (@),
u(0) = ug in Q.

Moreover, there holds

]l oo () < supuo + sup ®.
zeQ (z,t)€[0,T] X2

Proof. We use the same conventions as in the proof of Theorem 3.5. Instead of
repeating the whole proof, we will only highlight the main differences.

Modifications in Step 1. As in Theorem 3.5 we look for solutions of the form

N .
ven(,8) = Y cly L (twy ()
j=1

for N € N. Next note that in the current situation the ODE to solve in the Galerkin
approximation are:

(POyve, Ny wj) 12 + B(Pc(ve,v), wj) + (que,n,w;5) ;2 = (Fn,wy)
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forall 1 < j < N and 0 < t < T. Expanding everything, we see that ¢. y =
(c ctnseeaClly ) € C1([0,T]; RY) solves
(3.58) {AatCsN+b CeN) +Qlen =GN(Cen), for 0<t<T
¢e,n(0) = ¢o,ns

where

A= (Aijh<ijen with A= [ pwiw; dr,

Q= (Qijhi<ij<n with Q;; = <qwl,wj>L2 )

o =

<U(],'U)1>L2,.. <U(),'IUN>L2)
) <FN7ZJ 1CZ*NU)J>
and for 1 < j < N the components b;j: RY — R of b = (by,...,by) are defined by

bj(c)=B (@E (Z ckwk> ,wj>
k=1

for ¢ = (c1,...,cn) € RV,
We observe that the matrix A is invertible. First note that for all £ € RY, we
have

Gn(Cen

AL =8 A 8 = /Qp(fiwi)(gjwj) dx
= (VP&iwi, /pEjw;) 12 = |lV/pEwill 72 >0,

where we used the Einstein summation convention. Now, if £ - A¢ = 0 for some
¢ € RV, then the above calculation shows

N
Zfﬂ/ﬁwl =0 a.e. in Q.
i=1

Since p > 0, this implies

N

Zgiwi =0 a.e. in Q)

i=1
and hence the linear independence of w;, 1 < i < N, shows £ = 0. Therefore, A
is positive definite. As A is additionally symmetric, we see that A is invertible.
Therefore, finding a solution of (3.58) is equivalent to find a solution of

Bpée N +b(éen) + Qéeny = Gn(éen), for 0<t<T
éE,N(O) = éO,J\fa
where b = A=1b, Q = A~'Q and Gy = A~'Gy. Clearly, for this new problem
we can again find by Peano’s existence theorem for ODEs a solution on possibly a
small interval [0,6], 6 > 0. Due to the fact that p is uniformly elliptic and ¢ > 0,
we again arrive at equation (3.22). Hence, also in this setting we can extend v. n
to a solution on [0, 7. Doing the computation in (3.23) with /p instead of ¢ and
using Remark 3.12, we again see that dv. n € L(0,T; H™%(2)) with
10¢ve N1l 20,7112 (2) < C

for some C > 0 independent of N.

Modifications in Step 2. All computations in this step hold without any further
insights.



INVERSE PROBLEM FOR NONLOCAL POROUS MEDIUM EQUATIONS 27

Modifications in Step 3. First note that the uniform ellipticity of p, ¢ € L*°(€2) and
(3.22) guarantee that (3.30) still holds (after usings Young’s inequality). Hence, we
can again deduce property (i) of Claim 3.8. The proof of the other two properties
of Claim 3.8 remain the same. Also the proof of Claim 3.9 is a simple modification
after noting

que (ue — M), = q(uc — M)% + M (uc — M), >0,
qus(us)— = 7‘1(“6)2_ <o.

Next, recall that to uniformly bound V. = ®.(v.) independently of €, we computed
(3.47). We see that the additional absorption term does not cause any problems
since we have

queVe 20,

by the monotonicity of ®. and ®.(0) = 0. Using the v, > 0, U (¢t) > 0 for t > 0
and the uniform ellipticity of p, we have again an estimate of the form (3.48). Then
arguing the same way as above, we again see that we can pass to the limit ¢ — 0
to obtain

T
— / pUO) drdt + / B(V,{)dt + / quyp dxdt
Qr 0 Qr

= f dxde +/ puot(0) du,
Qr Q
for all ¢ € C°([0,T) x Q).

Hence, it remains only to check that V = ®(v). Similarly as in the beginning of
the proof of Claim 3.10, we see that d;v, is uniformly bounded in L?(0,T; H=*(f)).
The only difference one has to notice is that taking into account the uniform
bound of v. in L?(27) one gets from the PDE that pdv. is uniformly bounded
in L2(0,T; H=*(Q)), but then using Remark 3.12 one obtains the uniform bound-
edness of v, in L2(0,T; H=*(£2)). The rest of the proof of Claim 3.10 is unaffected.
Now, we can finish the proof of Theorem 3.13 completely analogous to the proof of
Theorem 3.5. (]

From the proof, we directly obtain the following corollary.

Corollary 3.14. Assume the conditions of Theorem 8.18 are satisfied and let u
be the constructed solution of (3.57). Then there exist a sequence (gx)cy C (0, 00)
with e — 0 as k — oo, and a sequence of solutions (ug),cy of

potu + L (P (u) +qu=0 in Qrp,
u=q in (Qe)T,
u(0) = ug in Q.

Moreover, there holds
(i) @e,(ux — ) € H'(0,T; L2() N L2(0, T; H*(2)),
(it) up € L>=(Qr),
(iii) up € L*(0,T; H*(R™)) with Oyuy, € L?(Qr),
(iv) up — u in L?(Qr) as k — oo.

3.3. Uniqueness of solutions to the forward problem. In the end of this
section, we show the uniqueness of solutions to NPMEs with absorption term.

Theorem 3.15 (Basic uniqueness result). Let @ C R™ be a bounded Lipschitz
domain, T >0,0< s <1, m>1and Lx € Ly. If for j = 1,2, we have given



28 Y.-H. LIN AND P. ZIMMERMANN

initial data ug j € L™ (Q) NH*(Q) and exterior conditions ; € Ce([0,T) x Q) with
D™ (p;) € L*(0,T; H*(R™)) and u; is a solution of
8tu+LK(<I>m(u)) =0 m QT,
(3.59) u=p; in (Qe)r,
u(0) = uo; in Q,
then there holds

Jur — u2||L°°(O,T;H*S(Q)) + [|th — u2||L°°(O,T;H°‘(]R"))

(3.60) - .
<C (||U0,1 — w02l -s () + 12" (1) — @ (w2)||L1(o,T;Hs(Rn))) ;

where U;(x,t) = fot uj(x,7)dr. In particular, the constructed solutions in Theo-
rem 3.5 are unique.

Remark 3.16. Note that the same proof works if we have additional sources F; €
L2(0,T; H=*(2)) in (3.59), but then we would have an additional contribution || Fy —
Bl 10,0312 ()) in the continuity estimate (3.60).

Proof of Theorem 8.15. As in the previous proofs, we write ®, ®., L, B instead of
™, &, Lk, Bg. By assumption the functions v; = u; — ¢; solve

8tv + L((I)(U)) = fj iIl QT,
(3.61) u=0 in ()7,

U(O) = Uo,j in Q7

where f; := —L(®(p;)), for j = 1,2. Hence, by subtracting the weak formulations
that there holds

— / (’1)1 - Uz)at’lli dxdt + / B(@(Ul) - (I)(’Uz)7 ¢) dt
(3.62) Qo 0

— / (fr — fo)odadt + / (0.1 — 1i0.2)0(0) dx
Qr Q

for all ¢ € C°([0,T) x ). Next, we define for fixed 0 <ty < T the function

(3.63) U(z,t) = {OttO((I)(Ul) — ®(v2))(z, 7) dr if 0 <t<tg,

otherwise.

Using ®(v;) € L*(0,T; H#*(2)) and the fundamental theorem of calculus, one can
check that ¥ € H'(0,7; H*(Q2)) with U(T) = 0. Recalling Proposition B.1, we see
that ¥ can be used as a test function in (3.62). This gives

/Q (v1 — v2)(®(v1) — P(v2)) dxdt

to

(3.64) + /Ot[J B (<I>(v1) — ®(v2), /tto(q)(vl) — ®(v3))(x,7) dT) dt
3.6

:/ (f1 — fz)/ O(q)(vl) — ®(ve))(z, 7) dr dadt
Qr t
—&-/Q(qu—uo,g)/oo(é(vl)—q)(vg))(xm)drdx.

Next, using Proposition B.1, take a sequence ¢, € C2°([0,T) x ) such that ¢, — ¥
in H1(0,T; H*(Q)). Since ¥(tg) = 0, we can assume that ¢, (t) = 0 for to <t < T,
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then by dominated convergence, we have

/Oto B <<I>(v1) - @(vz),/tto(@(vl) — ®(va))(x, 7) dr) dt

t() t()
= —/ B(8,;¥, V) dt = — lim B(8ytw, vy dt
0 k— oo 0
(3.65) R, . 8, By, i) dt = L im By, thy,) |1k
2 k—oo 0 ’ 2 k—oo ’ t=0

5 Jim B (0),44(0)) = 5 B(¥(0), W(0))

%B (/Oto@(vl) — ®(vy)) dr, /Oto@(vl) — ®(u2)) dT) 7

where we used the Sobolev embeddding H(0,T; H*(Q)) < C([0,T]; H*(2)). Ad-
ditionally, by the monotonicity of ® we have

(3.66) /Q (®(v1) — B(v2)) (01 — vs) dadt > 0.

to

From now on we use the notation
t
Vilet)i= [ @(uy(a,) dr
0

for j = 1,2. Hence, using (3.65), (3.66), uniform ellipticity of K and the fractional
Poincaré inequality, we deduce from (3.64) the estimate

(Vi = Va)(to)|I7

Hs (Rn)

2

/0 0(<I>(v1) — ®(vg))dr

Hs (R‘n)

<cB (/Oto(@(ul) — B(v)) dr, /Oto(@)(vl) — ®(vy)) dT>

<C {/Q (v1 —v2)(P(v1) — ®(v2)) dadt

to

(3.67) + [ 8 (000 - 0, [ @00 - we)e7) dr) e}
=C {/QT(fl — f2) (/tt"(q)(vl) — ®(v2))(z,7) dT) dxdt

i /Q<“071 ~uo2) (/Ota@(vl) — B(2))(, 7) dT> dx}

to
sc{wlfﬂpmﬂH%mw/ (@(0n) — B(va)) dr
t

Lo (0,tg; H3(R™))

He(®) } |

to
+Huo1 — wo2llH-+ (@) H/ (@(v1) — @(v2)) dr
0
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Observe that we have

to
/ (®(v1) — P(ve2)) dr
t L>=(0,to; H*(R™))

(3.68) = [[(V1 = V2)(to) — V1 = Va) (O)ll L= (0,001 (mm))
< |[[V1 = V2) (o)l s rny + Vi = VallLoo (0,t0; 15 (R7))
< 2[[V1 = Vall oo (0,t0; o (R)) -

Thus, (3.67) simplifies to
(V1 = V2) (o)l 77+ ey

< C(Ifr = fallLr0,t0;0-
< C(Ilf = fellwrorm—+@) + lluos —uozllm-+)) V1 = Vell Lo (0.1 15 () -

@) V1 = Vall Lo (0.0 175 ()

Taking the supremum in ¢y € (0,7) and absorbing the last factor on the left hand
side, we obtain
V1 = VallLoo 0,715 (7))

(3.69)
< C (Ifr = fellprosm-+@)) + o — vo2llm-+0y) -

Let us point out that the PDE (3.61) guarantees dyv; € L*(0,T; H*(2)) and
vj € L?(0,T; H=*(Q)). The first assertion is immediate.

To see the second one, let n € C°(Qr) and insert ¥(z,t) = — ft (z,7)dr into
the weak formulation of (3 61) to obtain

/ vjnda:dt‘ = ‘/ vj&ﬂ/)dxdt'
QT QT

T T
_/ B(®(v;), ) dt+/ fj¢dmdt+/uo,jw(0) dz
0 0 Q

< C([®(vj)]L2(0,13 12 (e ) W) L2 0,751 (R7Y)
+ 1 fille2 0,58 - @) 1l 2 (0,7 15 (m7))
+luo il 2@ ¥ (0) |22 () -

By Jensen’s inequality, we have

[¥llz2 @) < Clinllze@ry,  19(0)llz2) < Clinllz2r)

and

T 2
) S Oty 7) = n(y, 7)) dr|
[y < /R% o= g dzdy < Cln ]Lz 0,T;H*(R"))"

Thus, we get

/ ’Uj’l]d.’IJdt‘ S CHnHLz(O,T;Hﬁ(R"))7
Qr

but this means nothing else than v; € L?(0,7; H*(Q)) as C°(Qr) is dense in
L%*(0,T; H*(2)). By the Sobolev embedding we have v; € C([0,T]; H*(£2)) and
hence the fundamental theorem of calculus, (3.61), the uniform ellipticity of K and
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the estimate (3.69) give

(3. 70)
[(v1 = v2) ()|l -+(0)

/8t U1—02 )

< sup
YEH=(Q): [|9] grs mny <1

+ (w1 = 02)(0) [ 11
H=2(Q)

/ (Or(v1 — v2)(r), ) dr
0

+ [luo,1 — uo2llm-+ (o)

< sup
YEH (): |9l as @) <1

—/0 B(®(v1) — ®(v2),v) d7'—|—/Q (f1 — fo)v dxdr

+ lluo,1 — wo2llm-+(0)

< sup |B (V1 — V2)(2),9)]
YEH=(Q): ||| pra zn) <1

+1f1 = fallero, <)) + luo,r — wo2ll g+
< C(Ilfr = felloro,msm—=(0)) + o, — w2l m-+0)) ;
for all 0 < ¢t < T. Next, let us observe that by uniform ellipticity of K there holds
(3.71)
1f1 = fallor o, () < IL(2(p1) — 2(02))l L1 0.1+ ()
T
— [ sm B - Bl 0]
0 yeH=*(Q): [[Yllus@n)<1
< Cl[@(p1) — 2(p2) L1 (0,715 (7)) -
Combining (3.71) with (3.70) and (3.69), we have proved

[v1 = vallLoe 0,155 (2)) + (V1 = Vall Lo 0,115 (R7))
< C([|2(p1) — ®(p2) |12 (0,750 Yy + luo,1 — w02l H—s(a))) -

Next, we go back to the variables u; = v; + ¢;. Let us note that

(3.72)

U — Uy = /Ot(q’(ul) — D(ug))dr
(3.73) - / (B(01 + 1) — B(on + 92)) dr

Vvt | (@(p1) — Blga)) dr.

where we used that v; and ¢; have disjoint supports. Hence, inserting (3.73) into
(3.72) and g0j|QT =0, we get

lur — U2||L°°(O,T;H—S(Q)) + (|t — u2||L°°(0,T;H5(R"))

< C<||<I>(901) — ®(p2)ll L 0,115 (R)) + w01 — o2l -+ (02))

t
T lor — gallpmorunr o + H [ @)~ ar )
0 L~ (0,T;H*(R™))

<C (||‘I)<<P1) - ‘I)(902)||L1(0,T;H5(Rn)) + [Juo,1 — uO,2||H*S(Q))) .

Hence, we can conclude the proof. O

Theorem 3.17 (Uniqueness with linear absorption term). Let Q C R™ be a bounded
Lipschitz domain, T > 0,0<s<a<1,m >1and Lx € Ly. Assume additionally
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that we have given p,q € Ci’a(R") with p uniformly elliptic. Suppose that ug €
L>®(Q) N H* (), ¢ € C.[0,T] x Q) with ®™(p) € L*(0,T; H*(R™)) and u1, uz
solve

pOru+ L (@™ (u)) +qu=0 in Qr,

U= in (Qe),

u(0) = ug in €,
then there holds u; = us.
Proof. Like in the proofs above we write ®, B, L for ®™, Bg, Li. As in the proof

of Theorem 3.15, we go over to the variables v; = u; — . First observe that v; — v
satisfies

p0i(v1 —va) + L (®(v1) — P(v2)) + q(vy —v2) =0 in Qp,
v, — vy =0 in (Qe)T7
(’Ul — ’UQ)(O) =0 in Q
and hence there holds
T
(3.74) — / (v1—02) ) dadt+ / B(®(01)—®(v3), ) di+ / o(vr—vs) dadt = 0
Qr 0 Q

T

for all 9 € C°([0,T) x Q). We can again use the function ¥, as defined in (3.63),
as a test function in (3.74). Using (3.65), we obtain

[ plon = 02) (@) = B(02)) dad + ZBV = V) (t0). 0 = Va)lt)

to
to
—|—/ q(v; — 1)2)/ O(vy) — ®(v2) dr dadt = 0,
Qi ¢

where we used the notation V;(t) = fot
of ® and p > 0 implies

(3.75) /Q p(®(v1) — @(v2))(v1 — v2) dadt > 0.

to

®(v;) dr. Next, note that the monotonicity

Now by using (3.75), the fractional Poincaré inequality, the uniform ellipticity of
K, g € C%*(R"), (3.68) and Remark 3.12, we deduce that

(V1 = Va) (to) | s ()

- \ / " (@) — b)) dr

<cB </Ot°(<1>(v1) — B(v)) dr, /Oto@(m) — ®(vs) dT)

2

Hs (R?L)

<C </Q p(vr — v2)(P(v1) — D(ve)) dadt

to

+3 [ B - o). [ (@) - o)) i)

=-C q(vy — ’Ug)/ (®(vy) — ®(ve)) drdadt
Qi t

to
< Clallene ol = vl oayir-wcoy | [ (®(00) - 2(0a)) dr
t

L (0,to;H®(R™))
< Cllgllco.a@myllvr — vallL1(0,t0;m -2 @) V1 = Vall oo (0,40 5 (R7))-
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Next, let 0 < T < T be a given constant, which we will fix later. The previous
estimate then shows

(3.76) V1 = Vall poo (0,7, 110 () < CT Nallcoo@eyllvr = v2ll oo 0, 7,12 (02)) -

On the other hand following the computation in (3.70) and use p € C%*(R"),
Remark 3.12, [CRTZ22, Lemma 4.1] and the uniform ellipticity of K, we find

[[(v1 — 7)2)(t0)||H*S(Q)

to
< ‘ Di(v1 —v2)(7) dr
0 H= (@)
to
< sup / (0s(v1 — v2) (1), %) dr
YEH*(Q): |9l prs mny <110
to
= sup | woutn = e w/e)ar
wEH (Q) ”"Z"HHL" Rn)<1 0
to
= s / B(®(v1) — ®(v2),9/p)dr +/ q(v1 — v2)¥/pdadr
YEH? (Q): ||¢|| s mny<1 |70 g

<C (||(V1 = Vo) (o)l 7= mn) + llall ooy flvr — vzHLl(o,to;H—s(Q))) ,

where the constant C' > 0 only depends on || K| e ®n), the lower bound of p and
llpllco.e@mn). Arguing as above this gives

lor = vall g o -2 (@) = € V1 = Vall o (0 7,110 )

(3.77)
+ CT|qllco.o (r)

v = V2l oo (0, 71 ()

Inserting (3.76) into (3.77), we get
(3.78) |1 — U2||L°°(O,T;H*3(Q)) < CTllqll oo @myllor — 7JQHL‘”(O,T;H*S(Q))'

Hence, by choosing T sufficiently small such that Cf||q||co,a(Rn) < 1/2, (3.78)
shows v; = vy for a.e. 0 <t <T. Since v; — vy € C([0,T]); H*(Q)) is continuous,
we know (v1 — v2)(T) = 0. Hence, we can repeat our local uniqueness result and

finally find v; = v9 on [0, T]. This completes the proof. O

4. COMPARISON PRINCIPLE

In this section, we show the comparison principle for NPMEs.

Theorem 4.1 (Basic comparison principle). Let  C R™ be a bounded Lipschitz
domain, T'> 0,0 <s <1, m>1 and Lk € Lo. Assume that for j =1,2 we have
gwen initial data ug; € L>(2) N H*(Q), exterior conditions p; € Cc([0,T] x Q)
with ®™(p;) € L*(0,T; H*(R™)), sources F; € L*(Qr) and u; solves

O+ L (™ (u)) =F;  in Qr,

u=p; in (Qe)r,

u(0) = ug in Q.
Additionally, suppose that there exist sequences (Fs) es0 C L2(Q7), ((pi)DO C
Ce([0,T] x Q) with 7 (p5) € L2(0,T; H*(R™)), (uf;)__, C L=(Q) N H*(Q) and
(Uj,e)oso C H'(0,T; L*(Q)) N L*(0,T; H¥(R™)) satisfying

(i) liminfe o [o (Ff — F§), dadt < [, (F1 — F»), dzdt,
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(ii) Timinfes fo, o, DI G gyay

(@7 (1) =™ (¢2)) 4 (1)
< Jo, Jo. l\z MiEes drdydt,
(iii) ug ; — uoj i L'(Q) as e — 0,
(iv) uj. — u; in L'(Q7) ase — 0
(v) and uj. are solutions of

deu+ L (BT (u)) = FF in Q,

u = @5 in (Qe)r,
u(0) = ug ; in Q.

Then there exists a constant C' > 0 independent of these solutions, initial data,
boundary data and sources such that

(4.1)
/Q(u1 “uy), (a.to) dz < C (/ (Fy — Fy), dudt +/ (o1 — t0.2),, d

/QT/ o ﬁplu _®;7Ef§3) £ )dxdydt) .

Remark 4.2. If one knows that w; . — uj strongly in L*(2) as e — 0 for a.e.
0 <t <T, one can replace the left hand side of (4.1) by [¢, (uy(z,t) — ug(x,t)) dz.

Proof of Theorem 4.1. As in the existence and uniqueness proofs above, we write
¢, P, L, B instead of ®™,®", Ly, Bx. Next, let us note that vj. = u;. — ¢5
solves

O + L(®c(v)) = fje + Ff  in Qr,

v=20 in (Qe)r,

v(0) = ug ; in Q,

where we set f; . = —L(®.(¢5)) € L*(Qr). Hence, v1 . — vz solves

at(vl,s — U2 s) +L( (vl,s) _(I)E(UQ,E)) = (fls f2 s) ( FQ) in Qr,
Vie — V2, = 0 in (Qe)Ta
(V1 —v2,¢)(0) = —Uj o in .

By assumption, the definition of ®, and 9Q € C%!, we have
vje € HY(0,T; L*(Q)) N L*(0, T; H*(Q)).

Thus, there holds

(4.2)

T
Oy (010 — va0) b ddt + / B(®.(v1.) — D (va0), ) dt = [ Gopddt,
0

QT QT

for all ¢ € L2(0,T; H*(2)), where we defined G, := fie — fae + Ff — F5.
Let x: R — R be the step function

1 ift>0,
t) =
x(®) {0 if ¢ < 0.

We want to use ¢ = x (Pe(v1,e) — Pe(v2,c)) as a test function in the weak formu-
lation (4.2). Unfortunately, the test function ¢ does not have the right regularity
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properties in (4.2). Hence, in order to remedy this, let us introduce the auxiliary
functions x5 € C*°(R) satisfying

—_

, ift>4¢

2
0<ys<5 and X5(t){0 Fr<0

for § > 0. One can easily verify that xs (®-(v1c) — ®c(vae)) € L2(0,T; H*()) by
the Lipschitz continuity of x4, then we get

X6 (@ (01.0) — Bev2 D o posre ey < s 122016 — Bl o) 2o ropr ey
for some constant Cs > 0 depending on § > 0. Let us define
Y5, 1) 1= X5 (Pe(vie) = Pe(v2,0)) (@, 1)k (1),
where n, € C2°([0,T')) satisfies
0<m <1, Ml =1 Melpygsr/mr =0
for 0 < typ < T and k € N sufficiently large. Then 5, can be viewed as a test

function in (4.2) and we get

at(vl,e - U2,6)X6 ((ps(vl,s) - (I)E(UQ,E» Tk dxdt
Qr

(4.3) - /O B (®c(v1,e) — Pe(2,e), X5(Pe(v1,e) — Pe(v2,e))) M i

+ G5X5 ((Pe(vl,a) - ®E(U2,€)) Mk dzdt.
Qr

In the rest of the proof, let us define
Ve = (ba(vl,e) - (I)a(v2,6)

to simplify the notation. We want to show that the term involving the bilinear
form in (4.3) is nonnegative. In fact, by the usual trick as used before, we have

(4.4)

B (Vsa XJVE)
_ /R K@) (Ve(z) — Vg(y)|)x(>iaz(/1|2;+(azc3) — W) 4
' ! V.(z) — Vs 2
- /R% K(z,y) </0 Xs(Ve(y) + 7(Ve(2) — Ve(y))) dT) W dzdy
0.

vV

Plugging (4.4) into (4.3), we arrive at the estimate

at(vl,a - U2,E)X6 ((I)s(vl,e) - (I)E(UZ,E)) Tk dzdt
Qr

< Gexs (Pe(v1,e) — Pe(va,)) ni dxdt.
Qr

(4.5)

Hence, passing to the limit § — 0 by Lebesgue’s dominated convergence theorem
on (4.5), this shows

815(”1,5 - 11275))(((1)5(”0175) - (I)s('UQ,s))nk dxdt
Qr

(4.6)
< / Gox(®@.(v1.0) — @ (v2.0))mp dad.
Qr



36 Y.-H. LIN AND P. ZIMMERMANN
Note that by monotonicity of ®. and ®-! there holds

X (Pe(v1,e) = Pe(v2,e)) = X (V1,e — V2e) -

Hence, we can deduce from (4.6) the estimate

(4.7) O (V1,6 —V2,e) X (V1,6 — V2.6) N dadt < Gex (V1,e — v2.0) i dadt.

Qr Qr
Using v € H'(0,T;L*(Q)) for j = 1,2 and passing to the limit k — oo, this
ensures 7, — X[o,t,] as k — 00, and

O (v1,e — vg,a)Jr dxdt < Gex(v1,e — v2,0) dzdt
Q4 Qq

L(® () — (I)E(SD;))X(ULE —v2.c) dxdt

to

+/ (Ff — F§)x(v1,e — v2c) dadt.

Qy

|
S~

Q

Clearly, we have

(4.8) /Q

On the other hand, we note that by the uniform ellipticity of K and the support
conditions on ¢; and v; ., then there holds

(FF — F5)x(v1e — va.0) dvdt < / (Ff — F%), dodt.

to Qto

- /Q L(®.(5) — B (5))x(v1,c — va.c) dadt

to

=— /Oto - K(z,y)
(

We(@) = We () (X(v1,e — v2,6) () — X(V1,c — v2,2) () drdydt
|.T _ y‘n—&-QS

to _
0 JQx |CU y\
to —_
<2 / / Ko(w, ) Wt OX e —02)W) g,
0 JQx |z —y|
t
° (We)+(z)
o[ L £
P (¥5))+(2)
= dxdydt,
/ // |x— Yl Y

where we set

N

IN

We = Pc(7) — Pe()-
Combining (4.7), (4.8) and (4.9), we obtain

/ (U1,5—U2,e)+(1‘,to)dxéc</ (Ff = F), dodt + / (u5) — ), da
Q Q

L, 0 )
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for a.e. 0 <tp <T'. Going back to u;. and recalling that ¢ = 0, shows

lan
(4.10)

/ (u1,e — u275)+ (x,tg)dx < C (/ (FT — F2) dxdt +/ (ual — u6’2)+ dx
Q

P (¢3)) 4 (2) >
dxdydt
// \x — [
for a.e. 0 <tg < T.

Finally, the proof can be accomplished as follows: as ¢ — 0. Note that the weak
convergence u; . — u; in L'(Q27) and the convexity of ¢ — ¢4 guarantees

e—0

/Q (uy — UQ) dxdt < lim mf/Q (u1,e — u2,8)+ dxdt.

Thus, the result follows from (4.10) after an integration over 0 < ty < T, using
the convergence assumptions (i)—(iv) and the Lipschitz continuity of ¢ — ;.. This
proves the assertion. O

We next prove a similar result for NPME with linear absorption term.

Theorem 4.3 (Comparison principle with absorption term). Let @ C R™ be a
bounded Lipschitz domain, T > 0,0< s < a <1, m > 1 and Lx € L. Assume
additionally that we have given p,q € Ci’a(]R”) with p uniformly elliptic. Suppose
that for j = 1,2 we have given ug; € L>®(Q) N H*(Q), ¢; € C.([0,T] x Q) with
D™ (p;) € L2(0,T; H*(R™)), F; € L*(Qr) and uj solves
PO+ L (™ (u)) + qu=F; in Qr,
u=p; in (Qe)r,
U(O) = Uo,j in Q.
Additionally, suppose that there exist sequences (FE)
Ce([0,T] x Q.) with ®(5) € L*(0,T; H*(R™)), (uOJ)E>O
(Uje)esg C HY(0,T; L?(Q)) N L2(0,T; H*(R")) satisfying
(i) liminf. o [o (Ff — F§)ydadt < [ (F1 — Fz)4 dzdt,
Sy e s P (p])—D" .t
(i) liminf._,q fﬂ fQ ( (%I)w ylﬂ(fi) ( )d dydt
(@™ (1) =™ (2))  (w,)
< Jo, Jo. m\z MiGes drdydt,
(iii) ug ; — uoj i L'(Q) as e — 0,
(iv) wje — u; in L*(Qr) ase =0
(v) and uj. are solutions of

c L*(Qr), (~¢§)€>0 C
C L>®(Q)NH*(Q) and

e>0

Ou+ L (@ (u)) + qu=F; inQr,
u = Spj m (QE)T,
u(0) = uf ; in Q.

Then there exists a constant C' > 0 independent of these solutions, initial data,
boundary data and sources such that

/ (u1 - ’U,Q)+ (x,to) dx S C </ (F1 — Fg)Jr dxdt +/ (UOJ - U072)_‘_ dx
Q Qr Q

/QT/ Iar— ﬁ)) +(@ )dxdydt>.
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Remark 4.4. Suppose we have given 0 < ug € L=®(Q)NH*(2), 0 < ¢ € C.([0,T] x
Q) with ®™(p) € L*(0,T; H*(R™)), then Theorem 8.17 and Corollary 38.14 show
that the unique solution u of

pou + L (™ (u)) +qu=0 in Qp,
(4.11) u=g¢ in (Qe)r,
u(0) =0 in Q.

can be approzimated weakly in L*(Q1) by a sequence of solutions
(te)ong C H' (0, T L2(Q)) N L*(0, T3 H*(R™))
to

pOw + L (P (v)) +qu=0 in Qr,
V= in (Qe)r,
v(0) =0 in €.

Hence, we see that the conditions (iii), (), (v) of Theorem 4.3 are satisfied when
we take p° = ¢ and uy = up = 0 and F* = F = 0. Additionally, using that
O — @™ wuniformly on compact sets and ¢ € C.([0,T] x Q), we see that

PM(pE) — P™ t
[ [ B0 g
Qr JQ, |z — |

as € — 0. Therefore, we see that in particular Theorem 4.3 can be used to compare
solutions to equations of the form (4.11).

Proof of Theorem 4.8. As in the existence and uniqueness proofs above, we write
®, 0., L, B instead of ", ®*, L, B. As in the proof of Theorem 4.1 we introduce
the new functions v; . = u;. — 5, which satisfy

pov + L(®e(v)) +qu = fjc + F;  in Qr,
v=0 in (Qe)r,
v(0) = ug in €,

where we set f; . = —L(®.(¢5)) € L*(Qr). Therefore, v1 . — vgc solves

pﬁt(ﬂl,e - UQ,E) + L((I)s(vl,s) - (I)E(UQ,E)) + Q(Ul,e - UQ,E) =G. in Qp,
V1, — V2 =0 in (Q¢)r,

(V1,6 —v2,6)(0) = ug,1 — uo,2 in Q.

where G := f1. — foo+ Ff — F5. Arguing as in the proof of Theorem 4.1, one has

/ PO (1,e — V2,0 ) X5 (Pe(v1,e) — Pe(v2,2)) i dadt
Qr

T
B(q)e(vl,s) - (bs(vze)a Xé((ps(vl,s) - (pe(UZ,s)))nk dt

S—o—

)

Q(Ul,s - UQ,E)X(F((I)E(ULE) - (I)E(UQ,E))nk dxdt

T

+ Gexs(Pe(v1e) — Pe(va,e))ny dadt.

T

S
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Using (4.4) one obtains

/ PO (0r e — 02.0)X5(®e(01 ) — Do () e ddlt

Qp

< - / Q(vl,e - v2,e)X6((I)s(U1,e) - (I)E(UZ,E))nk dxdt
Qr

+ Gexs(Pe(v1e) — Pe(voe))ny dadt.
Qr

Passing to the limit § — 0 by Lebesgue’s dominated convergence theorem, one can
observe by using

X((I)E(Ul,a) - CI)E('UZE)) = X(Ul,a - U2,e)
and ¢ > 0 that there holds

/ POu(v1.e — w2, )X(Be(v1.0) — Be(va.0) e dardt
Qr

< GEX((I)E(UI,S) - (I’E(UQ,a))T]k dxdt.
Qr

Now, we proceed as in the proof of Theorem 4.1 and use the uniform ellipticity of
p to find

/Q(ULE —v2¢), (T, t0)dz < C (/QT (Ff — F5), dxdt —I—/Q (ug, — u672)+ dx

P [ ),

|z —y|nt2s

Again by a limit argument one can conclude the proof. O

5. DN MAPS AND MEASUREMENT EQUIVALENT OPERATORS
With the well-posedness of (1.11), we are able to define the DN map rigorously.

5.1. DN maps. From now on, since m > 1 is a fixed number, we write ¢, ®. in
place of ®™ and ®*. Moreover, for 0 < s < 1 and W C Q. we set

X,(W):={p € C.([0,T) x W); ¢ >0 and ®(p) € L*(0,T; H*(R")) }

Additionally, when its notationally convenient we write for a function space X a
subscript + to refer to the nonnegative functions in that space. For example,

2+(10,T] x Qe) :=={p € CZ([0,T] x Qe); o = 0}
Next, we define the DN map for the nonlocal porous medium equation.

Definition 5.1 (The DN map). Let Q C R"™ be a bounded Lipschitz domain, T >
0,0 <s<a<l1l, m>1and Lk € Ly. Assume additionally that we have
given p,q € Ci’a(R") with p being uniformly elliptic. Now, we define the DN map
Aprcq: Xo = L2(0,T; H=5(9,)) by

T
<Ap,K,q90’ ¢> = /O BK(CI)(u)a T;Z)) dt

for all ¢ € Xs and ¢ € LQ(O,T;ﬁS(Qe)), where u is the unique, nonnegative,
bounded solution of
poru + L (P(u)) +qu=0, in Qr,
(5.1) u=¢ in (Qe)r,
u(0) =0 in Q,
(see Theorem 3.18 and 3.17).
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Remark 5.2. We refer the reader to [LRZ22, Appendix A] for a discussion on an
alternative DN map in nonlocal diffusion models and its relation to the one used in
this article.

For ¢ € X, let u be the unique, bounded, nonnegative solution to (5.1). Since
® is invertible on R, the function

v(z,t) = ®(u)(z,t) € LT (RY)
satisfies

p0i® 1 (v) + L (v) + q@ 1 (v) =0 in Qr,
(5.2) v=Q in (Qe)7,
v(0) =0 in €,

where ¢ = ®(¢) € L%(0,T; H*(R™)). That v solves the above PDE and initial
condition is a direct consequence of Definition 3.11. To see that v = ¢ observe
that u = ¢ if and only if ®(u — ¢) € L*(0,T; H*(Q2)). Now, since 9Q € C%! and
®(t) = 0 only for ¢t = 0 this is equivalent to v = ¢ and therefore v = ¢ a.e. or in
L2(0,T; H*(£2)) sense.

Next, note that using Theorem 3.13 and 3.17, we deduce that the problem (5.2) is
also well-posed for @ € 7., ([0, 7] x Q.) and p, g € C}*(R™) with p being uniformly
elliptic. In fact, if p € 2,([0,T] x Q.), then ¢ := ®~1(p) € C.([0,T] x Q) and
P(p) = ¢ € C(0,T] x Q) C L*0,T; H*(R™)) and hence ¢ € X,. Now, by
Theorem 3.13 and 3.17 there is a unique, nonnegative, bounded solution u of (5.1)
and hence v = ®(u) is the unique, nonnegative, bounded solution of (5.2).

Hence, we can define the DN map of (5.2), denoted by A;{)),K,q: 2.0, T x Q) —
L2(0,T; H=*(£2,)), via the formula

T
(5.3) (A ¢ Bb) = / Bic(v, ) dt

with ¢ € 2,([0,T] x Q) and ¢ € L2(0,T; H*(.)), where v is the unique, non-
negative, bounded solution of (5.2). It is immediate from our definitions that

<Ap7K7q<p7 '(/)> = <A§7K7q¢'(4p)7 ’L/)>

for all ¢ € X, with ®(p) € 2,([0,T] x Q) and ¢ € L2(0,T; H*(Q)). Hence,
if (pj, Kj,q;) for j = 1,2 are coefficients satisfying the usual assumptions and
Wi, Wy C €. two generic measurement sets, then

Ap17K17q1‘P|(W2)T = Ap27K27qz‘P|(W2)T , forall p € X (W7)

implies

(5.4) A2

~ (i) ~ ~
plsKlaql@’(WQ)T = Aﬂz,Kz,q2@|(W2)T , forallgpe 2, ([O’T} X Wl) :

Let us note that these restrictions are meant in the sense that we test against
Y e L2(0,T; Hs (Wy)).

Hence, if we can show that the DN maps (5.3) uniquely determine the coefficients
p, K, q, then this will also give a positive answer to the Question 1.

5.2. Measurement equivalent nonlocal operators. Recalling Definition 1.1,
the next two propositions provide examples of measurement equivalent nonlocal
opeartors. The first example deals with nonlocal operators whose kernel are real
analytic and separable.
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Proposition 5.3 (Real analytic, separable coefficients). Let  C R™ be a bounded
open set and 0 < s < 1. Then uniformly elliptic nonlocal operators Li of order 2s
such that K(x,y) is of the form

K(z,y) = F(y(2))F(v(y)),
for some real analytic functions v: R® — R, F': Ry — Ry satisfying
(i) v is uniformly elliptic,
(i) F is injective
(111) and for any compact interval [a,b] C Ry there exists ¢ > 0 such that F(§) >
¢ for all € € [a, b]

are measurement equivalent.
Proof. The proof is a consequence of [KLLZ22, Proposition 1.4] and the observation

that the sequence (®n) oy in [KL Theorem 1.1] can be constructed in such a
way that &y > 0. O

Next, we state another example of measurement equivalent operators.

Proposition 5.4 (Fractional conductivity operators). Let Q@ C R™ be a bounded
open set and 0 < s < min(1,n/2). Let v € L°(R™) be uniformly elliptic such that

(i) the background deviation m. = /2 — 1 belongs to the Bessel potential
space H*"™/$(R™)?,
(ii) y|a, =T for some fived T € L>(R™) with mp € H*"/*(R"),
i) and ¢, = —(—A)*m., /Y2 satisfies
el 17

{C(Q), if0<s<1/4

(5.5) DN L2(Q), if 1/4 < s < min(1,n/2).

Then the nonlocal operator Lx € Lo with

K(z,y) = Cn sy (2)72(y),

where Cp, s > 0 is the normalization constant from the fractional Laplacian, is
measurement equivalent.

Remark 5.5. Let us recall that the operators Ly of Proposition 5.4 are called frac-
tional conductivity operator as they converge to the conductivity operator — div(yVu)
as s 11 for sufficiently regular functions v and u.

Proof of Proposition 5.4. We only give here the needed modifications in the proofs
of the results in [RZ22¢] and refer for further details to this article. First, let us ob-
serve that any nonnegative H (W) with W C Q. can approximated by nonnegative
test functions ¢ € C2°(W). In fact, let ¢ € H*(W) and choose (0r)peny C CE(W)
such that ¢ — ¢ in H*(R™) as k — co. Then we define

Ur(@) =/ (or(2))* +€F — ex

for some sequence ¢, | 0 as k — co. We have ¢, € C°(W) and ¢, > 0. Clearly,
up to extracting a subsequence we can assume ¢ — ¢ as k — oo a.e. in R™ and
hence 9 — ¢ a.e. in R™ as k — oo. Since ¢ — ¢ in L2(R") as k — oo, there
exists v € L?(R™) such that |px| < v uniformly in k (see [Brell, Theorem 4.9]).

2Recall that the Bessel potential space H*P(R™) with 1 < p < co and s € R is the space of
tempered distributions u € .#/(R™) such that ||ul| gs,prn) = [[(D)*ullLp@n) < 00, where (D)* is
the Fourier multiplier with symbol (€)% = (1 + |£|2)5/2.
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Therefore, Lebesgue’s dominated convergence theorem gives ¢ — ¢ in L?(R") as
k — oo. Additionally one has

Y(@) —Unly) | w(@) — ely)

|z — y|n/2Hs |z — y|n/2Hs

a.e. in R?™, as k — oo,

and using the Lipschitz continuity of the function {(t) := V2 4+ €2 — ¢, we can get
< 1, so that

W] = | 7=
i) — dily)

|z — y|n/2ts

Pr\T) — PelY n
S | |w(_)y|n/2_£8) S V(l‘,y) c L2(R2 )

The existence of such a V € L?(R?*") follows from ¢ — ¢ in H*(R") as k — oo
and [Brell, Theorem 4.9]. The Lebesgue’s dominated convergence theorem implies

2
— — ) — 2
_ [ | w|;<y>; =G ) = e[ a0

as k — oo. Hence, we can conclude the assertion.

Next, let v; € L>°(R"™) be two functions with associated coefficients K;(z,y) =
Cn7s’y;/2(x)’y;/2(y) for j = 1,2, and operators L, , Lk, such that the conditions
in Proposition 5.4 for two non-disjoint, nonempty, open sets Wy, Ws C Q hold.
Moreover, assume that we have (1.14) for these data. Now one can follow the same
arguments as in [RZ22¢, Lemma 4.1] or [CRZ22, Lemma 4.1] to deduce that there
holds

A!11<)0|W2 = A(]2<)0|W2
for all nonnegative ¢ € C°(W;). Here for j = 1,2 the potentials ¢; are given by
o (_A)smw
9% =~ 1/2
75
and A,; are the DN maps related to the Dirichlet problem
{((—A)S +g)u=0 inQ

U= in Q,

which is well-posed by [RZ22¢, Lemma 3.11]. Using [GRSU20b, Theorem 1] (see
(5.5)), we deduce that ¢ = ¢ in Q. To apply this theorem we make the measure-

ment sets if needed smaller.

Now, we can follow the proof of [RZ22b, Lemma 8.15] to see that
A7 iy =) (<A ) d = 0

for all nonnegative functions ¢ € C°(Wh), ¢ € C°(Ws). Using a cut-off function
this implies
| )72 iy = mo) (-2 da =0
Qe
for all nonnegative functions ¢ € C°(w) with w @ W7 N Wy. But now since

(o +1)* — > — ¢?

o = 5 ;

we find
/Q (—A)*/2 (e, — 1) (~A)*/2 (o) dix = 0
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for all p,9 € C°(w). By using again a cut-off function this implies
| )72 iy = moy) (-2 da =0
Qe

for all ¢ € C°(w'), where w’ € w. Therefore, we can conclude that
(=A)7 (my, =my,) =0in o’

Taking into account 71|Qe = 72|Qe, we deduce from the unique continuation prin-
ciple for the fractional Laplacian in Bessel potential spaces (see [K 3, Theo-
rem 2.2]) that 71 = 72 in R” and therefore K7 = K> in R?" as asserted. O

Remark 5.6. We have shown that the fractional conductivity operator is a mea-
surement equivalent nonlocal operator. It is also natural to ask a question whether
two nonlocal operators of the form (—V - AV)® are under certain conditions mea-
surement equivalent or not. In fact, this is still an open problem. Very recently,
the works [GU21, CGRU23] demonstrated that if the nonlocal DN maps agree for
(—=V - A1V)® and (=V - A3V)®, under appropriate conditions, then the correspond-
ing DN maps agree for their local counterparts. This connects nonlocal and local
inverse problems by using approaches of either heat semigroup or Caffarelli-Silvestre
extension. In addition, similar question has been addressed for monlocal parabolic

operators, and we refer readers to [LLU22] for more details.

6. UNIQUENESS OF THE INVERSE PROBLEM
In order to prove Theorem 1.3, we need a simple property about the nonlocal

operator Li € Lg.

6.1. Dirichlet problem for L € L.

Lemma 6.1. Let Q C R"™ be a bounded domain, 0 < s <1, L € Ly, F € H*(Q)
and f € H*(R™). Then the Dirichlet problem

(6.1)

Lxu=F in(,
u=f mn Qe.

has a unique solution v € H*(R™) satisfying

(6.2) ull = gny < C (I1F |l =0y + |1 = &m)) 5
for some constant C > 0 independent of V, F and f.
Proof. As noted in the proof of Theorem 3.5 the bilinear form By defined via (2.2)

induces an equivalent inner product on H 5(9) and hence the Lax—Milgram theorem
guarantees the existence of a unique solution v € H*(Q) to

(6.3)

Lxv=G in ),
v=0 in €,

for any G € H™*(2) and v satisfies the continuity estimate

[0l sy < ClGll-2(0)
for some C' > 0. Now, the assertions of Lemma 6.1 follow by observing that
u € H*(R™) uniquely solves (6.1) if and only if v = u — f uniquely solves (6.3) with
G=F—Lkgf e H*(). Here we are using the fact that Lx: H*(Q) — H*(Q)
is a bounded linear operator (see Section 2.2). O
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6.2. An integral-time transformation. For given 0 < Ty < T, 8 > 1land h > 1,
let us consider exterior data ¢ € Z,([0,T] x W7) of the form

(6.4) B(a,t) = t"ho(x) with G € 24 (W1)\ {0}.

The parameters Ty > 0 and 8 > 0 will be specified later. Now, let v be the unique
solution to (5.2) (with @ as in (6.4)) and define V' € H*(R"™) by the time-integral

To
V(2) ::/ (To — 1)Pv(w, 1) dt.

0

The regularity of V follows from the fact that v € L?(0,T; H*(R™)). Note that to
define V' we only need to observe the nonlinear effects of the porous medium up to
a possibly small time Ty. Next, we assert that V solves

LKV:—(M +N) in Q,
(6.5) _ B+m+1~ .
V=hB(B+1,m+1)T} Qo in Q,

where M = M(z) and N' = N (z) are given by
To
M= 5p/ (To — t)P~ 1o~ (v) dt,
0

To
N = q/o (To = )° @7 (v) dt

and B is the Euler beta function defined as

1
B(a,b):/ (1—t)e =1 ar,
0

for a,b > 0. That V € H*(R") attains the prescribed exterior values is easily seen
from

To
(6.6) / (To — t)Pt™ dt = B(B+ 1,m + )T, T+
0

and the fact that the exterior values in (5.2) can be considered in an a.e. sense due
to the Lipschitz regularity of Q2. The identity (6.6) follows by a change of variables
and the definition of B. In fact, we may calculate

To 1
/ (T — t)ﬁtm dt = T(]ﬁ+m+1 / (1- t)(ﬁ+1)71t(m+1),1 dt
0 0

= TP BB+ 1,m+1).
Next, observe that the condition 8 > 1 shows that the function
Y = (To — t)Pw with w € C°(Q)

satisfies 1, € H'(0,Tp; H*(€)) and v,,(Tp) = 0. Hence, using that v solves (5.2),
o tv)=0,p€ C’i"a (R™) is uniformly elliptic, Remark 3.12, Proposition B.1 and
®~1(v)(0) = 0, we may compute

<LK </T0(T0 —t)ﬂvdt> ,w>
0

To
/ Ty — 1)’ B (v, w) dt
0

(6.7)

/ O ()04 (pthy ) dadt — / q® 1 (v)ahy, dadt
Qr, Qr,

0

To To
=< 6,0/0 (To —t)° '@~ ()dt—q/o (To—t)%l(v)dt,w>
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for all w € C2°(€2). This establishes that V solves (6.5). Before, proceeding let us
remark that since the exterior data v|(q.), depends on h, the quantities V', M and
N also depend on the parameter h > 1.

Next, we derive fundamental estimates for M and A. Before doing this observe
that if 8 > 1, m > 1 and the Holder conjugate m’ of m satisfies 8 —m’ > —1, then
we have

69 [t gpner [ty T
6.8 Th—$)B—m g =P~ ™ /t*m dt = —— .
| @-0 g | e
From now on we assume that
1
(6.9) B>land B>m' —1=——.
m—1

Hence, by using Holder’s inequality, v > 0, ®~'(t) = t'/™ for t > 0, that p is
uniformly elliptic and (6.8), we get

’

[~

T o
0< M(z) = Bp(x)/o (To — )5 ((To — t)Pv(x, 1)) ™ dt
(6.10) < CTO’S*:ZI“ (V(2))%

for some constant C' > 0 only depending on 3, m and ||p|| (). Noting that (6.8)
remains true for m’ = 0, we obtain by Holder’s inequality and 0 < g € L>®(R"),
the pointwise estimate

(6.11) 0<N(z) < CTy™ (V)™

for some constant C' > 0 only depending on 3 and ||q||z®n). By applying (6.10),
(6.11) and Jensen’s inequality, we can obtain the L? estimates

B _ 1 1
612) M2y < CTg™ " IV 72y

B 1

+1 1
INlz2@) < CTe™ IV 72(q)

for some constant C' > 0 only depending on 3, m, on the norms ||p|| Lo rn), ||| Lo (")
and [©2]. On the other hand, applying the estimate (6.2) to the equation (6.5), one
has

IVIge@mny <C (||M +Nlg-s) +B(B+1,m+ 1)T§+m+1h||¢o||Hs(Rn))

g ety
<C{(T0m + TP/ )IIVILQ(Q)+T§+ +1h||¢OHS(Rn)}7

for some constant C' > 0 independent of V', @g, Ty and h. Since, h > 1 and m > 1
this implies
(6.13)

maX(HVHHs(Rn), h)

B _ 1 m’ 1 m -
< (T T a1V s B+ T Gl ey + )

A_L m/ P ~
< (T T ) man (Vo 0+ T e+

B 1

e (75 T ) (Vs )+ 0 (T ey +1)
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Next, observe that in the estimate (6.13) all exponents of Ty are strictly positive
by our choice of 5 (see (6.9)) and hence we can absorb the first term in the last line
of (6.13) on the left hand side after choosing T sufficiently small. This shows

(6.14) IV llareqaey < Ch (T 1ol ey + 1)
for some C > 0.

6.3. Asymptotic analysis. First, let us consider the ansatz
(6.15) V=V,=B@~+1,m+ )T hv© 4 R,
where V(© and R; are the solutions to

LgVO®O =0 inQ
(6.16) A
v = Yo in Q.

and

LKRlzf(MAFN) in Q7
Rl =0 in Qea
respectively. By using Lemma 6.1, (6.12) and (6.14), we get

IR | g7y < CIM + N 51-2(s)
(6.17) < OIVI7 e
< Ch7 (|0l 1=y + )M
and
(6.18)  [1L& Rl g-e(q) = IM + Nlzr--(0 < Ch7 (|Gollsre ey +1) "™

This implies that

h'LgRi =0 (h%*1> as h — 0o,
in H=%(Q). Thus, we have the asymptotic behavior of

Lic (W'Va) = ™ LicRy = O (b7 1) as b= oo,
in H%(€2). For the sake of convenience, let us introduce the following function
vo(z,t) = ht™V O (z) € H'(0, Ty; H*())

and observe that
(6.19) 0 <wg(x,t) < M for a.e. (x,t) € Ry,

for some M > 0. In fact, by definition V(9 has exterior value @y > 0. Arguing
as in the proof of [RO16, Proposition 4.1] one sees that the maximum principle for
the equation (6.16) still holds and guarantees the nonnegativity

(6.20) VO (z) >0 for ae. z € Q.

Moreover, that by linearity the maximum principle directly implies the comparison
principle for equation (6.16). Furthermore, [RO16, Lemma 5.1] remains true in our
setting, since K is uniformly elliptic and the function w € C°(R™) constructed in
that result has its maximum in Q. Thus, in our case one can still establish [RO16
Corollary 5.2] and hence conclude that there holds

(6.21) HV(O)H < C|@oll e a,) -

L>=(Q)

Therefore, we have shown the estimate (6.19).
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Next, let us observe that (6.7) implies
To
/ (To — t)Pvo(x, t) dt = hB(B + 1,m + )T T VO (),
0

Motivated by the asymptotic behaviour of the remainder Ry (see (6.17) and
(6.18)), in a next step we refine the ansatz for V' as
(6.22) V=Vy=hBB+1,m+ )T VO L hmyv® Ry,

where V(9 is the solution of (6.16) and V() is the solution to

(6.23) LrgV® = —p=w (MO 4+ N D) in €,
vl =90 in Q,
where
To )
0< M (@) = Bpla) [ (To— 0" o (w,t)ds
(6.24) 0
= o) 2 (v )
BTy
and
To
0N (@) =g(o) [ (T - 07 (@t
(6.25) 0
— W) o1+ (V(O)( ))i
ST Er ey Y

The computations in (6.24) and (6.25) are easily justified by using (6.19), (6.7),
Bla,b) = SW® (g 4 1) = al'(a) and I'(n) = n! for a,b > 0 and n € N. Hence,

T'(a+bd)
the remainder term Ro needs to satisfy
(6 26) LxRs :—[(M—M1)+(N—N1)] in Q,
’ Ry =0 in Q..

Thus, we see that vy € H(0,T; H*(Q)) solves

patvoi + Lgvg = h%p (V(O)) ™ >0 in Qp,

vo = ht™ g in (Qe)r,,

v(0) =0 in Q.
Next, we want to show that by our comparison principle (Theorem 4.3) there holds
(6.27) vo(x,t) > v(x,t) for a.e. (x,t) € R, .

For this purpose let (®.).., be the functions constructed in Lemma 3.2. First
notice that

vo = ht™V O = (hl/mt(v<°>)1/m) e HY(0,T; H*(Q))
and thus the function uy = hY™t(V(O)1/™ gatisfies
pOtug + L (®(uo)) = Fo  in Qr,
Uy = Yo in (Qe)Ta
up(0) = 0 in Q
with Fy = &~ 1(h)p® Y(V©) and @y = &~ 1(h)td*(Fy). Next, we introduce the
functions ug . = -1 (h)td- (V). Note that the uniform ellipticity of ®. implies

that ®. is bi-Lipschitz and hence by Remark 3.12 we have -1 (V) ¢ H*(R").
Thus, uo. € H'(0, T; H(R")).
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Let us assert that
(6.28) OHt) = @7 I(t) forall t € R

g

as € — 0. For completeness we give a proof of this fact. Let ¢t € R and o > 0. By
continuity of @1, there exists 6 > 0 such that

|<b71(7') — (Ifl(t)| <o
for all 7 € m. This in particular implies
2 (t+0)— @' (t)| <o and |@T'(t—6) -0 ' (t)| <o
Using the monotonicity of ® !, we obtain

(6.29) Ot +6) <P rt)+o and PTHt)—o <Dt —9).

On the other hand, as &, — ® as ¢ — 0 on compact sets and ®~! is continuous,
we conclude that there exists g > 0 such that

|®.(2) — ®(2)| < 6, for all z € ®~1(B;(t)) and 0 < € < &,
and in particular,
|Pe(@7 (t+6)) —(t+6)| <d and |[B(PT(t—6))—(t—6)|<$
for all € < €p. Now, this implies
t< O (DYt +0)) and D (D(t—0)) <t,

for all 0 < & < gg. Hence, by the monotonicity of @1 we deduce

Ot —0) < dTN(t) < DTt +0),
for all 0 < € < g9. Recalling (6.29), we find

Ity —o <O t) <O t) + o

and thus
o7 (t) — @' ()| <o

for all 0 < € < gg. This completes the proof of (6.28).
Therefore, using (6.28) we deduce that

<I>;1(V(°)) — ‘Ifl(V(o)) as e — 0, for a.e. x € Q.

Recalling that by (6.20) and (6.21) there holds 0 < V() (z,¢) < M, we see from
the monotonicity of -1, ®-1(¢) > 0 for t > 0 and ®-1(t) = ®~1(¢) for t €

g

[®(e), ®(1/¢)] that &7 (V(?)) is uniformly bounded in . In fact,
0< 31 (V©®)) < d- (max(1, M)) = & (max(1, M))

for € > 0 sufficiently small. Thus, by Lebesgue’s dominated convergence theorem
we deduce that

VO 5 YV Oy in LY (Qp,) as e — 0.
Then clearly the same holds for ug.. Furthermore, note that the functions ug .
satisfy
pOug e + L (Pe(upe)) = F5  in Qr,
Uo,e = ¥ in (Qe)r,
u0,(0) =0 in Q.
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with F§ = p®7 1 (h)t®71(V(?)) and 5 = &7 (h)t®-1($g). Meanwhile, let us recall
that by construction v = ®~1(v) > 0 solves
pou + L (P(uw)) = Fy;  in Qp,
U= in (Qe)r,
u(0) =0 in Q
with F; = —qu and ¢, = ®~1(h)t®~1($y). Moreover, by Remark 4.4 there is a
sequence 0 < u. € HY(0,T; L*(Q)) N L%(0,T; H*(R™)), € > 0, satisfying
pOrue + L (Pe(ue)) = FE in Qr,
U = ¢ in (Qe)r,
ue(0) =0 in Q.
with Ff = —qu. and ¢ = &~ (h)t®~1 ().

As a matter of fact, we can show that the functions ug,uo, v and u. fulfill
all conditions in Theorem 4.3 without absorption term and zero initial condition®.
First, let us observe that ¢ > 0, p > 0, (6.20) and ®~1(¢),®-1(¢t) > 0 for t > 0
imply

Fy — Fy <0 and F£ — FE < 0.

This shows that property (i) of Theorem 4.3 holds. Next, using (6.28) we observe
that

05 = O (h)td-H(Po) — @ H(R)EDTH(Po) = o as € — 0.

This pointwise convergence, ®. — ® uniformly on compact sets as ¢ — 0 and @ is
continuous, implies

D () — @e(pp) = (@7 (W)@ (P0)) — @=(2Z (M)t (o)) — 0
as € — 0. Thus, we have in particular

(Pe(p]) — Pe(w5)) . = 0= (1 — o), ase—0.

Recall that the support of ®.(¢5) — . (¢§) is compactly contained in [0, 7] x Wi.
Hence, by Lebesgue’s dominated convergence theorem we can conclude the property
(ii) of Theorem 4.3 with equality and right hand side equal to zero. Thus, all
assumptions of Theorem 4.3 are satisfied and we can deduce

/ (u—wup) . (v,t) dzdt = 0.
S)To

This gives u < ug and thus by the monotonicity of ®~! the desired estimate (6.27).
Furthermore, by p > 0, (6.27), the triangle inequality, Holder’s inequality, (6.7),
(6.8) and (6.15), we can estimate

0< MY - M
To
= ﬁp/ (Ty —t)P~! (vé/m — vl/m) dt
0

To
(6.30) = ﬁﬂ/ (To — )7~ (vo — v)"/™ dt
: 0

B _ 1 1/m
<TyT ™ Ll (B‘(ﬁ +1,m+ )Ty ©) V)
(B—m'+1)m
B 1 m
_ Toml ™ ﬂp — (*Rl)l/ )
(B—=m/+1)w

3Hence, Theorem 4.1 is enough for our purposes.
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Similarly, using ¢ > 0, (6.7) and (6.15), we obtain
0<NW - N

To
:q/ (To 1) (wg/™ = o¥/m) at
0

To
gQ/(%—wN%—m”mﬁ
0

Téﬂ"!‘l)/m/

(6.31)

1/m
< a7 (%”WHBW+1mr+DMﬂ®—V)

B+ 1)
Téﬁ+1)/m/

<q; (—R)Y™.

B+ 1)

Now, we can deduce the asymptotic behaviour*

(M@= M)+ (v =)

Lo =0 (h%) as h — oo.

Here, we used (6.30), (6.31), Jensen’s inequality, p,q € L>°(R™) and (6.17). Com-
bining this with (6.26) and Lemma 6.1, we infer

Next, let us denote by v, , € L%(0,T; ﬁS(Wg)), the function

=1 (Ty —t)° if0<t<T,
(6.33) bunla,t) = 41 Tomwle), 0=t T
0, otherwise,
where w € C°(W3). Using (6.4), (6.22) and (6.26), we obtain
(6.34)
To
<A§,K,q(p7 ww,h> = /0 (TO - t)ﬂh_lBK(v7 ’LU) dt

= h ' B (V,w)
= h ' Br(hB(B+ 1,m + )Ty O 4 pw v 4 Ry w)
=BB+1Lm+ DI Be(VO w) + b ' B (VD w) + h™ ' By (Ry, w).

In the limit h — oo, we obtain

(6.35) Jim (A? o \Btbwn) = BB+ 1,m+ V)T B (VO )

for all w € C2°(Ws). Recall that V(© € H*(R") is the unique solution of (6.16)
with exterior value po. Hence, if we denote the DN map of this equation by
Ag: H?(Q.) = H*(.), then (6.35) means nothing else than

(6.36) m (A? o B uwn) = BB+ 1,m+ 1Ty " Ak Fo, w)

li
h—o00

for all w € CSO(WQ) and (ﬁo € .@+(Wl)

“We use the Landau asymptotic notation that A = O(B) stands for that B is nonnegative,
and there is a positive constant C such that |A| < CB for large h.
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6.4. Proof of Theorem 1.3.

Proof of Theorem 1.3. The proof consists of two steps. In the first step we deter-
mine the kernel K and then the coefficients p and ¢. Let us start by recalling
that the assumptions on the DN maps A, i, 4, for j = 1,2 guarantee that the

transferred DN maps AS,-,Kj,q,» 7 = 1,2, satisfy

<A§17K17q1¢’w> = <A§2,K2,q2<57 ¢>7

for all 3 € 2, ([0,T] x W1) and ¢ € L2(0,T; H*(W5)) (see (5.3) and (5.4)). More-
over, let Ty > 0 be sufficiently small such that the results of Section 6.2 and 6.3
hold, but otherwise be arbitrary.

Step 1: Unique determination of the kernel.

First, let us recall that from the asymptotic expansion of the DN maps (6.36),
we deduce

<AK1¢07w> = <AK2()50a U}>

for all w € C°(W3) and @y € Z4(W1). Since Lk, and Lk, are measurement
equivalent, we can deduce that there holds

K(IE,y) = Kl(zvy) = KQ('JJ,y), for T,y € R™

as desired (see Definition 1.1). This proves the first step.
Step 2: Unique determination of coefficients.

We now prove the unique determination result for both p; = py and q; = go in Q.
Now, let ¢y, no be the function from (6.33) with h replaced by h and w € C2°(W7).
From the results of Section 6.3 and in particular (6.34), we known that for any ¢ > 0
and j = 1,2 there holds

(6.37)
To
<A?7>jaK,Qj @7 d}w,h“> =h"7 / (TO - t)BBK(va w) dt
0
= BK(‘/],U))
= "B (hB(B + 1,m + DTy VO 4 hw v 4 Ry w),

where V; € H*(R") is given by

To
V'j = / (T() — t)ﬁ’l)j dt
0
with v; denoting the unique solution of

pjattlfl(v) + LK('U) + qjq)’l(v) =0 in QT7
Vv = (27' in (Qe)T7
2(0) = 0 in O

for ¢ as in (6.4).

Moreover, the asymptotic expansions of V; are denoted as

Vj = Viy = hB(B+ Lm + DI VO 4wy 4 Ry
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where the V(©) are the same as they are solutions to (6.16) with the same kernel.
Subtraction of the expansions (6.37) for j = 1 and j = 2 gives
(6.38)

(D kay = A%, e.00) B Wune ) = W7 Bre (b (VY = Vi) + (Ryy — Ra),w) .
P17 sq1 /727 yq2
Now, we take 0 = 1/m and pass to the limit h — oo to obtain
. ~ 1 1
(6.39) hILHOIO <(A§1’K,q1 - Afz,K,qz)@’ ww,h“> = BK(Vl( )~ V2( )’ w)

for all w € C°(Ws3). Here, we are using that by (6.32) for j = 1,2 we have
Ry; = O(hY™") in H*(R™) and hence h™/™Ry; — 0 in H*(R") as h — oo.
The last limit vanishes as 1/m? — 1/m < 0. This convergence and the uniform
ellipticity of K, now implies that the second term in (6.38) goes to zero in the

limit h — oo. From (6.39) and the definition of Vj(l), 7 = 1,2, we deduce that the
function Vl(l) - V2(1) € H?(R™) satisfies
Lic (VO = Vi) = v — v =0 W,

(see (6.23)). As Ly satisfies the UCP on H*(R™) as we assumed, this implies
V(l) V(l) in R™.
Now, subtracting the Dirichlet problems (6.23) for Vl(l) and ‘/2(1), gives

(M2 = M) + (W = a0z =0

for any 1 € H*(Q), where for j = 1,2 the quantities /\/lg.l),./\/j(l) are given by

B+1 1
W, 20 o)
M= Jﬂ(ﬁﬂ) (@)™

(1) _ QTOﬁJr2 (0)
A; A CES ) (V )

3=

(see (6.24) and (6.25)). This implies
000) [ |5 -+ g -] (V)T v =0

for any ¢ € H*(Q). Passing to the limit Ty — 0 shows

/Q<p1 — p2) (V“’))% Yde =0

for all ¢ € H*(). This implies

1
(6.41) (1= p2) (V)" =0ae in Q.

Let us assert that this implies p; = po. For contradiction assume that pq(zg) #
p2(x0), then by continuity of p1, po implies that there would be an r > 0 such that
p1 # p2 on By(xo) C Q. Now, (6.41) would imply V(*) = 0 on B, (z0). Hence, the
UCP on H*(R") for Ly and (6.16) implies V(®) = 0 in R", which is impossible as
©o # 0. Thus, we conclude that p; = po in Q. Now, from the continuity of p1, ps,
we infer p; = py in Q. Turning back to equation (6.40), we see that

/Q(fh —q2) (V(O))% Ydr =0

for all ¥ € H 5(Q). Now, arguing exactly in the same way as for pi, p2, we can
conclude that q; = ¢o in Q. This finishes the proof. O
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APPENDIX A. SOME COMPACT EMBEDDINGS

For the convenience of the reader, we collect here two known compactness results.
Here we use the following notation. If F' C 2'((0,T'); X) for a Banach space X and
T > 0, then we set O, F = {0f; f € F}.

Theorem A.1 (Aubin-Lions lemma, [Sim87, Corollary 4]). Let X < B < Y be
Banach spaces, where the first embedding is compact, and 1 < p < oo, 1 < r <
oo. If F is bounded set in LP(0,T; X) and O,F bounded in L*(0,T;Y), then F is
relatively compact in LP(0,T; B). If F is bounded in L>=(0,T; X) and 0 F bounded
in L"(0,T;Y), then F is relatively compact in C([0,T]; B).

Theorem A.2 (Aubin-Lions-Simon lemma, [Sim87, Corollary 5]). Let X — B —
Y be Banach spaces, where the first embedding is compact, and 1 < p < o0, 1 <
r < oo. If F is bounded in LP(0,T;X)NW=*"(0,T;Y) with s > 0, r > p or
s> 1/r—=1/p, r <p. Then F is relatively compact in LP(0,T;B) if p < oo and
otherwise in C([0,T); B).

APPENDIX B. A DENSITY RESULTS

In some of our proofs the following density result will be important.

Proposition B.1. Let ) C R” be a bounded Lipschitz domain, T > 0 and 0 < s <
1. Then the space of test functions C°([0,T) x ) is dense in

Wr = {u e H'(0,T; H*(Q)); u(T) = 0}.

Proof. First of all recall that by standard results we have H'(0,T;H*(Q)) —
C([0,T); H*(Q)) and hence Wy is as closed subspace of H'(0,T; H*(Q)) itself a
Hilbert space. First, we show that any element in Wp can be approximated by
elements in

Vr ={v € Wr : v(t) = 0in a neighborhood oft =T} .

For this purpose choose u € Wy. Up to time inversion, translation and scaling
we can assume that u € H'(0,1; H*(Q)) vanishes at ¢t = 0. Next, we take any
n € C*°(R) satisfying

0, t<1,
1 t>2.

0<n<1 and n(t)={
For any k € N, we now introduce the sequence n;(t) = n(kt) and define uy(t) =
ne(t)u(t). Clearly, u, € H'(0,1; H*(€2)) and ug(t) = 0 in a neighborhood of ¢ = 0.
Hence, it remains to prove that u, — u in H(0,1; H*(Q)). The convergence
up — u in L2(0,1; fIS(Q)) is an immediate consequence of Lebesgue’s dominated
convergence theorem. Next, observe that by the product rule we have Oyuy =
Nu + N0

Since dyu € L2(0,1; H*(Q)), we have again nzdyu — dyu in L2(0,1; H*()).
Hence, if we can show nju — 0 in L?(0, 1; fIS(Q)), then we have established u, — u
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in H(0,1; H*(£2)). To see this note that
1
Il ey < [ AP ) ey
2/k
= [ )P0 o
1/k
2/k
<8 [ ) ey
1/k

Z/k u(t 2 s(Rn
1/k l
2/k ||u(t)]|2. ron
co [ e,
1/k
Thus, if we can show that ww € L'(0,1), then it follows from the absolute
continuity of the Lebesgue integral that mu — 0 in L2(0,1; H5(). As u €
H(0,1; H*(Q2)) one has

(B.1) u(t) = u(s) +/ Owudr

for 0 < s <t < 1. Moreover, that Hardy’s inequality states that for any 1 < p < 0o
and any measurable function f: Ry — Ry one has

(B2) [7G [ o) as (G2) [Cuwra

Hence using (B.1), u(0) = 0 and (B.2), we get

. Al N2 Ly gt 2
/ <H“()”H(R>> dtg/ (/ |8tu(7')||H°‘(R”)d7') dt
0 t 0 tJo
1
<4 /0 100t) 3 e .

This establishes the required integrability of Hu(t)||%[s(w)/t2 and hence nj,u — 0 in

L2(0,1; H*()). Thus, we can conclude that Vr is dense in Wr.
Next we show that any u € Vp can be approximated by elements in

N
Dr =1 gjw;;w; € CX(Q), pj € C([0,7)), 1 <j< N, NeN
j=1

This then establishes that C°([0,7) x Q) is dense in Wr. Let u € Vr. By
assumption dyu € L2(0,T; H*(Q2)) and hence by standard results there exists a
sequence (Up)neN in

N
Dr =Y piti; by € C2(Q), pj € C((0,T), 1<j<N,NeN

Jj=1

such that v, — dyv in L2(0,T; H*(R)). Now define u;: (0,T) — H*(Q) by

u;j(t) = —/tij(s)ds
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for j € N. Observe that since u vanishes in a neighborhood of t = T, we have
u; € Dr. Note that there holds

Opuj = v; — dyuin L2(0,T; H*(R)).

But since u(T") = 0, the fundamental theorem of calculus guarantees

T
u(t) = —/ Oruds
t

and thus u; — u in L?(0, T} H#(Q)). In fact, first the convergence holds uniformly
in ¢t and then by Lebesgue’s dominated convergence theorem also in L2(0,T; H*(2)).
This proves the assertion. O
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