AN INVERSE SOURCE PROBLEM FOR A FULLY NONLINEAR ELLIPTIC
EQUATION
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ABSTRACT. We study an inverse source problem for fully nonlinear elliptic equations of the form
F(D*u)=f inQ.

The question is whether the source term can be recovered from the Dirichlet-to-Neumann map. In

two dimensions, the first linearization does not immediately give uniqueness: it leaves a natural

conformal ambiguity in the linearized coefficients. For homogeneous nonlinearities F' with injective

differential DF', we show that this ambiguity has a precise meaning at the level of the equation itself,

namely that the source is determined up to an explicit scalar factor.

The main point of the paper is to show how this remaining factor can be removed. We use the
second linearization to extract information which is invisible at first order, and combine it with an
algebraic nondegeneracy condition on the nonlinearity. Under this condition, the residual ambiguity
is forced to be trivial, and the Dirichlet-to-Neumann map uniquely determines the source. The
result applies, in particular, to homogeneous admissible Hessian equations of Monge—Ampére type
and related examples.
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1. INTRODUCTION

In this work, we study the inverse source problem for a class of fully nonlinear elliptic equations.
From a physical point of view, the source term f models internal forcing mechanisms of the medium,
such as distributed loads, heat generation, or external fields acting inside the domain, while the state
variable u describes the resulting equilibrium configuration or potential. By prescribing boundary
values of u and measuring the induced boundary flux d,u, one performs noninvasive boundary
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experiments on the system. The inverse problem is then to determine whether these boundary
measurements uniquely recover the internal source f.
The mathematical model is given by the boundary value problem

{F(Dzu) =f inQ,

1.1
(L1) U= on 0f2,

where 2 C R? is a bounded domain with C* boundary 052. In this paper, we work in the admissible
setting for Hessian equations as in | ]. More precisely, let I' C R? be an open convex cone with
vertex at the origin, symmetric with respect to permutations of the coordinates, and containing the
positive cone

Ty={(A1,X2) €R?: A\ >0, Ay >0} .

We assume that (M) = FAM)), where A(M) = (A (M), A2(M)) denotes the eigenvalues of M,
and f € C(T') N CYT) is symmetric. Let S denote the vector space of all 2 x 2 real symmetric
matrices. We write

Ar:={M e S: \(M) €T}

for the admissible set determined by I. N
Following | |, we impose the following admissibility assumptions on f.

Assumption 1.1.

(i) f is elliptic in T', namely

o7
8;2 >0 in D, i=12
(i) f is concave in I';
(iii) the boundary-side condition
(1.2) limsup f(A) < f, for all A\g € O
)\*))\0

holds for the prescribed source f > 0, where
Jor=minf and 0< fy < fo;
Q

(iv) for every compact set K C I' and every C' > 0, there exists R = R(K,C) > 0 such that

FM, A+ R) > C for all (A, o) € K
(v) for every compact set K C I and every C' > 0, there exists R = R(K,C) > 0 such that

f(RN) > C forall A € K.

We also assume an admissibility condition on the boundary of the domain: there exists T' > 0
such that, at every point of 02, if k1 denotes the principal curvature of 92 with respect to the
interior normal, then

(1.3) (Hl,T) el

Definition 1.2 (Admissible solutions). A solution u € C?(2) of (1.1) with u = ¢ on 9 is called
admissible if \(D?u(x)) € T for all z € Q.
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For an admissible matrix M, the ellipticity condition (9,\1,,]7> 0 implies that the matrix (Fab(M ))
is positive-definite, where

(1.4) Fu(0) = 28

8Mab( )7 a7b I

In particular, for every admissible solution u, the first linearized operator F,;(D?u)d,; is elliptic.

Under the above assumptions, the direct problem (1.1) is well posed in the admissible class by
[ , Theorem 2]. We shall recall in Section 2 the precise well-posedness statement needed in this
paper. Thanks to the well-posedness of (1.1), one can define the associated Dirichlet-to-Neumann
(DN) map

Ap: C%(8Q) = CX(09), @ Dy e,

where u, € C*(12) is the unique admissible solution to (1.1). The inverse problem considered in
this paper is the following:

(IP) Can one uniquely determine the source function f in (1.1) from the knowledge of the DN
map?

Equations of the form (1.1) arise, for instance, in nonlinear elasticity, where the unknown u rep-
resents the displacement of the material and the operator F/(D?u) describes a nonlinear constitutive
law relating strain or curvature to internal stress. In this setting, the source term f corresponds to
body forces acting inside the material, and the inverse source problem amounts to recovering hidden
internal forces from boundary displacement and traction measurements.

Inverse source problems have been extensively studied for linear elliptic equations, but remain
far less understood in the fully nonlinear setting. As a notable example, when F(M) = det M,
corresponding to the Monge-Ampeére equation, an analogue of the inverse problem (IP) was recently
resolved in [ ]. The present work is motivated by the question of whether similar uniqueness
results continue to hold for a wider class of admissible fully nonlinear elliptic equations. We first
obtain a determination result up to an explicit scalar factor, and then impose an additional non-
proportionality condition to remove this remaining freedom and obtain full uniqueness.

To study the inverse problem, we impose the following additional structural assumptions on F.
For an admissible matrix M = (Mgp)1<q,p<2, We write

0*F
Fapre(M) := My Mg

Assumption 1.3. In addition to Assumption 1.1, we further assume that:

(M), a,b,k,¢=1,2.

(i) F is positively homogeneous of degree m with 0 < m # 1, that is,
F(tM)=t"F(M) for all admissible M and all ¢t > 0;
(ii) DF is injective on the admissible class, namely
DF(M,) = DF(M) => M = M,

for all admissible matrices My, Mo;

(iii) for every admissible matrix M, the second derivative tensor D?F (M) is not proportional to
the rank-one tensor DF(M) ® DF (M), namely there does not exist any scalar v € R such
that

Fopre(M) = Fop(M)Fpe(M) forall 1 <a,bk, ¢ <2.

We are now ready to state the main result of this paper.
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Theorem 1.4. Let Q C R? be a bounded simply connected domain with C*® boundary 0. Let
F(M) = f(ANM)), where f is a smooth symmetric function defined on an open convex cone I' C R,

Assume that (1.3) holds, and that f satisfies Assumption 1.1 with respect to each source fj, j = 1,2.
Assume furthermore that F satisfies Assumption 1.3.
Let Ay; be the DN map associated with the admissible solution of

F(D*u0)) = f; inQ,
ul) = on 011,

for j =1,2, where 0 < f; € C=(Q) satisfy (1.2). Suppose that

(1.5) f1 = fa2 on 0N
Then
(1.6) Ap (p) = Ap, (),  for all p € C(09),

implies f1 = fo in Q.
Example 1.5. Let I' = I'y be the first quadrant of R?, that is,
I'= {()\1,)\2) t A1 >0, Ao > O}.

Such a set T' is referred to as type 1 in | ]. Equivalently, the corresponding admissible set is
the positive definite cone in the space of symmetric matrices. A basic example is given by

F(M) = (det M)?, 6€(0,1/2).

Equivalently, ]7()\1,)\2) = M. Tt is straightforward to check that f satisfies Assumption 1.1.
Moreover, F' is positively homogeneous of degree 20 # 1, and

DF(M) = 6(det M)’ M,
which is positive-definite for every M > 0. Furthermore, when 6 € (0,1/2), the functional F'(M) =
(det M)? is strictly concave on I'. In particular, the gradient map DF is injective on T
To verify the non-proportionality condition, note that
D?*F(M)[H, K] = 6(det M)? (9 tr(M ' H) tr(M ' K) — tr(M *HM ' K)).
Working in a basis in which

(M0
M_<O )\2>7 )\17A2>07

(a0
H_(O _Az).

Then tr(M*H)=1-1=0,s0 DF(M): H =0. On the other hand, tr(M*HM'H) = 2, which
yields

choose

D?F(M)[H, H] = —26(det M)? # 0.
If D2F (M) were proportional to DF (M) ® DF (M), then there would exist a scalar v € R such that
D?F(M)[H,H] =~(DF(M) : H)?

for every symmetric matrix H. Since DF(M) : H = 0 for the above choice of H, this would
imply D2F(M)[H, H] = 0, which is a contradiction. Therefore, D>F (M) is not proportional to
DF(M)® DF(M).
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Example 1.6. We consider the type 2 example given in | , D- 264]. Let
FOL M) = (M +X2)? =M =), 0<7<1, 0<0<1/2
The corresponding cone is
Ii={(A,A2) € R*: A + X0 > V7T |\ — Ao}

Then I' is an open convex cone with vertex at the origin, symmetric with respect to permutations
of the coordinates, and it contains 'y as a proper subset.
For M € S, set A(M) := (1 — 7)(tr M)? 4+ 4rdet M. Then F(M) := A(M)? corresponds to

F(A1,A2), since A(M) = (A + Xa2)? — 7(A\1 — A2)2. Equivalently, if k& = 47/(1 — 7), then, after
factoring out the positive constant (1 — 7)?, this corresponds to

F(D*u) = ((Au)® + k(ugptyy —u2,))’.

Uy,
Let gy := A1 + Ao+ /7(A1 — A2) and pg := A1 + A2 — v/7(A\1 — A2). Then T is transformed into
the positive quadrant {1 > 0, pe > 0}, and ]?(/\1,)\2) = (u1p2)?. Hence £ is elliptic and concave
in I, since 0 < 6 < 1/2. Moreover, f — 0 as X approaches JI', and the growth conditions in
Assumption 1.1 follow from the positive homogeneity. Thus, fsatisﬁes Assumption 1.1.

We now verify Assumption 1.3. First, F' is positively homogeneous of degree 260, and 0 < 26 < 1.
Thus, Assumption 1.3 (i) holds. Next, we prove that DF is injective on the admissible class. Since
A(M) = (1 — 7)(tr M)? + 47 det M and, in dimension two, cof M = (tr M)I — M for symmetric
matrices, we have

DAM) =2(1—7)(tr M)I +4rcof M =2(1 + 7)(tr M)I — 47 M.

The map M — DA(M) is a linear isomorphism on S. Indeed, writing M = al + My with tr My = 0,
one obtains

DA(M) = 4al — 47 My,
so the scalar and trace free parts are both recovered uniquely from DA(M).

Suppose that My, My € Ar and DF(M;) = DF(M). Since DF(M) = 0A(M)?~'DA(M) and
A(M) > 0 on Ar, we obtain DA(M;) = p DA(Ms) for some p > 0. Since M — DA(M) is a
linear isomorphism, this implies M; = pM,. Using the homogeneity of DF', we get DF(M;) =
DF(pMs) = p*~'DF(M>). Since DF(M;) = DF (M) and 20 —1 # 0, it follows that p = 1. Hence,
M, = Mj, and Assumption 1.3 (ii) holds.

It remains to verify the non-proportionality condition. Fix M € Ar. Since M is symmetric, we
may work in an orthonormal basis in which M = diag(A1, A2). Choose

0 1
(o).
Then tr H = 0, and since cof M is diagonal, we have DA(M)[H] = 0. Consequently, DF(M)[H] =
OA(M)’*DA(M)[H] = 0. On the other hand, A(M + sH) = A(M) — 4752, so D?A(M)[H, H] =
—8&87. Therefore,
D?F(M)[H, H] = 0A(M)*"'D*A(M)[H, H] = —807A(M)’~* £ 0.

If D2F(M) were proportional to DF(M) ® DF(M), then there would exist a scalar v € R such
that D2F(M)[H,H] = v(DF(M)[H])?. For the above choice of H, the right hand side is zero,
while the left hand side is nonzero. This is a contradiction. Hence D2F(M) is not proportional to
DF(M)® DF(M), and Assumption 1.3 (iii) holds.

Before proving the uniqueness result, we record the part of the argument that does not use the
non-proportionality condition. It shows that the equality of the DN maps already determines the
two possible sources up to an explicit scalar factor.



6 C.-L. LIN, Y.-H. LIN, AND J.-N. WANG

Proposition 1.7 (Determination up to a gauge). Let the assumptions of Theorem 1.4 hold, except
possibly the non-proportionality condition in Assumption 1.3 (iii). Let u(()]) € 0%, j=1,2, be
the admissible solutions to

F(DQuéj)) =f; inQ,
(1.7) ()

ug’ =0 on Ofd.
If (1.5) and (1.6) hold, then there exists a positive function co = co(z) in Q such that
(1.8) fi=cf " f2 in Q.

Ideas of the proof. The equality of the nonlinear DN maps allows us to compare the first lin-
earizations at suitable reference solutions. In two dimensions, the inverse problem for the resulting
non-divergence form linear equations determines the linearized coefficients only up to a conformal
factor. Thus the first linearization gives DF(D2u(()1)) = C()DF(DQU(()Q)) for a positive function c¢y. This
is the source of the factor appearing in Proposition 1.7. The homogeneity of F' and the injectivity
of DF' then convert this relation into the source relation (1.8).

The main point is to show that this remaining factor is trivial under the non-proportionality
condition. For this purpose, we use the second linearization. It produces an identity involving
the second derivative tensor D?F and Hessians of solutions to the first linearized equation. A local
construction of solutions, together with Runge approximation, gives enough Hessians at each interior
point to identify the possible defect in the second derivative tensor. This yields the rank-one defect
identity used in the final step. The non-proportionality condition then excludes the possibility that
the conformal factor is nontrivial, and hence gives ¢o = 1 and f1 = fo.

This mechanism is the main novelty of the paper. The first linearization alone leaves a natural
conformal ambiguity, while the second linearization detects enough additional information to remove
this ambiguity under an algebraic condition on F. Thus the argument separates the inverse problem
into two parts: determining the source up to an explicit factor, and eliminating that factor by using
the structure of the nonlinearity.

Earlier literature. We also recall that inverse problems for nonlinear partial differential equations
have attracted increasing attention in recent years. A classical starting point is the linearization of
the nonlinear Dirichlet-to-Neumann map, going back to the work of Isakov | ], which reduces the
nonlinear inverse problem to a linear one. Later developments showed that higher order linearizations
can reveal genuinely nonlinear effects that are invisible at first order; see, for instance, [ ,

) ]. A major development in this direction was the higher order linearization method
introduced in nonlinear geometric settings in | |, and subsequently developed for semilinear
elliptic equations in | , ]. Since then, this method has led to a broad range of uniqueness
and parameter recovery results for nonlinear equations.

In the elliptic setting, higher order linearization techniques have been applied to several semilin-
ear inverse problems, including problems with partial data and related nonlinear interactions; see
[ , , , , ]. Quasilinear elliptic inverse problems have also been
studied in | , , ]. For inverse problems related to the minimal surface equation
and related quasilinear models, we refer for example to | , , ]. We also mention
the inverse source problems for semilinear elliptic and parabolic equations in [ , ].

Among nonlinear inverse problems, the recovery of source terms is of particular interest. In
the linear case, such problems generally suffer from a natural obstruction, and uniqueness fails
in general. In contrast, nonlinear equations may break this obstruction. Recent progress in this
direction includes uniqueness results for inverse source problems for semilinear elliptic and parabolic
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equations [ ) ], and more recently for the fully nonlinear Monge-Ampeére equation in two
dimensions | ]. The present work continues this line of study for a broader class of admissible
fully nonlinear elliptic equations.

Organization of the article. The remainder of this article is organized as follows. In Section 2,
we establish the well-posedness of the admissible Dirichlet problem and develop the higher-order
linearization scheme. Section 3 is devoted to the analysis of the first linearization, including the
boundary determination and the recovery of the linearized coefficients up to a conformal factor. In
Section 4, we study the second linearization and derive the key tensorial identities needed for the
inverse problem. Finally, in Section 5, we combine these ingredients to prove Theorem 1.4.

2. PRELIMINARIES

2.1. The well-posedness. Let us demonstrate the well-posedness of (1.1). Given ¢ € C*>°(99), we
introduce the following set of boundary data:

(2.1) By 5(09) := {p € C*(09) : [l — dllca (o) < 9},

for some o € (0,1) and sufficiently small § > 0. To solve the inverse problem (IP), we employ the
higher-order linearization technique, which requires the following well-posedness result describing
the smooth dependence on the boundary data in the admissible class.

Proposition 2.1. Let 2 C R? be a bounded open set with C°°-smooth boundary 0. Let F(M) =
f()\(M)), where f is a smooth symmetric function defined on an open convex cone I' C R? satisfying
Assumption 1.1, and suppose that Q satisfies (1.3). Let f € C*(Q) be positive and satisfy (1.2).
Given ¢ € C™(0R), the following statements hold:

(i) There exists a unique admissible solution u = u, € C*(QQ) to the Dirichlet problem (1.1).
(ii) Given ¢ € C>(0N2), there exist 6,C > 0 such that, for any ¢ € By s(08) defined by (2.1),

there exists a unique admissible solution u, € C*°(Q) of (1.1) satisfying
Huw - U¢>||c4,a(§) < Clly - ¢HC470(8Q)a

where uy € C®(Q) is the solution to

{F(D2u¢) =f inQ,

(22) Up = @ on 0L2.

(ili) Moreover, for ¢ € By 5(092), there exist C>°-Fréchet differentiable maps

S By s(002) = C°(Q), ¢+ uy,
A By s(082) — C™(092), @ Oyuylyg, -

For the well-posedness, we only use Assumption 1.1, not the additional assumptions in Assump-
tion 1.3 needed for the inverse problem.

Proof of Proposition 2.1. For (i), the existence and uniqueness of an admissible solution follow from
[ , Theorem 2]. The assumptions imposed above correspond to the hypotheses required there:
the cone condition, symmetry, ellipticity, concavity, the boundary-side condition (1.2), the growth
conditions, and the boundary admissibility condition (1.3). Therefore, (1.1) admits a unique admis-
sible classical solution. Since f, ¢, and 0f) are smooth, standard elliptic regularity and bootstrap
imply that this admissible solution is smooth up to the boundary. Hence u, € C*°(Q).
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For (ii), we first note that the solution ug € C*°(2) is guaranteed by (i). We now study the local
dependence of the admissible solution on the boundary data by the implicit function theorem for
Banach spaces; see, for example, | , Theorem 10.6]. Let

X =0 (Q), Y :=0%Q) x CY*(00).

Since ug is admissible and the cone I is open, there exists an open neighborhood U C X of ug such
that A(D?u(x)) € T for all u € U and all x € Q. Thus every u € U remains admissible. Consider
the map

T CHO0) xU =Y, U(p,u) = (F(D*u),ulon — ¢) .

Since F' is smooth on the admissible class, the map ¥ is well defined and C*°-smooth in the Fréchet
sense.
From (2.2), we have

V(¢ up) = (F(D*ug), ugloa — ¢) = (£.0),
and the partial differential with respect to u is given by
8u\11(¢, qu) X = K
0w (6, ug)v = (Fun(D*ug)uv, vloa),

for any v € X. Since u, is admissible and smooth up to the boundary, the image {D?uy(z) : = € Q}
is a compact subset of the admissible class. By the ellipticity condition in Assumption 1.1(i), the
matrix (Fp(D%*ug(z))) is positive-definite for every x € €2, and hence uniformly positive-definite on
Q. Therefore Fab(D2u¢)8ab is a uniformly elliptic operator in Q.

We now claim that

BT (B,ug) : X =Y, v (Fu(D*ug)dapv, v]o)

is a linear isomorphism. Indeed, consider the Dirichlet problem

2 o .
(2.3) Fap(D?ug)gpv = G in Q,
V=1 on 02,

where G € C%(Q) and ¢ € C+¥(9€). As in | , Section 2], and using the standard solvability
theory for linear uniformly elliptic equations in non-divergence form together with the Schauder
estimates in | , Chapter 6], the Dirichlet problem (2.3) has a unique solution v € C*%*(Q).
Moreover, the global Schauder estimates imply that v € C**(Q). Hence 0,V (¢, u,) is a linear
isomorphism from X onto Y.

Therefore, by the implicit function theorem, there exist 6 > 0 and a unique C°°-Fréchet differen-
tiable map

S: By s(00) = C=(Q), ¢~ S(yp),

such that S(¢) = uy and ¥(p, S(¢)) = (f,0) for all ¢ € By 5(012), provided that 6 > 0 is sufficiently
small. Writing u,, := S(¢), we obtain a unique admissible solution near ug for all nearby boundary
data. Since S is locally Lipschitz and S(¢) = ug, there exists a constant C' > 0 such that

lup — U¢||c4,a(§) <Cle - ¢||C4»(¥(8Q)-

This proves (ii).

Finally, (iii) follows from the C°°-Fréchet smoothness of the solution map S and the fact that
the normal trace map u +— d,ulpq is continuous and linear from C**(Q2) to C3*(0). Hence it
defines a smooth map into C°°(952) on the smooth solutions under consideration. This completes
the proof. O
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2.2. The higher order linearization. Inspired by | , |, let us apply the higher order
linearization technique to (1.1), with the Dirichlet data

(2.4) @ = ¢ +e1p1 + €202 on 012,

where ¢, ¢1, pa € C°(0N2) are given functions, and ¢ € R are parameters with || sufficiently small
for k =1,2. By Proposition 2.1, for sufficiently small ¢ = (g1, e3), there exists a unique admissible
solution u. € C*°() to

25) {F(DQuE) = f in Q,

Ue = ¢+ 101 + €29 on OL2.
2.2.1. The first linearization. Let uy be the admissible solution to

{F(D2u¢) =f inQ,

(26) Uy = ¢ on 0.

Differentiating (2.5) with respect to € at ¢ = 0, we obtain the first linearized equation
2.7) Fop(D*ug)Ogpvp =0 in €,

Vi = Ok on 0,
where

Vg = Ocplog e, k=1,2.

Since uy is admissible and smooth up to the boundary, the set { D*uy(x) : x € 1} is a compact subset
of the admissible class. By the ellipticity condition in Assumption 1.1 (i), the matrix (Fu(D?*ug(z)))

is positive definite for every x € €2, and hence uniformly positive definite on 2. Therefore the operator
Fab(D2u¢)8ab is uniformly elliptic in €.

2.2.2. The second linearization. Using the Dirichlet data (2.4) and applying the second derivative

Oey ey L:O on the equation (2.5), then one has the following second linearized equation

g“baabw + gab’kgaabvlakgvg =0 in €,
w=0 on 052,

where vy, is the solution to (2.7) for k = 1,2, and w = O, e, | _( ue. Here,
g% = Fab(D2u¢) and ¢ .= Fab,kg(Dzu(p) for x € Q,
for all a,b,k,¢ = 1,2, where uy is the admissible solution to (2.6). In the rest of the paper, we will
adopt these notations to simplify the analysis.
3. THE FIRST LINEARIZATION

We first extract useful information from the first derivative of F' at suitable admissible solutions.

3.1. Boundary determination. Let us first show the boundary determination of F on 0. To
this end, given ¢ € C°°(01), let us consider the following admissible Dirichlet problem

2,9 £ inQ
(3.1) 5 ug)=f; mQ
ug =¢ on 0f),

for j=1,2.
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Lemma 3.1 (Boundary determination). Adopting the assumptions in Theorem 1.4, the relations
(1.5) and (1.6) imply

Fab(D2 = ab(D2

’80 )‘697

where Fyy, is given by (1.4) for 1 < a,b < 2, and u( ) e C>(Q) is the admissible solution to (3.1),
forj=1,2.

Proof. Recall that Ar denotes the admissible class. Fix a boundary point xzg € 9€2. Without loss of
generality, we may assume that zo = (0,0), and the boundary near xg is parameterized by x2 = n(z1)

for 1 € (—¢,¢), where n € C*°((—¢,¢)) and n(0) = »n'(0) = 0.

Since u((;) = uff) = ¢ on 02 and the DN maps agree, we have 8,,u((;) = ayuff) on 0f). Hence the

tangential and normal derivatives of ug)l) and uf;) coincide on 91, and therefore Vu((;) = Vug) on

09Q. In particular,
Ay (a1 (1)) = Drug (w1, ()
and
o) (w1, m(1)) = Oyull (w1, (1))
for 1 near 0. Differentiating these identities with respect to 1 and evaluating at 1 = 0, we obtain
An1ul) (0) + 17/ (0)012u (0) = B11ul (0) + 1 (0)D12u? (0)
and
D120 (0) + 17 (0)da2ull (0) = D12u (0) + 1/(0) D2 (0).
Since 7/(0) = 0, it follows that

(3.2) onul) (0) = 1ul(0) and  droull’(0) = Brpul (0).

It remains to show that 822u((;) (0) = 822u((;)(0).
Write t; := 622u(j)(0) for j = 1,2, and define

®
11 12
v (S g
mélz) 0
where mgll) = 811u$)(0) = 811u§))( ) and m(1 ) = Blgug)(()) = algusz)(O). Then D2ug)(0) =

My +tjes ® eg for j = 1,2, where e; = (0,1). Since u((bj) is admissible, both matrices DQufbj)(O)
belong to Ar. Consider
I={teR: My+tea®eg € Ap}.

Since Ar is an open convex subset of S, the set I is an open interval containing ¢ and ts.
Define ¢(t) := F(Mo+tes @ ez) for t € I. Then g is well defined on I, and by the chain rule,

g (t) = Fe(My+tea®es), tel.

By ellipticity in the admissible class, the matrix (Fab(M )) is positive definite for every M € Ar. In
particular, ¢'(t) = Faa(Mp + tea ® e2) > 0 for all ¢t € I. Hence g is strictly increasing on I. On the
other hand, by construction,

g(t;) = F(D*u)(0) = £;(0), j=1,2.
Since g = 0 € 902 and f; = fo on 092, we have g(t1) = f1(0)
increasing on I, it follows that ¢; = ¢5. Therefore 822u((;)( ) =

= f2(0) = g(t2). Because g is strictly
Daou?) (0).
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Together with (3.2), this implies

(3.3) D%’ (0) = D> (0).

Since x¢ € 0f2 was arbitrary, we conclude that D2u((;) = Dzug) ’ g Because F'is known a priori,

this yields

P

1 2
Fab(DQUé))bQ = ab(DQUé))‘agy
for 1 < a,b < 2. This proves the lemma. O

Remark 3.2. Note that (3.3) already implies not only
1 2
Fab(Dzufb))‘aQ = ab(D2“<(z>))‘aﬂv

but also
1 2
DFFoy(D*u)| o, = DFFup(D*u() o,

for all k € N, since the nonlinear functional F' is known a priori. In addition, the concavity of F' is
not used in the derivation of the boundary determination.

3.2. Interior recovery up to a conformal factor. First, since we know the DN maps of (1.1),
we obtain the boundary information of Vu|sq for any admissible solution u to (1.1). Second, thanks
to the boundary determination, we also know the matrix (Fab(D2u¢($)))1<a p<o for z € OS2, Thus,
we can obtain the following alternative DN map for the linearized equation o

Al C®(09) = C®(09), ¢ = g 0y0val 50,

where v € C*°(2) is the solution to (2.7), v = (v1,12) denotes the unit outer normal on 9f2.

Now, we reduce our original inverse problem (IP) to the inverse problem for the first linearized
equation (2.7). More concretely, we use the information in (1.6) to determine the metric g whenever
Q) C R? is a bounded simply connected domain. Therefore, we can apply | , Theorem 1.4] to
recover the metric up to a conformal factor ¢ > 0 in 2, with ¢|spq = 1. For the reader’s convenience,
we record the following result, which gives the recovery of the metric g in the non-divergence elliptic
equation.

Proposition 3.3 (] , Theorem 1.4]). Let Q C R? be a bounded open simply connected domain
with C*°-smooth boundary 052, and let g = (gab) be a symmetric, positive definite, and C*°-smooth
2 x 2 matriz-valued function and (g%°) = (gap) 1. Let g = g; be two metrics, and let

Ay 2 C(0Q) = C(09),  h g0 v, 0,

be the DN map of the equation
g;‘baabv(j) =0 inQ,
w0 = on 08,
for 5 =1,2. Suppose that
Ay, (h) = Ay, (h)  for all h € C*(0Q),
then there exists a C°°-smooth conformal factor ¢ = c(x) > 0 with c|gq = 1 such that
¢ =cg inQ, 1<a,b<2.

The above proposition applies since the coefficient matrix (¢?°) is smooth and positive definite on

€, hence uniformly elliptic on €.
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Lemma 3.4. Assume the hypotheses of Theorem 1.4, except possibly the non-proportionality condi-

tion in Assumption 1.3 (iii). Let v,(gj) € C°(Q) be the solution to the first linearized equation

F D2 (4) (4) — in Q

v,ij) = ¢k on 0%,
U) ¢ C>(Q) is the admissible solution to

for k =1,2, where ug
F(DQU((;')) =f; inQ,
) _ ¢

3.5
(3:5) on O0f).

(J
e
for j =1,2. Then condition (1.6) implies o = v,(f) in Q, fork=1,2.

Proof. First, thanks to the boundary determination in Lemma 3.1, we have gi‘b = ggb on 0f), where
(3.6) g% = Fu(D*), a,b=1,2.

Second, since we know (1.6), we obtain the boundary information

V“Ezbl) ‘69 = V“fz?) ‘89’

where ug) € C°(Q) is the admissible solution to (3.5), for j = 1,2. In view of (3.6), it is clear that
g]‘?b depends on ¢, for a,b,j =1, 2.

Since we know ¢§* = ¢4° on 99, for a,b = 1,2, and the Dirichlet data ¢, can be chosen arbitrarily
in C*°(09), the first linearization of (1.6) gives

qul(h) = A'g2(h) for all h € C*°(09Q).
Applying Proposition 3.3, we can recover the leading coefficients for the first linearized equation
(3.4) up to a conformal factor. More precisely, there exists a conformal factor ¢y = cg(x) > 0 such
that cylon =1 and
(3.7) Fap(D*ul)) = cyFup(D*) in €.
On the one hand, for each k& = 1,2, we have
g‘fbaabv,gl) = c¢g‘2‘b8abv,il) =0 in Q,
Ul(cl) = ¢p on 0f),

and hence we may rewrite the equation as
ggbﬁabv,(:) =0 in Q,
U](Cl) = ¢ on 0,

since ¢4 > 0 in Q. On the other hand, U](CQ) also solves the Dirichlet problem
ggb(‘)abv,?) =0 in (),
v,g) = ¢ on 0,

for £k = 1,2. Therefore, v,(;) and v,?) solve the same equation with the same Dirichlet data, which

(1) _ (2

implies that v, = v;™ in Q, for k = 1,2. This proves the assertion. O
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For the forthcoming analysis, let us adopt the notation
Vg - ()—v,g)mﬁ, for k=1,2,
which will always denote the solution to the first linearized equation (3.4).

3.3. Determination up to a gauge. Thanks to the first linearization, we can prove Proposition
1.7.

Proof of Proposition 1.7. Let uéj) € C*(Q), 7 = 1,2, be the admissible solutions to (1.7). By
Proposition 3.3 and Lemma 3.4, there exists a positive function ¢y = ¢o(z) such that
(3.8) Fup(D*ul) = coFop(D2ul?) in Q.
Fix z € (2 and set
M, = DQU(()l)(x), M = Dgu(()z)(ac).
(1)

Since v’ and u( ) are admissible, both M; and Mj belong to the admissible class. From (3.8), we
have

DF(Ml) = C()(H})DF(MQ)
Since F is positively homogeneous of degree m # 1, its first derivative is homogeneous of degree
m — 1. Thus

DF(tMy) = t"™ ' DF (M)
for every t > 0. Define t(x) := ¢o(z)"/ (™=, Then

DF(M,) = DF(t(z)My).
Since the admissible class is a cone, t(z)M, is admissible. By Assumption 1.3 (ii), we obtain

M = t(x)Mos.
Using the homogeneity of F' again, we get
filz) = F(My) = F(t(x)Mp) = t(x)"™ F(Ma) = co(z) ™7 fa(x).

Since x € Q was arbitrary, this proves (1.8). O

4. THE SECOND LINEARIZATION

For the second linearization, let ¢ € C*°(9€2) be given, and consider the one-parameter family of
boundary data

¢ = 6¢ on N

n (2.4), where ¢ € (—¢,¢) and € > 0 is sufficiently small. For j = 1,2, let ugj) denote the admissible
solution to

FD*2I =f; g,
) — 5¢ on 9.

Then the identity (3.7) can be rewritten as

(4.1) Fu(D*u") = ¢5 Fyp(D*ul?) in Q.

Furthermore, since the solution maps depend smoothly on ¢ and the conformal factor in (4.1) is
uniquely determined, c¢s depends smoothly on §. We now differentiate (4.1) with respect to ¢ at
0 = 0. This yields

(4.2) Fap e (D2ul) 0pv ™ = co Fap e (D) 0pev® + é Fop(D*ul?)  in Q,
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where
co = Csls=0, € := Os¢s)5=0-

Here ugj ) is the admissible solution of

F(D2u(()j)) =f; inQQ,
u(()j) =0 on 0f2,

and v() denotes the solution to the first linearized equation

2, (J) G) — .
(4.3) {Fab(D g ) Oapv 0 inQ,

o) = ¢ on 052,

for j =1,2.
By Lemma 3.4, there exists a conformal factor ¢ > 0 in € such that

Fop(D2ulY) = éFy(D?ul?) in Q.

Since the two equations in (4.3) have the same boundary value ¢, uniqueness for second order elliptic
equations implies

Substituting this into (4.2), we obtain

(4.4) (Fape(D*ul) = coFap e (D*u)) Ohv = éFgp(D*uf?) in Q,

for a,b=1,2.

Lemma 4.1. For every choice of ¢ € C*°(92), one has ¢ = 0.

Proof. Fix ( € C*>°(09Q). For each sufficiently small §, the conformal factor c¢s satisfies

DF(D*u{") = esDF(D*u?) in 9.

Since F' is positively homogeneous of degree m # 1, its first derivative is homogeneous of degree

1/(m—1)
()

m — 1. Setting ts := ¢ , we have

DF(D*u{") = DF(t;D*u).
By the injectivity of DF on the admissible class,
D2ug1) = t5D2u((52) in Q.
Using the homogeneity of F', we obtain
f=FD*uM)y =t F(DP) =7 f, i Q.

Since f1 and fy are independent of §, the last identity shows that cs is independent of d, and hence,
¢=01in Q. O
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4.1. Spanning Hessians and Runge approximation. Consequently, (4.4) simplifies to
(4.5) (Fasoe(D?u§)) = o Fap e (D*u)) v = 0 im 2,

for every solution v to (4.3) and every a,b =1, 2.
To proceed further from (4.5), one needs to understand how much information about the tensor

i = Fuppe(D*u)) — coFap e (D))
can be extracted by testing against Hessians of solutions to (4.3). At each point z € €, let

Ala) i= (Aue(@)) g pr = (Pl D (@), o
Since every solution v to (4.3) satisfies
Ape(%)Opev(x) = 0,
the Hessian D?v(x) necessarily belongs to the subspace
K@y = {H = (Hye) € S : Ape(x)Hpe = 0}.

The following elementary linear algebra lemma shows that, once sufficiently many such Hessians are
available, the tensor 72 (z) must be proportional to Ay () in the (k, £)-indices.

Lemma 4.2. Let A = (Age(x)) be a non-degenerate matriz-valued function in Q with A(x) € S for
every x € ). For each x € ), define K y(,) as above. Suppose that for each fired 1 < a,b < 2, the
symmetric matriz-valued function

T (z) = (Tﬁf(w))lgk,eg

satisfies
T]?é)(x)Hkg =0 forall H € KA(x),

for every x € Q. Then there exists a scalar function A\* = \%(z) such that
T (x) = X\ (2)Ape(z) forallz e Q, 1<k (<2

Proof. Fix x € €. Since S is a three-dimensional real inner product space with respect to the
Frobenius product, i.e.,

M : N := My Nyy,
and A(z) # 0, the set K4(,) is a codimension-one linear subspace of S. Hence, its orthogonal
complement K j(x) is one-dimensional. By definition of K 4(,), one has

A(x): H=0 forall H € Ky,
so that A(z) € K j(m). Therefore
Kj(x) = span{A(x)}.
Now fix 1 < a,b < 2. The assumption implies that
T%x): H=0 forall H € Ka(z),
namely T%(z) € Kj(z). Since KAL(Z) = span{A(x)}, there exists a scalar A\?(z) such that
T%(z) = A% (x)A(z).

In components, this reads
T (x) = X () Ape (),

as claimed. O
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The next few results are stated for a general uniformly elliptic second-order operator with suffi-

ciently regular coefficients. They will later be applied to the first linearized operator Fkg(DQU((]Q))akg,
but their validity does not rely on this particular form.

Proposition 4.3. Let
Lv := App(x)Ogev  in Q,
where A = (Age) 1<k <2 € C*(2; S) is uniformly elliptic for some o € (0,1). Fiz zg € 2, and define
KA(xo) = {H €S Akg(x())Hkg = 0}.
Then there ezist a radius r > 0 with B,.(x¢) C Q and two functions vi,ve € C*Y(B,(x0))NC (B, (z0))
solving
Lv; =0 in By(z9), j=1,2,

such that D?vi(zo) and D?vy(zq) are linearly independent elements of K A(zy)- In particular,
span{D2v(aco) : Lv =0 near :Eo} = K a(z0)-

Proof. By translation, we may assume that zop = 0. Since A(0) is symmetric positive definite by
uniform ellipticity, there exists an invertible matrix P such that

PrA(0)PT = L.
Equivalently, A(0) = PPT. Introduce the linear change of variables # = Pz, and, for a function v
in the z-variables, define v(z) := v(Pz). Then
D*3(z) = P'D2v(2)P, = Px.
Equivalently,
D2u(z) = P~TD%5(2) P~
Since the change of variables is linear, no first order terms are produced. Hence the equation
A(x) : D2v = 0 is transformed into
A(z): D*v =0,

where

A(2) = (Ake(2)) 1 <p g == PTHAP2)PTT.
In particular,
A0) =P AP T = I,
We next compare the corresponding constraint spaces. The map H + PTHP is a linear isomor-
phism from K4y onto Kp,. Indeed, if H € K 4(g), then

I : (PTHP) = tr(PTHP) = tr(PPTH) = A(0) : H = 0.
Conversely, if H € Kr,, then H = P~THP! satisfies
A(0): H=A(0): PTHP ' =1,: H=0.

Therefore, it suffices to prove the proposition in the transformed coordinates. Renaming the variable
z by x, we may assume without loss of generality that A(0) = Is.
In this case,
KA(O) ={H e S: tr(H) =0},

which is a two-dimensional subspace of S. Consider the trace-free matrices

1 0 0 1



FULLY NONLINEAR ELLIPTIC EQUATIONS 17

which form a basis of K 4(g). Let
1
@ (z) = i(x% —a3),  @(z) =122
Then D?q; = Hi, D*q» = H», and since Agj = 0, we have
A(0): D*q; = I, : D*¢; =0, j=1,2.

Choose 19 > 0 so that B,,(0) C Q. For each r € (0,79) and each j = 1,2, let v;, be the unique
solution to

Aab(l‘)aabvj’r =0 in B, (O),
Vir = qj on 0B,(0).

By the standard solvability theory for uniformly elliptic non-divergence form equations with C“
coefficients,

Vjr € 02’O‘(BT(O)) N C(B,(0)).
Define the rescaled functions
wjr(y) = r"v(ry), y € B1(0).

A direct computation shows that w;, solves

Aabr (Y)Oapwijyr =0 in B1(0),
{wj,r(y) =172qj(ry) = q;(y) on dB1(0),
where
Aabr(y) = Aap(ry) and  Ar(y) = (Aabr(¥))1<a <2
Since A € C*(2) and A(0) = Iy, it follows that
A, = I, in C%(B(0)) asr — 0.
Let 1, := wj;, — ¢;. Then n;, =0 on 0B1(0) and

Aabr(¥)0atjr = — (Aabr(Y) — 6ab)Oabg;  in Bi(0).

The right hand side tends to zero in C%(B;(0)) as r — 0. By the maximum principle and the interior
Schauder estimates, for every p € (0, 1),

nir — 0 in C%(B,(0)) asr — 0.

In particular, taking p = 1/2, we obtain
wj, — ¢ in 02(31/2(0)) as r — 0.

Therefore, as r — 0,

D*w;.(0) — D?*q; = H;, j=1,2.
On the other hand, by the definition of w;,,

D*w; ,(0) = D?v;,.(0).
Hence
D%v;,(0) — H;, j=1,2.
Since H; and Hs are linearly independent, it follows that for all sufficiently small r > 0, the

matrices D?v1 ,-(0) and D?vg,(0) are linearly independent. Moreover, since each v;, solves Lv;, = 0
in B,(0), evaluating the equation at 0 gives

Age(0)Okev;,(0) = 0,
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so that
D*v;,(0) € Kaq), j=1,2.
Thus, for some sufficiently small » > 0, the two solutions v1 := v, and vy := vy, satisfy that
D?v1(0) and D?v5(0) are linearly independent elements of K A(0)- Since K gy is two-dimensional,
this implies
span{D?*v(0) : Lv = 0 near 0} = K a(0)-

Finally, returning to the original variables z = Pz, if v is a solution in the transformed variables,

then v(zr) := (P~ 'z) solves the original equation near 0. Moreover,

D25(0) = PTD2v(0) P.

The map H — PTHP is a linear isomorphism from K A(0) onto K7,, and hence linear independence
of the Hessians in the normalized variables is equivalent to linear independence of the corresponding
Hessians in the original variables. After restricting to a sufficiently small Euclidean ball contained
in the image of the transformed neighborhood, we obtain the conclusion at 0. U

The preceding discussion shows that, to extract more information from (4.5), it is enough to
produce sufficiently many global solutions to the first linearized equation whose Hessians at a fixed
point span the subspace

KA(xo) = {H €S Akg(x())Hkg = 0},
where
Ala) i= (Ae(@)) <y g = (Pl D (@), sy

By Proposition 4.3, such a spanning property holds locally near any fixed point xg € 2. We next
invoke a Runge approximation result to replace these local solutions by global ones.

Proposition 4.4 (Runge approximation). Let Qg € 2 C R? be a smooth subdomain, and let
L= Akg(x)akg m Q,

where A = (Ake)1<ke<2 € C(%S) is uniformly elliptic. Let w € H?*(Qo) satisfy Lw = 0 in Q.
Then for every compact set K C Qq and every € > 0, there exists a global solution v € H*(Q) of
Lv =0 in Q, such that

v —wllp2x) <e.

Proof. The result follows from the standard Hahn-Banach duality argument combined with unique
continuation for the adjoint operator. Since L = Apy(x)0ky, its formal adjoint is given by

L = Ore(Are) = O (Aede) + Ok ((0eAre)p)-
Let
S(Q):={veH*(Q): Lv=01in Q}, S(Q) :={u € H*(Q) : Lu =0 in Qp}.
We claim that

[los v €S _ 5(0).

By the Hahn-Banach theorem, it suffices to show the following: if f € L?(Qq) satisfies

fvde =0 forallveSQ) = fudx =0 forall ue S(Qp).
Qo QO
Extend f by zero outside 2, and denote the extension by f € L%(Q). Since the Dirichlet problem
for L is uniquely solvable, the corresponding Dirichlet realization of L is invertible. Hence, by the
Fredholm alternative for elliptic boundary value problems, the adjoint Dirichlet problem is also
uniquely solvable. Therefore, there exists

o € HY(Q) N H*(9)
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such that
L'¢o=f inQ.
Now let v € §(2) be arbitrary, and let g := v|gq. Using the Green identity for L and L*, together
with the fact that ¢ = 0 on 9f2, we obtain

(4.6) fvd:v:/]?vda::/(L*cp)vdx—/goLvdx:/ Ov,pgds,
Q Q Q Q o0

where 0, , ¢ 1= v AyeOpp is the conormal derivative associated with L*. Here we used that ¢ = 0 on
0f). By assumption,

/ fvder =0 forallveSQ).
Qo

Since smooth boundary data g are arbitrary and give rise to solutions v € S(Q), (4.6) implies
v, = 0 on 0f2. Therefore,

p=0,,0=0 on N

Next, extend ¢ by zero to a slightly larger smooth domain Q S Q. Since both ¢ and its conormal
derivative vanish on 0f2, the zero extension still satisfies

L'¢=0 inQ\Q

in the weak sense. Hence, by the unique continuation principle for second-order elliptic equations,
we conclude that

=0 inQ\ Q.
In particular, the traces of ¢ and V¢ vanish on 0€.
Now let u € §(2) be arbitrary. Using the Green identity again, now in ), we obtain

fuda::/ (L*cp)uda:—/ goLud:];:/ (Ovapu—p0y,u)dS.
Q0 Q0 QO 6‘90

Since ¢ and V¢ vanish on 02y, the boundary integral is zero. Hence

/ fudz=0 forall ueS(Q).
Qo

This proves the L2-density claim. Therefore, for every compact set K C Qg and every € > 0, there
exists v € §(€2) such that

v —wlr2) <e,
as desired. O
Remark 4.5. Proposition 4.4 is the weak form of Runge approximation needed below. The pas-

sage from L?-approzimation to C?*-approzimation on compact subsets follows from interior elliptic
regqularity for homogeneous solutions.

Lemma 4.6. Let Q1 € Q be a smooth subdomain. Suppose that {u,,} is a sequence of solutions to
Lu,, = 0 in 4, and that uy, — 0 in LQ(Ql). Then for every compact set K C Qy, Uy, — 0 in
C*(K).

Proof. Fix compact sets
K € Qs €,

where (s is a smooth subdomain. Since Lu,, = 0 in 21, the interior Schauder estimate yields

[umllcza(rxy < Cklltuml| Lo (@)
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where C'i > 0 is independent of m. On the other hand, by the interior estimate for uniformly elliptic
equations, we have

[um | oo (2) < Collumllz2(0,),
for some constant Cg, > 0 independent of m. Hence
[tumllcz.o ) < Cllumlr2@y),
where C' > 0 is independent of m. Since u,, — 0 in L?(£2;), it follows that
Up — 0 in C*¥(K),
and in particular in C?(K). O

Combining Proposition 4.3, Proposition 4.4, and Lemma 4.6, we obtain the required richness of
global solutions.

Corollary 4.7. Fix xg € Q, and let
2
Alzo) = (Akf(xO))1gk,eg2 = (FM(DQU(() )(950)))19,49'

Then there exist two global solutions vy, vy € H2(Q) N C2*(Q) of

loc
2,,(2) o : -
Fro(D*uy”)Opev; =0 inQ, j=1,2,
such that D?v1(xg) and D?vy(xg) are linearly independent elements of K A(zo)- Consequently,
span{DQU(xo) : FM(DZu((f))an =01in Q} = K A(zg)-
Proof. By Proposition 4.3, there exist r > 0 and local solutions wy, ws € C*%(B,(z0)) of
Fro(D*u)0pew; =0 in By(xo), j=1,2,

such that D*w(zo) and D*ws (o) are linearly independent in K 4(y,).
Choose a smooth domain € such that B, y(z0) € 1 € B, (z0). By Proposition 4.4, for each
j = 1,2 there exists a sequence of global solutions v;,, € H*(Q2) of

FM(DZU(()Z))(‘)Mvj,m =0 in Q
such that vj, — w; in L?(Q1) as m — oo. Since each difference v;,, — w; solves the same
homogeneous equation in €2y, Lemma 4.6 implies that
Vjam = w; 0 C*(B,3(x0))
as m — oo. In particular,
D2 (z0) — D*wj(z0) as m — oo.

Since linear independence is an open condition, it follows that for all sufficiently large m, the
matrices D?vy ,,(20) and D?vg,,(20) remain linearly independent. Moreover, since each v;,, satisfies
the first linearized equation in €2, evaluating at x( yields

Ae(20)Okevjm(20) = 0,
and hence
DQUj,m(CUO) € KA(xg)a Jj=12

Therefore, for all sufficiently large m, the two matrices D2v1,m(xg) and D2v2,m(x0) are linearly
independent elements of K 4 Since K 5(z,) is two-dimensional, they form a basis of K4z
Renaming

Zo)*

Vj = Vjm,  J = 1,2,
for such a sufficiently large m, we obtain the desired conclusion. O
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We now apply Corollary 4.7 to the identity (4.5). Fix an arbitrary z¢ € Q. Since (4.5) holds for
every global solution of the first linearized equation, Corollary 4.7 implies that, for each fixed pair
1 <a,b<2, one has

Tif (20)Hye =0 for all H € K (5,
where
T]gé) = Fab’kg<D2u(()1)) — COFab,kZ(D2U(()2))'

Therefore, Lemma 4.2 yields a scalar function A% = A% (z) such that
(4.7) Fupke(D?ug) (2)) = co() Fap e (D*ul? () = A**(2) Fre( D ()

forallz € Qand all 1 < a,b, k, ¢ < 2.

The next lemma shows that the coefficient \% is itself proportional to Ay, = Fab(DQu(()Q)).

Lemma 4.8. Suppose that
T = A% A

for some matriz-valued function (A%), where A = (Ayg) satisfies the uniform ellipticity. Assume
urther that T = Tk Then there exists a scalar function p such that
ke ab H

A\ = 1A
As a result, there holds T,g‘é’ = A Age-
Proof. From the identities
T® =A%Ay, and T =T,
we obtain
A A = AFCAL,

for all 1 < a,b,k, ¢ < 2. By the ellipticity, A(x) is positive definite. Thus, A11(z) > 0 for any x € Q.
Define
A (g
wu(x) = (z) .
AH(IE)

Then, taking (k,¢) = (1,1) in the above relation, we obtain

XP(a) A (2) = A (2) Aap(2),

and hence A\ (x) = p(x)Aqp(r). Substituting this back into T,g‘é’ = A% A, gives T,g‘é’ = uAgpAge, as
claimed. 0

Therefore, applying Lemma 4.8 to (4.7) yields a scalar function p = u(x) such that
(4.8) Fapee(D*u (2)) — co(2) Fap e (D?ul (2)) = p(z) Fap(D*ul (2)) Fre( D*u ()
forallz € Qand all 1 <a,b, k, ¢ < 2.

Remark 4.9. In this section, the homogeneity of F' and the injectivity of DF' are used only to show
that the conformal factor does not vary with the boundary perturbation. The non-proportionality
condition is not used here; it will be used only in Section 5 to remove the remaining scalar factor.
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5. THE INVERSE PROBLEM
Finally, we can prove Theorem 1.4.

Proof of Theorem 1.4. By Proposition 1.7, there exists a positive function ¢y = co(x) such that
fi= CF fo in Q. It remains to show that ¢y = 1.

Let u(()] ) e o (), 7 = 1,2, be the admissible solutions to (1.7). From the proof of Proposition 1.7,
we have

DQu(()l) = tDQU(()Q) in €,

where t = 0(1)/ (m=1) Moreover, by the conclusion of Section 4, in particular (4.8), there exists a
scalar function p = p(x) such that

(5.1) Fup e (D*u)) = coFape(D*ul?) = pFo(D*u?) Fio(D*uf)  in .

Fix any x € Q and set My := D2u(()2)(x). Since DQU(()I)(1‘> = t(x)My, and since the second
derivative of F' is homogeneous of degree m — 2, (5.1) gives

()™ 2 Fap o (M2) — co(2) Fap pe(Ma) = pu(2) Fyp(Mz) Fo(Ms).
Using co(r) = t(z)™!, this becomes
H(2)™ 2 (1 = t(2)) Fapje(Mz) = () Fop (M) Fie (M).
If t(z)™2(1 — t(z)) # 0, then
Fappe(Mz) = v Fup(Ma) Fie(Ma)

for some y € R, which contradicts Assumption 1.3 (iii). Hence t(z)™2(1—t(z)) = 0. Since t(z) > 0,
we have t(z) = 1, and therefore co(z) = 1. Since z € Q was arbitrary, ¢co = 1 in 2. The gauge
relation in Proposition 1.7 then gives

f1 = fQ in Q.
Together with (1.5), this proves f; = f2 in Q. O
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