THE CALDERON PROBLEM FOR THE FRACTIONAL WAVE
EQUATION: UNIQUENESS AND OPTIMAL STABILITY
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ABSTRACT. We study an inverse problem for the fractional wave equation with
a potential by the measurement taking on arbitrary subsets of the exterior in
the space-time domain. We are interested in the issues of uniqueness and sta-
bility estimate in the determination of the potential by the exterior Dirichlet-
to-Neumann map. The main tools are the qualitative and quantitative unique
continuation properties for the fractional Laplacian. For the stability, we also
prove that the log type stability estimate is optimal. The log type estimate
shows the striking difference between the inverse problems for the fractional
and classical wave equations in the stability issue. The results hold for any
spatial dimension n € N.
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1. INTRODUCTION

In this paper, we study an inverse problem for the fractional wave equation with
a potential. The mathematical model for the fractional wave equation is formulated
as follows. Let 2 C R™ be a nonempty bounded Lipschitz domain, for n € N. Given
T>0,s€(0,1) and g = q(x) € L>*(Q), consider the initial exterior value problem
for the wave equation with the fractional Laplacian,

(0} + (A +qu=0 inQp:=Qx(0,7),
(1.1) u=f in ()7 := Qe x (0,7),
u=0u=0 in R™ x {0},
where (—A)* is the standard fractional Laplacian®, and
Qe :=R"\ Q

denotes the exterior domain. The fractional wave equation can be regarded as a
special case of the peridynamics which models the nonlocal elasticity theory, see
eg. | ].

In recent years, inverse problems involving the fractional Laplacian have received
a lot of attention. Ghosh-Salo-Uhlmann | | first proposed the Calderén prob-
lem for the fractional Schréodinger equation, and the proof relies on the strong
uniqueness of the fractional Laplacian (| , Theorem 1.2]) and the Runge ap-
proximation (] , Theorem 1.3]). Based on these two useful tools, there are
many related works appeared in past few years, such as | , , ,
, , , , , , , , , | and the
references therein.

Throughout this work, we assume that the (lateral) exterior data f is compactly
supported in the set Wr := W x (0,T) C ()1, where W C Q. with WNQ =0
can be any nonempty open subset with Lipschitz boundary, and, to simplify our
notations, we assume that both ¢ and f are real-valued functions. Note that the
initial boundary value problem (1.1) is a mixed local-nonlocal type equation. In
order to study the inverse problem of (1.1), we will use the strong approximation
property of (1.1), which is due to the nonlocality of the fractional Laplacian (—A)?,
for 0 < s < 1. Hence, by the well-posedness of (1.1) (see Theorem 2.1), one can
formally define the associated Dirichlet-to-Neumann (DN) map A,

(1.2) Ay : C((Qe)7) = L2(0,T; H (), Ag: frs (—A)Su|(Q€)T,

where w is the unique solution to (1.1). The precise definitions of the Sobolev spaces
will be given in Section 2.1. Let us state the first main result of our work.

Theorem 1.1 (Global uniqueness). Consider T > 0, s € (0,1), and g; = ¢;(z) €
L>(Q), for j =1,2. Assume that Wy, Ws C (e are arbitrary nonempty open sets
with Lipschitz boundary such that Wi NQ =WoNQ = (. Let qu be the DN map
of

(0} + (-A)*  +gj)u=0 inQr,
(1'3) u=f in (Qe)Ta

u(z,0) = dyu(x,0) =0 in R™ x {0},
forj=12.If
(1.4) Aas(Dliwar = Daa(Dlw, » for any £ € CZ(Wi)r),

then g1 = qo in Qp2.

L\ rigorous definition is given in Section 2.
2Throughout this paper, we adapt the notation Ap := A x (0,7, for any set A C R™.
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The proof of Theorem 1.1 is based on the qualitative form of the Runge ap-
prozimation for the fractional wave equation: For any g € L?(Qr), there exists
a sequence of functions {fi}ren € C°((W1)r) such that uy — g in L?*(Qr) as
k — oo, where uy is the solution to (1.1) with ux = fx in (Qe)7, for all & € N.
The preceding characterization can be regarded as an exterior control approach, in
the sense that one can always control the solution by choosing appropriate exterior
data.

The second main result of the paper is a quantitative version of Theorem 1.1,
which provides a stability estimate for our fractional Calderén problem. Before we
state the stability result, we introduce some notations.

Definition 1.1. Let H?(0,T; ﬁIO‘(Q)) be the Sobolev space equipped with the norm
lall 20,762y = Nl 20,110 (00 + 1900l 2 0 1770 gy + NOF Ul 21 )
We also denote
H2(0,T; HY(2)) := {u e H20,T: H*(Q)) : u=du=0 inR" x {0}} ,
and let H=2(0,T; H=%(2)) be the dual space of H3(0, T} H(2)). We shall explain
the space H*(Q) in more detail later in Section 2.

Definition 1.2. For each o >0 and T > 0, we define

lallz-e@r i=sup { | fo, a(e, (@, )a(a, 1) dodt |}
where the supremum is taken over all functions ¢1,ps € C°(Qr) with
||¢j||H2(()’T;}~IO<(Q)) =1 (j=12),
and let Z=*(Q;T) be the Banach space equipped with this norm.
Remark 1.3. Since ||¢;| r2(0,) < 951l 7720, 77,770 () = 1 for all ¢ € H3(0,T; HY(Q)),
a>0andT >0, it is easy to see that
gl z-« i) < llallz= ()
for all g = q(z,t), which implies L>°(Qr) C Z=*(Q;T).
To shorten our notations, we denote the operator norm as
HH* = ”'”LHO,T;H%)%LQ((),T;H*QS(W))7

where the Sobolev space H2S will be described in Section 2.1. We are now ready
to state the second main result of our work.

Theorem 1.2 (Logarithmic stability). Let T > 0, s € (0,1), and q; = g;(z) €
L>(Q), for j = 1,2. Assume that Wy, Wy C Q. be arbitrary nonempty open sets
with Lipschitz boundary such that Wi NQ =WoNQ = (. Let qu be the DN map
of (1.3) for j =1,2. We also fix a regularizing parameter v > 0. If g1 and g both
satisfy the apriori bound

llgjllpee(@) < M forj=1,2,
then

lar = a2l z—s—~@ir) < w ([Aqy — Agalls)

where w satisfies

w(t) < Cllogt|™, 0<t<1,
for some constants C' > 0 and o > 0 depending only on n, s, Q, Wy, Wy, ~, T, M.
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Inspired by Theorem 1.1, we will prove Theorem 1.2 by using a quantitative
version of Runge approximation, which involves the well-known Caffarelli-Silvestre
extension for the fractional Laplacian and the propagation of smallness. Moreover,
Theorem 1.1 and Theorem 1.2 are satisfied for any spatial dimension n € N.

The third main result of this work studies the exponential instability of the
Calderén problem for the fractional wave equation. In other words, the stability
result in Theorem 1.2 is optimal. For brevity, we denote the operator norm

sup;e o,7) IXAXI 2B\ B7) = 12(B,\B) ()

IAIL = sup

0£xEC((0,T)) IxHy2. (0,7 ’

where B, with r > 0 stands for the ball of radius r centered at the origin.

Theorem 1.3 (Exponential instability I). Let @ = By C R”, forn > 2, n € N.
Given any T > 0, s € (0,1), & > 0 and R > 0. There exists a positive constant
CR,Tyn,s Such that: Given any 0 < € < cr,1n,s, there exist potentials q1,q2 € C*(Q2)
such that ||q;|| =) < R, j = 1,2, satisfying

(1.5) g1 — @2llL=() =€
but
(1.6) [Aq, — Ag HI* < KR,Tn,s €Xp (—G_M)

for some positive constant Kr 1p,s.
For 1-dimensional case (n = 1), we can also establish the same estimate.

Theorem 1.4 (Exponential instability II). For n = 1, Theorem 1.3 is also valid

with the norm || - ||, being replaced by the following norm:
" SUPe(o,7) [IXAX L2 ((2.3)) > L2 ((2,3)) ()
A= s : |
0ZXEC((0,T)) 1 [52. (0.7

For the local counterpart, let us consider the following initial boundary value
problem for the local wave equation:

(0} —A+gq(x))u=0 inQp,
(1.7) dyu(z,t) = g(z,t) in (0Q)7,
u=0wu=0 in  x {0},

where ¢ = ¢(z) € L*(Q). It is known that (1.7) is well-posed (for example, see
[ ]) with suitable compatibility conditions. Assuming the well-posedness of
(1.7), the corresponding (hyperbolic) Neumann-to-Dirichlet map of (1.7) is defined
by

Agg := ulpaxo,r) for all g € CZ°((0Q)r).
In fact, A, : L2(0Q x (0,T)) — H(0,T; L*(9R)) is a bounded linear operator,

which can be proved by the energy estimate of (1.7), see e.g. | , Section 6.7.5].
Now we assume

(1.8) T > diam ().

Under assumption (1.8), in [ ], they showed the global uniqueness result for

time-independent potentials:

/N\ql = /~Xq2 implies ¢ = ¢o in €.

In | |, the author showed that, if (1.8) holds, under some apriori assumptions,
the following estimate hold:

[e3%

(1.9) lar = gall 2o < € Ry = K|
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for some constants C' and «, where ||-||z stands for the operator norm for the
Neumann-to-Dirichlet map. A similar estimate also holds for the hyperbolic Dirichlet-
to-Neumann map | ]. In other words, the stability of the inverse problem for
the local wave equation is of Holder-type. We also mention other related results of
inverse problems for the local wave equation with potentials | , , ,

) ) ]'

Similar to the local version, we can prove the global uniqueness result for time-
independent potentials for the fractional wave equation (see Theorem 1.1). How-
ever, in the nonlocal counterpart of (1.9), we show that the stability of the inverse
problem for the fractional wave equation is of (optimal) logarithmic-type in view of
Theorem 1.2 and Theorem 1.3. We also want to point out that we do not need to
assume the large influence time condition (1.8). One possible explanation is that
while the speed of propagation of the local wave equation is finite, the speed of prop-
agation of the fractional wave operator is infinite due the nonlocal nature of the
fractional Laplacian (—A)®, for 0 < s < 1. We will offer some detailed arguments
in Section 2.

Before ending this section, we would like to discuss some interesting results for
the time-harmonic wave equation. Consider the time-harmonic wave equation with
a potential (a.k.a. Schrédinger equation):

(1.10) (-A+gq(z)—K*)v=0 in Q.

Ignoring the effect of the frequency x > 0, Alessandrini | ] proved the well-
known logarithmic stability estimate for the inverse boundary value problem of
(1.10), and Mandache | ] established that this logarithmic estimate is optimal
by showing that the inverse problem is exponentially unstable. Nonetheless, by
taking the frequency into account, it was shown in | ] that

1 —2a—n
) + Cl‘i4diSt (Cq1 5 qu) ’
Cq.)

(111) qu — QQHH—a(Rn) S O (KZ +10g dlst (qu’

where Cy, , Cq, are the Cauchy data of the Schrédinger equation (1.10) corresponding
to g1, g2, and dist (Cy,,Cq,) is the Hausdorff distance between C,4, and Cy,. Isakov
[ ] proved a similar estimate in terms of the DN maps.

The estimate (1.11) is shown to be optimal in the recent paper | ]. The
estimate (1.11) clearly indicates that the logarithmic part decreases as the frequency
K > 0 increases and the estimate changes from a logarithmic type to a Holder type.
This phenomena is termed as the increasing stability. It is interesting to compare
the stability estimate (1.11) of the time-harmonic wave equation (1.10) with the
stability estimate (1.9) of the local wave equation (1.7).

Similarly to the local wave equation, we consider the following time-harmonic
fractional wave equation

(1.12) (A +q(z) —Kx*)v=0 inQ,

which is a fractional Schrodinger equation. Without considering the effect of the
frequency x > 0, Riiland and Salo [ ] obtained a logarithmic type stability
estimate for the inverse boundary value problem of the time-harmonic fractional
wave equation (1.12) and, in | ], they proved that such logarithmic estimate
is optimal by showing the exponential instability phenomenon. These results give
rise to a natural question: in the inverse boundary value problem for (1.12), if we
take the frequency x into account, does the increasing stability estimate similar to
(1.11) hold? In view of the optimal logarithmic stability results in Theorem 1.2 and
Theorem 1.3, we have a strong reason to believe that the answer to this question
is negative.
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The paper is organized as follows. We discuss and prove the well-posedness of
the fractional wave equation in Section 2 and in Appendix A, respectively. We
then prove Theorem 1.1 in Section 3, and prove Theorem 1.2 in Section 4. The
approach is mainly based on the qualitative and quantitative Runge approximation
properties for the fractional wave equation. Finally, we prove Theorem 1.3 and
Theorem 1.4 in Section 5.

2. THE FORWARD PROBLEMS FOR THE FRACTIONAL WAVE EQUATION

In this section, we provide all preliminaries that we need in the rest of the paper.
Let us first recall (fractional) Sobolev spaces and prove the well-posedness of the
fractional wave equation (1.1).

2.1. Sobolev spaces. Let F, F~! be Fourier transform and its inverse, respec-
tively. For s € (0,1), the fractional Laplacian is defined via

(—A)*y:=F ! (|§\25}"(u)) , for u € H*(R™),
where H*(R") stands for the L?-based fractional Sobolev space (see |

, ]). The space H*(R") = W»2(R") denotes the (fractional) Sobolev
space equipped with the norm

el pre ey = [[F () Fuu} || 1oy »

for any a € R, where (¢£) = (1 + |¢[>)2. It is known that for s € (0,1), | - | ers (mmy
has the following equivalent representation

||UHHS(]R") = ”uHL?(R”) + [U]Hs(Rn)
where )
2 u(z) — u(y)|
Ul Trs = _— dxdy,
[ ]H (0) /OXO |x _ y|n+28

for any open set O C R".

Given any nonempty open set O of R™, the collection C°(O) consists all func-
tions in C*°(R™) supported in O@. Given any a € R, let us define the following
Sobolev spaces,

H*(0) :={ulo; u € H*(R")},

H(0) := closure of C>°(O) in H*(R"),

H{(O) := closure of C2°(0) in H*(O),
and -

HZ = {u € H*(R"); supp(u) C O}.
In addition, the Sobolev space H*(O) is complete under the norm
lull a0y = inf{HU”Ha(]Rn);U € H*(R") and v|p = u} .

It is not hard to see that H*(O) C HZ(®), and that H is a closed subspace of

H(R™). We also denote H~*(0) to be the dual space of H*(O). In fact, H=*(0)
has the following characterization:

H™%(0) ={ulo :ue H*(R" with inf W|| g5 (RnY,
(0) = {ulo ®")} et wleqeny

see e.g. | , Section 2.1], [ , Chapter 3], or | ] for more details about
the fractional Sobolev spaces. Moreover, we will use

(f, 9204 —/fgdx (F,G)p2(a, / /FGd:rdt

in the rest of this paper, for any set A C R™.
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2.2. The forward problem. We first state the well-posedness of the fractional
wave equation. As above, let Q C R™ be a nonempty bounded Lipschitz domain
with n € N. Given T > 0, s € (0,1), and ¢ = ¢q(z) € L>®(2), consider the initial
exterior value problem for the fractional wave equation

(a,? +(=A)° + q) u=F in Qp,
(2.1) u=f in (Qe)r,

u=p, Owu=1 in R™ x {0},
where f € C°(Wr) for some open set with Lipschitz boundary W C Q. satisfying
WnQ=0,¢e H*Q), and ¢ € L?(R") with supp (¢) C Q. We want to show the
well-posedness of (2.1). Setting v := u — f, we then consider the fractional wave
equation with zero exterior data

(O + (=A)* +q)v= F  inQp,
(2.2) v=0 in (Qe)r,

v=p, =1 in R™ x {0},

where F:= F — (=A)*f, ¢(z) = ¢(x) — f(2,0) = ¢(z) and ¢(z) = ¢(z) -
O f(2,0) = ¢(x). Hence, we simply denote the initial data as (¢, 1)) in the rest of
the paper. Now it suffices to study the well-posedness of (2.1).

Let us introduce the following notations. Define

w: [0,T] — H*(Q)

by
[u(t)](z) := u(x,t), for z € Rt € [0,T].

Similarly, the function F : [0, 7] — L?(2) can be defined analogously by
[F()](x) := F(x,t), for z € R", t € [0,T].

With these notations at hand, we can define the weak formulation for the fractional
wave equation. Let ¢ € H*(Q2) be any test function, multiplying (2.2) with ¢ gives

('UH, (b)L?(Q) + B[’U’ (b’ t] = (F7 ¢)L2(Q)a for O <t< T7
where Blv, ¢;t] is the bilinear form defined via
Blv, ¢;t] := / (=A)*20(=A)*2¢ da +/ quo du.
n Q
Definition 2.1 (Weak solutions). A function
v e L*0,T; H*(Q)), with v’ € L*(0,T; L*(Q)) and v € L*(0,T; H=*(Q2))
is a weak solution of the initial exterior value problem (2.2) if
(1) @), @)z + Blosdit) = (Fr0) |, . Jor all 6 € HY(9), and for 0 <

t<T a.e. _ =
(2) v(0) = @ and v'(0) = 9.

Theorem 2.1 (Well-posedness). For any F € L2(0,T;L2(2)), ¢ € H*(Q), and
¢ € L?(R™) with supp (¢)) C Q, there exists a unique weak solution v to (2.2).
Moreover, the following estimate holds:

101l e 0,772 () + 1020l Lo 0,7522(02))

(2.3) N B ~
< C (IFllzoraay + 18l 7. + 111220 ) -
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Corollary 2.2. Let © C R™ be a nonempty bounded Lipschitz domain for n € N,
and W C Q. be any nonempty open set with Lipschitz boundary satisfying W N
Q = 0. Then for any F = F(x,t) € L*(0,T;L*()), f = f(z,t) € C®(Wr),
p e fNIS(Q), and ) € L?(R™) with supp () C Q, there exists a unique weak solution
w=uv+f of (2.1), where v € L*(0,T; H*(Q)) N H(0,T; L*(Q)) is the unique weak
solution of (2.2). Furthermore, we have the following estimate

||“ - fHLOO(O,T;]:IS(Q)) + 1|0 (u — f)||L°°(O,T;L2(Q))
< C (IF = (~8) fllzomzz@) + 19l gy + Wl -

The proof of Theorem 2.1 is similar to the well-posedness of the classical wave
equation (i.e., s = 1) and, for the sake of completeness, we will give a comprehen-
sive proof in Appendix A. In this article, we only consider the time-independent
potential ¢ = g(x) € L*°(Q). In fact, the well-posedness for a space-time dependent
potential ¢ = ¢(z,t) € L*(Qr) has been studied. We refer to [ , Theorem
10.14] for the well-posedness of the abstract wave equations, and to | | for the
well-posedness result for non-local semi-linear integro-differential wave equations
which involve both the fractional Laplacian (in space) and the Caputo fractional
derivative operator (in time).

(2.4)

2.3. The DN map and its duality. With the well-posedness at hand, one can
define the corresponding DN map (1.2) for the fractional wave equation (1.1). Let
us define the solution operator

(2.5) Py C2(Wr) — L2(0,T; H5(Q)),  f+ ulag,

where W C €, is a Lipschitz set with W N Q = ), and u is the solution of (1.1).
Given any ¢(x,t) defined in (Qe)r, we define

©*(z,t) == @z, T —t) forall (z,t) € (Q)r,
and we define the following backward DN-map:

AL(f) = (Ag(f))" for any f € CZ((Qe)7)-
Lemma 2.3. Given any q € L>(2), A} is self-adjoint, that is,

[ Aopedsdt= [ pA(f)dede, for all £ f2 € CE ().
(Qe)T (QS)T
Proof. Let u; = Py f1 and uz = P, f2. Using integration by parts, we have
(2.6) / [u1(07ub) — (0fur)u3] dadt = 0.
Qr

Therefore,

0= / [ur (07us + (—A)°ub + qub) — (0fur + (—A)uy + q(z)uq) uj) dodt
Qr
= [ (=80°0) = (=) )] o
— — up ((—A)%u3) — ((—A)°uq))ud] dedt
</() /(QC))[ (=A)u3) — (—A)*uy)u)
—— [ =26 ~ () )] dodt
(Qe)r

- /(Q ) [flA:;(fQ) - AQ(fl)fg*] dxdt.
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Finally, changing the variable ¢t — T — ¢, we have
en [ paGded= [ A0S dedt= [N fadod,
(Qe)T (v

e)T e)T
which is our desired lemma. O

Since A} is self-adjoint, we can derive the following identity immediately.

Lemma 2.4 (Integral identity). Let q1,q2 € L>®(R), and given any fi1,f2 €
CP((Qe)r). Let up = Py fr and ug := Py, fa, where the operator P, is given
n (2.5), for ¢ = q1 and q = g2, respectively. Then

(2.8) | @i dedi = [ (8 = A1) dad.
Qr (Qe)T
Proof. Using (2.6), we have

/ (g1 — g2)urul dxdt
Qr

:/ [ruius — ui(qous)] ddt

/Q [(D%ur + (A ur )b — un (02 + (—A)*u3)] deds
/ wh — wr (—A)*us)] dadt
Qr
( / / ) (—A) )3 — un(—A)*u3)] dudt
(Qe)r (R™)

/ A)uq)uy — ur ((—A)°u3)] dedt
(Qe)r

/ Ag, (f1)f5 — f1l\),(f2)] dadt.

Combining with (2.7), we obtain

| o= s dade = [ (0, 20f5 = (A1) 5] dod,
QT (Qe)T
which is our desired lemma. O

3. GLOBAL UNIQUENESS FOR THE FRACTIONAL WAVE EQUATION

In this section, let us state and prove a qualitative Runge type approximation
for the fractional wave equation, and then prove Theorem 1.1. Before further
discussion, let us comment on the speeds of propagation of the local and nonlocal
wave equations. Given V = V(x) € L*°(R"), let u be a solution of

(07 —A+V)u=0inR" x (0,00).

It is known that if u(x,0) = ¢(x), for € R™, such that ¢ # 0 and ¢ is compactly
supported, then for every ¢ > 0, the solution u(-,¢) has compact support.

On the other hand, the speed of propagation for the fractional wave equation
is infinite due to the nonlocal nature of the fractional Laplacian. To prove this
rigorously, let us recall the strong uniqueness property for the fractional Laplacian.
Given 0 < s < 1, r € R, if u € H"(R") satisfies u = (—A)®*u = 0 in any nonempty
open subset of R™, then v = 0 in R™. By this property, we can prove the following
lemma.
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Lemma 3.1. Given V =V (x) € L>®(R"), let u be a solution of

(3.1) (07 +(=A)*+V)u=0 in R" x(0,7),

then u does not have a finite speed of propagation.

Proof. Suppose the contrary, that the speed of propagation of (3.1) is finite. If we
choose u(z,0) = ¢(x) for some 0 £ ¢ € C°(R™), given any T > 0, there exists a

bounded set € such that
u=0 in ()7,

therefore, 0?u = 0 in (Q.)7. Using (3.1), we also have
(=A)’u=0 in (Q)r.
Using the strong uniqueness for the fractional Laplacian, we conclude that u = 0,

which implies ¢ = 0, this is a contradiction. (]

3.1. Qualitative Runge approximation. The qualitative approximation prop-
erty is based on the strong uniqueness for the fractional Laplacian (] , The-
orem 1.2]).

Theorem 3.1 (Qualitative Runge approximation). Let  C R™ be a nonempty
bounded Lipschitz domain for n € N, and W C Q. be a nonempty open set with
Lipschitz boundary satisfying W N Q = 0. For s € (0,1), let P, be the solution
operator given by (2.5), and define

D:={ulo, : u="P,f, feC>(Wr)}.
Then D is dense in L*(Qr).
Remark 3.2. The Runge approximation plays an essential role in the study of

fractional inverse problems, for example, see | , , , | and
references therein.

Proof of Theorem 3.1. By using the Hahn-Banach theorem and the duality argu-
ments, it suffices to show that if v € L?(Q27), which satisfies

(3.2) (Pafsv) 2y =0, forany f e CZ(Wr),
then v = 0 in Q7. Now, consider the adjoint wave equation

(O + (-A) +q)w=v in Qr,
(3.3) w=0 in (Qe)r,

w=0w=0 in R" x {T}.
Similar to the proof of Theorem 2.1, it is easy to see that (3.3) is well-posed.

For f € C°(Wr), let u and w be the solutions of (1.1) and (3.3), respectively.
Note that u — f is only supported in Qp, then we have
(Paf,v)p2(ap) = (U= fi (=07 + (=8)* + Qw) 1,
=—(/, (_A)sw)m(WT) )

where we have used u is the solution of (1.1), u(x,0) = dsu(z,0) = 0 and w(z,T) =
Oyw(z,T) = 0 for x € R™ in last equality of (3.4) . By using the conditions (3.2)
and (3.4), one must have (f,(—A)*w) 2y, = 0, for any f € C2°(Wr), which
implies that

(3.4)

w=(—A)’w=0in Wr.
Fix any fixed t € (0,T), the strong uniqueness for the fractional Laplacian (see
[ , Theorem 1.2]) yields that w(-,¢£) = 0 in R™ x {t}, for all t € (0,T).

Therefore, we derive v = 0 as desired, and the Hahn-Banach theorem infers the
density property. This proves the assertion. O
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Remark 3.3. By using similar arguments, one can also consider the well-posedness
(Theorem 2.1) and the Runge approximation (Theorem 3.1) also hold for the case
q = q(x,t) € L>®(Qr). In this work, we are only interested in time-independent
potentials g = q(x).

Remark 3.4. For other unique continuation property for the fractional elliptic op-
erators, we refer the reader to | , , , | and references therein.

3.2. Proof of Theorem 1.1. With the help of Lemma 2.4 and Theorem 3.1, we
can prove the global uniqueness of the inverse problem for the fractional wave
equation.

Proof of Theorerm 1.1. Given any g € L?(Qr), using Theorem 3.1, there exists a
sequence f1 € C((Wy)r) such that

Jm lure = 9llp2(0.ryx0y =0, Where =Py fik.
Since 1 € L?(Qr), similarly, we can choose a sequence fs € C2°((W2)7) such that

khi& Hu;k o 1HL2((0,T)><Q) =0, where up =Pqfz.

Combining (1.4) and (2.8), we know that

/ (1 — g2)ur ru3 p dodt = 0.
Qr

Taking the limit £k — oo, we obtain
/ (g1 — g2)g dxdt = 0.
Qr

Finally, by the arbitrariness of g € L?(27), we conclude that q; = g2 in Q. O

4. STABILITY FOR THE FRACTIONAL WAVE EQUATION

In order to understand the stability estimate for the fractional wave equation, let
us recall the famous Caffarelli-Silvestre extension [ ] for the fractional Lapla-
cian. For each 2/ € R" and z,11 € Ry, we denote x = (2/,2,41) € R x Ry =
R’ Fixing any 0 < s < 1 and t € (0,7). If there exists v € R such that
v(t) = v(2/,t) € H'(R™), using | , Lemma 4.1], there exists a Caffarelli-
Silvestre extension v°(t) = v°(z', xni1,t) € C°(RHT) of v satisfies

Vo2l 3V =0  in RYH
v® =v on R" x {0},

: 1—-2s cs s
lim =« Opp1v® = —ap. s(—A)°v
Tnt1—0 n+1 Yn+ Tl»S( ) 5

where a,, s := 21_25% and V = (Vy,0,,,) = (V/, 0pq1)-
4.1. Logarithmic stability of the Caffarelli-Silvestre extension. We now
define

1
Q= {:z:’ e R™ : dist (2/,Q) < §dist (Q, W)}

We now prove a lemma, which concerns the propagation of smallness for the
Caffarelli-Silvestre extension. By using similar ideas as in | , Section 5], we
can derive the following boundary logarithmic stability estimate.
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Lemma 4.1. Let W C Q. be a nonempty open bounded Lipschitz set such that
WnNnQ = 0. Let vz, xn11,t) be the Caffarelli-Silvestre extension of v(x',t).
Define

i 300 0] = al-A Ol

n(t) = o
T H==(W)

Suppose that there exist constants C1 > 1 and E > 0 such that n(t) < E and

1—2s 1—2s

4.2 ‘ 2 CS ‘ 2 CS < ,
(42) Tnd1 v LOC(O,T;LZ(]R"X[O,Cl]))—i— Tt Loo(0, 752 (R7HY))
then
1-2s CFE
(4.3) ‘ r, 7 vcs(t)‘ R <CElog " |—=
£2(Qx[0,1)) n(t)

for some constants C > 1 and p > 0, both depending only on n,s,Cy,Q, W. More-
over, given any v > 0, we have

1—2s

E
rf V() ¢

< CFE log™" <> ,

n(t)
for some constants C > 1 and p > 0, both depending only on n,s,Cq,Q, W, as well
as 7.

(4.4) ‘

L2($1x[0,1])

Proof. Estimate (4.3) is an immediate consequence of | , (5.3) of Theorem 5.1].
Replacing [ , (5.67) of Theorem 5.1] by the following inequality:
1-2s
P +’Yv/ cs (¢ ’
‘m”“ v(®) L2(Qx[0,h])
1-2s N
SC‘ xnil \ vcs(t)) L2(Qx[0,h]) HanrlHLOO(QX[O,h])
<Ch"E,
and
1—2s +A/
200,00
‘xn+1 107(t) L2(©1x[0.h))
1—2s
3 cs 0%
<O |[#nfr Ongav (t)’ L2(Qx[0,h]) Hx"HHLw(QX[O’hD
<CHE,
we can prove (4.4) using the similar argument as in the proof of | , (5.5),
Theorem 5.1], with a slight modification as indicated above. O
Remark 4.2. In view of | , Lemma 4.2], we have
1—2s 1-2s
2 cs 2 cs
‘ Tt L= (0,T;L2(R" x[0,C1])) * ’ Tt Lo (0,T;L2 (R7H1))

<C|[v||ze (0,115 R )
therefore, (4.2) can be achieved by the following sufficient condition:
lvllLos (0,715 (R )) < E-
We now define

w1 (z) :=log™* <S> , for0<z<1.
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Note that w?(z) is concave on z € (0, zg) for some sufficiently small 2o = 29 (1) > 0.
From (4.3) and (4.4), together with | , Lemma 4.4], we obtain

Lin(ty<zomy [0 () | o (@)

<Lin@<zr)C (‘

1-—2s

T 1 V()

t
<Ly(t)<z0 5y CEwr <77;)>

=CEw, (]1{”(Ef)<20} ngf)) .

Using Jensen’s inequality for concave functions, we have

T T
(4.6) %/0 w? (n{ngqo}"g)) dt < w? (;/O n{ngt)%}”g)dt).

Combining (4.5) and (4.6) implies

xl—g}?s Cb(t)‘
n+1

L2($1x[0,1]) + ‘ Lz(ﬁx[o,l]))

(4.5)

T

1{%<Z0}7’](t> dt) .

We extend w; so that it is continuous and monotone increasing on (0, 00). Therefore,
(4.7) gives

T
1
@D [ L 0O dt < BT (TE |

T T
1
/0 ]]'{W(t)<zoE}”’U(t)”%{s—v(ﬂ) dt <C*E*Tw} (TE/ n(t) dt)

(4.8) <C?ETw (||77||L2(0 T))
T>E
:CQEQTW% (as(_A)SU”I;Q(O,T;H—S(W))) '
T2 K
On the other hand, from [ , Lemma 4.4], it follows that
(4.9)
]l{ﬁ(t)ZZoE}”v(t)”HS*“f(Q)
1;28+7 cs
“Lonzz0m ¢ (’ wadi v L2<Qx[0,11> * ’ Tntr VU (t)‘ Lz(m[o,l]))
1—2s
<1 » C ’ ’ 2 \y<s
= (270 B} ( Tntr ¥ L°°(0T L2(R"x[0,C1])) Tt VY Loo(o,T;LZ(Ri“)))
<lin(t)>zm CE
<Cz; 'n(t)

=Czy s (=AY (O) | - (w)-

Squaring both sides of (4.9) and subsequently integrating it, we obtain

T
/O l{n(t)ZzoE}Hv(t)H%IS*V(Q) dt
(4.10) <C?25 a2 (= A)*vllT2 (0,11 (wy)

s 2
—C%: B2’ (H(‘A) 7)||L;£0,T;H—S(W))>
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Summing (4.8) and (4.10) yields

T
1011 % 20,7, 17— (c2)) :/0 [0(8) | 75— (0 dt

202 [ 2 [(@sl(=D)°v][20,7,0-2 (W)
(4.11) <C°E [Twl ( E
N 2
_g o (II(=A)*vl[L20,1:m-(w))
+ZO Qg < E :

We now define

N

w(z) = (Tw%(T*%asz) + za2a§22>

Note that w(z) is of logarithmic type when z is small. Therefore, (4.11) can be
written as

[(=A)*|[z20,7;m-5 (W
[vllz2(0,7:m5-7(0)) < CEw ( L*i ) .
We summarize the above discussions in the following corollary.

Corollary 4.3. Let W C ). be a nonempty open bounded Lipschitz set and WNQ =
(. If there exists a constant E > 0 such that

(4.12) [l Lo (0. 7: 125 7)) < E,

then there exists a constant C' > 1 and a function of logarithmic type w, both
depending only on n,s, Y, W,~,T, such that

I(=2)*0ll L2 0,751~ ()
- .

H’U”LZ(O,T;HS*W(Q)) < CEw (

4.2. Quantitative unique continuation. Given any F € L?(Qr), by Corol-
lary 2.2, there exists a unique solution vg of the backward wave equation
(0} + (-A)* +q)vp=F inQrp,
(413) Vp = 0 in (QE)T7
Vp = (’M}F =0 in R™ x {T},
such that
HUF”Loo(o,T;ﬁs(Q)) < COHFHLQ(QT)a

for some constant Cy > 0 independent of vy and F. Choosing E = Co||F||z2(a.)s
the condition (4.12) satisfies, and then we can employ Corollary 4.3 with v = vp
to obtain

||(_A)SUF||L2 0,T:H—s(W
(414)  |lorlrzoma—(@) < ClIF L2 @nw OTHZW)) | |
I1F] 2 (027

Meanwhile, for any function v € H=2(0,T; H*~7(Q)), by the duality argument,
one has

(4.15) lull zr-2(0,7; 5 () < wllL20,m58m5 - (2))-

Likewise, if u(T) = Oyu(T) = 0, we can see that

(4.16) 10l 20,2100y < Nullzzo == ca)-
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Now, back to the backward wave equation (4.13), if ||lq||z ) < M, by (4.15), we
have
1N 220,157 (02))
2
<||9; UFHH*Q(O,T;H*S*W(Q))
+ H(*A)SUF||H72(07T;Hfsfw(9)) + ||q(UF||H*2(07T;H*S*’Y(Q))

W < otor] -

2(0,T5H~1(2)
+ Vel gr-20.1, 15— (0)) + lavpllzzor)

< Hava||H—2(0,T;H—s—w(Q)) + ”UFHL?(O,T;HS—W(Q)) + Mllvr|L2@q)-
Since vy satisfies vp = Opvp = 0 in R™ x {T'}, via (4.16), one obtains
(4.18) 10707 || 20 rpt - (@) < 10PN,z (2))-
Therefore, plugging (4.18) into (4.17) yields
(4.19) I FN -20.1:0--(2)) < CllvrllLz(o,: 05— (0))
provided 0 < v < s. Combining (4.14) and (4.19)gives

[(=A)*vell 2015w
1Fl[22(0r)

(4.20)  [[Fllg—=0,m;5-)) < ClF|lL2mw (

We now investigate the Poisson operator P, given in (2.5) in the following lemma.

Lemma 4.4. Suppose that ¢ € L>(Q2). Let P, be the Poisson operator given in
(2.5). Then

(4.21) Py —1d: L*(0,T; Hz) — L*(Qr)

is a compact injective linear operator. Moreover, for each F € L*(Qr), the adjoint
operator of Py —1d is given by

(4.22) (P, —1d)" F = —(—A)%vp,
where vp is the solution of (4.13).

Proof of Lemma 4.4. It is worth pointing out that the function (P, —Id)f is equal
to qu\QT, for any f € L?(0,T; H%) We split the proof into several steps.

Step 1. Compactness.

Using (2.4), we can see that
||(Pq - Id)fHLQ(O,T;fIS(Q)) + ||at((Pq - Id)f)HLz(o,T;m(Q)) < CT||f||L2(O,T;H§Vi)-

In other words, P, — Id : L*(0,T; H2%) — L*(0,T; H*(Q)) N H'(0,T; L*(Q)) is a
bounded linear operator. Since the embedding H*(€2) — L2(Q) is compact, using

the Aubin-Lions-Simon Theorem in [ , Theorem I1.5.16], we know that the
embedding

L2(0,T; H°(Q)) N H'(0,T; L*(Q)) — L*(Q7) is compact.
Therefore, we see that the operator (4.21) is compact.
Step 2. Injectivity.

Suppose that f € ker(P, —Id), then P, f = 0 in Qp. From the definition of the
Poisson operator, u = P, f satisfies

(4.23) (7 +(-A)+q)u=0 in Q.
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Since v = 0 in Qp, from (4.23), we have that (—=A)*u = 0 in Q. Therefore,
using the strong uniqueness for the fractional Laplacian again, we know that u =0
throughout R", and hence f = 0, which concludes that P, is injective.

Step 8. Computing the adjoint operator.
Given any f € L*(0,T; H%), F € L*(Qr), we have

((Pq - Id)f7 F)L2(QT)
= (qu7 F)L2(QT)

:/ Pof (at%F+ (=A)*vp + qup) dzdt
Qr

:/ (8,?qu + qqu) vp dzdt + </ —/ > (Pyf)(—A)°vp dadt
Qr (R") (Qe)r

=/ (OFPof + (=A)Pyf + qPyf) vr dadt — / (Pof)(—A)*vp dadt
Qr

Qe)r

= —/ f(=A)Yvp dadt.
R™)r

Consequently, the arbitrariness of f implies (4.22). O

Remark 4.5. Lemma 4.4 implies that (P, —Id)" : L?(Q7) — L?(0,T; H=2(W)).
On the other hand, by the Riesz representation theorem, L2(0,T; H25(W)) is
isomorphic to L*(0,T; Hz2). In view of this identification, (Py —1Id)" (P, —Id) can
be regarded as a compact, self-adjoint, positive-definite operator from L?(0, T’; H%)
to itself. Furthermore, (4.22) gives (P, —Id)* F = —(—=A)vp for F € L*(Qr).
However, by the energy estimate (2.3), the regularity of (—A)*vp can be improved
to L2(0,T; H=*(W)).

Combining (4.20) and (4.22), we obtain the following theorem.

Theorem 4.1. Let 0 < s < 1, ¢ € L*>(Q) with ||q||p=) < M, and W C Q. be
nonempty open such that W N Q = 0. There exist a constant C > 1 independent
of F' and a logarithmic function w, both depending only on n,s,Q, W, ~, T, M, such
that

||(7)q - Id)*F||L2 0.T:-H-s(W
(4'24) HF”H*Q(O,T;H*S*W(Q)) < CHFHLQ(QT)W < 0.1 ")

1Fl 22 ()

for all F € L*(Qr).

4.3. Quantitative Runge approximation. It follows from Remark 4.5 that there
exist eigenvalues {u; }]Oil with g1 > pe > -+ — 0 and orthonormal eigenfunctions

{gpj};il of (P, —1d)" (P, —1d). Note that the orthonormality of {%‘};‘;1 is with

respect to the inner product (-, ) := (-, ) L2(o,r;m2s)- For clarity, we denote (-, -) the
T HZ

L2(0,T; H=25(W)) x L?(0,T; H%) duality pair. Define

1
(4.25) oj:=p; and w;:= o (Py —1d) ;.
j
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We can easily verify that

1
(wjvwk)LZ(QT) = E (Pq = 1d)g;, (Pg — Id)‘Pk)m(QT)
1 *
= ——((Py = 1d)"(Py — Id);, ¢x)
050k

9
= 07]@ (‘pja QDk)L?(Q’T;H%) = 6jka
that is, {w; };’il is an orthonormal set in L?(€27). Also, we have

x 1 X ;
(4.26) (Py = 1d)" w; = — (P, = 14)" (P, — 1) g; = Hp; = 00,
J J

We can prove the completeness of {w;}72;.

Lemma 4.6. The set {wj};il is complete in L*(Qr). In other words, it is an
orthonormal basis of L?(0r).

Proof. Let v € L*(Qr) be such that (v, wj) 2 (q,y = 0 for all j, then
(vanSDj)Lz(QT) = (v, (Pq — Id)@j)Lz(QT) =0, forallj.
Since {¢;};2, forms an orthonormal basis of L?(0,T; H22), then
(v, Paf) 20y =0 forall feC(Wr).
In view of the Runge approximation (Theorem 3.1), we conclude that v =0. O

We now fix a number a > 0. We define the operator R, : L*(Qr) — L*(0,T; H22)

by the finite sum
1
R.¢ = Z - (¢7wj)L2(QT) Pj-

gi>a J
Since {;};-, is an orthonormal basis of L*(0, T; H22), and {0} is non-increasing,
using Parseval’s identity, then it is easy to see that

1
2
”Ragf)HLQ(O,T;H%) = Z §|(¢7wj)L2(QT)‘2
(4.27) oj>e )
1 2
§§||¢||L2(QT)>

and
(4.28)

1
1Py = 14)(Ra) = S0y = || D — (9 w))r2(00) (Py — Td)gj — &
gji>a J L2(QT)
2

=Y (6, wj)r2myw; — ¢

gji>a LZ(QT)

2

= > (6 wi) 2w

o;<a

> |6 wi) 2

aj S(x

L2(Qr)
2

)

where we have used the orthonormality of {w; }]Oil in L2(Qr).
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Let us define
(4.29) o= Y (6,105) 201y @

O'J'SOZ

In particular, for any ¢ € Hg(O,T;PNIS*”f(Q)) C L*(Qr), combining (4.28) and
(4.29), we have

1(Py — 1) (Rad) = 81720y
(430) = (¢7TQ)L2(QT)

S”‘éHH&(QT;F]S%—W(Q)) ”ra”H*?(O,T;H*S*W(Q)) :

We now choose F' =1, € L*(Qr) in (4.24), and we obtain

Py — Id)*ra”L"’(O,T;HS(W)))

I(
T'o . < Cllra w
Il ol ison [rallzar)

and thus (4.30) implies

1(Py = 1d)(Ra®) = 611 72qr)
(4.31)

(Py — Id)*rallz2(0 T-H—S(W)))
<C|lo 5 ol 12 w < il .
|| HH%(O,T,H +’Y(Q))|| ||L (QT) H’l"aHLQ(QT)
In view of (4.26), we have
(P, —1d)" 1y = Z (6, w)) 20y (Pq — 1d) w; = Z (6, w)) 12 (27) 0505 -

oj<la o;j<a

From the property that {<p]} ° | is an orthonormal basis of L?(0,T’; HZ: 25) it follows

[(Pg — Id)*ra”m(o,T;H—S(W))
<[Py = 10) 2o 7m2e)

= Z ¢awj L2 QT)|

o;<a
2
<a? Z |(6,w;) L2000
o;<a
=0’||ral|72 0y

where we have used (4.29) in the last equality. Since w is monotone non-decreasing,
(4.31) gives

(4.32) [(Pg —1d)(Rao) — ¢||2Lz(QT) < CH¢”H§(0,T;Hs+w(Q)) Hr0tHL2(QT) w(a).
Furthermore, observe that

(Pq —Id)( a®) — ¢
= Z (¢, wj)L2(0r)(Pg —1d)p; — ¢

gj>o J

(4.33) = Z (9, wj)r2p)wj — @

gi>a

==Y (¢w)) 2 ()W

o;<a

=—Tq.
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Combining (4.32) and (4.33) yields
(4.34) [(Pg — 1d)(Rad) — ¢||L2(QT) < C||¢HH§(07T;f15+"/(ﬂ))w(a)'

Given any e¢ > 0, there exists a unique o > 0 such that ¢ = w(a). Write
fe = Ra¢, and we know that (4.27) can be rewritten as

1
(4.35) ”fEHLz(O,T;H%) < WT(G)HQS”L%QT)?
where w™! is the inverse function of w. Now, as in | , Remark 3.4], since

w(t) = Cllogt|~7 for t small,

we can take w%(e) < exp(ée*“) with C > CY° and p = 1/o for all € > 0.
Therefore, restating (4.34) and (4.35) leads to the following theorem.

Theorem 4.2 (Quantitative Runge approximation). Let ||q|p~ ) < M and fix a

parameter v > 0. Given any ¢ € H2(0,T; H**7(Q)), and any € > 0, there exists
fe € L?(0,T; H%) such that

Hque - ¢||L2(QT) = ||7que —fe— ¢HL2(QT) < C||¢HH3(O7T;ITIS+‘V(Q))€’
and
HfGHLZ(O,T;H%) < Cexp(Ce™™)|16ll L2 ()
for some positive constants p, C and CN', depending only on n,s,v,Q, W,~, T, M.

4.4. Proof of Theorem 1.2. Finally, we can prove our logarithmic stability esti-
mate of the inverse problem for the fractional wave equation.

Proof of Theorem 1.2. Let € > 0 be a parameter to be chosen later. We fix two
arbitrary functions ¢; € HZ(0,T; H**7(Q)) with ||¢j||Hg(O,T;I?S+W(Q)) =1, for j =
1,2. Using Theorem 4.2, there exist functions f; € L*(0,T; H%) such that
I1t5llL2r) < Ce and || fjllL20,m;m2s) < Cexp(Ce™)
with
ti=uj—¢; and u; =Py fj,
where we have used the fact
||¢j||L2(QT) < ||¢j||H§(o,T;ﬁs+w(Q)) =1

Inserting u; into the identity (2.8) in Lemma 2.4, we obtain

/Q (q1 — q2) P15 ddt

:/(Q ) (Mg — Agy) f1) f5 dadt —/ (q1 — q2) (¢t} + P1ts + 1183 daxdt.

Qr

Therefore,

/Q (1 — q2)P195 dxdt‘

< ||Aq1 - qu ”* HfIHLZ’(O,T;H;ZVi) f2||L2(0,T;H%)
+2M ([tillz2r) + lt2ll20r) + 1]l 22 2l L2(0r))

<C? |Ag, — Ag. ||, exp (26’6_”) + 4CMe.
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Choosing € = |log (||Ag, — AqQH*)\_%7 we know that

/Q (@1 — a2)é16% dadt]| < w (JAgy — Agal.)

for some logarithmic modulus of continuity (which is monotone non-decreasing) w
Recalling the definition of the function space Z~°(2, T) in Definition 1.2, we finally
prove the assertion. O

5. EXPONENTIAL INSTABILITY OF THE INVERSE PROBLEM

In the last section of this paper, we demonstrate that the logarithmic stability
in Theorem 1.2 is optimal, by showing the exponential instability phenomenon for
the fractional wave equation. The ideas of the construction of the instability are
motivated by Mandache’s pioneer work [ ].

5.1. Matrix representation via an orthonormal basis. For r > 0, let B, be
the ball of radius » > 0 with center at 0. First of all, we introduce a set of basis
of L?(Bs \ Bz). The following proposition can be found in [ , Lemma 2.1 and
Remark 2.2]:

Proposition 5.1. Let n > 2. Given any m > 0, we define

0 <m+n—1) B (m+n—3> <901 +m)n?.

n—1 n—1
There exists an orthonormal basis {Yge : m > 0,k > 0,0 < £ < 4,,} of L?(B3\ By)
such that

(5.1) Hffmké‘ ! e O (mh)

= Yn,s

L?(Bn)

for some constants C;, ; and Cy] ¢ (both depending only on n and s), where Yyke €
H*(R"™) is the unique solution to

(7A)S)~/mkg = O mn Bl,
Ymkl = lBg\EYmkl in R™ \E
Remark 5.2. For n = 1, the “sphere” 0B; C R consists only two end points

{—1,1}, which is no longer a sphere. Therefore, we need to find another basis for
the one-dimensional case. We shall discuss the case of n =1 later.

Given any bounded linear operator A : L?(Bs \ Bz2) — L*(Bs \ Bz), we define

maokaly | _
mikily (-’4Ym1k1€1,szkzlz)y(BS\BQ)~

Let (am2 kﬂz) be the tensor with entries aﬂfiffj, and consider the following Banach

M1k1€1
space:
- makal . mokal
o= {(omihe) | (o) <o)
where
62 (i), = sup (L max{im + ky,mo + ko)™ amzEE
see e.g. | , Definition 2.7]. The following lemma can be found in [ , (20)],

which plays an essential role in our work.

Lemma 5.3. Ifn > 2, then

mokol.
A 2B\ B2)— 22(B\BR) < 4 H (amfkfﬁ) HX :
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mo k2€2

Thanks to Lemma 5.3, we can regard the tensor (amlklél

) as the matriz repre-

sentation of the bounded linear operator A.

5.2. Special weak solutions. In view of Proposition 5.1, we need to introduce
some special solutions. We begin with the following lemma.

Lemma 5.4. Let x = x(t) € C((0,T)) and
q€ BT R = {q is real-valued: 0 < ¢ < R a.e.}.

Given any f = f(z) € L?(Bs \ Bz), there exists a unique solution u to

(8? + (—A) + q) u=0 in (B1)T,

(53) wlt) = X(O1 g 50 f(2)in (R \ By)r,
u=0mu=0 in R™ x {0},

and

(5.4) lull Lo (0,1;02(81)) < CrTmslIXlIw2ee 0,1) | fl 255\ Ba)

for some positive constant Cr 1 n.s-

]froof of Lemma 5.4. Recall from [ , Remark 2.2], there exists a unique solution
f to
~A)f=0 in B,
(5.5) (=A)f R
f=1p,\5f mR"\ By,
such that
(5.6) IFllL2 @y < Cosll Fll L2 (5,78
for some constant C, ; > 0. Let F(z,t) :== —(x"(t) + x(t)q(z))f(z). Since F €

L?(B; x (0,T)), using Theorem 2.1, there exists a unique solution v to

(7 +(-A)y+q)v=F in (By)r,

(5.7) v=0 in (R \ By)r,
v=0w=0 in R™ x {0},
satisfying
(5.8) 10l oo (0,738 (B1)) + N0l Lo 0,7522(B1)) < CRTm sl FllL2(Byx(0,7))-

In other words,

@, t) == v(z, t) + x(t) f(x)
is the unique solution to (5.3). Therefore, we can obtain from (5.8) that

(5.9) [l oo (0,7522(B1)) < vl o2 (s + XN Lo 0.0 I Il 250
< Cr1mslXllw2eom) 1 fllL2(B))-

Combining (5.6) and (5.9) implies (5.4). O
Based on Lemma 5.4, we define the DN map

(5.10)  (A)(f) = Aocf) i= (—A)ul gy, for all £ € L2(Bs\ Ba),

where w is given in (5.3). In view of (5.4), we know that

(5.11) Agx s L3(Bs\ Ba) = L®(0,T; H-* (B3 \ By))

is a bounded operator. However, the regularity given in (5.11) is insufficient for our
purpose. We therefore consider the difference of the DN maps

(Ag — Ao)(xf)
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for f € L?(Bs \ Ba), where Ag is the DN map (5.10) associated with (5.3) corre-
sponding to ¢ = 0. By modifying the idea in the proof of | , Remark 2.5], we
can prove the following lemma.

Lemma 5.5. The operator (A — Ao)x : L*(Bs \ B2) — L>(0,T; L*(B3 \ Bs)) is
bounded. Precisely, the following estimate holds:

(5:12)  [[(Ag = Ao) )l poe (0,752 (B\BR)) < CRTms
for all f € L?>(Bs \ B»).

|X||W2~°°(O,T)||f||L2(B3\§2)

Proof. Let w(z,t) = uq(x,t) — uo(z,t), where u, and uo are solutions of (5.3)
corresponding to ¢ and 0, respectively. We then have

(Ag = Do) (xf) = (=A)*w| p,\B7)p-
where w solves
(07 + (=A) +q)w=—quo in (B)r,
(5.13) w=0 in (R"\ By)r,
w=0w=0 in R" x {0}.

Using the equivalent definition of (—A)® via the singular integral, see e.g. [ ,
Definition 2.5, Theorem 5.3], we obtain that for each « € Bs \ B

t) — t t
/ w(z,t) —w(yt) / w(y, )2 dy
n B, |7 —y["T2e
for some positive constant C,, 5. Since

|z —y|t2e
|z —y|"*t?* > 1, forall z € B3\ Ba,y € By,

we immediately observe that

|<_A)éw($7t)‘ = Cn,s Y| = Cn,s

|(—A)S’U}({E, t)' < Cn,s

[ oty ds] < Gt
B,
Hence, we can estimate
[(Aq = Ao) XS o< 0,712 (B \ B2))
:||(*A)S’LUHLoo(o,T;H(B;,.\BT))
<Oy sllwll Lo 0,7;22(B))
<Chsllquollzz(0,m:22(By)) (by (2.4))
<CrTnsXlw200) 1 fll 2,5, (Py applying (5.4) to uo),
which proves the lemma. O

We now apply Lemma 5.4 with the exterior Dirichlet data f = Yjxe. Since
{Ymke} is an orthonormal basis of L?(Bs \ Ba), by Lemma 5.4, there exists a
unique solution k¢ to

(8t2 + (_A)S + Q) Umke = 0 in (_Bl)T7
(5.14) Umpe(2,t) = X(8) L g\ 55 (@) Yinke(2)  in (R™\ Bi)r, .
Ukt = Optmpe = 0 in R" x {0},

Combining Proposition 5.1, (5.9) and (5.1), we obtain
—cCn,s(m+k)

(5.15) wmrell oo 0,7502(B1)) < OT,Rom,s X w200 (0,170

Remark 5.6. Similarly, we can let Umie be the solution to (5.14) with respect to
¢q=0 (i.,e. R=0), we have

el Lo (0.7:22(B1)) < CTomsl|X|[w2ioe (0.~ (MR
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5.3. Matrix representation. We consider the mapping

T(q)(f) == x(Ag — No)(xf) for f e L*(Bs\ By).
We define
(516) sz’;fgf (Q) (t) = (F(Q) (Ym1k151)7 szszz)LQ(BS\E) (t)
Since A, is self-adjoint, then (5.16) infers that
iz (@) = Db @),

We have the following estimate for the tensor.

23

Lemma 5.7. For n > 2 and given q¢ € B, there exist constants C;%,T,n,s >1

and c;, ¢ > 0 such that

mokaol —c o
(5.17) S T2 (@)(8)] < Cropn,s X200 0,0y
€(0,

where o := max {mj + k1, ms + ka}.

Proof. Since [[Ymykatsl12(p,\5;) = 1, using the equivalent definition of (—A)*

again, we have

sup [T gy ()]
t€(0,T) maka i\

< sup |[T(Q)(Vomakoe) 32 (5055 (£)
te(0,T)

< Ixl1F o,y S (2 e 172 (8035) (@)

(wmlklél = u'ﬂllk‘lel - umlklél)

/ Wik 6y (‘T7t) — Wm ki 4y (yat)
R |z —y[nt2e

— I~ oG s [
te(0,T) J B3\ B2

2
dx

< I o e sup [
tE(O,T) Bg\BQ

/ Wik £y (yat) dy
B

(since Wy, ke, = 0in (Bs\ B2)r)

2

= [Ix/I7(0,7)Cn,s sup |Bs\ Bzl
te(0,T)

/ wmlqul (th) dy
B

2
=||w |
=|B| ” m1k11 |l oo (0,7;02(By))

dy

2

dzx

s|x||%m<o,T>on,s|Bs\Bg|( /B 12dy)( sup /B |wm1k1z1<y,t>|2dy)
1 1

te(0,T)

- 2
= ||X||%oo(o,T)Cn,s|BB \ Bzl B1| [|wmy k0, HLOC(O,T;L2(B1)) )

for some positive constant C,, ; depending only on n and s € (0,1). Combining the

estimate above and (5.15) gives

618) s D @)0)] < Cngnaldlasgne .

mikil
+€(0,T) 1k

Since ¢ is real-valued, T'(q) is self-adjoint. Therefore, we have

kot ka1t
sup [T7zele ()] = sup [P (o)
(5'19) te(0,T) te(0,T)
SCR,T,n,s||XH%/V2’°°(O,T)eicn’S(m2+k2)'

The estimate (5.17) then follows from (5.18) and (5.19).
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5.4. Construction of a family of §-net. It follows easily from (5.17) that

(5:20) sup (140)"*2 T2 (@) ()] < Oy e omy (14 0) 26707,

t€(0,T)
that is,

sup || (T2 (@)(0)]| < Chip sl X e 0.0 SUB(1L 4+ 0)" 270 < o6,
te(0,T) X >0

and thus (FkazZQ(BfR)(t)) C X, for all t € (0,T). Let us define the J-net as

ma klfl
follows.

Definition 5.8 (d-net). A set Y of a metric space (M,d) is called a §-net for
Y1 C M if for any x € Y1, thereis a y € Y such that d(z,y) < 0.

Lemma 5.9. Letn > 2. Givenany R>1 and0 < < HX”%/V?@C(O,T)' There exists
a family {Y(t): t € (0,T)} such that each Y (t) is a 0-net of

(G HERMICINERY

and satisfies

KR,T,n,s X ; ,00
(521) 10g|Y(t)| < Kn,s 10g2n+1 < H ||W2 (0,T)

0

for some positive constants K, s and K 1., s, where |Y (t)| denotes the cardinality
of Y(t).

Proof. We first note that it suffices to take Cp 1, . > 1 and ¢}, ; > 0 described in
Lemma 5.7.

Step 1. Initialization.

Given any 0 < § < ||XH%/V2v°°(O ) suggested by (5.20), let ¢ > 0 be the unique
solution to

]

(146)" e Chns? 3 )
XI5z, 0,7)

C;%,T,n,s
It is easy to see that

’ ’ ’
1) Chys =~ _ S Chn,s

~ 2 _n,s = _
=(146)"Pe T % T <O e

G

C;?,T,n,s HX||%/V2,00(07T)
with

o
n,
2

s

2 _
2o 7,

C) :=sup(1+o0)
>0

Therefore, we have

pe 2 C”7 'O;%,T,n,s”XH%/VZ‘oo 0.7
ch/ log( o 5 oD\
Let Ox = L&J, then
€Y Chrm e
(522) 1+o0, <1+ & < c;:7s 10g ( , R,T,n,s(LlX'Wz (O,T))

for some constant CZ’S. Observe that if Z 5 o > o, + 1, then

’ )
(5.23) (1 4 U)”JF? e Chs <
C;%,T,n,s||xl|12/[/2,oo(07T)

b

where Z denotes the set of integers.
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Step 2. Construction of sets.

Let ¢ := W and define

v i={a €2 lal < Chp Xy oy (1 + 02"},

and

kol i
bon2iie () = 0, otherwise,

bkl e Y i Zy 50 <o

kot + > Ok,
Y(0) = {(bzmg ) kst ,
where Z, is the set of non-negative integers.

Step 3. Verifying Y (t) is a d-net.

Our goal is to construct an appropriate (bzfifff (t)) € Y (t) that is an approxi-
mation of (Fm2k2€2 (q)(t))

mlklfl

o Ing < 04, we choose bzfzfgf (t) € Y’ to be the closest element to Fﬁfﬁfﬁf (9)(t).
en

(14 o) +2 ]bmz’“ﬂz (t) — [mekala (o) (t)‘ < (140,)"+26 = 4.

mlkrlél mlklel

bm2k2£2
ma klfl

e Otherwise, if 0 > o, + 1, we simply choose (t) = 0. Consequently,

we obtain from (5.20) and (5.23) that

(1 0)™2 |kt (t) — Tzt (@) (1)

mlklél m1k1€1

—(1+ )"+ [Tzt () (1)

mykily

SCEQ,T,n,S|\X||‘2/Vz,QC(O7T)(1 4 o)
<.

Combining these two cases, and by the definition of X-norm, we have

mokal mokol
Jw |(ri - @) <o
In other words, we have shown that, Y (¢) is a d-net of ((Fﬁfzfgf (BER)(1)), ||||X),
for each t € (0,7).

Step 4. Calculating the cardinality of Y (t).

Let N, be the number of 6-tuples (mq, k1,1, ma, ko, l3) with 0 = max{m; +
k1,mq + ka} as in Lemma 5.7. We now want to estimate N,. First of all, we fix
any integer 0 < ¢’ < ¢ and compute the number of 6-tuples with m; + k; = o and
mo + ko = o’. It is easy to see that there are

o + 1 choices of m; and ¢’ + 1 choices of mo.

Moreover, the number of choices of ¢; is bounded by ¢,,,,, and, from Proposition 5.1,
we can see that

by <ly <2(1+0)"2 fori=1,2.
Therefore, the number N, of 6-tuples with m;+k; = o and ma+ks = ¢’ is bounded
by 4(1 4+ ¢)?"~2. Thus, the number of 6-tuples with m; +k; = o and mo + ks < o
is bounded by 4(1+ ¢)?"~!. Interchanging the role of (m1, k1, £1) with (ma, ks, {2),
we obtain a similar bound, and hence

N, < 8(1 +o)* L.
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Therefore, we derive that

N.:=> N, <> 8(1+0)" " <8(1+0.)™"

o=0 o=0

From (5.22), it follows

2n
N, <8 <CH log <C’;{7SC}C,T,TL,S||XIZ/VZ’OO(O,T)>>
* = n,s (5 .

Ne and

Since [V (£)] = v

Cl . p% 2 - 1+O'* —(n+2)
Y’|—1+2{ r sl X w2 ((SO/,T)( )

303:;37T7n,s||X||%/V2,00(0,T)
B 1)
we can see that

log [¥ ()] =N, log Y|

2n
<8 (CN log (Cg,sCE%,Tm,s”X”%/VZoo(o,T) >)
— n,s (5

<SC;%,T,7L,S ||X||%/V?N>C(O,T) )
% log .

, since 0 <6< ||XHI2/V2’°°(07T)’

)
Setting

i / /
KR,TJLS T Cn7sCR,T,n,s + 3CR,T7TL,S’

o
Chs=Chst+1,

)

we then obtain

2n+1
5 KRrmslIX[fy2.
log [Y(t)] <8 (Cn’s log < | 6||W2 (0.T)

2
=K, log2+1 (KRvTv”vs ”XHWZ“X’(QT) )

o

with K, s = 8(C,, 5)*" 1. This proves the assertion.

Remark 5.10. Note that

Kprrmsllx 2o
- log || HW2 o1\ _ log(K&T,n,S)'
0<8<lIXlTy 2,00 (0.1 ’

Therefore, for each a >0 and

_ (@ntl)a
(524) 0<e< log n (KR,T,H,S) =!CR,T,n,s»
there exists a unique 0 < 0 < HXH%/V%OO((),T) such that
n KR’T’ s X 2 o0
(525) G_W — log ( n S|| 5W2 (O,T) .

Therefore, we can rewrite (5.21) as

(5.26) log |Y ()] < K¢ =.
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5.5. Construction of an e-discrete set. Fixing any rg € (0,1), « > 0, € > 0,
and 8 > 0, we define the following set:

Nag(Bry) :={q>0:supp(q) C By, llgllz= <, [lgllce < B}.

The following lemma can be found in | , Proposition 2.1], in | ,
Lemma 5.2], or in | , ] in a more abstract form, also see | , Lemma
2] for a direct proof, which is valid for all n € N. Additionally, we refer to | ,
Proposition 3.1] and | , Proposition 2.2], where similar results were derived
under different settings.

Definition 5.11 (e-discrete set). A set Z of a metric space (M,d) is called an
e-discrete set if d(z1,22) > € for all z; # 20 € Z.

Lemma 5.12. Letn € N and « > 0. There exists a constant p = p(n, ) > 0 such
that the following statement holds for all 8 > 0 and for all ¢ € (0, uB). Then there

exists a e-discrete (a.k.a. e-distinguishable) subset Z of (NE5(Byy), | - |z ) such
that

o3

log |Z] > 27 ("+D) (‘w) ,
€
where |Z| denotes the cardinality of Z.

5.6. Proof of Theorem 1.3. With Lemma 5.9 and Lemma 5.12 at hand, we can
prove the exponential instability of the inverse problem for the fractional wave
equation.

Proof of Theorem 1.3. Let p and cg, 75,5 be the constants given in Lemma 5.12 and
in (5.24), respectively. For each 0 < ¢ < min{cg, s, R, 48}, we can construct
an e-discrete set Z as described in Lemma 5.12. Let J be the constant chosen in
(5.25). Next, for each ¢t € (0,T), we construct a é-net Y (¢) as in Lemma 5.9 and

(5.26) holds. Clearly, Y (¢) is also a -net for (szkzez (2)(t),]| - HX)

mlklél
We now choose = (R, n, s, a) sufficiently large (which is independent of €)
such that 8 > R and

log |Z| > 2~ (n+1) <M6> s K e o >log |V (t)].
€

Therefore, by the pigeonhole principle, for each t € (0,7"), there exist (yzszfff (t)) €
Y (t), and two different q1,g2 € Z C N§5(By,) such that

(ke @m —ypzizim) | <6 fori=1.2.
In view of Lemma 5.3 and by (5.25), we have

sup |Ix(Ag, — A’I2)X”L2(B3\372)HL2(33\372) (t)

te(0,T)
ZtES(%PT) IT(q1) = T(@2)ll L2 (B, \B3) = 22 (B2 \B) ()
<a[rmetete () (6) - Tkt (aa) 1)

X
<80 = 8K n 1, X [[fy2. 0,7 exp(—€” BT,
The arbitrariness of 0 # x € C°((0,T)) leads to the estimate (1.6), while the

estimate (1.5) immediately follows form the definition of Z. Moreover, since € < R,
llg:|l < R, for i = 1,2. The proof is now completed. O
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We next prove the exponential instability in the case of n = 1, Theorem 1.4. The
proof of Theorem 1.4 is very similar to that of Theorem 1.3. The main difference
is that when n = 1, the boundary dB; of the interval By = (—1,1) consists only
two points {—1, 1}. Therefore, we need to modify the proof of Proposition 5.1.

We first construct an orthonormal basis {Y}} of L?((2,3)) such that the solution
Yk of

~A)*Y, =0 inB
(5.27) (=A)Yk -
Yk = ﬂ(g,g)Yk inR \Bl,
satisfies some exponential decay bound. Similar to the proof of | , Lemma 2.1],
using the Poisson formula of uy in | , Theorem 2.10], there exists a constant

¢ = ¢(s) # 0 such that

Vi(z) U ey (M)Ye(r) Pl Vi) .
(528) 40(1 — 1‘2)8 = /Rl\Bl ‘JZ — ’I“| (7“2 _ 1)5 dr = /2 r—ox (’/‘2 — 1)(9 d

for all x € (—1,1). If we choose {Yk = eQm‘k(I*Q)} to be the usual orthonormal

basis of L?((2,3)), it will be difficult to obtain an exponential decay bound for Yj.
Therefore, we would like to find another orthonormal basis for L?((2,3)) to meet
our goal.

Proposition 5.13. There exists a real-valued orthonormal basis {Y}} of L*((2,3))
satisfying that

H?kHH(Bl) <Ce % forall k=0,1,2,...,

for some positive constants C' and C" independent of Yi, and Yy, where Y}, €
H*(RY) is the unique solution of (5.27).

Proof. In view of (5.28), we want to find real-valued Y3, of the form
(5.29) Yi(r) = r(r? — 1)°gu(r).
Plugging the ansatz (5.29) into (5.28), we obtain that for z € (—1,1)

3
Vi(2) = c(1 — 952)8/2 - !

=c(1 —2?)* /‘3 i (%)jgk(r) dr
2 50

VR S A
(5.30) =c(l—z°) Jz:(:)x /2 r I gr(r)dr,

= gk(r) dr

provided gx € L'((2,3)). In order to derive the desired decaying properties, for
each k£ > 1, we will choose g; such that

(5.31a) /23 rIge(r)dr=0 forall 0<j<k-—1.

From (5.29), we also require gj to satisfy

(5.31b) Ope = /23 Yi(r)Ye(r) dr = /23 r2(r? — 1) g (1) ge(r) dr.
Setting

hie(r) = 12(r? = 1)*gy(r),
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we can rewrite (5.31a) and (5.31Db) as

(5.32a) (he,777) =0, forall 0<j<k—1,
(5.32b) (hi,he), = Ore,  for all non-negative integers k, ¢,
where

3
(husha), ;:/2 P22 — 1)=2hy (r)ha(r) dr.

Using the Gram-Schmidt process, we can choose
k .
hi(r) € span U {r=7} forall k=0,1,2,---
j=0

which satisfy (5.32a) and (5.32b). In other words,
{Yie(r) =r~'(r* = 1) *hy(r) : k=0,1,2,...}

forms an orthonormal basis of L?((2,3)).
We observe that

/23 77 gy (r) dr
[ 676 0 me) 676 -0
< </237“_2(r2 2 () dr>% (/23r—2—zj(rz oy dr>5
= ( /2 e oy dr);

—1—7
<277,

for all j > k. Combining this estimate with (5.31a), we have

3
/ T g (r)dr
2

Plugging (5.33) into (5.30), we obtain that

(5.33) < Lgspy2 '

o0 3
Tute)| < bl (L=a)° S Jal? | [ 7 gutr)ar
=0 2
<Cy 277 =Cc2 M
j=k
which is our desired result. O

Given any bounded linear operator A : L*((2,3)) — L?((2,3)), we define
CLZ? = (Aykl,Yk2)L2((273)) .

Let (aﬁf) be the tensor with entries aﬁf, and consider the following Banach space:

X = { (o) [ (abe)] . < oo}
| ()

Similar to Lemma 5.3, we can prove the following lemma.

where

‘ := sup (1 + max{ky, ks})° ‘a’,zf .
X’ k1,k2




30 P.-Z. KOW, Y.-H. LIN, AND J.-N. WANG

Lemma 5.14. We have

(5.34) a1 [C9]

xr
Proof. In view of the Hilbert-Schmidt norm, we obtain
k
||A||L2(Bg\Bz)—>L2(Bs\B2 Z ‘ak
(5.35) '“;“2
< sup (1 + max{ky, k2})° ‘ a’ ‘ Z (14 max{ky, ko})™°
k1,k2 k1 ,k2>0
We also note that
(5.36) > (4 max{k, k)0 <2) (1+k) 0 <4
k1,k2>0 k=0
Combining (5.35) and (5.36) implies (5.34). O

Similar to preceding discussions, let us consider the one spatial dimensional case.
e Special weak solutions.

Let x = x(t) € C°((0,T)). By the same proof of Lemma 5.4, we can establsih
Lemma 5.15. If ¢ € By, then there exists a unique weak solution uyto
(82 ( ) —+ q) up =0 m (Bl)T,

uk(xﬂt) - ( )I(Q,B)Yk in (Rl \E)Tv
up = Opup, =0 in R x {0},
such that

k| Lo 0,7:22(Bry) < Cror, sl X W2eos 0.7y .

e Matrix representation.

Again, consider the mapping

L(@)(f) = xAg(xf) = xAo(xf) for all f € CZ((R"\ Bi)r).

In this case, we define

T2 (@) (t) == (T(Q)Yi, Yao) 12((2.3)) (1)-

Likewise, A, is self-adjoint, and we have

D2 (a)(t) = Tyt (@) ().
Following the same proof of Lemma 5.7, we can prove that

Lemma 5.16. Given any q € B g, there exist constants Crrs > 1 and ¢ > 0
such that

’
—C_ O

sup ‘Fk2 )‘ SC;%,T,S s )e 0

te(0,T)

where o := max{ky, ko}.

e Construction of a family of /-net.

We now construct a d-net for (FZ?(BfR)(t)).
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Lemma 5.17. Given any R >1 and 0 < § < ||X||€V2,w(O’T). There exists a family
{Y(t): t € (0,T)} such that each Y (t) is a d-net of ((FZ?(Bi‘jR)(t)), ||HX’> and
satisfies

KR7T75 X 2 2,00
log |Y(t)| < K log3 ( x5 (0,7)

)

for some positive constants Ky and Kg 1 s, where |Y (t)| denotes the cardinality of
Y (¥).

Proof. The proof of Lemma 5.17 is almost identically to the proof of Lemma 5.9
with some minor adjustments in Step 4. Here, let N, be the number of 2-tuples
(k1, ko) with max{ky, k2} = o. In this case, we can easily obtain

N, <2(140) <8(1+0)*" !
with n = 1. |

Proof of Theorem 1.4. Finally, we can prove Theorem 1.4 by following the lines in
the proof of Theorem 1.3. O

APPENDIX A. PROOFS RELATED TO THE FORWARD PROBLEM

In the end of this work, we prove Theorem 2.1 in details for the self-containedness.
The proof of Theorem 2.1 is similar to the proof of the case s = 1, i.e., the well-
posedness of the classical wave equation. The main difference is that the estimates
and results hold in the fractional Sobolev space. Here we will utilize similar ideas
shown in [ , Chapter 7]: The Galerkin approzimation.

We now set up the Galerkin approximation for the fractional wave equation.
To this end, let us consider an eigenbasis {wy }ren associated with the Dirichlet
fractional Laplacian in a bounded domain 2, that is,

(—A)swk = /\kwk in Q,
W = 0 in Qe.

Moreover, we can normalize these eigenfunctions so that

(A1) {wy, }wen be an orthogonal basis in H*(Q),
and
(A.2) {wy}ren be an orthonormal basis in L?(€2).

Given any fixed integer m € N, consider the function

m

(A.3) U (t) := Z ¥ wy,
k=1
where the coefficients d¥,(t) (0 <t < T, k=1,...,m) satisfy
k _ ~

(d5)"(0) = (&, we),
and, for 0 <t < T,

(A.5) (o), wk)LQ(Q) + B, wi; t] = (F7 wk) L2
with k = 1,...,m. Let us split the proof of Theorem 2.1 into the following lemmas.

Lemma A.1 (Existence of the approximate solution). For any m € N, there exists
a unique function v, of the form (A.3) satisfying (A.4) and (A.5).
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Proof. Due to the orthonormality property (A.2) of {wy }ren C L?(2), we have

(Wi (1), W) 2y = (db)" (®).

In addition, we have
Blvm,, wg; t] E eked‘}

where e’ := Blwg,wy] for k,¢ = 1,...,m. Let us write F¥(t) := (F(t),wy,) for
k=1,...,m. Consequently, (A.5) becomes the following linear system of ordinary
differential equation (ODE)

(A.6) (@) (1) + Z e dl (1) = F*(t), for 0<t<T, k=1,...,m,

with the initial conditions (A.4). Via the standard ODE theory, there exists a
unique C? solution d,, (t) = (dL,(t),...,d™(t)) satisfying (A.4), and solving (A.6)
for0<t<T. O

Our next goal is to take m — oo, whenever we have a suitable energy estimate,
uniform in m € N.

Lemma A.2 (Energy estimate). Under the assumptions of Theorem 2.1, there
ezists a constant C' > 0, independent of m € N, such that

wp (lom(®) 170 + 105 O)llz2() ) + il z2(0, 738+

< C (I1Fllzzo.miz200)) + 18l gy + 1Vl
for all m € N.

Proof. We divide the proof into several steps.
Step 1. Basic estimates.

Multiplying the equation (A.5) by (dfn)/ (t), and summing over k = 1,...,m,
with the condition (A.2) at hand, we have

(A.8) (Vs V) 12(0) + Blom, v 1] = (ﬁ’ v’/”)Lz(Q)

for a.e. 0 <t <T. Note that the first term of (A.8) can be written as

d (1
(a9 (vt = 5 (510l )-

On the other hand, we can express

Blom i) = [ (~8)2v, (-8 do+ [ g0}, da
n Q

P2
= (= —A)* 20, 2dm> —|—/ qUy L, dT.
ACHS [(=4) | A

Meanwhile, we recall that the Hardy-Littlewood-Sobolev inequality
(A.11) [vmllL2@) < Clloml|, < Cr s (=2)* vl 2 gy,

(A.10)

7E (R T

holds for v, € H*(2), see e.g. | , Proposition 15.5]. Indeed, the Hardy-
Littlewood-Sobolev inequality also can be further refined in terms of fractional



CALDERON PROBLEM FOR THE FRACTIONAL WAVE EQUATION 33

gradient of order s (a.k.a.) s-gradient, see e.g. | , Section 15.2] for more de-
tails. Putting together (A.8), (A.9), (A.10), and (A.11), we can derive the following
inequality

d S
= (I 220 + 1(=2) 202 g
<C (Ilopall3z(y + (=22 0m 2y + 132 )

for some constant C' > 0.

(A.12)

Step 2. Gronwall inequality.

We next let
(A.13) n(t) = [lvg, (O)172) + 1 (=A)2vm(t)]72@n)»
and
(A.14) C(t) = [IF )20,

for 0 <t <T. Then (A.12) yields that
n'(t) < Cin(t) + Cx(t), for 0 <t < T,

for some constants C7,Cy > 0. Therefore, the Gronwall’s inequality implies that

(A.15) n(t) < et <77(0) + Oy /ot ¢(s) ds) , for0 <t <T.
On the other hand,
1(0) =l[v7, (0) 1720y + I1(=A)* 2030 (0) |72
<C (180 7+0y + 1920 )

where we have utilized (A.1), (A.2) and [[(=A)*/20,,(0)|| 2 (rn) < CH@HFF(Q), for
some constant C' > 0. Thus, combining (A.13), (A.14), and (A.15), we derive the
following bound

1 ()32 + (=) 20 2 gy
< C (1115 @ + 191322 + 1F 120,122y )

Since the above estimate is independent of ¢ € [0, T], one can conclude that

s (10, 03y +1(=2) 20 (0 F2(ar)

< C (181 g + 191320y + 1F 120,220y )

Step 3. Conclusion.

span{wy }iL; and (d2, wr)r2) = 0, for & = 1,...,m. It is not hard to see
611720y < 1. In view of (A.3) and (A.5), we have

(Vs @) £2(02) = (U, D1) 12(02) = (F, 1) — Blom, ¢1;1],

For any ¢ € ﬁﬁ(Q) with qu”f{s(ﬂ) < 1, we write ¢ = ¢ + ¢o, where ¢; €

so that
|0 ) 20| < € (12 + I0ml 7oy ) -
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where we used ||¢1Hﬁs(§z) < 1. In conclusion,

T T
| 1wl <0 [ (1P + 0l o))
<C (1213 (g + 191320y + 1F 320, ric2cay)
This proves the assertion. O
Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. Our goal is to pass the limits in the previous Galerkin ap-
proximations.

Step 1. Existence of weak solution.

Using the energy estimate (A.7), it is known that the sequence {v,, }men, {V), }men
and {v”, }men are bounded in L2(0, T; H* (), L2(0,T; L2(2)) and L2(0, T; H~*(9)),
respectively.

By extracting a subsequence of {v, }men (still denote the subsequence as {v, bmen),
there exists v € L2(0,T; H*(R)), with v’ € L2(0,T; L2(Q)) and v” € L2(0,T; H5(12))
such that

vm — v  weakly in L2(0,T; H*(Q)),
v, — v weakly in L?(0,T; L*(Q)),
v/ — " weakly in L?(0,T; H*(Q)).

Given a fixed integer N, choose a function ¥ € C1(0,T; H*()) of the form

N
(A.16) o(t) =Y d*(tywy,
k=1

where {d*}}Y_, are smooth functions and {wy }ren are the eigenfunctions given by
(A.1) and (A.2). By choosing m > N, multiplying (A.5) by d*(¢), and summing
k=1,...,N, we then integrate the resulting identity with respect to ¢ to derive

T T
(A.17) / (v 0) 12(0) + Blvm, 9;t]) dt = / (F,9)12(q)dt.
0 0
By passing the limit (along a subsequence, if necessary) in (A.17), we have
T T _
(A].S) / ((1)//,17)[/2(9) +B[’U,5, t]) dt = / (F,ﬂ)LQ(Q) dt.
0 0

Note that (A.18) holds for all functions ¥ of the form (A.16), which are dense in
L?(0,T; H*(Q2)). Combining (A.18) and the denseness of v, we obtain

(U”a ¢)L2(Q) + B[’Ua ¢)7 t] = (IF7 ¢)L2(Q)7

for any ¢ € ﬁs(Q) and for a.e. 0 <t < T. Moreover, by | , Theorem 5.9.2],
one can show that v € C([0,7]; L2(Q2)) and v’ € C([0,T]; H=*(Q2)).
It remains to show that

(A.19) v(0) =¢ and v'(0)=1.

In order to show (A.19), let us select any function w € C2([0,T]; H*(Q)), with
w(T) = w'(T) = 0. Integrating by parts twice with respect to t of (A.18) yields
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that
T
/ (w",v)12(0) + Blv, w; t]) dt
0
(A.20) -
:/ (F,w)r2(0) dt — (v(0),w'(0)) £2(0) + (v'(0), w(0)) L2(0)-
0

Similarly, from (A.17), one also has
T
/ ((w",vm)Lz(Q) + B[vm,w;t]) dt
(A.21) 0
:/ (F, ’l,U)LZ(Q) dt — (v, (0), w/(o))LQ(Q) + (’U;n(()), w(O))LZ(Q).
0

Hence, by taking m — oo of (A.21) (along a subsequences as before), we have
T
/ (w",v)12(0) + Blv,w; t]) dt
(A.22) 0
= [ (Frw)aioy dt — (7.0 (0)) 1200 + (5, w(0)) 1200
0

Finally, comparing (A.20) and (A.22), by the arbitrariness of w(0), w’(0), we can
conclude that v is a weak solution of (2.2).

Step 2. Uniqueness of weak solution.

Let uy,ug be weak solutions of (2.1). Then u = u; — uy satisfies
(0} +(=A) +qu=0 in Qr,
u=>0 in (Qe)Tv
u=0wu=0 in R™ x {0}.
For each fix 0 < r < T, we define
w(t) = {Oftru(T)dT fo<t<r,

otherwise.

Note that w(t) € H*() for each 0 < t < T. Therefore, choosing the test function
¢ = w(t) in Definition 2.1 yields

(" (t), w(t)) 2y + Blu,w;t] =0 forae 0<t<T.

Since u/(0) = w(r) = 0 and w'(t) = —u(t), we have
= /T(’U,”(t), w(t))Lz(Q) dt + /r B[u, w; t] dt
0 0
= —/ (u'(t), w'(t)) L2 dt +/ Blu, w; t] dt
0 0

/O(u/(t)7u(t))Lz(Q)dt—/0 Blw', w;t] dt

1 /"d 1 ("d
1

1 1 1
= 5 luliz (@) = 5l1w0)72 @) = 5 Blw, wir] + 5 Blw, w; 0]

1 1
= S22 + 5 Blw,w;0)

1 1 . 1
= 50 + 1)) + 5 [ O do
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That is, we obtain
(A.23)

[w(r) 1220y + 1(=A)2w(0)7 2 @n) Z—/QCJW(O)\deS ||(1||L<>°/Q|w(0)|2 dx
Since
dxg/ /|u(t)|2dxdt:/ J(8)]12
0 Q 0

/\w WP dr =
(A.24) lu(r)1Z2 ) < ||CI||L°°/O ()12 g dt-

(A.23) implies
Multiplying (A.24) by the integrating factor e="l4lz>= yields

d | _, - 7
et [ ulag d

—e—llallLee ) [_||q||m/0 [w(t)[72q) dt + u(r) 720y | <O,

(T) dr

that is,
e llallzee @) /07‘ ||u(t)||2L2(Q) dt =0 forallr e (0,T),
and this immediately implies u = 0.
Step 3. Energy estimate.
In Step 1 (precisely, (A.7)), we have derived

max ([[om (Ol .9y + [0, (Oll2())

0<t<T
<C (I1F a0 720y + 180 7 ) + 1l 22000 ) -
Passing the limit m — oo, the estimate (2.3) follows directly from above. g
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