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ABSTRACT. In this article, we investigate the Calderén problem for nonlocal
parabolic equations, where we are interested to recover the leading coefficient
of nonlocal parabolic operators. The main contribution is that we can relate
both (anisotropic) variable coefficients local and nonlocal Calderén problem
for parabolic equations. More concretely, we show that the (partial) Dirichlet-
to-Neumann map for the nonlocal parabolic equation determines the (full)
Dirichlet-to-Neumann map for the local parabolic equation. This article ex-
tends our earlier results [LLU22] by introducing completely different methods.
Moreover, the results hold for any spatial dimension n > 2.
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1. INTRODUCTION

In this paper, we study the relation of the Calderén problem between both local
and nonlocal parabolic equations. The key tool is to use a known extension prob-
lem for nonlocal parabolic operators (9; — V - oV)*, for s € (0,1), so that one can
reduce the exterior measurements for nonlocal equations suitably to the boundary
measurements for their local counterparts. Fractional type inverse problems have
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attracted a lot attention in recent years. The Calderén problem for the fractional
Schrodinger equation was first investigated in [GSU20], where the authors demon-
strated that the potential in a given region can be determined uniquely by the
associated exterior measurement. The essential approach is relied on the strong
unique continuation property (strong UCP in short) for the fractional Laplacian
(—A)?®, so that one can deduce the useful Runge approzimation for the fractional
Schrédinger equation. Based on these robust results, there is a huge literature
developed in this direction.

Let us briefly summarize several works related to fractional inverse problems.
In [CLR20], the authors determined both drift term and potential uniquely, which
remains open for the local case. In [CLL19], the researchers used single mea-
surement to determine unknown cavity, which cannot hold in their local counter-
parts. Meanwhile, in the works [FHL19, HL20], the authors derived an if-and-only-if
monotonicity relation, which leads to a simple reconstruction algorithm. Later,
fractional /nonlocal type inverse problems are widely developed in the field of in-
verse problems, which consists of determination of singular potentials, lower or-
der local perturbations, higher order fractional Laplacians, single measurement,
and generalizations to many other nonlocal operators. We refer readers to those
works [BGU21, CMR21, CMRU22, GLX17, CLL19, CLR20, FGKU21, HL.19, HL.20,
GRSU20, GU21, Lin22, LL22, L1.23, LLR20, LLU22, KLW22, RS20, RS18, RZ22D,
RZ22b, RZ22a, CRZ22, RZ22c, CRTZ22, Zim23, GU21, LRZ22, LZ23] and the
references therein. We also point out that the recovery of leading coefficients has
been addressed in recent works [Fei21, FGKU21, CO23, Riil23] by using the local
source-to-solution map. The main approach is based on the heat kernel represen-
tation of nonlocal operators and Kannai transmutation. These materials transfer
the elliptic type nonlocal inverse problem to a local hyperbolic problem, which has
been studied by utilizing the boundary control method.

As a matter of fact, the solvability for the most of these fractional inverse prob-
lems based on the linear structure of nonlocal operators, in particular, the (strong)
UCP and the Runge approximation play essential roles in related studies. Most of
mentioned works, the authors investigated uniquely recovering problem for lower
order coefficients, i.e., the main nonlocal operator is known a priori. In general, the
determination of the leading parameter is harder than the recovery of lower coef-
ficients. In this work, we want to give another possible description, which builds
a bridge between nonlocal and local problems, and this connection will help us to
recover leading coefficients for a nonlocal parabolic operator.

1.1. Mathematical model and main results. Let 2 C R™ be a bounded do-
main with Lipschitz boundary for n > 2, and T € (0, 0). Consider the fractional
Calderén problem for the nonlocal parabolic equation

(0; =V -o(x)V) u(t,z) =0 in Qr,
(1'1) u(tv x) = f(tvx) in (Qe)Ta

u(t,z) =0 for r € R" and t < T,
where €, := R" \ Q. Throughout this work, we always assume the set

AT = (7T’7 T) X A,

for any subset A C R". Here 0 = (0ik(2))1<; p<p € C?(R™; R™ ") satisfies the
symmetry and ellipticity conditions o

Oik = Ok, foralli,j=1,2,...,n,
n
AP < Z oir(x)&lk < ATHEP,

i,k=1

)

(1.2)
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for any z € R"™ and £ = (&1,...,&,) € R™, where A € (0,1) is a positive constant.
The well-posedness of (1.1) has been studied by [B 2] with respect to suitable
function spaces. Let W C (). be a nonempty open subset , we are able to define
the corresponding (partial) Dirichlet-to-Neumann (DN) map
AZ H*(Wr) - H™(Wr),

[ (00 =V -oV) ugly,

(1.3)

where uy € H*(R"™!) is the unique solution to (1.1). These function spaces that
we are using will be introduced in Section 2.

(IP1) Nonlocal inverse problem. Can we determine o by using the nonlocal
DN map A$ given by (1.3)?

In fact, it is a nontrivial problem to determine the leading coefficient o for
nonlocal models.

On the other hand, let 2 C R™ be a bounded set as before, and we consider the
classical Calderén problem for (local) parabolic equations. One tries to recover an
unknown, possibly anisotropic leading coefficient o = o(x) : @ — R™*" where o
could be a sufficiently regular anisotropic symmetric matrix-valued function. More
concretely, consider the local parabolic problem

(0 = V- -o(x)V)v(t,x) =0 in Qp,
(1.4) v(t,z) = g(t,x) on (0Q)r,
v(=T,z) =0 for z € Q.
It is known that the initial-boundary value problem (1.4) is well-posed (for example,
see [DL92, Chapter XVIII]), so that we can define the corresponding local (full)
DN map
Ay : LA(=T,T; HY?(0Q)) — L*(=T,T; H/%(09)),

(1.5)
g oVug - vlao

where v, € L2(0,T; H*()) is the unique solution to (1.4).
(IP2) Local inverse problem. Can we determine o by using the local DN map
A, given by (1.5)?

In fact, the answer of (IP2) is resolved for some cases. More precisely, in [CK01],
the author investigated that if o = o(z) is a scalar function, then A, determines ¢ in
. In this article, we want to use similar ideas as in our earlier work [LLU22], where
we want to show that the nonlocal DN map A$ determines the local DN map A,.
In this work, we introduce an alternative approach, which is motivated by the very

falals)

recent work [CGRU23]. This new method is mainly based on the Caffarelli-Silvestre
type extension problem for the nonlocal parabolic operator (9; — V - oV)®.

For s € (0,1), the extension formula for (9; — V - 0V)” is characterized as follows.
Let u € H*(R"*1), let & = u(t,z,y) be the solution of the Dirichlet problem for
(t,x,y) € R} := R x (0,00) with (t,7) € R**! and y € (0, 00) that

Yy 7250 — Vg - (y17255(x)vx7yﬂ) =0 in RT‘Q,
(1.6) u(t,z,0) = u(t,z) on R
u(t,z,y) =0 ont< T,

where ¢ is of the form
~ v (o(x) O
(17) s = (5 1),

where o always satisfies the condition (1.2) throughout this paper. Meanwhile, we
use the notation V = V,, V., = (V;,0,) and Id stands for the identity in this
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article. Then the nonlocal parabolic operator (9; — V - 0V)? is realized in terms of
the Dirichlet-to-Neumann relation
(1.8) (0 =V -oV) u(t,z) =ds lir% y 70 u(t, z,y),
Yy—
where ds is a constant depending only on s € (0,1). In order to study (IP1), we

will use (IP2), more specifically, we will show the following theorem, which states
that the nonlocal DN map (1.3) determines the local DN map (1.5).

Theorem 1.1. Let Q. W C R™ be bounded sets with Lipschitz boundaries with
QNW =0, forn >2,T € (0,00) and s € (0,1). Let € C?(R™;R"+Dx(n+1)) pe of
the form (1.7), where o(x) € C?(R™; R"*") satisfies (1.2) with |o|+|Veo| < M < oo
in R™, for some constant M > 0. Let u be a weak solution to (1.6), then we have

(oo}
(1.9) v(t, z) :=/ y' Pt @, y) dy € L2(0,T; H' (),
0
such that the function v is a weak solution to the parabolic equation (1.4). Moreover,
for any f € H*(Wr), the nonlocal (partial) DN map
s . TS —5 . 1-2s9 ~
AS: HS(Wrp) — H*(Wrp), f»—)dsilg%y Ayl

determines the local (full) DN map
Ay : L*(=T,T; HY/?(8Q)) — L*(=T,T; H-Y2(09)), g~ oVu- V] o0y -

Remark 1.2. Let us point out that we do not need to assume o = Id in the
exterior domain Q. in our parabolic case, which is unlike the assumption for the
elliptic setting demonstrated in [CGRU23]. We refer readers to page 35 of this
article for more detailed explanations.

We can reformulate Theorem 1.1 in terms of the next result.
Proposition 1.3. Adopting all assumptions of Theorem 1.1. Define the nonlocal
(partial) Cauchy data C; vy,
save = (Flwes (0 = V- 09) uglyy, ) € B (Wr) x H-* (W),
where uy € H*(R" 1) is the solution to (1.1). Define the local (full) Cauchy data

Co (09 = (9|(aQ)T, UVUg\(aQ)T)
C L3(—=T,T; HY?(0Q)) x L*(—T,T; H~Y?(09)),
where vy € L*(—=T,T; H'(Q)) is the solution to (1.4). Then there exists a bounded
linear map

T: C;WT — 007(BQ)T,

(f7 A;f) = <U|(8§Z)Ta oVuv - V‘(BQ)T)
such that
— L*(-T,T;HY?(0Q))x L?(—T,T;H~'/?(89Q))
T (Ccsr,WT) = Co,(BQ)T~
Here v is the unit outer normal to O and v(t, x) is defined by (1.9).

As shown in [LLU22], Theorem 1.1 stands for the reduction of the Calderén
problem for nonlocal parabolic equations to the local ones. The main difference is
that we need to take the exterior data f is taken from H*((£2.)r), but not H*(Wr),
for a given open subset W C ..
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Remark 1.4. By using the conclusion of Theorem 1.1, we knows that the determi-
nation of leading coefficients for nonlocal parabolic operators depend on their local
counterparts. It is natural since that the nonlocal DN map contains more data than
the local DN map.

Corollary 1.5. Adopting all assumptions in Theorem 1.1. Assume that o = ol is
an isotropic n xn matriz satisfying (1.2). Then the nonlocal DN map AS determines
o in (IP1) uniquely.

Next, we are want to know the case when the leading coefficient is a matrix-
valued function. It is known that the non-uniqueness result has been investi-
gated by [GAVI12] for the local case (ie. s = 1). Let o(z) = (0(2)),<; <, €
(0ik(T))1<ipen € C?(R™; R™*™) be a matrix-valued function satisfying (1.2). Con-
sider ® : Q — Q as a C™ diffeomorphism such that ®|pq = Id (the identity map),
then v(t, z) is a solution to the parabolic equation

(1.10) 0w —V - (oVv) =0 for (t,z) € Qr
if and only if ¥(t,y) := v(t,®~1(y)) is a solution to
(1.11) O (D.1(y)v) = V- (®,.0VD) =0 for (t,y) € Qp,

where @, denotes the push-forward

b

D37 (z)o( )%zqzi)l(y)
®.0(y) = —qaperm

Q. 1(y) = m

a=0-1(y)

Here D® denotes the (matrix) differential of ® and D®” is the transpose of D®.
Since ®|gn = Id, one can see that the (full) Cauchy data (or DN map) of (1.10)
and (1.11) are the same, i.e.,

Co,(00)r = (U|U,(89)T7 03VU|(39)T) = (5|(89)T7 ‘I’*Uaﬁl(aQ)T) = Co,q,00)r-

This implies the non-uniqueness property for leading coefficients holds for local
parabolic operators in the anisotropic case.

Similar to the local case, our final result in this paper is to demonstrate that
non-uniqueness also holds for the nonlocal parabolic case.

Corollary 1.6 (Non-uniqueness). Let Q, W C R™ be bounded sets with Lipschitz
boundaries with QN W = 0, forn > 2, T € (0,00) and s € (0,1). Let 5 €
C?(R™; RHDX(+1)) be o matriz-valued function in R™ satisfying (1.2). Then
AZ,WT determine o up to diffeomorphism, that is, there exists a Lipschitz invertible
map ® : R™ — R"™ with ®|w = Id such that

owr(f) =AM, 0w, (f), for any f € CZ(Wr),

where
D37 (2)0(z) DD ()
(I’*O-(y) - det(D@)(x) z=®"1(y) .

1.2. Outline of the argument. Let us compute the relation between u and v,
where @ is a solution to (1.6) and v is defined by (1.9). Via direct computations,
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one can see that v is a solution to the following parabolic equation

0= / {y'"20u — V- (y' 6V, u) } dy
0

=0 - 1—23~d>_v. v(/oo 1—2s~d>
(1.12) t(/o Yy uay 9 o Y uay

—/ 0y (y' = 0yu(t, . y)) dy
0

=0, —V-oV)v,
for (t,x) € Qp. Here we used the fact that

/ Oy (yl_Qsayﬂ(t,;v,y)) dy = lim y*~2%0 yu(t, z,y) — hm y? Sayﬂ(t,x7y)
0

Y—>0o0

= lim y'~2*9,u(t, z,y) — 1 (0 — V- oV) u(t,z)

y—o0 ds

Here we use (1.8)

:O,

where we also used the decay property of u (and its derivatives) at infinity and u
is a solution to (1.1).
Formally, the corresponding DN map of (1.12) is given by

Ay : L*(=T,T; HY?(0Q)) — L*(—T,T; H~/?(09)),

| it ay wv(/ g2 <txy>dy)
0 (89 7 0

=v(t,2)|(00)p =oVur|isa),

(09

Making the preceding formal computations rigorously plays an essential role in the
proof of Theorem 1.1. In fact, we need to prove that the function v(¢,x) given
by (1.9) belong to suitable function spaces with v|aq), € L2(—T,T; HY/?(09)).
Therefore, the local DN map can be determined by the nonlocal DN map as we
wish.

1.3. Organization of the article. The paper is structured as follows. In Section
2, we define the nonlocal parabolic operator rigorously. We also introduce func-
tion spaces and demonstrate the well-posedness for our study. In Section 3, we
investigate the Caffarelli-Silvestre type extension problem for the nonlocal para-
bolic operator, and we offer the useful function to connect the nonlocal and local
equations. We provide regularity estimates for solutions to the extension problem
in Section 4. With the analysis in Section 4 at hand, we can will demonstrate our
key equation of this work in Section 5, and associated density results will be proved
in Section 6. Finally, we prove our main results in Section 7.

2. PRELIMINARIES
We review several basic properties and tools, which will be utilized in our work.

2.1. Nonlocal parabolic operators Note that the nonlocal parabolic operator
(0; — V- oV)’ is defined in [BDLCS? 2], where o = (0ik), <; <, 18 @ matrix-
valued function given via (1.2) in R". Next, it is known that the parabohc operator
Ot — V-0V in R x R™ possesses a globally defined fundamental solution p(z, z, 7),
which satisfies

Pel(t,x) = / p(x,z,7)dz =1, for every z € R™ and 7 > 0,
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where P; stands for the heat semigroup. In addition, the evolutive semigroup P-
is given by

Pru(t,z) = / p(x, 2z, T)u(t —7,2)dz, for u € S(R™),

where p(x, z,7) is the heat kernel associated to the elliptic operator V - oV such
that

(2.1) Orp(z,2,7) =V -oVp(x,z,7) =0,

and S(R"*!) denotes the Schwarz space. In addition, the heat kernel p(z,z,7)

satisfies
1 \™?  eep 1 \™?  peep?
Ch <> e” 7 <p(x,z,1) <O () e F o,

4T AnT

for some positive constants c1, co, C; and Cy. Moreover, it is known that the heat
kernel possesses the pointwise estimate (see [ST10] for £ = 0 and [CJKS20] for
¢=1)

n+e szz\2

(2.2) ’VZp(m,z,T)| Stz e 7, forl=0,1.

x

Since {PT}TZO can be also regarded a strongly continuous contractive semigroup
with ||Pru — ul|p2gn+1) = O(7), then the explicit definition of (0; — V- oV)?, for
s€(0,1).

Definition 2.1. Let s € (0,1) and u € S(R™*!), then (8; — V - aV)® is defined by
the Balakrishnan formula (see [BKS22]) as

s o s ° dr
(2.3) (0 —V-0oV) u(t,z):= F(l—s)/o (Pru(t,z) — u(t,x)) R
Moreover, via the Fourier transform in the time-variable ¢ € R, we can write
(0; — V-0V) u in terms of the Fourier transform. It is known that the heat
semigroup {P:},~, can be written by spectral measures as an identity of gamma
functions:

e s > em (Al s
Pt:/o e " dE, and _I‘(l—s)/o it dr=(\+ip)’,
for A > 0 and p € R, where i = /—1. Consider the time Fourier transform F; of
P-u, then there holds
Fi (Pru) (p,€) = TP (Fru(p,-)) (€),
which yields that the Fourier analogue of the definition (2.3)
s 1

R0 ) =~y [ e ) (00 1) d Bt an

| Otin ds (Faat ).
0
2.2. Function spaces. Given any u € S(R"1), it is known that
[Fe (H*u) (p, )l L2 @ny = / A +ipl* d|[Ex (Frulp, )|,
0

for p € R. With the preceding relation at hand, let us define the space H?*(R"*1)
as the completion of S(R"*1!) with respect to the norm

0o s 1/2
ey = ([ [T (14 0+ ) dIE Rt DI ap)
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Next, given a € R and an open set O C R"*!, we define

H*(R") = {Completion of S(R™*!) with respect to the norm :

L] (e meio?) ™ aies . iR dn),

H*(0) = {u|o : v e H*R"™)},

H"(0) = closure of C°(0) in H*(R" ).
We also define

”uHHa((’)) ;= inf {H’UHHa(RnJrl) : ’U|(9 = u} y
and the dual spaces
H %(0) =H*0)* and H *0)= (H*(O))".
On the other hand, we may also consider the parabolic fractional Sobolev space
YR = {u € AR 1 (16 +ip)"*lp,€) € LR
where (¢, p) = [pui e 1(2) (P& qy (2, ) dtdx denotes the Fourier transform of u
with respect to the (¢, x)-variable.
In the same time, the graph norm of H*-functions is given by

a
~

1/2
24)  lulogn = [ (14 (€ 1)) @ OF dpde.
Rn+1
One may rewrite
Ha(Rn+1) _ Ha/2,a(Rn+1)’

where the exponents a/2 and a denote the fractional derivatives of time and space,
respectively. Particularly, when a = s € (0,1), from [BKS22  Section 3|, which
is known as the parabolic version of the Kato square root problem introduced in
[AEN20], then there holds

(2.5) H*(R™1) = H*(R™ ), for s € (0,1),
and we denote
Hj, := {u € H*(R"*") : supp(u) C E},
for any closed set £ C R™*1. We also give a quick review for the fractional Sobolev
space H*(R™) for s € (0,1), which is defined by
< oo} .
L2(R™)

Finally, in the rest of the paper, we use < (resp. &) to denote that an inequality
(resp. equality) holds up to a positive constant whose exact value is irrelevant in
our arguments.

20) HR") = {1 € SE): lullnon = | (1-+167)" ()

2.3. Well-posedness for the nonlocal parabolic equation. In [BKS22, LLR20,
LLU22], the authors demonstrated that the problem (1.1) is well-posed (for either
variable coefficients or constant coefficients cases). More precisely, given any ex-
terior data f € H*((Q)r), one can always find a unique solution uy € H*(R"*!)
solving (1.1). Furthermore, we point out the future information will not affect the
behavior of solutions, i.e., if uy € H*(R"™!) is a weak solution to (1.1) in Qr,

then uy (¢, z)x (7.1 (t) € H*(R™!) is also a weak solution of (1.1) in Q7, where
1 forte (-T,T)

. denotes the characteristic function. Hence, in
0 otherwise

X(-1,1)(t) =

the rest of this article, we can always assume that the solution wuy(t,z) of (1.1)
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is supported for ¢t € (—=T,T) and = € R™ without loss of generality. The support
assumption also implies that we can assume that u;(—T,z) = uy;(T,z) = 0 for
x € R", where uy is the solution to (1.1). Finally, if uy € H*(R"™) is the solution
o (1.1), then there holds

(2.7) Huf”HS(]Rn+1) S ||f||ﬁ5((QE)T)7
which has been derived in [BKS22, Theorem 3.3].
3. EXTENSION PROBLEM, DUALITY AND AUXILIARY FUNCTIONS

It is known that the nonlocal parabolic operator (9; — V - 0V)” can be charac-
terized by associated extension problem.

3.1. Extension problems and duality principle. Let us review a rigorous for-
mulation of the extension problem with respect to the nonlocal parabolic opera-
tor (9, —V-aV)*, for s € (0,1). As in [BKS22, Section 3.1], given an open set
¥ C R} =R+ x (0,00), consider the energy space

LY2(2;y 2 dtdady)
= {U: U, 0,1, Ou € L%,y " *dtdxdy), for k=1,... n},
where the function u € L?(X, y' ~2*dtdzdy) provided that
~12 —2s |~2
[l L2 (2 120 dtdeay) = /Eyl % al” dtdzdy < oco.

Moreover, ||-||z1.2(5;y1 25 dtdzdy) 15 defined via

1/2
1l 1 12+t = ( [t (i + v + o, dtdxdy) .

)2, Theorem 3.1], which

Note that (9; — V - oV)® is already characterized by [BK
is stated below for the sake of completeness.

Proposition 3.1 (Extension problem). Given s € (0,1), and u € H*(R"*1).
There exists a solution U to (1.6) which satisfies
(a) limy_ou(t,z,y) = u(t,x) in HS(R"T1),
(b) lim, o y* 20 u(t,z,y) = ds (0y — V - oV)* win H~*(R" 1), for some con-
stant ds depending on s € (0,1),
(c) ||ﬂ||Ll,Q(RTz;yl,zsdtdzdy) < Cllullgs gnt1y, for some constant C > 0 inde-

pendent of u and u.

Since the proof is given by [BKS
want to emphasize that the proof is based on the representation formula for the
function w. In fact, via [BKS22, Theorem 3.1], the function @ can be written in
terms of

(3.1) u(t,x,y) = / / Pj(x,z,T)u(t — 7, 2) dzdr,
O n

where

)2, Theorem 3.1], we omit the proof. Here we

1 y2s 2
ey @)

Here p(x, z,7) denote the heat kernel associated to the elliptic operator V - (oV)
satisfying (2.1). Note that the constant d in (b) can be computed explicitly, which
is

(3.2) Pj(x,z,7) =

- 225—11’\(8)
(3.3) A= Ty
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Inspired by [CGRU23], we want to derive a duality principle for parabolic equa-
tions.
Proposition 3.2 (Duality). Let ¢ € C*(R";RO*+DX(+1)) be of the form (1.7)
forn € N, s € (0,1), and h € CO(R"*'). Suppose that uy € C*R’?) with

)
Yy =2 0,u1 € CO(R™MY) is a classical solution of

(3.4 Y210 — Vay - (¥ 710V yui) =0 in R,

: gll)% Y10 = h on R™*1 % {0}.
Then the function us(t,z,y) == —y**~10yui(t,z,y) is a classical solution of
(3.5) Y 20y — Vay - (Y20 Vayu) =0 in R%*2,

' ugy = —h on R+ x {0}.

Proof. For y > 0, one has
_ yl—Qsatu2 + V%y . (91_255Vx7yuQ)
= 20, (12 0yu) — Vay - (¥ 25Va, (12 0yum))
= 0y0pu1 — 9,V - (0Vur) — 0y {y' 7 [0, (y** ' 0yur) ]}
=0y {01 —y' "V, - (v 715V, )}
=0,
where we used (3.4) in the last identity. This shows ug solves (3.5) as desired. O

From the relation us(t, z,y) = —y**~1d,u1 (t, z,y), we have that

—3yu1 (t, x, y) = yl_quz (t7 z, y)

By integrating the above equation on (y,c0), we obtain that
Ul(tax,y) = / apul(taxau) dﬂ = / ‘u172su2(t’x"u) dlu‘>
y y

where we assume that lim,, o u1(¢, 2, ) = 0. This observation allows us to con-
struct the operator (8, — V - V)" ~® from the operator (8; — V - oV)".

3.2. Key functions. In this section, let us introduce important functions, which
play essential roles for our approach. Inspired by Proposition 3.2, let us consider
the case us = u, where u € H*(R"1) is the solution to (1.1), and like u; to set
another function

(3.6) wltia) = [ W) da for y >0,
Yy

where &l € £L12(%; y'~25dtdady) is a solution of (1.6) and u € H* (Wy) is the solution
of (1.1). Here W C R is a bounded open Lipschitz domain. Meanwhile, by (3.6),
it can be seen that the function w is finite for every fixed y > 0. Furthermore,
the function w could be as regular as the leading coefficient o(z) permits. In
addition, we will analyze more detailed regularity estimates in Section 4, and one
can summarize the limit as y — 0 that

(3.7) v(t,z) = w(t,z,0), for (¢,z) € R"!
is well-defined. Here the function v will fulfill
(3.8) ve L*0,T; HY(Q)) and 9w € L*(0,T; H1(Q)),

where v is given by (1.9), and rigorous derivations for the property (3.8) will be
given in Section 4.
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In fact, by using Lemma 4.2 in the next section, we will see that function w
given by (3.6) has sufficient decay with respect to both  and y directions, then it
will reverse the relation described in Proposition 3.2. More concretely, via direct
calculation, we can see that w satisfies the equation

Va, (yQS 5V, qw(t y))

g2 / WY (ot 7, 1)) dn — Oyt 7, y)

(3 9) — 25 1 1 258 u(t T /L)) dz+y2571/ ﬂliZSatﬂ(t,‘T,M) d,u
. Y

— Oyu(t

Y
, X,
25 13( 125 txu)d,u)

= yQS latw( ,.T,y),

where we used the equation (1.6) of @ so that @ has appropriate decay at infinity
and the definition (3.6). Combined with the computation (3.7) and (3.9), one can
see that the function w given by (3.6) is a solution to

3.10
(3.10) w(t,z,0) = v(t, ) in R?*1.

{y%_l@tw — Ve (y** 16V, w) =0  in RTT?

By using the above equation, combined with (3.1), the operator (9; — V - oV)' ~*
is characterized as the Neumann data of the problem (3.10). In other words, we
have

(0, —V -oV)' P u(t,z) = dy_, lim vy Lo, w(t, x,y)
y—0

(311) = —dl_sﬂ(t,x,())
= _dlfsu(ta .T)

holds formally, where dy_g is a constant given by (3.3) when the parameter s is
replaced by 1 — s. Moreover, via the semigroup property for the nonlocal parabolic
operator, one can apply the nonlocal operator (9; — V -aV)® onto (3.11), then a
formal computation yields

(0 —V-oV)v=—dy_s (0 — V-0V)°u in R"L

To summarize, when u is the solution to (1.1), we have & € LV2(R72; y =2 dtdzdy)
and (0 — V-oV)v =0 in Qr, where @ is defined in (1.6).

4. REGULARITY ESTIMATES OF SOLUTIONS

In this section, we demonstrate that the function v(¢,x) defined by (1.9), which
has suitable regularity properties. Moreover, with suitable decay estimates at hand,
we can make our arguments hold rigorously.

Proposition 4.1. Let Q, W C R" be bounded open sets with Lipschitz boundaries,
form >2and T > 0. Let u € H¥(R"™Y) with compact support in (QUW)r and
ueLt? (RT‘Z; yr=25dtdxdy) be the corresponding solution of the extension problem
(1.6). Letw : Rﬁ” — R be the function given by (3.6). Then fory > 0, the function
w € L™(=T,T;L>*(R")) for any m € [1,2], and the limit lim, o w(t,z,y) =
w(t,x,0) exists with w(t,z,0) € L*(=T,T; H*(R™)). Moreover, there holds that

(4'1) ||Uf||L2(,T’T;H1(]Rn)) S ||uf||Hs(Rn+1) :
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Before showing Proposition 4.1, we first prove several decay estimates for the
solution u to (1.6) with respect to the y-direction.

Lemma 4.2. Let Q, W C R"™ be bounded open sets with Lipschitz boundaries such
that QNW =0, forn € N and T > 0. Given s € (0,1), let u € H5(R"*1) with
supp(u) C (QU W), and u be the corresponding solution of the extension problem
(1.6). Then for any m,q € [1,2], the function u(t, x,y) satisfies the following decay
estimates:

(a)
||ﬂ(',337y)||Lm(]R<) < y_"||UHLm(R;L1(Rn)),

(42) ~ < 5~ n—1
||VU('>$7Z/)||Lm(R) ~Y HU||L”L(R;L1(R"))7

for any (z,y) € RT‘l =R" x ( 00).
(b) For1<p,q,r < oo with1 + + % u satisfies

"l L rs e R s

1
p
(43) HE(U'>y)||Lm(R;LT(Rn)) ,.j

Zl/
||vx7yﬂ('v'7y)||Lm(R;Lr(Rn)) 977 B ||U||Lm(RLq(Rn))

Before proving the lemma, let us offer an auxiliary result, which will be used in
the proof of Lemma 4.2.

Lemma 4.3. For any b, A >0, let f,(A) = [J7 7=+ Ve~ ir dr, then there holds

(4.4) / Ot e=ar dr = £,(1)A0.
0

Proof. By the integration by parts, one has

< d (1
fb(A) = 7/0 E <bTb> eiﬁ d’r
d
=3 / _b e ﬁ) dr
= 4b *(b”)e i dr.
Moreover, it is easy to see that f}(A) = —§ [ 7=(+2) =3+ dr. From the preceding

computations, one has

A
Fo(A) = =2 Fi(4),
which implies
fA) b
fo(A) A
Solving the above ordinary differential equation, one can see that

folA) = f[(1)A™°

which proves the assertion. O

With the aid of the preceding lemma, we can show Lemma 4.2.

Proof of Lemma 4.2. For (a), combined with formulas (3.1) of w and (3.2) in Section
3, one has

L d’T
(4.5) u(t,z,y) = coy? /n/ = p(x, z, T)u(t — 7, 2) mdzy
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where p(z,z,7) denotes the heat kernel satisfying (2.1) and ¢, is a constant de-
pending only on s of the form

(1.6 1
. Cs = —5———.
225T(s)
Hence, with the heat kernel estimate (2.2) at hand, we can have the pointwise
estimate
dr

- > _y?
|V£u(t,x,y)| < g% /Rn/o |Vﬁp(w,z,7—)| e ar |u(t — 7, 2)| ﬁdz

(4.7) o ) e
N QQS/ / 7 L) o (e ) |u(t — 7, 2)| drdz,
n O

for £ =0,1. Note that the right hand side of (4.7) can be viewed as a convolution
of space and time variables (one may extend the integrand to be zero in the region
T € (—00,0)).

Recall that the Young’s convolution inequality states

1 1

(48) I/ %9l L

Lr =

‘ [ 10ate=0 dc‘

. 1
< |fller llgllpe, with 1+ - =
Lg r

where (, & could be either space or time variables in the upcoming applications.
To make our notation more clear, here we use Ly to denote the L" Lebesgue norm
with respect to the &-variable. Let us take L™ norm in the time variable to (4.7),
applying (4.8) for the exponents p = 1, ¢ = m € [1,2] with respect to the time-
variable, then one can have

Hvﬁﬂ(-,x,y)HLm(R)

(4.9) © sz |y
s [ ([ es e = i) ) e s
n 0

Observing that

ntt_

') 67(6M+272 _ s
(4.10) / T T i~ (\x—z\2+y2) :
0

riE sl

as shown in (4.4) from Lemma 4.3. Inserting (4.9) and (4.10) into (4.7), we obtain

HVﬁﬂ(',x,y)HLm(R)
_”TH—S
Rn,
for £ =0,1.

Meanwhile, let us point out that the right hand side of (4.11) can be regarded
as the convolution with respect to the space variable. Next, applying (4.8) again
to the z-variable, for the exponents r = oo, p = co and ¢ = 1, we have

(4.11)

HViﬁ('v '7y)HL1(]R;L°°(R”)) Sy ullr @y,

where we used the fact that
n44

S
sup (I»ZI2 +y?) T <yt
z€ER™

for £ = 0,1. Similar to the computation (4.11), we obtain

[Vl - y)| P | o

L™ (R;L™(R")) 5 Y R;Le(R"™))>»
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for m € [1, 2], where we used the fact that

_ 1/p
2s N /Oo y2sp7.n 1 o < yn/p—n—é
0 (r2 4yt h ’

Yy
(412) ||~
(|2 +y2) "+

Lr(R")

for £ = 0,1. This shows (a).
For (b), we can calculate

10, u(t, z,y)| S y*5~ 1/ / (x,2,7)e 4f|u(t—7z)| dz

+y25+1/ / p(x,z,f)e*%m(t—ﬂZ)\mdz.
n Jo

Similar as previous cases, we can make use of the Young’s convolution inequality
again for both terms in the right hand side of (4.13), then direct computations yield

that
oo 42 d
y2s_1/ / p(x,sz)e_F|u(t—T,Z)| 1:9dz
»Jo T L™ (R;L™(R™))
y25—1/ / P (BH1ts) o~ (el2z2l 4 2 )|u(t—r z)|drdz
n O

s— 5
Y 1/ (lo =2 +92) 7l )l dz

2s—1

(4.13)

A

Lm(R; L7 (R™))

N

L (R™)

<y
e+ y2)Ete

Sy

~

([l L (s Lo ()
Lr(R")

L™ (R;La(R™)),

and similarly,

2 d
y2etl / p(z, z,r)e‘sz lu(t — 7, 2)] T;dz
T

L (R (R")

s F—1-s
2o+ / (le = 2P +52) "5 Ju(, 2)llomesy

n/p—n—1

L™ (R; L™ (R™))

Sy |l a gy,

where we used the fact (4.12). This proves the assertion. O
We are ready to prove Proposition 4.1.

Proof of Proposition 4.1. Since u is suppoted in (2U W), we assume that there
exists a ball B C R™ centered at the origin and radius R > 0 such that supp(u) C
[T, T] x Bg. Let us argue in three steps:

Step 1. Initial reqularity.
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By (4.7), (4.10) and compact condition of supp(u), we have that
0~ 2s ° ¢ v2 dr
‘vxu(tax7y)| Sy é/ / ‘vmp($7za7-)‘e_ﬂ |u(t—7',z)| ﬁdz
R™ J0 T

25 T () (2 2
Sy T2 e = i) |u(t — 7, 2)| drdz
»Jo

By (2.2)

yzs/ (/OO S22 ) 2 dT)
» \Jo
oo 1/2
: (/ lu(t — 7, 2))? d7> dz
0

_ndl41tes
2 2
Syzs/ (lez\ +y2) [u(- 2)ll 2w dz,

By (4.4) as b=n+1+0+2s

1/2

N

for £ = 0,1, where we used the Holder’s inequality and (4.4). In further, we can
obtain

|Vfﬁ(t7$ay)| S yinieil”UHLz(—T,T;Ll(R"))a
 n4l4142s
2
where we used the fact 2° (\x - 2\2 + y2) <y 1 for £ =0,1. Next,

we want to check that w(t,x,y) is well-defined for y > 0. To this end, we can
estimate the function w for y > 0

[Viw(t, 2, y)l S/ pt |Vt )| dp
Y

4.14 o m—t—
(4.14) 5/ p'? Tl e gy dp
Yy

Sy Tl e e v

for £ = 0,1. Since supp(u) is compact and u € H*(R"*!), hence, the right hand
side of the estimate (4.14) is finite, for a.e., (t,z,y) € R

Step 2. L%-estimate for v(t,x) = w(t,z,0).
First, the Minkowski’s integral inequality implies that

T 00 m
(/ (/ pt @, p)l du) dt)
-T y
oo T 1/m
(4.15) S/ pt e (/ a(t, , )™ dt) dp
Y -T

= [ il i
y
for m € [1,2]. By using (4.3), we have that

Hviw('7 g y)f Lm (=T, T;L> (R"))

S I L R P —"
(4.16) ’
S

1/m

oo
Lm(—T,T;Ll(R"))/ pt e dp
Y

S 9272877%4HUHLm(—T,T;Ll(Rn))7
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for £ = 0,1 and m € [1,2]. Here we use that u € H*(R"*!) is supported in the
compact set (QU W) so that H*(R"*!) ¢ L™(-T,T; L*(R")) for m € [1,2], and
llwll L (s (myy s finite for m € [1,2].

Next, we want to prove that v(t,z) = w(t,z,0) € L%(R%). To do so, our goal is
to upgrade the right hand side of (4.16) to be independent of the y-variable. Let

us write
o

oo
(4.17) w(t, z,y) :/ 12U @, 1) X (g 00) Al </ 2t z, p)| dp.
0 0

Define E(t,x) := [ p*=2*[u(t, 2, u)| dp, then it is not hard to see that |v(t,z)| <
E(t,z) for all (t,z) € R}.. Next, we want to claim E(t,z) < oco. In order to
get E(t x) < oo for (¢, x) € R} almost everywhere (a.e.), we will prove that

fR" 2dtde < oo. To this end similar to (4.16), (4.15) and the Fubini’s
theorem give rises to
(4.18)
pllul, 2)l 2@
Viw(,z,y / / e dzd
[ B B e e o
By (4.11)

> p
< | JuCx+ 2l / )
/w BN\ (a2 4 p2) 5

_(nEty g
%/ |Z|2(1 (*=+ ))IIU(',$+Z)HL2(R) dz
]Rn

u(,
_ / [Ju( m‘;Z)HLz(R) iz,
Bon |Z‘n+ +25—2
where By denotes the ball in R™ of radius 2R > 0 and center at the origin such

that Br D supp(u). Note that the right hand side of (4.18) is independent of y > 0.
From (4.18), we will have that

E(t x)? dtdx

/ / E(t,x) dtd$+/ /
Bar R"\BZR

<[ | Ieem s |

~ Ban n |$—Z‘n+25 2 B2R
(4.19) S/ / Ju(-, 2) |l L2 (&) X Bar (T — 2) dz

|1._Z|n+2s 2
2
~ t,- ( . .—(”+2S—2))‘
et Mezcey = (xaa)] - .

dtdm
JuC2) 2wy, |
/n x—z|n+252dz dx

dz + ||| 72 gt

+ ||U||2L2(Rn+1)

|—(n+2$—2)‘

< [xze )1 el ey el ey

L1(R™)

By (4.8) for r=¢=2, p=1
2
S ||UHL2(R”+1)7
where R > 0 is a positive constant such that B D €. Here we used the integrabil-
ity of the function yg,,(-) |-|~™ "2 in the last inequality. Let us point out that
the right hand side of of the estimate (4.19) is independent of y € (0,00), then we

can transfer the estimate (4.17) of w(t, z,y) to v(t,z) in L*(R"*1) as y — 0 by the
Lebesgue dominated convergence theorem.
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Step 3. Gradient L?-estimate.

We want to show that v(t,x) € L?(=T,T; H'(Q)). To this end, let us consider the
case for s € (0,1), and s € [3,1).

Step 3a. For s € (0,3). By using (4.18) as ¢ = 1, then similar computations as in
(4.19) yield that

T
/ / |Vv(t,a:)|2dtdm§ HXBR(.)|,|—(n+2s—1)‘
rJor

L&) ||UH%2(]R”+1) < 09,

1
)
[1,1), the arguments in the previous step is not enough (since ||
locally integrable for s € [%,1)), so we need more detailed analysis to find desired
estimates.

. —(n+2s—1
since ||~ )L. However, for the case s €

—(n+2s—1)

is locally integrable for s € (0

is not

Step 8b. For s € [%, 1). We want to claim Proposition 4.1 hods true in this case. To
show this, let 0 < R; < R, with supp(u) C (Bg, )7 and consider a time-independent
function g = g(z) € C°(Bg) such that 0 < g < land g =1in Bg,. Let g = g(z,y)
be the extension of g, i.e., g is the solution to

V%y ) (yl »g VCE yg) 0 for (-T,y) € Ri+1a
5(93’0):9( ) fOI‘IERn,

By [ST10], it is known that g can be expressed by

dr
gz, y) = csy” / / e 4fprT)g(Z)mdz,

where p(z, z, 7) denotes the heat kernel satisfying (2.1) and ¢, is the constant given
by (4.6).

Next, as shown in the proof of Lemma 4.2 and the estimate (4.9), with (4.5) at
hand, we can get

‘(thwy V(/:Oul >g wu)du) u(t, ))’

L
Vep(z,2,7)

i / cr p [u(t —7,2) — g(2)u(t, z)] drdzdp| .

LOne can see that fB ||~ (™*25=1) 4z is bounded for any s € (0, 7) and R >0



18 C.-L. LIN, Y.-H. LIN, AND G. UHLMANN

To proceed, for y > 0, by Fubini’s theorem, we find

2
dt

7 s ([
s /_i / /n/ o v:frsm &) lu(t — 7, 2) — g(2)u(t, z)| drdzdp

%/_i // (/ Lo du)W|u(t—7,z)—g(z)u(t,x)|d7dz
g/T /n/o W|u(t—7‘,z)—g(z)u(t,x)|d7'dz2

dt
Sy —y2
We use [ 4-e” 47 dp=e 47 <1, for any 7,y>0

T
g/ / / WW Nabl@: 201 72y — it 2)) drd
-T |/ Br

supp(u) C (Br,)r and g(z) =1 for z € Bg,

2

dt

2
dt

2
dt.

By using the triangle inequality |u(t —7,2) —w(t,z)| < |Ju(t —T7,2) —u(t, 2)| +
|u(t, z) — u(t, z)|, we have
T 2
/ dt ,S Ji + Jo,
-7

Vwc,z,y)v(/ful 5o, di) ()

where

2

T
Jl = /
-T

/ / w lu(t — 7,2) —u(t, z)| drdz| dt,
Br Jo T

T e8] 2
Ty = / / / Wap@. 2042y~ it ) drd| .

-1 |JBr Jo T

Our remaining task is to estimate J; and Js.

Step 3b-1. Estimate for J,: We consider the quantity (fﬂ, J1 da:)l/Q. By Minkowski’s

integral inequality
_ 9 1/2
/ / Wap@ 2OV ) it )| drde| - dtda
Br Jo T

L) 12
L[] ' e

/ Wb @ 20y — 7. 2) — uit, )l ar
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For the integrand in the preceding inequalities, direct computations yield that

/T / /“wm(t—m)—u(t,z)ldr
/ / (/°° Vap(,27)| Iu(tﬂ:l)gs ult, 2)| dr)Q ddt

/ / ( /°° Ivszsj s m) ( /0‘” \u(t—ﬂjf;s u(t, 2)f dT) devdt
/T/,</ ) ([T

By (2.2) as £ = 1

[e%e) 2
t — t
/ I o 2(nFs—1) / / =t Zl+s ult.2) drdt | o dz
Q/ |I’ T
< —1 d 2
~ e |z — Z|2(n+s—1) r Hu("Z)HHS/?(R)'

Thus, we obtain that

2
dzdt

IN

A

A

(4.21)

(L)
L

1 1/2
= o w(+, 2)|| s/ dz
/BR </Q/ |.7J _ Z|2(n+s—1) ) H ( )HH 2(R)
1/2 e
—————dxdz / ule, 2|2, dz)
<~/BR // |x 2(n+s—1) ) ( BRH ( )HH /2(]R)

By Holder’s inequality

1/2
S (/ u('vz)%[Sﬂ(R)dZ)
Br

< |Jullgs mn+1y,

9

1/2
> |Vap(z,2,7)| 2 /
lu(t — 7, 2) —u(t,z)|dr| dzdt dz

where we used the fact

1
‘/BR// ‘x72|2(’n+571)

in the above computations.

19
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Step 8b-2. Estimate for Jy: By a straightforward calculation, we can have that

I

s

/BR /0°° [Vap(

x,z7T)||

2

u(t,z) —u(t,z)|drdz| dt

2

< —(fgt ) dT) lu(t, z) — u(t,x)| dz

~

dt

|u(t, z) — u(t, z)|
‘n+2571

2
dz

1
I
> ( Br |$ _ Z‘n+2572

This is bounded

< dt

|z — =

T 00 oz
Lol
—7|JBr \Jo
By (2.2) as k=1
T
/*T /BR
By (4.4)
/T / |u(t’ Z) — u(t7x)|2
v \JBn  |z—2"T
/ / u(t, z) — u(t, z)|?
Br z|n+28

Therefore,

<

dz> dt

dzdt.

/ JQ d(L‘)
QI
L
Q/ BR

(
y
(L
< [[u(t, IIHoRn)dt)

~ ||U||Hs (Rn+1Y,

:EZT)|‘

A

(t,2) —u(t,x)| drdz

1/2
dzdxdt)

T8

9 1/2
dtd:c)

(4.22) u(t x)|

Z|n+2s

A

IN

where we used H*(R") = W*2(R") denotes the fractional Sobolev space of order
s, which is characterized in [McL0O, Section 3] for instance. Therefore, combined
with (4.20), (4.21) and (4.22), we can conclude that

(4.23)

|(utta -9 ( / g ) ()

for any bounded open set Q' C R™ and for any y > 0 as we want. Note that the
upper bound of (4.23) is independent of y > 0.
The goal is to estimate ||[Vw(-, -, O)||L2(Q/T). To this end, we observe that

HV (/Oooul #g(a, u)du) u(t, z) oo

S lullzz o) HV (/O pt =g (e, p) du)

S g @nt1) < 00,
L2(Q7)

Loo(Q)
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by the Holder’s inequality. Note that the function fooo pt=25G(z, w) dp is time-
independent, and

(4.24) HV (/OOO pt g, p) du)

as shown in the proof of [CGRU23, Proposition 6.1]. In particular, we will prove
that (4.24) for n > 2 in the next step. Hence, with these estimates at hand, we can
obtain that

< 0
Lo (Q)

va('a K O)HLZ(Q’

<hmH<thxy </yooul ] xu)du> u(t, ))
+Hv</0°°u1 25(e.) di ) (.2

S Nullgs @nt1y < o0,

(4.25) L2(97)

L2(Qr)

which proves the desired estimate.
Step 4. Auxiliary estimate.

Let us explain that (4.24) holds for s € [3,1) and for all n > 2 for the sake of
self-containedness. To this end, our goal is to prove

oo o0 2 d
Vx/ / / p(;l:,z,T)ue*/iT 1: g(2) dzdu’ < 00,
0 n Jo TLTS

which is equivalent to show

(4.26) ‘Vz /BR g(2) /OOO T p(x, 2, 7T) drdz

< 00,

2
where we used ‘fooo %e_% du‘ < 1. To this end, we investigate

_ /B o) / (a7 drdz
~ _/BR 9(2) /jo 9, (%) plx, 2, 7) drdz

(4.27) =6H/B 9(2)p(, 2, €) dz—/B g(z) lim 7'=°p(z, z,7) dz
R R

T—00

()

+/ g(z)/ Tl_san(;E,z,T) drdz
BR €
= Ll + LQ&

where

L= 61_5/ g(z)p(z, z, €) dz,
Br

Lo = / g(z)/ 0. p(x, 2, 7) drdz.
BR €
Note that (x) =0 in (4.27) can be observed by

. _g_ntl _ lz—z)? . _
lim 7!7*V! (x,z,r)’ﬁ lim 71772 e 7~ < lim 7% =0,

T—00 T—00 T 100

for any n > 2 and [ =0, 1.
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For L, we first note that
/ g(2)p(x,z,¢)dz — g(x) as € — 0,
Br

and hence

1
6175/ g(z)p(x,z,€)dz — 0 as e — 0, for s € [57 1).
Br

For Lo, by using the equation of the heat kernel p(z, z, 7), one can see that

/BR g(2) /600 50, p(x, 2, 7) drdz
:/BR g(2) /OO 175 (V, - 0(2)V.p(a, 2, 7)) drdz

(4.28) :/BRg()< .ol v/ :L‘ZT))deZ

/BR\BRI (V. - 0(2)V.g(= ))/ (2, 2, 7) drdz .

€

By integration by part twice and g(z) =1 in Bgr,

-
1 —cle=zlD
T (& T

Moreover, applying another heat kernel estimate |0.p(x,z,7)| <

ratl
195, equation (0.6)], the integrand in the left hand side of (4.28) has an

from [Gr
upper bound that

1 =—z2 1
e -

1—
7 0p(x, 2, T)| S TEL = F

which is integrable for 7 > e.
In addition, we also observe that for a.e. z € Bg, then there holds

/ = p(x, 2, 7)dr

r—2z|2
<‘vz J zg |/ 1=e=3 76' T‘ dr

< IVz-0(2)Vg9(2)|
|n+2s 4 ?

V.- 0(2)V.g(2)]

|z —
where the right hand sides of the above bounds are integrable functions of z due

to the support and smooth conditions of g. Hence, back to the relation (4.27), the
Lebesgue dominated convergence theorem yields that

/ g(z)/ T %(x, 2, 7) drdz

Br 0

z/ Vz~a(z)Vzg(z)/ 1 7p(2, 2, 7) drdz.
Br\Br, 0

With preceding arguments at hand, we now study (4.26). Let us note that there
exists a 6 > 0 such that |z — z| > ¢ for all z € B \ Bg,. Therefore,

Jz—z|2

(V. 0(2)V.9(2)) -5 Vap(2,2,7)| S Vs - 0(2)Vag(2)| 7757 % |z — 2 e7¢ =
SV, - 0(2)Vag(2)| 775 F o — 2| e o7,

oo " 2
/ / IV -oVg|7 5 %e 7 drdz < / IV -0Vl dz < .
Br\Brg, J0 Br\Br,
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As a result, it is not hard to see (4.26) is bounded as we want.
Step 5. Exterior H' estimate.

By using the compact support condition of u € H®(R™*!), the Minkowski’s integral
inequality yields that

T oo 2 1/2
st lrm = ([ ([ ot o) o)
-T 0

</ e Hve LY HLZ( T,T) dy

4.29
(4.29) / / yllu(:, ||L2gi)z duds
Br |x—z\ +y2) 2t

By (4.11) and support of u

5/ BESDIVIIPN
Br |z — 2" T

Therefore, we can obtain

2
- lu-, 2)llz2 =) )
||V UHLQ((R"\BQR)T) S /Rn\Bm (/BR iz — Z|n+e+zs_2 dz | dz 3 ||UHL2(RH+1)7

for £ = 0,1, where we used the fact that € R™ \ Byg and z € Bpg, so that
|z — 2| > R>0.

Step 6. Conclusion.
With the local estimate (4.25) (replacing ' by Bag) at hand, we also have

(4.30) ||V”||L2(_T,T;H1(B2R)) S lulles g
We can obtain the desired estimate (4.1) by combining (4.29) and (4.30). This
proves the assertion of Proposition 4.1. O

5. THE KEY EQUATION

With rigorous analysis in Section 4 at hand, we can obtain the next result, which
also makes the computations shown in Section 3.2 rigorously. On the other hand,
the equation of v plays a key role to prove Theorem 1.1.

Lemma 5.1. Given s € (0,1) and n € N, let ¢ € C2(R™; R(HUX(H1)) pe of the
form (1.7). Letu € LY2(RT2;y =25dtdwdy) be the extension of u € H¥(R"1) (see
(1.6)) such that supp(u) C R"! is compact. Assume that v € L*(=T,T; H'('))
with Opv € L?(=T,T; H=1(Y')) for some bounded open Lipschitz set Q' C R™, where
v is given by (1.9). Then v is a weak solution to

(0 =V -oV)v= (0 —VoV) u in O,

in the weak sense

(5.1) / (VO — o(x)Vv - Vo) dtdr = / ¢ lim z' =9, u(t, z, y) dtdx,

Rn+1 y—>0
for any test function ¢ € C°(Q).
Remark 5.2. The right hand side in (5.1)

/ ¢ lim y' 240, u(t, z,y) dtdx
R+

y—)O
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is understood as H*(R"1)-H~¢(R"*Y) duality pairing, which is well-defined since
the limit limy o y' ~2*0yu(t, z,y) dedt € H=*(R" ") due to Proposition 5.1 as u €
Hs (Rn+1)

Proof of Lemma 5.1. Since v is given by (1.9), we have

/ (vorp — o(z)Vv - V) dtdx

A N (</ y U dy) Op — o(x)V (/ ylzsﬂdy> -Vgo) dtdx
(5.2) AN 0
lim (/ y 2 une (y) dy) Orp dtdz
k—o0 Rn+1 0

— lim o(x) (V/ y 25 un (y) dy) -V dzdt,
R+ 0

k—o0

for any test function ¢ € C®([-T,T] x ). Here nx(y) = n(y/k), where n :
1 for0<y<1
0 fory>2

[0,00) — R is a smooth function fulfilling n(y) = . Notice that

the convergences (5.2) follow from the fact that

|

[ vaa —my))dy\ Orgl
0

5/ y' 2@ 1 rs Lo (m)) dY
L1(QF) k

o0
5/ v 2y ull oy gy dy
k

By (43)asm=qg=1and r=p= o0
< K272 full o g )
S k27 ull Lo rny,

where we used that the support condition supp(u) is compact. Similarly, we can
also deduce

o)V ( | e - m) dy) Ve

L1(Q7)

S /k y1_28||Vﬂ||L1(R;Loc(Rn)) dy

o0
< / Y2y o s @y dy
k

< k17287"||u\|L1(R;L1(Rn))

,S kl_Qs_n||uHL2(Rn+1).

Therefore, by the preceding estimates, one can get the convergence

[ee] (oo}
/ y' " unk(y) dy — / y' T udy,
0
V/ 25Tk (y )dy—>V/ 250 dy,
in L2(Q%) as k — oo.

Using the regularity of u € £1’2(Ri+2;y1_2sdtdmdy) and considering the dif-
ference quotient, Lebesgue dominated convergence theorem and Fubini’s theorem
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/Rm V</my1 =tz y)ne(y) d ) Ve dtdx

/ /Rn+1 2oVt z,y) - V (@t )k (y)) didzdy.

Since @ is a solution to (1.6), by taking limit as k — oo of the preceding equality,
an integration by parts yields that

lim / / y1_2soVﬂ(t, x,y) - V (p(t, z)n(y)) dtdzdy
Rn+1

imply that

k—oo
= — lim / / y' "oVt z,y)) (et 2)m(y)) dtdzdy
k—o0 Rn+1
= lim / / 9y (y' 20, u(t, z,y)) (p(t, 2)mk(y)) dtdzdy
k—oo 0 Rn+1
i [ [ R (elta) () deddy
k— o0 0 Rn+1
= - 1im/ / y' o u(t, z,y)0y (p(t, 2)nk(y)) didedy
k—oo Jq Rn+1
—/ lim y'~2*0,u(t, z,y)¢(t, v) dtdz
Rn+1 y%O

+ lim (/ y 2 U (y) dy) Oy dtdex.
k—oc0 Rn+1 0

Now, it suffices to show

1im/ / y' 2o u(t, z,y)0y (o(t, 2)nk(y)) didedy = 0.
Rn+1

k—oo Jo

To this end, one has that

Y 20y ut, @, y)e(t, )0k (y) didedy

Rn+1

2k
<[ [ et ool 10,m ) didedy
k R’Vl

1 2k: _os _
S lellimmrsny [ 902 10, 0) s ey
k

By [9ynk(y)|S1/k for y>0

E/ y 2y |l o gy dy
k

By (43)asm=1,r=p=1landg=1
<k725
—0as k — oo.

A

where we utilized the compact support condition for the functions u, ¢ and . This
proves the assertion. O

With Lemma 5.1 and the regularity results for the function v at hand, we can
conclude the next result.

Theorem 5.3 (Key equation). Let s,n,d satisfy the assumptions in Lemma 5.1.
Suppose that Q,W C R™ are nonempty, bounded and open sets with Lipschitz
boundaries such that QN W = 0. Let uy € H*(R") be the unique solution to
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(1.1) with the exterior data f € H*(Wr), and let U € LY2(RYT2 y =25 dtdxdy)
be the extension of ug. Let v be given by (1.9), then v € L*(0,T; H'(Q)) with
O € L2(0,T; H1(Q)) is a weak solution to

(0 =V -0oV)v=0 in Qp,

which is equivalent to
/ (vOp — Vv - Vo) dtde = 0,
Qr
for any ¢ € C°(Qr).

6. DENSITY APPROACH

In this section, we want to show that the Cauchy data which are generated from
the nonlocal parabolic equation form a dense set in the set of the Cauchy data for
the local parabolic equation. The main tool is by using the property of the function
v given by (1.9).

Proposition 6.1. Given s € (0,1) and n > 2, let & € C?(R™;RMTVX(+1) pe of
the form (1.7) with o = 1d in Q.. Suppose that Q, W C R™ are nonempty, bounded
and open sets with Lipschitz boundaries such that QNW = (). Let uy =us(t,z,y) €
El’Q(RfﬁH;yl_zsdtdacdy) be the weak solution of

y' P00 = Ve - (v 0 (0) Ve ytp) =0 in RY?,

ur(t,z,0)=f on (Qe)r,
;ig%) y' 20 =0 in Qr,

where f = f(t,x) € C(Wr). Consider the sets
V= {vf(um) ::/ y' T2 (t, ,y) dy, for f € CSO(WT)},
0

V= {U|(aQ)T RS V},
then V' = L*(~T,T; H'/?(09)).
Remark 6.2. [t is worth mentioning that we make use the condition o = Id in
Q. in Proposition 6.1 to connect the nonlocal and the local information. On the

other hand, we do not need this condition in the study of the pure nonlocal parabolic
operators.

6.1. A formal proof for the density result. With the expression formula (4.5)
at hand, for any t < —T', we can have an initial data condition that

~ o y?2 dr
(6.1) up(t,z,y) = csy/ / e wp(@,z, T)usp(t — 7,2) 45dz =0,
n Jo T
for t < —T, where we utilized the fact that uy is the solution to (1.1) whereas
u(t—7,z)=0for 7 >0and t < —T.

Sketch proof of Proposition 6.1 for s=1/2 and c =1d. As s = 1/2 and ¢ = Id,
recalling that there holds the condition (6.1), and the rest of the proof is divided
into three steps:

Step 1. Interior denseness.
We first prove that the set V C L?(=T,T; H'(2)) is dense in the set D, where
D:={ve l*(-T,T; H(Q)): (8; — A)v =0 in Qp and v(~T,z) = 0 in Q}

stands for the solution space. By the Hahn-Banach theorem, it is enough to show
that if ¢ € L?(=T,T; H*(Q)) such that ¢(vs) = 0 for all f € C(Wr), then
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there holds $(v) = 0 for all v € D. In what follows, for ¢ € L*(—=T,T; H~1(Q)).
Consider an auxiliary adjoint problem

(O +Azy)w=1 inR} x(0,00),

6.2) w=0 %n (Qe)y x {0},
dyw =0 in Qp x {0},
w(t,z,y) =0 for (z,y) e R, ¢ > T.

The (weak) solvability of the backward heat equation (6.2) can be seen by reversing
the time-variable that t — —t for ¢ € [—T,T], which will be described in Lemma
6.4 for general cases. Since the function ¢ does not have the decay property with
respect to the y-variable, By the duality and Fubini’s theorem, an integration by
parts formula yields that

0=1v(vy)
= <w/ ug(t,=,y) dy> -
0 L2(~T.T:H-1(Q))x L2 (=T, T;H(2))

00 T
= / / / up dtdrdy
0 nJoT

By the equation (6.2)

T 00 T
:/ / uroyw(t, x,0) dtd;v—/ / / Vayts - Vg wdtdedy
nJ_T 0 nJ-T
00 T
+/ / / urOyw dtdzdy
(6.3) 0 nJor

T
:/ foyw(t,x,0) dtdr + / / w(t, z,0)0,uy(t, z,0) dtdz
W n J_T

o w(t,z,0) =0 in (Q)7
8yaf(t,$, O) =0 in QT

/ / / (Oyiy — Ay yuy) dtdzdy

Integration by parts w.r.t ¢t and w(T,z,y)=uys(—T,z,y)=0

= foyw(t, z,0) dtdx,
Wr

where we used that %, satisfies (1.6) in the last equality as s = 1/2. We want to
emphasize that for the rigorous argument, one needs to introduce suitable cutoff
functions to utilize the equation given by (6.2).

Step 2. Hahn-Banach approach.

Since f € C°(Wr) can be arbitrary, by the equality (6.3), one must have that
Oyw = 0 on Wy x {0}, where w is a solution to (6.2). By the UCP for second order
parabohc equations (for example, see [Sog90])?, we obtain that

(6.4) w(t,z,y) =0 for (t,z,y) € (=T, 0) x Q. x (0,00),

which will be used to prove the Hahn-Banach approach.

2Since w = Oyw = 0 on W x {0}, one can extend w by zero to Wr x {y < 0} and apply the
classical UCP for parabolic equations.
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Let ve D C L*(-T,T; H*(Q)) and 8 € C°(0, 00) such that
520, [ swdy=1 and supp(3) C (1,2)
0

Let us set B (y) := 1/kB(y/k), for k € N. Recalling that ¢ € L2(—=T,T; H())
and v € D, one has

—1(v)

— ( I ﬂk<y>vdy>

=~ lim (/O ﬂk(y)vdy>

= lim {/00/ [Va,y (0Bk) - Vi yw — (vBk) O] dtdxdy}
0o Jor

k—o0

By (6.2) and integration by parts
= lim { Vv -V (/ Brw dy) dtdx —l—/ / v0y Br0yw dtdxdy
k=oo | Jay 0 o Jar

+/00<> /QT (wP) O dtdmdy}

= lim / (Vv -v) (/ Brw dy) dtdS, —l—/ / v0y BrO0yw dtdxdy
k=oo | J(a0)r 0 0o Jar

Since v€D

[ee]
= lim/ / v0y Br0yw dtdxdy,
o Jar

k—o0
where all boundary integrals vanish due to the condition (6.4). Therefore, it suffices
to show

lim / / v0y BrOyw dtdxdy = 0.
0 Qr

k— o0

To this end, by the definition of (j, one has

0o 2k
lim / / 00y BrOyw dtdrdy = lim (k_z/ / 00y BOyw dtdxdy) =0,
k—oo Jq Qr ( k—o0 k Qr '

which proves the density V C L?(—=T,T; H'(Q)) in D formally. In order to make
the preceding derivation rigorously, we need to check that the solution w of (6.2)
possesses appropriate bounds and decay.

Step 8. Boundary denseness.

The denseness of V' can be seen via trace estimates from L?(—T,T;H'(Q)) to
L2(~T,T; HY2(0Q)). O

Remark 6.3. We usually consider parabolic problems as initial-boundary value
problems. However, for the extension problem (1.6), there is no initial condition
proposed with respect to the time-variable. As a matter of fact, suppose that the
past time information ug(t,z) = 0 for t < —T, where uys is the solution to the
equation (1.1), then (6.1) holds for the extension problem (1.6). This implies that
the extension problem (1.6) contains an initial data implicitly, which comes from
the past time information of (1.1).

In next subsection, we will make all computations in the subsection rigorously
for the case s € (0,1) and o € C?(R"; R"*") fulfilling the condition (1.2).
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6.2. A rigorous proof for the density result. Let us begin with the well-posed
of a generalized version of (6.2).

Lemma 6.4 (Solvability). Given s € (0,1) andn > 2, let5 € C?(R™; R+ x(n+1))
be of the form (1.7). Let Q C R™ be a bounded open set with Lipschitz boundary
o0. Given ¢ € L*(=T,T; H*(Q)), consider the problem

Y 0w — Vi - (Y 20V, ) w=y""2y  in R} x (0,00),

w=0 in (Qe)p x {0},
(6.5) < 1. 1_9s _ .
lim y ~=*0yw =0 in Qp x {0},
y—0
w(t,z,y) =0 for (z,y) e RTT ¢ < T

Then there exists a solution w € LY2(RT2;y! =23 dtdzdy) of (6.5) such that

/R VT (w0 £ 0V yw - Vi yp) didrdy
.

= <¢/ y' " Fp(t, 2, y) dy> B ,
0 L2 (~ 1,15 H =1 () X L2 (~T,T:H ()

for any p € Eig (RTFQ; yt25dtdxdy), where
(6.6)
ﬁig (RT&; y 2 dtdxdy)

= { € LRy dtdndy) s o) € HPR) for (5,9) € R,
@(t,-,-) has compact support in R, for any t € [-T,T],
o(t,z,y) =0 fort > T and (z,y) € Riﬂ, Ol@)rx oy = 0}.

Remark 6.5. It is known that lim, 0 y'~2*9,w € H™*(R" ") by the regularity of
w. As a matter of fact, we can obtain that

/]R VT (w0 £ 0V yw - Vo yp) didrdy
.

(6.7) = <w/ v Fo(t x,y) dy> B
0 L2 (~T, T3~ () X L (=T T3 H ()

t,z,0) lim y*~2°0,w dtdz,
+/Rn+1<p( z )yg%y yw dtdzx
for any ¢ € E};z(R’frﬁ; yr2%dtdzdy), where
L’}:’Q(Rﬁ”; y' "2 dtdxdy)
= {w € LY (RY gy P dtdady) : (-, x,y) € H*(R) for (z,y) € R},
o(t, -, ) has compact support in RT‘l, for any t € [-T,T],
o(t,z,y) =0 fort > T and (z,y) € Ri+1}.

We also point out that the last term in (6.7) makes sense due to the fact ¢ €
Ei'Q(RT'ayl*QSdtdxdy). As a matter of fact, we will demonstrate that o(t,x,0) €
H*(R™" 1) for either p € L1F (RT2y1=25dtdady) or ¢ € LE2(RTT? y 2 dtdady).
This will be shown in the proof of Lemma 6.4.

We observe a simple and useful result in the next lemma.
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Lemma 6.6. Let u = u(t,x) be a function satisfy

(6.8) u € L*(R;HY(R™)) and O € L*(R; H1(R™)).
Then v € H*(R"*1)) for any s € (0,1).

Proof. Since we have (6.8), then Fourier transform implies that

[ O ) . ) dpd < .
(6.9) nt1

[ @) o o, OF dpi < o

where 7 denotes the Fourier transform for u with respect to both space and time
variables. By utilizing (6.9), one has

[ 0O dds < .

Meanwhile, combined with (6.9) and the Holder’s inequality, we get

/R el o, ) dpdg
1/2
(6.10) < ( / (14 1€1%) fa(p, &)1 dpd&)
R7+1

1/2
—1 ~
([ Q1) R O dpa) < .
Rn+1
So, u € H*(R"*1) for s € (0,1). Moreover, (6.9) and (6.10) yield that
1/2\% |~
[ (1 (el 1)) a0, dpde < .
Rn+1

for s € (0,1), which infers u € H¥(R"*!) = H*(R"*1) as desired.

Now, we are ready to prove Lemma 6.4.

Proof of Lemma 6.4. We split the proof into three steps:
Step 1. Initiation

Notice that v € L?(~T,T; I;"l(Q)), so we may assume that supp(¢) C Qpr C R%
with ¢ € L?(—T,T; H *(R")). Note that Qr is a compact set in R"*1. Consider
the equation

(6.11) {(@V-UV)ul—w in R},

up(=T,x) =0 for z € R™,

then we have the preceding equation is solvable by using the variational method,
(for instance, see [D1.92, Chapter XVIII, Section 3]), that is, there exists a solution
we L2(=T,T; HY(R")) to (6.11). Meanwhile, V - oVu; € L*(—T,T; H }(R")) so
that

(6.12)  wy € L*(=T,T; H'(R™)) and 0yu; € L*(~T,T; H '(R™)).

To proceed, we want to extend the function u; € H*(R"™!) with the same
notation. To this end, we extend u; by zero to the set outside {t < —T} x R"*! by
the initial condition in (6.11). For ¢ > T and we can define u (t4+ 7, z) = u1 (T —t, x)
for t > 0 and x € R". Then the extend wu;(¢,z) defined on R"*! with compact
support on {—T <t < 3T} and satisfy

up € L*(R; HY(R™)) and wuy € L*(R; HH(R™)).
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By Lemma 6.6, we can see that the function u; € H*(R"+1).
Step 2. Artificial solutions.

Let us set an auxiliary function @y = @y (¢, z,y), so that u; is a constant with respect
to the y-direction. In other words, @ (¢, z,y) := 41 (¢, x), where u; is a solution to
(6.11). With the aid of (6.1), it is not hard to check that @; is a solution to

(6.13)

y172sata1 - Vz,y : (y172sgvm,y’7ll)
=y 7% (Qu; — V- oVuy) =y 2%  in R% x (0, 00),
uy(t,z,y) =0 for (z,y) € Riﬂ, t< T,

where we utilized the equation (6.11). Let us consider the operator & satisfying
Es  HA(R™MY) — LB2(RTH2y! =25 dtdwdy),
uy — gsula

which stands for the extension operator. Then Esuy = (Esuq) (¢, z,y) is a solution
to the extension problem

(6.14) Yy 7290 Eu1 — Ve - (yl_QSEVz,yESul) =0 in Ri+2,
' (Esur) (t,2,0) = uq(t, x) for (t,z) € R+,

Thus, via Proposition 3.1 (b), we have lim, ,oy'2*0,&u; € H*(R x Q). In
further, the same computation as shown in (6.1), we can see that (Esuq) (¢, z,y) =0
for (z,y) € R7™, and t < —T. Combined with (6.14), one can derive
(6.15)

Y T2 0 Euy — Vi y - (y1_255V%y58u1) =0 in RTFZ,

(Esur) (t,2,0) = uy (¢, x) for (t,z) € R+,

(Esur) (t,z,y) =0 for (v,y) € RTT, ¢t < -T.

On the other hand, we consider the problem

Y "2 0us — Vay - (Y7 6Vau0) =0 in R} x (0,00),

(6.16) Uy =0 on ()7 x {0},
. . 1—2s 1 1—-2s
;%y Oyug = ?lli%y O0yEsun on Qr x {0},
ug(t,,y) =0 for (z,y) e RYT, ¢t < -T.

Let us utilize this fact to discuss the solvability of (6.16) by considering that

/Rmrz Y (—u2dyp + OV yuz - Vy yp) didedy
i

= / o(t, z,0) lim yl—%ayssul dtdzx,
RxQ y—0
for any ¢ € L’i;g (R+2,y1=23dtdrdy). As we showed before, it is known that
limy 0 y' 7290, Eur € H™*(R™H!) so that limy_,o y' 72%0,Euq ‘RXQ eH *(RxQ).
So, ¢(t,z,0) € H*(R"*!) is enough to prove the existence of us.

Reviewing that from the trace characterization for fractional Sobolev spaces (for
example, see [Tyuld]), it is known that H*(R™) can be viewed as the trace space of
HY (R}, y'=2%dzdy) with respect to the space-variable on R}, for any n € N.
Hence, given any ¢ € Ei:g (Riﬁ; y*~2%dtdzdy), one can see that

(617) ||50(t5 %y O)HH*(R") 5 H@(L %y y)”Hl(]R1+1;y1*2dedy)a
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for any fixed ¢ € R, where H*(R™) denotes the fractional Sobolev space given by
(2.6) for s € (0,1). Taking the H*/2(R) with respect to the time-variable for the
inequality (6.17), we can have

lo(t, 2, 0)l arsr2 @ mrs (mn)) S |‘¢(t7x?y)||HS/2(R;Hl(RiJrl;yl*zsdxdy))‘

Now, since the identity (2.5) holds, with the definition (2.4) at hand, then we can
get

||<P(ta15a0)”HS(R"+1 ~ H‘p(taxvO)HHS/?(R'HS(]R"))v

which implies that ¢(¢,2,0) € H*(R"*1) if p € L‘l 2(]R”H,yl_QsdtdgL‘dy). Hence,
by the preceding discussions, one has the trace relatlon that

LUHRYT?, y' =2 dtdrdy) < H* (R™T),
so that

L’i:g(Riﬁ,yl_%dtdazdy) Sp— go?}lgn y' 7?0, E uy dtdr
RxQ

is bounded, where the right hand side in the above relation is viewed as the duality
pairing between H™*(Rx ) and H*(Rx ). Thus, by using the standard variational
method, we can also summarize that the problem (6.16) possesses a unique solution
ug € LV2(RE x (0,00), y*~?5dtdzdy). Tt is not hard to extend us(t,z,y) for t > T
such that up € L12(R}T2, yl=25dtdzdy).

Now, let ¢ € Ei:g(RTrz; y!~2%dtdzdy) be an arbitrary test function, then we
have

/ . y T2 (—Eu1 0y + 0V ayEstt - Vg yp) didzdy
Rn 2
= p(t,z,0) lim y1*256‘y55u1 dtdx

Rn+1 y—»O

= / o(t, z,0) lim ylfzsé‘ygsul dtdzx,
RxQ y—0
and

/ +2 y' T (~u20ep + GV yus - Vay ) dtdady
R"
= t,z,0) lim y*~2°9, Euq dtdx.

[ eltn,0) iy 200,

Step 8. Construction of solutions.
We want to show
(6.18) w =y — Equy +uy € LYA(RY x (0,00), y' > dtdxdy)
is a solution to the equation (6.5).

In fact, there also holds

/ +2 y (Optin o + Vg yta - Vayp) didzdy
R’Vl

/ y' =2 (Opurp + o(z)Vuy - Vi) dtdrdy
n+2

. {@ul (/ Yyt dy) +o(x)Vuy -V (/ Yyt dy) } dtdx
R71? 0

<¢(-7 ), ; yl‘gsw(-, ~Y) dy> :

L?2(—-T,T;H-'*(R™)),L2(—T,T;H'(R™))

(6.19)
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where we used the weak formulation of (6.11) as 7 = T'. Finally, in order to make
(6.19) rigorously, we will verify that [, y'~2%¢(-,-,y)dy € L*(R; H'(R")). By the
compact support of ¢, for M > 0 sufficiently large, there holds

00 2
/ v( / yl—%dy> dtdz
Rnt+1 0
M 2
= / / y' T2V dy
Rnt+1 10

dtdz
M M
S/ (/ y1—2$ dy) </ y1—28|v90|2 dy) dtdx
Rnt+1 0 0

M272s
< / y 72| V|? dtdxdy
R7*?

- 2-—2s

< 00,

and similar estimates hold for [, | [~ y' "¢ dy|2 dtdz. This demonstrates that
the function [;y'"**¢dy € L*(R; H'(R™)) can be regarded as a test function in
(6.19). Hence, one can conclude that w = i1 —Esus +us € L22(RY?, yl =23 dtdady)
is a solution to (6.5) as desired. This completes the proof. ]

Remark 6.7. Let us emphasize that

(a) In fact, Lemma 6.4 also implies the existence of solutions to the following
adjoint problem

(6.20)
Ym0 + Vg y - (yl’%&vm,y) W=y inR% x (0,00),
w=0 in (Qe)p x {0},
lim y' 20,0 =0 in Qr x {0},
w(t,z,y) =0 fort>T and (z,y) € R}

The result can be derived by simply taking the time reversing change of
variables t — —t for t € [T, T), i.e., if w(t,z.y) is a solution to (6.5) if
and only if W(t,x,y) == w(—t,z,y) is a solution to the backward equation
(6.20).

(b) From the Step 1 in the proof of Lemma 6.4, we know that if u is a parabolic
solution satisfying (6.8), then u will satisfy the regularity for the nonlocal
parabolic equation, i.e., u € H*(R" ). This also gives us some hints to
relate nonlocal and local parabolic equations.

Proof of Proposition 6.1. Let us prove the density of V C L?(~T,T; H'(Q)) in D,
where D is defined by
D:={ve *(-T,T; H(Q)): (3 — V-0oV)v =0 in Qr,

(6.21) and v(=T,z) = 0 in Q}.

By the Hahn-Banach theorem, it is enough to show that if ¢ € L?(~T,T; I;"l(Q))
with ¢(vy) = 0 for all f € C°(Wr), then there holds ¢(v) = 0 for all v € D. In
the rest of the proof, we adopt the notation that us to denote solutions of (1.6)
with s (t,2,0) = us(t,x) and vy = [ y'=2*Uy dy, where uy € H*(R"™!) is the
solution of (1.3) with the exterior data f.

Step 1. Smooth cutoffs.

Let us consider the auxiliary problem (6.5), which is solvable by Lemma 6.4. We
introduce two cutoff functions, one for x-variable and the other for y-variable. On
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one hand, let (x(y) = ((y/k) for k € N, where ¢ € C2°([0,2]) is a smooth cutoff
function satisfying ¢ = 1 in a neighborhood of y = 0 and fooo y1725¢(y)dy = 1. In
particular, the change of variable yields

k28_2/ v T C(y) dy =/ Y T (y) dy = 1.
0 0

On the other hand, we may assume that Q N W C Bg, for sufficiently large R > 0
as before, where Bp is the ball in R™ of radius R and center at the origin. Let
g (z) :=n(z/k) for k € N, where n € C2°(Bag) is a radial cutoff function such that
n =1 1in Br. With these smooth cutoff functions at hand, we can see that the

Up(t,@,y) o= up(t, 2, y)m(x)C(y) € LO2 (R y' ~*dtdady),

for any f € C°(Wr).
As in Remark 6.7, we have constructed that the function w is a solution to the
backward equation (6.20). Recall that ¢ € L*(=T,T; H=1(Q)), then

0= v(vy)

= lim <1/J7/ y1_235f,kdy>
k—oo 0 L2(=T,T;H-1(Q)),L2(~T,T;H(Q))

= lim [y 20w + Vo - (y' 36 V,,y0)] Uy dtdzdy

k— o0 n+2
RY

(6.22) By (620)

. 1—2s5~ ~ ~ : 1-2. ~
= klggo { /R:“ Y Uy Oyw dtdady + /Rn+1 ufp(t,x,0) glg%y *0yw dtdx

— lim ylfzsgvnwﬁ Vel dtdxdy}

k—oo n+2
RY

= f lim y'~2*9,w dtdz + lim Iy,
W y—0 k—o0

where

I = — / Y TGV W - Vo s g ditdzdy + / y' 20Uy, 0,0 dtdady
R7+? R
+

n+2
+

_— / Y TGV sk Vi W dtdzdy + / y' 20U 00 dtdady.
R} 12

RYT?
Next, integration by parts in the time-variable yields that
(6.23)
L= - /R PG (VayTly) - Ve @ didedy
+

o /R"‘*'2 y172saf5v$7y (nka) ) vac,y{[)dtdﬁcdy - / y1725117 (8t17f7k) dtdxdy .
T

n+2
]R+

By @(T,z,y)=ty 1 (—T,x,y)=0

In (6.22), we also point out that the limit holds

o0 o0
/ Y Uy (2, y) dy — / Y Tt @, y) dy
0 0
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in L2(R; H*()) as k — oco. In fact, there holds

/ yl‘%Ck(y)nk(x)ﬂf(t,x,y)dy—/ y' Uy (t @, y) dy
0 0

L2 (R;H' (2))

< H | g+ 9 dy

L2(R;L2(2)

N /k yl_Qs (||ﬂf(7 '>y)||L2(]R;L°°(]R")) + ||Vﬂf('7 '>y)||L2(R;L°°(R"))) dy

oo
S A LTS [ PR

By (4.2) and for k large
SETET fllg

s(Wr)

By using (2.7)
— 0,

as k — oo, for n > 2, where we used uy(t,z) € H*(R"*') has compact support in
(QUW)r. We next analyze the limit of I, as k — oo.

Step 2. lim I = 0.
k—o00
We want to claim that limg_,. I = 0. The argument is similar to the proof of

[CGRU23, Proposition 3.1], we provide detailed derivation for the sake of complete-
ness. Integratlng by parts on the right hand in for Ij in (6.23), one has

(6.24)
I, =— y 2w (Oruyi) dtdxdy — Yy 75V, yUf - Ve, (MCew) dtdzdy
Riw ’ Riﬂ ’ ’

+ ‘/]Rn+2 y1—2565V17yﬂf . vm,y (Uka) dtd.l?dy
+ /]Rn+2 @vx,y ' (y172sﬂf&v$7y (Uka)) dtdzxdy
"

= / mw(t, x,0) lim ylfzsayﬂf dtdx
Rn+1 y—0

(*)
+ /n+2 MW [Vm’y . (yl_QSEVLyEf) — yl_Qsatﬂf] dtdxdy
+

=0, since uy is a solution to (1.6)

+ 2/ T2 yli%a&vx,y (MkCk) - Vot dtdzdy
R'ﬁ,
+/ wy' 20y L (i) dtdady
R1+2
+(1- 25)/ i y*%{Dﬂfnk@ka dtdxdy
+

2k
) o L
0 Bari /R

. {QGVz’y (MeCr) - Vayuy + (E(nka) + -

2
Snkaygk> af} dtdedy,
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where we used the notation £ := Ve 0Va,y. Here we used the Lemma 6.4 (or
Remark 6.7) to guarantee the integral () in (6.24) is well-defined

/ nrw(t, x,0) <lim y1258yﬂf> dtdx
Rn+1 y—0
SN 0)lgge gy 10 = V- 0(2) V)" g (£, 2, 0) gy sy < 00

In (6.24), the term () = 0 since supp () () supp (limy—0 y' ~2*dyuy) = 0.

We next estimate Ij,. Let Ay := Bagg \ Bgrk, where R > 0 is the radius given
from previous steps. With the uniform boundedness of ¢ and V& at hand, one can
derive

2k

0 Bark /R

2k N

+/ / /yl’% | @] (ﬁ(nkck)+y*1\nk|\ay<k|) |tis| dtdady
0 Bagk /R
2k

S/ / /st @] (I V] + 10y Cr|) [V U | dtdzdy
0 Bogk /R

2k
s~ , )
+/ / /yl 2 || (19 oVl + 02| + ™" 19y Gel ) [ | dedady
0 Bark JR
S L (@) + Iy (W),

where

2k
I, (W) = k‘l/k /R+ly1—2s || (| Vs + k™" [ig|) dtdzdy,

and
2k
B (@) =k [ [ [ 2180 (s + () dedod,
0 Ar JR

where we directly used the fact?
VoV S k7!
in I , for sufficiently large k € N. We next estimate I (@) and I (W) separately.

Step 2a. FEstimate for I ,(w). Note that the function w is constructed from the
solution w = 4y — Esuy + ug given by (6.18) (by reversing time ¢ — —t), and we
abuse the notation w as the form u; — Esuy +ug (here we already replace u; (¢, z)and
usz(t,x,y) by u1(—t, z) and ug(—t, z,y), respectively). Here uy, Esuy and ug are the
solutions to (6.13), (6.16) and (6.15), respectively. Let us consider the bound

[ et )| Vi) e

for £ = 0,1, where the function w could be any of the functions ui, Esui or us.
By Lemma 4.2 and Lemma 6.4, it is known that both functions £;u; and us have
decay in the y-direction, but the function w; does not have such decay. Hence, we
divide the proof into two parts: w = u; and w = Esuq, us.

3We want to emphasize that in the elliptic case, one needs to assume o to be a positive constant
matrix in the exterior domain 2. in order to obtain sufficiently decay estimates with respect to
the parameter k. We refer readers to [CGRU23, page 18] for slightly different arguments.
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e For w = 4y, for £ = 0,1, by the Holder’s inequality, we have
/ » |w(t,z,y)| !Vfg’yﬂf(t?x,y)’ dtdx
R’n

< ||W(7 '7y)||L2(R"+1) Hvi,yaf(a 'ay)HLZ(RnJrl)

(6.25)
By (6.12), w=u; €L (R;H!(R"))
S ygin%”WHL?(R"H) ||uf||L2(R;L1(Rn)) .
By (4.3)

By the Hélder’s inequality so that uy; € H® (QUW)7) € L (QU W)7)

with
(6.26) Hume(]R;Ll(Rn)) S Hf”ﬁs(WT) .

As a result, we can summarize

2k ,
Lk (@) S & IW oo (2 e i / 1752y

(6.27) 1Le(W0) S Iwlly, (R;L2(R™)) 1/ ll& wr) |, Y Y

SktmaTies Wl oo (L2 @my) 1 e (wipy

for £ = 0,1, where we use w = u; is uniform bounded in L>(R; L*(R")).
Via (6.27), one can see that I; , — 0 as k — oo as desired.

e For w = E,uq,us, we denote by w any of the functions Esuq,us, and for
¢ € {0,1}. Then the decay estimate (4.3) for the function @y implies that

[ e )l [his )| drdo

< ||W(, ’7y)”L2(R”+1) Hvi,yﬂf(v '7y)||L2(]Rn+1)

— 14
<y E W) e g e gy

Applying (4.3) forr=p=2and ¢g=1

for ¢ = 0,1. Similar to the previous case, we also have uy € H* (QUW)7) C
L2 ((QUW)7) with (6.26), then the Holder’s inequality with respect to the
y-direction yields that

I (W)

2k
< k_l/k v PR W ) ey gl e gy gny) W
(6.28) 2k v
S KWl e g2 duavayy 1 e i) </k ye dy)

_n_g_
Sk 8”W”Lw(Ri“;yl%sdtdxdy) Hf”ﬁs(WT) )

for ¢ = 0,1, where we have used that w is a solution of either (6.15) or
(6.16) so that HW||£172(R1+2;y1—25dtdxdy) < 0. Via (6.28), one can also see

that I x(w) — 0 as k — oo as desired.
Therefore, I ;(w) — 0 as k — oo.

Step 2b. Estimate for I ,(w). Recall (4.11), we have for m € [1,2] that

HVfﬂ(, €T, y)HLm(]R)
n+t

s [ {(l-at+0?)

T, 2)|

L™(R) } dZ,
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2s

for ¢ = 0, 1. To proceed, we need to analyze the kernel function K, (z) := W
x y<) 2
as in Lemma 4.2. Via (4.11), one has

g s o iy S 65 /A (@ (t,,0) * K,) (2)[" de
k

< 237-/ (/ ||uf(',Z)||L'm(]R) d ) d
~Y Trg 0% T
A, VJauw (|7 — 22 +y?)7

ﬂ” |
~ k21 2) G wf

2"L(lR;Ll(R’")) )
Similarly, there holds

2s—01.2
0 ~ Y k=

(6'29) Hvac,yuf(" ) y)HLnL(R;LT(Ak)) S (k2 + yg)%_,_s ”uf”LM(R;Ll(Rn)) )
for £ =0,1.

We use analogous strategy as in Step 2a, i.e., we derive the estimate by consid-
ering two cases:

e For w = uy, for £ = 0, 1, by using the Holder’s inequality as in the previous
computation, we have

[ w19 iy )| ded
A, JR
< ||W||L2(R”+1) Hvi,yﬂf(tax,y

2576kﬂ
y 2
S Gz g e Wlleen el oo ),

e eieany

By (6.29) as m=1,r=2

which infers

2k
k_l/ /A /Ryl_zs |w(t,z,y)] |V£’yﬂf(t7x,y)| dtdzdy
0 K

2k yl’é
,1+ﬂ gy
(6.30) S Wl @y gl g2y pr ey 772 /0 (k2 4 y2)z+s dy

Tlfé

2
S Il sy £ [ e ar,

Let y:=kt

where we use w = u; is uniform bounded in L?(R"*!) and uy € H¥(R"*)
. . . 2 1t -
is supported in a compact set. Now, since fo w22 dr < oo for £ =0,1,

via (6.30), one can see that I (W) — 0 as k — oo as we wish.
e For w = E,uy,us, we denote by w any of the functions Esuq,us, and for
¢ € {0,1}. Similar to the previous case, the decay estimate (4.3) for the
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function @y infers

/A /R|w(t,:c,y)| ’Vi’yﬂf(t,x,yﬂ dtdx
k

< ||W(7 *y y)||L2(R“'+1) ||vfc,yﬁf(ta Z, y)HL2(]R;L2(Ak))

yQS—Zk%
S WHW(" Sz @ee) ||Uf||Lz(R;L1(Rn))

By (4.3) for w and (6.29) for uy as m=r=p=2, ¢=1

y2s—2k%
S WHW(’ 'ay)HL2(R"+1) ”fHﬁs(WT)’

By using (2.7)
for £ =0, 1. In addition, the Holder’s inequality yields that

(6.31)
2k

kfl/ / /y1728|W(t,x,y)||Vf¢7yﬂf(t,x,y)|dtdxdy
0 A JR

Len 2k y1+2572Z /2
S HWH£1v2(R1+2;y1*25dtdzdy) ||fHﬁs(WT) k 2 /0 W dy
1/2

Lo , 2 7_1+2572Z
,,,,, s
S HWH1;1,2(Ri+2;ylfhdtdzdy) ”fHITIS(WT) k272 (/o W d7> )

Let y:=k1

where we used uy € H* (QUW)7) € LY (QUW)7) and (6.26). Now,

since f02 % dr < 00, via (6.31), we have that I ;(w) = 0 as k — oo

as we want.
Therefore, I ;(w) — 0 as k — oco.

In summary, one can conclude that limy_, o I = 0. With (6.22) at hand, one
has

/ f lim y' 720, w dtdx = 0.
wr Y7

By arbitrary choice of f € C2°(Wr), we must have lim,_,0y'~2*9,w = 0 in Wr x
{0}. Moreover, since w = 0 in Wr x {0} as well, the unique property for second
order parabolic equations (see [Sog90, Corollary 1.2] for instance) yields that w = 0
in (Qe)r x (0,00). In particular, one has W[ g0,y (0,00) = 7 Va,y®l(50)5x(0,00) = 0

)

in the sense of distribution, and lim,_, y' 2*9,w = 0 in R™™! x {0}.

Let us review auxiliary functions constructed in [CGRU23, Proposition 3.1] that
make it convenient for readers. As shown in the proof of [CGRU23, Proposition
3.1], we recall an additional cutoff function to avoid boundary contributions. To
this end, let 11 : [0,1] — [0, 1] be a smooth function on [0, 1] with x(0) = 0, (1) = 1.
Moreover, one can assume that

1
1
| utwy =3 awd folut| <. we @)

for £ =0,1,2, where C > 1 is a constant.
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Given b € (0,1), let 73 : (—00,00) — (0,b) be a smooth function defined by

0, if y <0,
bu(y), if y €[0,1],
=3 b, if y € [1, 1551,
bu(3=k —y), ify €[5, 22,
0, 1fy>1_b:%_b—|—1.

From the construction, it is easy to see that

> b
/ Y (y) dy = 1% and ‘85%‘ < Cb,
o _

for £ =0,1,2, where C > 1 is a constant independent of b € (0,1). Consider

2-b

Jo.k :=/ (y + k) > y(y) dy=/ (YR Ey(y) dy,
0 0

where Jp 1, depends continuously on the parameter b € (0, 1).
We observe for 0 <y < f—:g that

1-2s
1725 < (y+ k)12 < (220 4 )12 = o2 (1 + k(Qlibb)) . ifse (0,3,
1—-2s
(f:’; F k)2 = L2 (1 + k(l b)) S(y+ k)2 < k2 ifse (%’1).

Then, we have the estimate for J, j in the following:
1-2s
kl 25<ka< bkl 2é(1+k(1 b)) , ifSE((L%],
1-2s
ﬁkl—% (1+2%) << gkt ifse(d).

One can see that for b € (0,1), the value J;; can be both arbitrarily large and
arbitrarily close to 0. Hence, by the continuity, for any k£ € N, we can find by, €
(0,1) such that Jy, , x = 1. Consider Bi(y) := m, . (y — k), and

1

Rps=k+ ———.
k, +1_bk,s

1-2s
For 0 < s < %, we observe that (1 + k(l b)> > 1 and needs
bt < 0 pias o
ST <

Thus, if 0 < s < %, then there exists a ks such that for k > k;

(6.32) brs <k* ' Rps=k+ . <k+2.

- bk,s
Combined with the previous constructions, for s € (0, 1), let us consider the function
B : (0,00) — [0, 1] in the following form:

e For s #1/2,

supp (Bx) C (k, Ry,s +1),

Br(y) = bi,s fory € (k+1, R s),

10581 (y)| < Chys,

fo 1— ZSﬁk )dy=1,
for any £ = 0,1,2 and k& € N, where the constant C' > 1 is independent of
k e N;

(6.33)
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e For s = 1/2, let us consider § € C°(0,00) such that

(634) 50, /mewdy:l, supp(8) € (1,2), and  Buly) = 1/kB(y/k)

for k£ € N.

We want to use this function 8 to prove the density result by the classical Hahn-
Banach argument, and we will handle our arguments in different cases as s # 1/2
and s = 1/2 later.

Let v € D C L*(-T,T; H'(Q)). Since v(~T,z) = 0in Q. We let E be an
extension with

(6.35) Eve L*(R; HY(R™)) and 0;Ev € L*(R; H '(R™)),

so that the support of Fv(t,x) is contained in (-7, T) x ', where ' D Q is a
bounded set in R™ and T > T. With the condition of ¢ € L*(—T,T; H-(Q)) at
hand, we have

Y(v) = <1/1,v/ y' 2 B dy>
0 LQ(—T,T;H—l(R”)),LQ(—T,T;Hl(Rn))

o0
_ <w, / Y 2B, Eu dy> ,
0 L2 (B 11 (B)), 2 (s H (B)

where Sy, is given by (6.33). On the other hand, by (6.35), Lemma 6.6 implies that
BrEv € 5;’3 (R+2,y1=25dtdxdy) (see the definition (6.6) for Eig (RT3, y =25 dtdxdy)),
similar to the computations (6.22), via (6.36), we can deduce

(6.36)

(6.37)
¥(v)

= (/Ooo y' " Br(y)v dy)

since [5° y122 B (y) dy=1

= / L [T B0 + Yoy - (v 5V 0 @) B Bv] didady
R

since v(—t,z)=w(t,z)=0 for all t>T

= /R”“ [ylfzs,@kEvat{E — ylfzsﬁvmw{[) “Vauy (ﬁkEv)] dtdxdy
i

= /R s y' =% By Bvd,w dtdrdy — / y' 72 Evd, B0, dtdxdy
"

Ry 12
— / oV (Ev) -V (/ y1_2sﬁk@dy> dtdx
Rn+1 0

= / vy (/ yl_zsﬂkﬁ'}dy> dtdz —/ oVv -V (/ yl_%ﬁkﬁ)dy) dtdx
Qr 0 Qr 0

(%)
(oo}
— / / yl_stayﬁkayzﬂ dtdxdy.
o Jar

We next want to claim that the term (xx) in (6.37) vanishes by making use of the
equation of v € D.
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We point out that the function fooo y'~2% 8w dy is an admissible test function to
this equation, since

Ry s+1 2 Ry s+1 2
= / / Yy EBwdy | dtdz + / / Yy 2B Vady | dtda
Qr k Qr k
Ry s+1
< / / y' B dy
QT k

Ry s+1 Ry s+1
. / yt 2 w? dy+/ y' =2V dy| p dtde
k k

~112
SN0z 20w (0, Ry o +1) 51 ~20 dtdwdy) < OO

2

oo
/ y' 2 B dy
0

L2 (=T, T;H*(Q))

where we used the Holder’s inequality. By the UCP w = 0 on (9Q)7 x (0,00), one
has ;% y' =2 Brwdy = 0 on (0Q)r so that [~ y' "> Bwdy € L*(—T,T; H} ().
Therefore, we can compute

(6.38)

/ 00y (/ yl_Qsﬁk@dy> dtdx —/ oVv -V (/ yl_Qsﬁkﬂ?dy> dtdx
Qr 0 Qr 0

= / (=0 +V -oVv) (/ y' T Brw dy) dtdx
Qr

0

Integration by parts and v(—T,z)=0

—|—/ oVu-v (/ y 7% B dy> dtdS =0,
(0 r 0

since v € D (recalling the set D is defined by (6.21)), and w = 0 on (9Q)7 x (0, c0).
Insert (6.38) into (6.37), then we get

Y(v) = _/0 /Q y' 200, B0y w dtdxdy.

The desired result ¢ (v) = 0 can be achieved by passing the limit & — co. To this
end, note that d,w = —0,Esu1 + Oyus (since u; is y-independent). Therefore, if w
is any of the functions Esuy, us, one can estimate as the estimate (6.25) in Step 2a.
By the Holder’s inequality, one obtains

/ yt=2s |8yﬂk|/ |00, w| dtdxdy
0 Qr
(6.39) < / ¥ =210, B¢l [0ll 2 ) 10,9 oy 9

< lollzz(@n) / 9210, Bl 10, ) 2y A9

To proceed, let us split the case for s #1/2 and s = 1/2:
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e For s # 1/2: Since B is given by (6.33), using the numbers by 5, Ry s
satisfying (6.33), we can see

(6.40)

/0 y1—23 |8yﬁk| ”ayw(’ "y)HL2(QT) dy

)
~ — 2 2
5 ||w||L112(QT><(0,oo)7y1*23dtda:dy) (/0 yl 2 ‘8yﬁk| dy)

k+1 Ry s+1 %
1-2 1-2 ~
/k y' T dy + / y 7 dy | Wl 21z 0,000,y -20 dtday)

2

S bk,s

Rk,s

1
_ _ 2~
< g s| (kl - +Ri,s23) 101l 212 (97 % (0,00) 125 dtday) -

Taking into account (6.32) for 0 < s < 3, let us estimate |by | (/{:1_28 + Ri;zs)

in the following:

P [k*, ifse(0,d)
6.41 bl (K2 4+ BEP)T S 9 i ).
(6.41) b s| Be ) kT, ifse(3,0).

Let k — o0, (6.38), (6.39), (6.40) and (6.41) infer that ¢(v) = 0 holds true

for s # 1/2.
e For s = 1/2: Since Sy is given by (6.34), by using a similar argument, one
has

/0 10y Brc 10y (-, )l 12 0y DY

ok 1/2
<1089 Ly 0,000 ( / 19, 84 dy)

S} k_3/2 ||ay,&7(7 7y)
— 0,

HLZ(QTX(Opo))

as k — oo.

In summary, for both cases s # 1/2 and s = 1/2, we conclude that for any ¢ €
L2(=T,T; H'()) with ¢(vs) = 0, for all f € C=(Wr), then we also obtain
Y(v) = 0, for any v € D. This shows the density result by the Hahn-Banach
approach. Hence, V C L*(—T,T; H*(2)) is dense in D.

Last but not least, we want to show that V' = L?(—T,T; H'/?(99)) holds. To
this end, given g € L?(—T,T; H/?(952)), and consider the initial-boundary value
problem

(6t—V'O'V)U,:0 iIlQT,
u=yg on (0,
u(=T,z) =0 for z € Q.
By the definition (6.21), one knows that the solution w € D, then for any € > 0,

one can always find ve € V, such that [[u — vel|p2(_7 7,71 () < € By the classical
trace estimate, we have

Hg = Vel (90, ) S llu— UeHL2(_T,T;H1(Q)) se

L2(—T,T;H'/2 (0%

Nl
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This demonstrates that the function v€|( 0), abproximates g on (09Q) 1 with respect
to the norm ||-|| 277, m1/2(00)). Therefore, V' = L*(=T,T; H/?(99)) holds as
desired. This proves the assertion. O

Remark 6.8. No matter whether o is isotropic or anisotropic, all the preceding
analysis holds.

7. PROOFS OF MAIN RESULTS
With Proposition 6.1 at hand, we can prove Theorem 1.1.

Proof of Theorem 1.1 and Proposition 1.3. By Proposition 6.1, the operator
T, : H(Wy) — L*(=T,T; H/?(09)),

Fro oyt oy, = [ 0Tl dy
0 (09Q) 1
is linear, bounded and has dense range. The DN map A, : L*(=T,T; H'/?(09Q)) —
L*(—=T,T; H-'/2(99)) is continuous, then this implies that
——— L*(-T,T;HY?(8Q))x L*(-T,T; H~/?(8Q))
T (C;;WT) = Co,(69) 1>

as stated in Proposition 1.3. Additionally, by the UCP, the (partial) nonlocal
Cauchy data

(Flwrs @ = V- 09)" ugly, )
determines the (full) local Cauchy data

1-2s

1-2s
(y s | oy x(0,00) ¥ “V“f"’|(an>Tx<o,oo>)'

Therefore, the Cauchy data (Uf|(8Q)T , oVug - V\({m)T) can be also determined
uniquely. By using the density result, this shows that A3 determines A, as desired.
This completes the proof. O

Proof of Corollary 1.5. With Theorem 1.1 at hand, the nonlocal (partial) DN map
determines the local (full) DN map. Therefore, one can have that the desired
uniqueness result by the existing work [CKO01] for the local parabolic equation.
This completes the proof. U

Proof of Corollary 1.6. By using Theorem 1.1, we only need to consider the local
setting. By [GAV12], one can find a diffeomorphism @ : Q — Q with ®|sq = Id,
which transforms the parabolic equation (1.10) to (1.11). Moreover, abusing the
notation, we denote another diffeomorphism ® (with the same notation) such that
® : R" — R" such that ®[g~\o = Id (of course such @ also satisfies ®|po = Id).
Thus, this ® satisfies all required assumptions in Corollary 1.6. This proves the
assertion. U
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