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SCHRÖDINGER EQUATION

TONY LIIMATAINEN, YI-HSUAN LIN, AND PETRI OLA

Abstract. We prove that the Dirichlet-to-Neumann map for the planar Schrödinger equation
uniquely determines both an interior sound-soft obstacle and its surrounding potential. For any
two configurations with different obstacles, we construct a single boundary datum for which the cor-
responding Neumann measurements differ. The obstacles may have several connected components,
and no convexity or analyticity assumptions are imposed. Neither potential is required to be known
near the measurement boundary.
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Disclaimer

This is a preliminary version, released rapidly because of the urgent pace of AI-driven devel-
opments in the field. The main results, arguments, and statements of this paper were developed
without the use of AI. AI tools were used only for auxiliary mathematical discussions and for as-
sistance with parts of the writing. The authors take full responsibility for the final mathematical
statements and proofs. The authors will improve the presentation in an updated version following
this initial release.

1. Introduction

In this paper, we investigate the simultaneous recovery of an interior sound-soft obstacle and its
surrounding potential for the Schrödinger equation in a bounded planar domain. We prove that
the Dirichlet-to-Neumann (DN) map on the outer boundary determines both unknowns when the
potentials are real-valued and belong to C1,α, with 0 < α < 1. For each fixed pair of configurations
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with different obstacles, we construct one boundary datum for which the Neumann measurements
differ. Neither potential is assumed to be known near the measurement boundary.

Let Ω ⊂ R2 be a bounded domain with C∞ boundary, and let D ⋐ Ω be an obstacle with
smooth boundary. The precise class of obstacles is given below. Throughout the paper, the outer
boundary means the whole of ∂Ω, including all its connected components. For a real-valued potential
q ∈ L∞(Ω \D), consider

(1.1)


(−∆+ q)u = 0 in Ω \D,
u = 0 on ∂D,

u = f on ∂Ω.

We assume that

(1.2) 0 is not a Dirichlet eigenvalue of −∆+ q in Ω \D.

By the Fredholm alternative, every f ∈ H1/2(∂Ω) gives a unique solution uf ∈ H1(Ω \D) of (1.1).
The associated DN map is

ΛD,q : H
1/2(∂Ω) → H−1/2(∂Ω), f 7→ ∂νuf

∣∣
∂Ω
,

where ν is the exterior unit normal to Ω and the normal derivative is understood in the weak sense.
The inverse problem is the following:

(IP) Does the DN map ΛD,q determine the obstacle D and the surrounding potential q simulta-
neously?

Definition 1.1. Let Ω ⊂ R2 be a bounded domain with C∞ boundary. We say that D ⋐ Ω is an
admissible obstacle if

(i) D is a bounded open set,
(ii) ∂D is of class C∞ and has finitely many connected components,
(iii) Ω \D is connected.

We assume that Ω \D is connected, but D itself need not be connected. We write D =
⋃N
k=1Hk,

where H1, . . . ,HN are its pairwise disjoint connected components. Neither their number nor their
shapes are prescribed.

Earlier works. A classical question in inverse scattering is whether a sound-soft obstacle can be
determined from the far-field pattern produced by one incident plane wave at a fixed wave number.
This is commonly called Schiffer’s problem; see [CK18, BL21]. Uniqueness from all incident directions
at a fixed wave number is recorded in [LP67]. For smooth sound-soft obstacles, uniqueness from
one incident plane wave was proved under a size restriction relative to the wave number in [CS83],
and this restriction was relaxed in [Gin05]. Local uniqueness near an arbitrary smooth sound-soft
obstacle, at any given wave number and incident direction, was established in [SU04]. For sound-
soft polyhedral scatterers, uniqueness from one incident plane wave was proved in [AR05]. For each
fixed pair of distinct sound-soft obstacles, [Liu24] proves that their far-field patterns differ almost
surely when the wave number or incident direction is chosen at random. Geometric uniqueness
and approximate uniqueness results for source and medium supports were obtained under size and
curvature assumptions in [BL21].

For a known planar domain, uniqueness of the potential from full Cauchy data for the Schrödinger
equation was established in [Buk08]. For real-valued C1,α potentials on a compact Riemann surface
with boundary, uniqueness from Cauchy data on an arbitrary nonempty open subset of the boundary
was proved in [GT11].

Obstacle recovery in a known inhomogeneous background was studied in [KP98, NPT07]. For
a known planar inhomogeneous and anisotropic medium, [Ron03] determines multiple sound-soft
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defects at low frequency from at most two suitably chosen boundary measurements. For known
elliptic operators with coefficients analytic near the obstacle, [HNS13] reconstructs a sound-soft
obstacle with a Lipschitz, nowhere real analytic boundary from one measurement.

When the surrounding medium is also unknown, a two-dimensional simultaneous uniqueness result
was proved in [Häh98] for a simply connected sound-soft obstacle, using Cauchy data on a surround-
ing circle for all incident waves and an interval of wave numbers. For one fixed incident direction,
[LL17] determines a sound-soft or sound-hard obstacle from far-field patterns over a frequency inter-
val and also recovers the surrounding medium under additional admissibility assumptions. At one
wave number, [Liu08] proves simultaneous uniqueness in three dimensions from far-field patterns
for all incident and observation directions, for an admissible class of partially buried obstacles with
planar contacts with the unknown inhomogeneity. These geometric assumptions differ from those of
a smooth obstacle contained in the region where the potential is unknown.

Simultaneous recovery from local boundary data has also been proved under structural assump-
tions on the coefficients. In [YDL21], the leading and zeroth-order coefficients of a reduced wave
equation and the embedded obstacles are recovered in dimensions n ≥ 2 under piecewise constant
coefficient assumptions. For the Schrödinger equation in three dimensions, [WY25] determines all
derivatives of a smooth potential on the measured part of the outer boundary in the presence of an
unknown obstacle. An additional analyticity assumption on the potential gives global recovery of
the potential, the obstacle, and its boundary condition.

For anisotropic fractional Schrödinger equations, simultaneous recovery of an obstacle and a po-
tential was proved in [CLL19]. Any nonzero exterior Dirichlet value, together with its exterior
Neumann measurement, determines the sound-soft obstacle, while recovery of the potential uses the
exterior DN map. The proof uses nonlocal unique continuation and approximation by solutions with
exterior data. For fractional semilinear equations with an analytic nonlinearity, [LL22] proves simul-
taneous recovery of a cavity and the nonlinearity from the partial exterior DN map for sufficiently
small data. A single nonzero sufficiently small exterior datum determines the cavity and the values
of the nonlinearity along the corresponding solution.

For semilinear elliptic equations, simultaneous recovery of an unknown cavity and the Taylor
coefficients of a semilinear term was proved in [LLLS21]. For the equation ∆u+a(x, u) = 0, the cavity
result assumes a(x, 0) = ∂ua(x, 0) = 0. The first linearized equation is therefore the Laplace equation,
and higher-order linearizations determine the remaining Taylor coefficients. Related simultaneous
recovery results for semilinear equations with quadratic gradient terms were obtained in [KU20,
Theorem 1.6]. The recovery of cavities and nonlinear coefficients from local boundary data was
extended to nonlinearities involving noninteger powers in [LLST22, Theorem 1.4].

Under piecewise analyticity assumptions, [HL23, Theorem 2.2] determines a cavity, a scalar dif-
fusion coefficient, and a nonlinear absorption term from local boundary data. For a semilinear
Helmholtz equation with a known constant linear term, [Lu22, Theorem 3.1] determines a cavity
and the coefficient of a quadratic nonlinearity from the DN map on the outer boundary. The cor-
responding simultaneous recovery problem for the linear Schrödinger equation is explicitly left open
in [LLLS21, KU20, LLST22].

The proof is inspired in part by the solution to the Calderón problem for Schrödinger operators
on Riemannian surfaces in [CLT24]. We adapt the comparison of exponential CGO growth with
polynomial bounds from a Carleman estimate whose harmonic weight need not be Morse. This
allows us to determine the obstacle without first recovering the potential.

Finally, let us comment on the announced resolution of the anisotropic Calderón problem. Our
results do not rely or follow from it. Moreover, its method of proof proceeds in local steps that
require numerous or even infinite number of measurements. This contrasts with our main result,
which shows that a single measurement suffices to recover the obstacle.
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Main result. We answer the simultaneous recovery question in dimension two. The main difficulty
is to determine the obstacle without knowing the surrounding potential. Indeed, for two configura-
tions, the corresponding solutions satisfy (−∆+q1)(u1−u2) = (q2−q1)u2 in their common exterior,
so equality of the outer Cauchy data does not yield a homogeneous equation for their difference. We
first prove an obstacle recovery result from a single suitably chosen boundary measurement.

Theorem 1.2 (Single measurement recovery of the obstacle). Let Ω ⊂ R2 be a bounded domain
with C∞ boundary, and let Dj ⋐ Ω be admissible obstacles for j = 1, 2. Let qj ∈ C1,α(Ω \ Dj) be
real-valued for j = 1, 2, where 0 < α < 1. Assume that 0 is not a Dirichlet eigenvalue of −∆+ qj in

Ω \Dj for j = 1, 2, and let ΛDj ,qj be the DN map associated with
(−∆+ qj)uj = 0 in Ω \Dj ,

uj = 0 on ∂Dj ,

uj = f on ∂Ω.

For each fixed pair of configurations (D1, q1) and (D2, q2), there exists a nonzero f ∈ H1/2(∂Ω),
which may depend on both configurations, such that

ΛD1,q1f = ΛD2,q2f

implies D1 = D2. When D1 ̸= D2, we may choose f to be the trace on ∂Ω of a CGO solution of
(−∆+ q1)u = 0 with u = 0 on ∂D1.

Moreover, the following result answers (IP).

Corollary 1.3 (Simultaneous recovery). Under the assumptions of Theorem 1.2, suppose that

(1.3) ΛD1,q1f = ΛD2,q2f for all f ∈ H1/2(∂Ω).

Then D1 = D2 =: D and q1 = q2 in Ω \D.

The obstacles may have several connected components, and no convexity or analyticity is imposed.
Neither potential is required to be known near the outer boundary.

Remark 1.4. The datum in Theorem 1.2 may depend on both configurations. For a fixed pair with
D1 ̸= D2, the construction in Section 4 gives a family of CGO traces indexed by h. Choosing one
sufficiently small value of h gives a single Dirichlet datum whose Neumann measurements distinguish
that pair. Corollary 1.3 assumes equality of the DN maps for all boundary data and uses this
additional information to recover the potential. Since the potentials are real-valued, if a complex
datum gives different Neumann measurements, then at least one of its real and imaginary parts does
also. Thus the distinguishing datum may be taken real-valued.

Outline of the proof. We extend q1 to a larger domain, preserving its C1,α regularity. We extend
q2 by using the same function outside Ω and keeping its original values in Ω \D2. The two extended
potentials therefore agree in the added collar. The extension of q2 belongs to L∞ and may jump
across ∂Ω. If the original solutions u1 and u2 have the same Cauchy data on ∂Ω, we extend u2 by
u1 in the collar. Equality of the Dirichlet and Neumann traces makes this joined function a weak
solution for the extended q2.

Using [GT11], we construct a holomorphic Morse phase Φ1 = φ1 + iψ1 with ψ1 = 0 on ∂D1.
The Cauchy–Riemann equations give ∂νφ1 = 0 there. On the enlarged exterior of D2, we choose
the harmonic function φ2 with the same Dirichlet values as φ1 on the enlarged outer boundary and
with ∂νφ2 = 0 on ∂D2. A finite-perimeter energy argument proves that φ1 = φ2 in the added
collar implies D1 = D2. This argument applies without a transversality assumption on the obstacle
boundaries.
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If D1 ̸= D2, there are a ball in the added collar and a sign σ ∈ {1,−1} such that σ(φ1−φ2) has a
positive lower bound on that ball. We choose a CGO solution u1,σ,h with phase σΦ1 and use its trace
on ∂Ω as the Dirichlet datum. If the Neumann measurements agreed, the joined solution u2 would
belong to H2 on the enlarged exterior of D2. The Carleman estimate with weight σφ2 would give a
polynomial upper bound for ∥e−σφ2/hu2∥L2 . On the chosen ball, the joined solution equals the CGO
solution, whose representation gives an exponential lower bound for the same norm. These bounds
are incompatible for all sufficiently small h. The Carleman estimate allows degenerate critical points
of φ2.

Once D1 = D2 =: D is known, equality of the outer DN maps gives equality of the partial Cauchy
data on Ω\D, with measurements on ∂Ω and zero Dirichlet values on ∂D. Applying [GT11, Theorem
1.1] on this fixed domain determines the potential.

Organization of the article. The paper is organized as follows. In Section 2, we extend the
potentials and construct the harmonic phases and CGO solutions. In Section 3, we prove the
Carleman estimate. We then determine the obstacle in Section 4 and recover the potential in
Section 5.

2. Preliminaries

Let D be an admissible obstacle and let q ∈ L∞(Ω \ D) be real-valued and satisfy (1.2). Set
O := Ω \D and Aq(u, v) :=

´
O(∇u ·∇v+ quv) dx. The Fredholm alternative gives a unique solution

uf ∈ H1(O) of (1.1) for every f ∈ H1/2(∂Ω), with ∥uf∥H1(O) ≤ C∥f∥H1/2(∂Ω).

For g ∈ H1/2(∂Ω), choose Eg ∈ H1(O) with trace g on ∂Ω, zero trace on ∂D, and ∥Eg∥H1(O) ≤
C∥g∥H1/2(∂Ω). Define ⟨ΛD,qf, g⟩ := Aq(uf , Eg), with the pairing conjugate linear in g. This is

independent of Eg, since the difference of two such extensions belongs to H1
0 (O) and uf solves the

equation weakly. The preceding bounds give ∥ΛD,qf∥H−1/2(∂Ω) ≤ C∥f∥H1/2(∂Ω). Since q is real-

valued, ΛD,qf = ΛD,qf , so equality of the DN maps on real data also gives equality on complex
data. No spectral assumption is imposed on the enlarged domains below.

We now work with the two configurations in Theorem 1.2. Choose smooth domains Ω̃ and Ω̂ with

Ω ⋐ Ω̃ ⋐ Ω̂ by adjoining sufficiently thin exterior collars to each component of ∂Ω. Set

ω := Ω̃ \ Ω, Ω̃j := Ω̃ \Dj , Ω̂1 := Ω̂ \D1.

Each added collar meets the original connected exterior domain, so these enlarged exterior domains
are connected.

Choose a real-valued C1,α extension of q1 to Ω̂1 by extending it in smooth boundary charts, and

continue to denote this extension by q1. On Ω̃2, define

qext2 (x) :=

{
q2(x), x ∈ Ω \D2,

q1(x), x ∈ ω.

The values on ∂Ω may be assigned arbitrarily. The resulting function belongs to L∞(Ω̃2) and may
have a jump across ∂Ω. In arguments on the enlarged domains, we write q2 for qext2 . Thus, q1 = q2
in ω by construction. For j = 1, 2, the extended qj agrees with the original potential in Ω \Dj . This
equality in the added collar imposes no agreement between the original potentials near ∂Ω. The
extensions are fixed independently of h.

The CGO solutions will be constructed in Ω̂1 and restricted to Ω̃1, so that ∂Ω̃ lies strictly inside
their domain of definition.

Choose a nonempty open arc Γ∗ ⊂ ∂Ω̂ and set Γ̂0 := ∂Ω̂1\Γ∗. Fix p ∈ Ω̃1 and choose δ > 0 so that

B(p, δ) ⊂ Ω̃1. Applying [GT11, Proposition 2.1] to Ω̂1 gives a holomorphic function Φ1 = φ1 + iψ1
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that is Morse up to the boundary, has a nondegenerate critical point p0 ∈ B(p, δ), and satisfies

ψ1 = 0 on Γ̂0.
We also use the boundary regularity supplied by that construction. The function is constructed

on an auxiliary smooth surface whose boundary contains Γ̂0, while ∂Ω̂1 \ Γ̂0 lies in its interior. Its

imaginary part vanishes on an open boundary neighborhood of Γ̂0. Smooth Dirichlet regularity
gives smoothness of ψ1 near this boundary set, and the Cauchy–Riemann equations give smoothness

of φ1 there. Interior regularity applies at the remaining points of Ω̂1. Thus, Φ1 ∈ C∞(Ω̂1). Its
critical points on this compact set are nondegenerate and hence form a finite set. The Cauchy–
Riemann equations show that φ1 and ψ1 have the same critical points as Φ1. At each such point,
detD2φ1 = −|Φ′′

1|2 < 0 in a complex coordinate. In particular, both φ1 and −φ1 are harmonic
Morse functions.

Since ∂D1 ⊂ Γ̂0, one has ψ1 = 0 and ∂νφ1 = 0 on ∂D1. The trace of φ1 on ∂Ω̃ is nonconstant.

Indeed, if that trace were a constant c, then w := φ1 − c would have zero Dirichlet data on ∂Ω̃ and
zero normal derivative on ∂D1. Green’s formula would give

´
Ω̃1

|∇w|2 dx = 0. Connectedness and

the outer Dirichlet condition would imply φ1 = c in Ω̃1. This contradicts the nondegenerate critical
point p0 in that domain.

Let φ2 solve 
∆φ2 = 0 in Ω̃2,

φ2 = φ1 on ∂Ω̃,

∂νφ2 = 0 on ∂D2.

The mixed problem has a unique real-valued solution φ2 ∈ C∞(Ω̃2), since Ω̃2 is connected, the
Dirichlet boundary is nonempty, and the two boundary conditions are imposed on disjoint smooth
components. The nonconstant outer value φ1|∂Ω̃ makes φ2 nonconstant.

The CGO construction with boundary correction in [GT11, Section 4] applies to both Φ1 and
−Φ1. We state the representation and remainder estimates needed below.

Lemma 2.1. Let σ ∈ {1,−1}, and let B ⋐ Ω̃1 be a nonempty open set. There exists an amplitude

aσ ∈ C∞(Ω̂1), holomorphic in Ω̂1, independent of h, real-valued on ∂D1, and not identically zero on
B, such that for all sufficiently small h > 0 the function

(2.1) u1,σ,h = eσΦ1/h(aσ + rσ,h)− eσΦ1/h(aσ + rσ,h) + eσφ1/hr̃σ,h

satisfies

(2.2)

{
(−∆+ q1)u1,σ,h = 0 in Ω̂1,

u1,σ,h = 0 on ∂D1.

The remainders satisfy ∥rσ,h∥L2(Ω̂1)
= O(h) and ∥r̃σ,h∥L2(Ω̂1)

= O(h3/2| log h|). The amplitude may

be chosen nonzero at p0 and to vanish to sufficiently high order at every other critical point of Φ1

on Ω̂1. For each fixed h, the restriction of the exact solution u1,σ,h belongs to H2(Ω̃1) and has zero
trace on ∂D1.

Proof. Choose an open boundary neighborhood Γ♯0 of Γ̂0 whose complement contains an open subarc
of Γ∗. The interpolation result in [GT11, Lemma 2.3] gives a holomorphic amplitude aσ, smooth up

to the boundary and real-valued on Γ♯0, with aσ(p0) ̸= 0 and zeros of sufficiently high order at the
other critical points. If aσ vanished identically on the nonempty open set B, its holomorphicity and

the connectedness of Ω̂1 would imply aσ ≡ 0 throughout Ω̂1, contradicting aσ(p0) ̸= 0.
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Write L1 := −∆+ q1. By [GT11, Lemma 4.3], the phase σΦ1 admits a correction sσ,h ∈ H2(Ω̂1)

satisfying ∥sσ,h∥L2 = O(h) and ∥e−σΦ1/hL1e
σΦ1/h(aσ + sσ,h)∥L2 = O(h| log h|). The term supported

near p0 vanishes near the boundary, and the remaining term is h times a fixed H2 function. The

boundary function kσ := h−1sσ,h|∂Ω̂1
belongs to H3/2(∂Ω̂1) and is independent of h, as observed in

[GT11, proof of Lemma 4.4].

Choose a holomorphic b0,σ ∈ H2(Ω̂1) with Re b0,σ = − Im kσ on Γ♯0, using [GT11, Corollary
2.2(ii)], and put a0,σ := ib0,σ. This function is independent of h and satisfies Im a0,σ = − Im kσ. Set

rσ,h := sσ,h + ha0,σ. The boundary value of aσ + rσ,h is real on Γ̂0, and ∥rσ,h∥L2 = O(h). Since

eσΦ1/ha0,σ is holomorphic, e−σΦ1/hL1e
σΦ1/h(ha0,σ) = hq1a0,σ. The residual remains O(h| log h|) in

L2. This is the boundary adjustment in [GT11, Section 4.2], with a real boundary amplitude.

Define Eσ,h := eσΦ1/h(aσ + rσ,h) and Wσ,h := Eσ,h − Eσ,h. Both Φ1 and aσ + rσ,h are real on

Γ̂0, so Wσ,h = 0 there. The real-valued potential gives L1Eσ,h = L1Eσ,h. The factors e±iσψ1/h have
modulus one, and the preceding estimate gives

Fσ,h := e−σφ1/hL1Wσ,h, ∥Fσ,h∥L2(Ω̂1)
≤ Ch| log h|.

The functions Wσ,h and Fσ,h are purely imaginary.

Apply [GT11, Lemma 4.5] with weight −σφ1. Its conjugated operator is Pσ,h := e−σφ1/hL1e
σφ1/h.

Writing Fσ,h = ifσ,h with fσ,h real, solve Pσ,hs = −fσ,h for a real function s with zero Dirichlet data

on Γ̂0, and set r̃σ,h := is. We obtain Pσ,hr̃σ,h = −Fσ,h and ∥r̃σ,h∥L2 ≤ Ch1/2∥Fσ,h∥L2 ≤ Ch3/2| log h|.
The function u1,σ,h :=Wσ,h + eσφ1/hr̃σ,h satisfies (2.2) and (2.1).

For fixed h, write u := u1,σ,h ∈ L2(Ω̂1). At this stage, the zero Dirichlet condition obtained from
[GT11, Lemma 4.5] is understood in the transposition sense. Combining its weak identity with the
cancellation of the residual of Wσ,h gives ˆ

Ω̂1

uL1η dx = 0

for every η ∈ C∞(Ω̂1) such that η = 0 on ∂Ω̂1 and ∂νη = 0 on ∂Ω̂. The normal derivative of η is
unrestricted on ∂D1; this identity expresses the zero Dirichlet condition there. Taking compactly

supported η gives L1u = 0 in distributions. Since q1u ∈ L2(Ω̂1), interior elliptic regularity gives

u ∈ H2
loc(Ω̂1). We next use the same identity to obtain H2 regularity and the zero trace at ∂D1.

Choose a real-valued χ ∈ C∞(Ω̂1) equal to one near ∂D1 and zero near ∂Ω̂. Set z := χu and

b := [L1, χ]u = −2∇χ · ∇u− (∆χ)u. The derivatives of χ are supported in a compact subset of Ω̂1,

so b ∈ L2(Ω̂1). Let η ∈ C∞(Ω̂1) have zero boundary values. Then χη is an admissible test function
in the preceding identity, andˆ

Ω̂1

zL1η dx = −
ˆ
Ω̂1

u[L1, χ]η dx =

ˆ
Ω̂1

bη dx.

The last equality follows by integration by parts on the compact support of the derivatives of χ.

Both sides are continuous in the H2 norm of η, so the identity holds for every η ∈ H2(Ω̂1)∩H1
0 (Ω̂1).

Choose λ > ∥q1∥L∞(Ω̂1)
. The Dirichlet problem (L1 + λ)z0 = b + λz has a unique solution

z0 ∈ H2(Ω̂1) ∩H1
0 (Ω̂1). Green’s formula and the preceding identity giveˆ

Ω̂1

(z − z0)(L1 + λ)η dx = 0, η ∈ H2(Ω̂1) ∩H1
0 (Ω̂1).

Taking η to be the Dirichlet solution of (L1 + λ)η = z − z0 gives ∥z − z0∥2L2(Ω̂1)
= 0. Hence,

z = z0 ∈ H2(Ω̂1) ∩H1
0 (Ω̂1).
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Since u = z near ∂D1, the function u belongs to H2 up to this boundary and has zero trace there.

Interior regularity elsewhere, together with Ω̃ ⋐ Ω̂, gives u ∈ H2(Ω̃1). Only L1 + λ was inverted; no

spectral assumption on L1 in Ω̂1 is needed. □

Lemma 2.2. Assume that 0 is not a Dirichlet eigenvalue for either original problem and that q1 = q2
in ω. Let u1 ∈ H1(Ω̃1) solve (−∆+ q1)u1 = 0 with u1 = 0 on ∂D1, and set f := u1|∂Ω. Let u2 be
the solution of

(2.3)


(−∆+ q2)u2 = 0 in Ω \D2,

u2 = 0 on ∂D2,

u2 = f on ∂Ω.

If ΛD1,q1f = ΛD2,q2f , extension by u2 := u1 in ω gives an H1(Ω̃2) weak solution of (−∆+q2)u2 = 0.

Proof. Uniqueness on Ω \ D1 identifies the restriction of u1 with the solution defining ΛD1,q1f .
The two Dirichlet traces on ∂Ω agree, so the piecewise definition of u2 gives an H1 function. For

η ∈ C∞
c (Ω̃2), Green’s formula on the two sides of ∂Ω givesˆ

Ω̃2

(∇u2 · ∇η + q2u2η) dx =
〈
ΛD2,q2f − ΛD1,q1f, η|∂Ω

〉
= 0.

The normals of the two regions on their common boundary are opposite. In the collar, u1 solves
the equation with q2 because the extended potentials agree in ω. This extension is obtained directly

from u1 in ω and requires no additional spectral assumption on Ω̃2. □

3. Carleman estimate

The comparison function φ2 need not be Morse. We prove a Carleman estimate for a nonconstant
harmonic weight that may have degenerate critical points. Its additional power of h−1 does not
affect the contradiction with the exponential lower bound in Section 4.

Let O be a smooth bounded planar domain and write ∂O = Γ ∪ Γ0, where Γ and Γ0 are disjoint
unions of boundary components and Γ ̸= ∅. In this section, ν denotes the unit outer normal to O.

Proposition 3.1 ([GT11, Proposition 3.1]). Let O be a smooth bounded planar domain, and let
φ ∈ C∞(O) be a real-valued harmonic function that is Morse on O and satisfies ∂νφ = 0 on Γ0.
Then for every V ∈ L∞(O) there exist constants C > 0 and h0 > 0 such that, for all 0 < h < h0
and all w ∈ C∞(O) with w|∂O = 0, one has

h−1∥w∥2L2(O) + h−2∥|dφ|w∥2L2(O) + ∥dw∥2L2(O) + ∥∂νw∥2L2(Γ0)

≤ C
(
∥e−φ/h(−∆+ V )eφ/hw∥2L2(O) + h−1∥∂νw∥2L2(Γ)

)
.

We construct a convexifying function by solving a Poisson–Neumann problem. The normal deriv-
ative on the boundary is estimated in circular conformal coordinates on a collar of each boundary
component, as in [GT11, Section 3].

Proposition 3.2. Let O be a smooth bounded planar domain, and let ∂O = Γ∪Γ0, where Γ and Γ0

are disjoint unions of boundary components and Γ ̸= ∅. Let φ ∈ C∞(O) be a real-valued nonconstant
harmonic function in O such that ∂νφ = 0 on Γ0. Then for every V ∈ L∞(O) there exist constants
C > 0 and h0 > 0 such that, for all 0 < h < h0 and all w ∈ H2(O) ∩H1

0 (O), one has

h−1∥w∥2L2(O) + h−2∥|dφ|w∥2L2(O) + ∥dw∥2L2(O) + ∥∂νw∥2L2(Γ0)

≤ Ch−1
(
∥e−φ/h(−∆+ V )eφ/hw∥2L2(O) + h−1∥∂νw∥2L2(Γ)

)
.

(3.1)
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If φ is Morse on O, the factor h−1 in front of the parentheses on the right-hand side may be omitted,
and one recovers Proposition 3.1.

Proof. We first prove the estimates for w ∈ C∞(O) with zero boundary values. Let |O| denote the
area of O, let |Γ| := H1(Γ), and define β = 0 on Γ0 and β = |O|/|Γ| on Γ. The function β is
smooth because Γ and Γ0 are unions of boundary components. The identity

´
∂O β dS = |O| is the

compatibility condition for

(3.2)



∆ρ0 = 1 in O,
∂νρ0 = 0 on Γ0,

∂νρ0 = β on Γ,ˆ
O
ρ0 dx = 0.

By standard elliptic theory for the Neumann problem, (3.2) has a unique real-valued solution ρ0 ∈
C∞(O), independent of h and ϵ. For 0 < h ≤ ϵ < 1, set φϵ,h := φ − hρ0/ϵ. Then −∆φϵ,h = h/ϵ in
O and ∂νφϵ,h = 0 on Γ0.

Cover O by finitely many interior neighborhoods and collars of its boundary components. On each
boundary collar, choose a conformal coordinate z = x + iy which maps the collar onto an annulus
A = {r0 < |z| < 1}, with 0 < r0 < 1, and the corresponding component of ∂O onto |z| = 1. If that
component is initially mapped to the inner circle, compose the map with a holomorphic inversion
and rescale so that it is mapped to the unit circle. The other circle |z| = r0 corresponds to a curve

inside O. In these coordinates, the Euclidean metric is e2λ(z)|dz|2. Smooth boundary regularity for
the conformal map gives a fixed smooth function λ up to the boundary, with e2λ bounded above and
below by positive constants. On an interior neighborhood, use the original Euclidean coordinates
and set λ = 0.

Write ∆z := ∂2x + ∂2y and ϑ := φϵ,h/h in one such neighborhood A. The Laplacian in these

coordinates satisfies ∆ = e−2λ∆z, so −∆zϑ = e2λ/ϵ ≥ c∗/ϵ for a fixed c∗ > 0. In the following
local calculation, all norms and integrals use Euclidean measure in the z coordinate. Write νz for
its exterior unit normal and τz for the rotation of νz by +π/2. In a boundary collar, the functions
considered below vanish near |z| = r0, so only |z| = 1 contributes to the boundary integrals. In an
interior neighborhood, the functions have compact support in A.

Set ∂z = (∂x − i∂y)/2 and ∂z̄ = (∂x + i∂y)/2. For a smooth complex-valued function v supported
in this neighborhood, integration by parts gives

4∥e−ϑ∂z̄(eϑv)∥2L2(A) = ∥(∂x + iϑy)v∥2L2(A) + ∥(i∂y + ϑx)v∥2L2(A)

+

ˆ
A
(−∆zϑ)|v|2 dx dy +

ˆ
∂A
∂νzϑ |v|2 ds− Im

ˆ
∂A
∂τzv v ds.

(3.3)

Write v = vR + ivI . The cross term containing derivatives of the weight is
´
A∇ϑ · ∇|v|2, which

gives the terms with −∆zϑ and ∂νzϑ. The remaining cross term is 2
´
A(∂xvI∂yvR − ∂xvR∂yvI).

The divergence theorem gives 2
´
∂A vI∂τzvR. In a boundary collar, only the integral over |z| = 1

remains. Parametrize this circle by z = eit. Since vR(e
it) and vI(e

it) are 2π-periodic and ∂τz = ∂t
there, integration by parts gives

´
∂A vR∂τzvI ds = −

´
∂A vI∂τzvR ds. In an interior neighborhood,

both boundary integrals are zero. Expanding the imaginary part of (∂τzv)v, we obtain

− Im

ˆ
∂A

(∂τzv)v ds =

ˆ
∂A

(vI∂τzvR − vR∂τzvI) ds = 2

ˆ
∂A
vI∂τzvR ds.

Let u ∈ C∞(A) be real-valued. In a boundary collar, assume that u = 0 on |z| = 1 and that u
vanishes near |z| = r0. In an interior neighborhood, assume that u has compact support in A. Set
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ζ := e−ϑ∂z(e
ϑu). The identity ∆z = 4∂z̄∂z gives e−ϑ(−∆z)e

ϑu = −4e−ϑ∂z̄(e
ϑζ). Its squared L2(A)

norm is 16∥e−ϑ∂z̄(eϑζ)∥2L2(A). Apply (3.3) with v = ζ, discard the two nonnegative squared norms,

and multiply the resulting inequality by four. Using −∆zϑ ≥ c∗/ϵ gives

∥e−ϑ(−∆z)e
ϑu∥2L2(A) ≥

4c∗
ϵ
∥ζ∥2L2(A) + 4

ˆ
∂A
∂νzϑ |ζ|2 ds− 4 Im

ˆ
∂A
∂τzζ ζ ds.

Since u is real, 4|ζ|2 = |∇u + u∇ϑ|2. The boundary value of u is zero, so a second integration by
parts gives

4∥ζ∥2L2(A) = ∥du∥2L2(A) + ∥|dϑ|u∥2L2(A) +

ˆ
A
(−∆zϑ)u

2 dx dy.

The last integral is at least c∗ϵ
−1∥u∥2L2(A). The bulk terms control ϵ−2∥u∥2L2 , ϵ

−1∥du∥2L2 , and

ϵ−1h−2∥|dφϵ,h|u∥2L2 .

On the circle |z| = 1, which corresponds to the chosen boundary component of ∂O, write z = eit

and set a(t) := (∂νzu)(e
it). Since the annulus lies on the side |z| < 1, its exterior unit normal

is νz = (cos t, sin t) and its positively oriented unit tangent is τz = (− sin t, cos t). In particular,
∂τz = ∂t along this circle. The tangential derivative of u is zero there, so ζ = 1

2e
−ita(t) and

∂τzζ = 1
2e

−it(a′(t)− ia(t)). Since a is real, −4 Im(∂τzζ ζ) = a(t)2. The other boundary contribution

is 4∂νzϑ|ζ|2 = h−1∂νzφϵ,h|∂νzu|2. It is zero on Γ0. Its absolute value on Γ is bounded by Ch−1|∂νzu|2,
uniformly for h ≤ ϵ, because h/ϵ ≤ 1 and the functions φ and ρ0 are fixed.

The identities ∂ν = e−λ∂νz and dS = eλds, together with the fixed bounds on the conformal
factor, convert these estimates to the original Euclidean coordinates. We obtain

ϵ−2∥u∥2L2(O) + ϵ−1∥du∥2L2(O) + ϵ−1h−2∥|dφϵ,h|u∥2L2(O) + ∥∂νu∥2L2(∂O)

≤ C
(
∥e−φϵ,h/h(−∆)eφϵ,h/hu∥2L2(O) + h−1∥∂νu∥2L2(Γ)

)
.

(3.4)

There are no boundary terms on an interior neighborhood. For complex-valued u, apply the real-
valued estimate separately to its real and imaginary parts and add. At this stage the conjugated
Laplacian has real coefficients, so its squared norm is the sum of the two squared norms. The
potential is added only after this step.

Choose fixed real-valued smooth functions χℓ subordinate to the coordinate neighborhoods, with∑
ℓ χ

2
ℓ = 1 on O. For w = 0 on ∂O, one has ∂ν(χℓw) = χℓ∂νw and

∑
ℓ ∥d(χℓw)∥2L2 = ∥dw∥2L2 +´

O
∑

ℓ |dχℓ|2|w|2 dx. The other local terms sum to the corresponding global norms. Set P
(0)
ϵ,h :=

e−φϵ,h/h(−∆)eφϵ,h/h. Its commutator is [P
(0)
ϵ,h , χℓ]w = [−∆, χℓ]w − 2h−1⟨dφϵ,h, dχℓ⟩w, and∑

ℓ

∥[P (0)
ϵ,h , χℓ]w∥

2
L2 ≤ K

(
∥dw∥2L2 + h−2∥|dφϵ,h|w∥2L2 + ∥w∥2L2

)
,

where K is independent of h and ϵ. Apply (3.4) to each χℓw and sum over ℓ. The identi-
ties above show that the sum of the left-hand sides is at least ϵ−2∥w∥2L2(O) + ϵ−1∥dw∥2L2(O) +

ϵ−1h−2∥|dφϵ,h|w∥2L2(O) + ∥∂νw∥2L2(∂O). On the right, use P
(0)
ϵ,h (χℓw) = χℓP

(0)
ϵ,hw + [P

(0)
ϵ,h , χℓ]w and

|a + b|2 ≤ 2|a|2 + 2|b|2. Let C0 include the constant in the local estimate and this factor of two.
The commutator terms are bounded by C0K(∥dw∥2L2(O) + h−2∥|dφϵ,h|w∥2L2(O) + ∥w∥2L2(O)). Choose

ϵ0 ∈ (0, 1) so that C0Kϵ0 ≤ 1/4 and C0Kϵ
2
0 ≤ 1/4. For 0 < h ≤ ϵ ≤ ϵ0, these three terms are

absorbed by the corresponding terms on the left. Increasing the constant on the right by a fixed
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factor gives

ϵ−2∥w∥2L2(O) + ϵ−1∥dw∥2L2(O) + ϵ−1h−2∥|dφϵ,h|w∥2L2(O) + ∥∂νw∥2L2(∂O)

≤ C1

(
∥P (0)

ϵ,hw∥
2
L2(O) + h−1∥∂νw∥2L2(Γ)

)
,

(3.5)

where C1 is independent of ϵ, h, and w in this range.

Set Pϵ,h := P
(0)
ϵ,h + V . Substituting ∥P (0)

ϵ,hw∥
2
L2(O) ≤ 2∥Pϵ,hw∥2L2(O) + 2∥V ∥2L∞(O)∥w∥

2
L2(O) into

(3.5) introduces the term 2C1∥V ∥2L∞(O)∥w∥
2
L2(O) on the right. Fix ϵ ∈ (0, ϵ0] small enough that

2C1∥V ∥2L∞(O) ≤
1
2ϵ

−2. Subtracting this term leaves at least 1
2ϵ

−2∥w∥2L2(O) on the left. Multiply the

resulting inequality by two. Since ϵ < 1, we may replace the coefficients of the three interior terms
by one and restrict the boundary norm on the left to Γ0. We obtain

∥w∥2L2(O) + h−2∥|dφϵ,h|w∥2L2(O) + ∥dw∥2L2(O) + ∥∂νw∥2L2(Γ0)

≤ Cϵ
(
∥Pϵ,hw∥2L2(O) + h−1∥∂νw∥2L2(Γ)

)
,

(3.6)

for 0 < h < h0 ≤ ϵ, where ϵ is now fixed and Cϵ is independent of h and w.
Set w̃ := eρ0/ϵw. The multiplier and its inverse have bounded first derivatives for this fixed ϵ. Since

w = 0 on ∂O, ∂νw̃ = eρ0/ϵ∂νw on ∂O. Direct conjugation gives Pϵ,hw̃ = eρ0/ϵe−φ/h(−∆+ V )eφ/hw.
Also, dφ = dφϵ,h + (h/ϵ)dρ0, so h

−2∥|dφ|w∥2L2 ≤ Cϵh
−2∥|dφϵ,h|w̃∥2L2 + Cϵ∥w̃∥2L2 . Applying (3.6) to

w̃ and using the corresponding bounds for w and dw gives

∥w∥2L2(O) + h−2∥|dφ|w∥2L2(O) + ∥dw∥2L2(O) + ∥∂νw∥2L2(Γ0)

≤ C
(
∥e−φ/h(−∆+ V )eφ/hw∥2L2(O) + h−1∥∂νw∥2L2(Γ)

)
.

For 0 < h < h0 ≤ 1, multiplying this estimate by h−1 and using h−3 ≥ h−2 and h−1 ≥ 1 gives (3.1).
If φ is Morse, its critical points on O are finite, and |dφ(x)| ≥ c|x−p| near each critical point p. Let

η be supported in such a neighborhood and have zero boundary trace. Its zero extension belongs to
H1(R2), including when p ∈ ∂O. Integration by parts in R2 gives 2∥η∥2L2 = −2Re

´
(x−p) ·∇η η dx.

The Cauchy–Schwarz and Young inequalities give h−1∥η∥2L2 ≤ C(∥dη∥2L2 + h−2∥|dφ|η∥2L2). Away
from the critical points, this follows from the positive lower bound for |dφ|. Summing with a fixed
partition of unity introduces only a term C∥w∥2L2 , which is absorbed into h−1∥w∥2L2 for small h. The
unconvexified estimate above controls the resulting gradient and weighted terms. It gives the Morse
estimate without the additional factor h−1 on the right.

Let w ∈ H2(O) ∩H1
0 (O), and choose wk ∈ C∞(O) ∩H1

0 (O) with wk → w in H2(O). For fixed h,
the conjugated operator is continuous from H2(O) to L2(O), since V ∈ L∞(O). The normal traces

converge in H1/2(∂O) and hence in L2(∂O). Applying the estimates to wk and passing to the limit
proves both versions for w. □

Remark 3.3. The conformal coordinates are chosen separately near the boundary components, and
the local estimates are combined by a partition of unity. No conformal map of the whole domain
to an annulus is needed, so O need not be doubly connected. The estimate (3.1) applies to both φ2

and −φ2 on Ω̃2, since they are nonconstant harmonic functions with zero normal derivative on ∂D2.
The additional factor h−1 on the right changes only the power of h−1 in the upper bound and does
not affect the contradiction with the exponential lower bound in Section 4.

Lemma 3.4. Let D ⋐ Ω ⋐ Ω̃, where D and Ω̃ have smooth boundaries and dist(∂D, ∂Ω̃) > 0. Let

v ∈ H2(Ω̃ \ D) satisfy v = 0 on ∂D, and assume that its outer traces v|
∂Ω̃

and ∂νv|∂Ω̃ belong to

W 2,∞(∂Ω̃). Then there exists g ∈ W 2,∞(Ω̃ \D), supported in a fixed collar of ∂Ω̃, such that g = v

and ∂νg = ∂νv on ∂Ω̃, and

(3.7) ∥g∥
W 2,∞(Ω̃\D)

≤ C
(
∥v∥

W 2,∞(∂Ω̃)
+ ∥∂νv∥W 2,∞(∂Ω̃)

)
,
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where C > 0 depends only on Ω̃ and the chosen collar.

Proof. Let κ(s, y′) := y′−sν(y′) be the inward normal coordinate map in a fixed collar of ∂Ω̃ disjoint
from D. Put a := v|

∂Ω̃
and b := ∂νv|∂Ω̃. Choose η ∈ C∞

c ([0, δ)) equal to one near zero, and define
g(κ(s, y′)) := (a(y′) − sb(y′))η(s) in the collar and g = 0 outside it. Since η vanishes for s near δ,

this definition gives g ∈ W 2,∞(Ω̃ \D). The identity ∂ν = −∂s at s = 0 gives the required traces a
and b.

The boundary W 2,∞ norms use tangential derivatives in fixed smooth charts. Tangential deriva-
tives of g of order at most two involve only the corresponding derivatives of a and b. Its normal
derivatives are ∂sg = −bη+(a−sb)η′ and ∂2sg = −2bη′+(a−sb)η′′, and the mixed derivatives involve
at most one tangential derivative of a and b. The collar map and its inverse have fixed bounded
derivatives of the required orders. These formulas give (3.7). □

Proposition 3.5. Let D ⋐ Ω ⋐ Ω̃, where D and Ω̃ have smooth boundaries and Ω̃ \D is connected.

Let φ ∈ C∞(Ω̃ \ D) be a real-valued nonconstant harmonic function satisfying ∂νφ = 0 on ∂D.

For every V ∈ L∞(Ω̃ \ D) there exist C > 0 and h0 > 0 such that, for all 0 < h < h0 and all

v ∈ H2(Ω̃ \D) with v = 0 on ∂D and outer traces v|
∂Ω̃
, ∂νv|∂Ω̃ ∈W 2,∞(∂Ω̃), the following estimate

holds with N = 5:

h−1∥v∥2
L2(Ω̃\D)

+ h−2∥|dφ|v∥2
L2(Ω̃\D)

+ ∥dv∥2
L2(Ω̃\D)

+ ∥∂νv∥2L2(∂D)

≤ Ch−N
(
∥e−φ/h(−∆+ V )eφ/hv∥2

L2(Ω̃\D)
+ B

∂Ω̃
(v)

)
,

(3.8)

where

(3.9) B
∂Ω̃

(v) := ∥v∥2
W 2,∞(∂Ω̃)

+ ∥∂νv∥2W 2,∞(∂Ω̃)
.

Proof. Set O := Ω̃ \D, Γ0 := ∂D, and Γ := ∂Ω̃. Let g be the function constructed in Lemma 3.4,

and set w := v − g ∈ H2(O) ∩H1
0 (O). Then w = 0 on ∂O, ∂νw = ∂νv on ∂D, and ∂νw = 0 on ∂Ω̃.

Proposition 3.2 gives

h−1∥w∥2L2(O) + h−2∥|dφ|w∥2L2(O) + ∥dw∥2L2(O) + ∥∂νv∥2L2(∂D) ≤ Ch−1∥Pφ,hw∥2L2(O),(3.10)

where Pφ,h := e−φ/h(−∆+V )eφ/h. The term on ∂Ω̃ vanishes because ∂νw = 0 there. Since w = v−g,

∥Pφ,hw∥2L2(O) ≤ 2∥Pφ,hv∥2L2(O) + 2∥Pφ,hg∥2L2(O).

Since ∆φ = 0, we have

Pφ,hg = −∆g − 2h−1⟨dφ, dg⟩ − h−2|dφ|2g + V g.

For 0 < h ≤ 1, this gives |Pφ,hg| ≤ Ch−2∥g∥W 2,∞(O) almost everywhere. Lemma 3.4 gives

(3.11) ∥Pφ,hg∥2L2(O) ≤ Ch−4B
∂Ω̃

(v).

It also gives

h−1∥g∥2L2 + h−2∥|dφ|g∥2L2 + ∥dg∥2L2 ≤ Ch−2B
∂Ω̃

(v).

Apply |a+ b|2 ≤ 2|a|2+2|b|2 to v = w+ g, its gradient, and its product with |dφ|. The inner normal
derivative is unchanged because g vanishes near ∂D. Combining these bounds with (3.10)–(3.11)
gives

h−1∥v∥2L2(O) + h−2∥|dφ|v∥2L2(O) + ∥dv∥2L2(O) + ∥∂νv∥2L2(∂D) ≤ Ch−1∥Pφ,hv∥2L2(O) + Ch−5B
∂Ω̃

(v).

Since h−1 ≤ h−5 for 0 < h ≤ 1, this proves (3.8) with N = 5. □
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4. Unique determination of the obstacle

In this section, we use the extensions and phases constructed in Section 2. The extended potentials

satisfy q1 ∈ C1,α(Ω̂1), q2 ∈ L∞(Ω̃2), and q1 = q2 in ω. The domains Ω̃j are connected. The functions

φj are nonconstant harmonic, have the same nonconstant trace on ∂Ω̃, and satisfy ∂νφj = 0 on ∂Dj .
Only φ1 is required to be Morse; φ2 is the Carleman weight for the second configuration.

Theorem 4.1. Under the assumptions of Theorem 1.2, suppose that D1 ̸= D2, and use the exten-
sions constructed in Section 2. There exist σ ∈ {1,−1}, an amplitude in Lemma 2.1, and h∗ > 0
such that, for every 0 < h < h∗, the CGO solution u1,σ,h has a nonzero trace fh := u1,σ,h|∂Ω satisfying

ΛD1,q1fh ̸= ΛD2,q2fh.

We first prove that equality of the auxiliary harmonic functions in ω implies equality of the
obstacles. When the obstacles differ, the sign of their difference determines which CGO phase to
use. We then compare the weighted solution for the second configuration with this CGO solution.

4.1. Recovery of the obstacle from phase equality. Let

F := Ω̃ \ (D1 ∪D2),

and let G be the union of all connected components of F that meet ω. Hence, ω ⊂ G, and every
connected component of G contains a nonempty open part of ω. This definition includes the collars
of all components of ∂Ω. A sufficiently thin two-sided collar of ∂Ω is disjoint from both obstacles,
and each of its components meets ω, so the whole collar lies in G.

For j = 1, 2, define

D∗
j := (Ω̃ \G) ∩ (Ω̃ \Dj).

The set D∗
j consists of points in the exterior of Dj that lie outside G. It is open. Since ω and the

two-sided collar of ∂Ω lie in G, one has D∗
j ⋐ Ω. We will apply an energy identity on these sets.

Their boundaries need not be smooth, and the following argument does not require F or G to have
finitely many connected components.

Lemma 4.2. If D1 ̸= D2, then at least one of D1 \D2 and D2 \D1 is nonempty.

Proof. If both differences were empty, then D1 ⊂ D2 and D2 ⊂ D1, giving D1 = D2. Every open
set with smooth boundary satisfies Dj = intDj , so equality of the closures gives D1 = D2. □

Lemma 4.3. If D1 ̸= D2, then at least one of D∗
1 and D∗

2 has a nonempty interior.

Proof. By Lemma 4.2, at least one of D2 \D1 and D1 \D2 is nonempty. Suppose D2 \D1 ̸= ∅. Since
G ∩D2 = ∅ and D2 is open, we also have G ∩D2 = ∅: any point in that intersection would have a
ball contained in D2 that meets G. It follows that D2 \D1 ⊂ D∗

1. The set on the left is open and
nonempty. The other case gives D1 \D2 ⊂ D∗

2 by the same argument. □

We use L2 for Lebesgue measure on R2 and H1 for one-dimensional Hausdorff measure. If a
measurable set A ⊂ R2 has locally finite perimeter, its characteristic function has a distributional
derivative DχA which is a vector-valued Radon measure. The reduced boundary ∂∗A consists of

those x ∈ supp |DχA| for which νA(x) := − limr↓0
DχA(B(x,r))
|DχA|(B(x,r)) exists and has length one. At these

points, the rescaled sets converge locally in measure to the half-plane {y : y ·νA(x) < 0}. The vector
νA is the measure-theoretic exterior normal, and DχA = −νAH1 ↾∂∗A, with |DχA| = H1 ↾∂∗A. We
use [AFP00, Definitions 3.35 and 3.54, Theorem 3.59] for finite perimeter, reduced boundaries, and
the structure theorem, and [AFP00, Theorem 3.36] for Gauss–Green. Our exterior normal is the
negative of the inner normal used in that reference.
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Lemma 4.4. The sets D∗
1 and D∗

2 are bounded sets of finite perimeter. For j = 1, 2, one has
H1(∂∗D∗

j \ (∂Dj ∪ ∂G)) = 0 and H1(∂∗D∗
j \ (∂D1 ∪ ∂D2)) = 0.

Proof. The smooth sets D1, D2, and Ω̃ have finite perimeter, and their boundaries have zero area.

The set F agrees almost everywhere with Ω̃ ∩ Dc
1 ∩ Dc

2 and has finite perimeter. Since F is open,
its connected components are open. Both G and F \ G are unions of these components, so G is
also closed relative to F . Every point of ∂G belongs to F \ F . In particular, ∂G ⊂ ∂F ⊂ Σ, where

Σ := ∂Ω̃ ∪ ∂D1 ∪ ∂D2 is a finite union of smooth compact curves.
We verify the finite perimeter of G without counting its components. Let ηδ be a standard mollifier

supported in B(0, δ) and put gδ := χG ∗ηδ. If dist(x, ∂G) > δ, the characteristic function is constant
on B(x, δ), so ∇gδ(x) = 0. Also, ∥∇gδ∥L∞ ≤ Cδ−1. The fixed smooth curves forming Σ have a
δ-neighborhood of area at most Cδ. It follows that

´
R2 |∇gδ| dx ≤ C. Since gδ → χG in L1, passage

to the limit in
´
gδ divX for X ∈ C1

c (R2;R2) with |X| ≤ 1 proves |DχG|(R2) ≤ C. Thus G has finite
perimeter. The inclusion ∂G ⊂ Σ also gives L2(∂G) = 0.

Set D̂j := Ω̃ ∩ Gc ∩ Dc
j , where the complements are taken in R2. From the definition of D∗

j ,

one has D∗
j ⊂ D̂j and D̂j \ D∗

j ⊂ ∂G ∪ ∂Dj . We proved that L2(∂G) = 0, and the smooth

boundary ∂Dj also has zero area. The characteristic functions ofD
∗
j and D̂j agree almost everywhere.

Finite-perimeter intersection calculus gives finite perimeter of the bounded set D̂j . Since the two
characteristic functions are the same element of L1(R2), their distributional derivatives and total
variation measures agree. The definition of the reduced boundary then identifies their reduced
boundaries and measure-theoretic normals, up to an H1-null set. This proves that D∗

j has finite
perimeter.

For finite-perimeter sets A and B, the intersection formula in [Mag12, Theorem 16.3] gives

(4.1) H1
(
∂∗(A ∩B) \ (∂∗A ∪ ∂∗B)

)
= 0.

Apply (4.1) first to Ω̃ ∩Gc and then to its intersection with Dc
j . This gives ∂

∗D̂j ⊂ ∂∗Ω̃ ∪ ∂∗(Gc) ∪
∂∗(Dc

j) up to an H1-null set. For a finite-perimeter set and its complement, the distributional
derivatives have opposite signs, and the total variation measures agree. Their reduced boundaries

coincide, with opposite normals. The smooth sets Ω̃ and Dj have their classical boundaries as
reduced boundaries, and ∂∗G ⊂ ∂G because G is open. Using the almost-everywhere identification

of D∗
j with D̂j , we obtain ∂∗D∗

j ⊂ ∂Ω̃ ∪ ∂G ∪ ∂Dj up to an H1-null set.

To exclude the outer boundary, choose a sufficiently thin collar of ∂Ω̃ inside Ω̃. Since Ω ⋐ Ω̃,

this collar lies in ω ⊂ G and is disjoint from D∗
j . Outside Ω̃, the characteristic function of D∗

j is

zero by definition. It is zero on a full neighborhood of ∂Ω̃, so its distributional derivative has no
support there. The preceding inclusion reduces to ∂∗D∗

j ⊂ ∂G ∪ ∂Dj up to an H1-null set. Finally,

∂G ⊂ ∂Ω̃ ∪ ∂D1 ∪ ∂D2, and the outer boundary has already been excluded. This proves both
assertions. □

For a finite-perimeter set T , the normal derivative used below is

∂νT φ := ∇φtr · νT on ∂∗T ,

where νT is the measure-theoretic exterior normal. When a boundary point lies on ∂Dj , the gradient

trace of φj is taken from Ω̃j . Since φj is smooth up to ∂Dj , it admits a C2 extension across that
boundary with the same gradient trace. This extension allows us to apply Gauss–Green on D∗

j .

Lemma 4.5. Let T ⊂ R2 be a bounded set of finite perimeter. Let U ⊂ R2 be an open neighborhood
of T , and let φ ∈ C2(U) be real-valued and satisfy ∆φ = 0 for L2-almost every point of T . Assume
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that ∇φ · νT = 0 for H1-a.e. point of ∂∗T . Thenˆ
T
|∇φ|2 dx = 0.

Proof. Choose χ ∈ C∞
c (U) equal to one on a neighborhood of the compact set T . The vector field

X := χφ∇φ, extended by zero outside U , belongs to C1
c (R2;R2). Since ∆φ = 0 almost everywhere

in T , the Gauss–Green formula givesˆ
T
|∇φ|2 dx =

ˆ
T
divX dx =

ˆ
∂∗T

φ∇φ · νT dH1 = 0.

□

Lemma 4.6. If φ1 = φ2 in ω, then φ1 = φ2 in G.

Proof. The difference w := φ1 − φ2 is harmonic in G. Every connected component Gα meets ω in a
nonempty open set where w = 0. Unique continuation gives w = 0 in each Gα. □

Lemma 4.7. Assume that φ1 = φ2 in ω. Then

∂νD∗
j
φj = 0 for H1-almost every point of ∂∗D∗

j and j = 1, 2,

with the gradient trace taken as described above.

Proof. By Lemma 4.6, φ1 = φ2 in G. Set T := D∗
1. Lemma 4.4 reduces the proof to the parts of

∂∗T in ∂D1 and in ∂G \ ∂D1, up to an H1-null set.
Let n1 be the exterior normal to D1. At a reduced boundary point x ∈ ∂∗T ∩ ∂D1, the blow-up

of T is the half-plane {y : y · νT (x) < 0}. The smooth exterior of D1 has blow-up {y : y ·n1(x) > 0}.
The inclusion T ⊂ Ω̃ \ D1 passes to these limits in local measure. Two half-planes through the
origin, one contained in the other up to a null set, are equal. It follows that νT (x) = −n1(x) for
almost every point under consideration. The exterior trace of φ1 satisfies ∂n1φ1 = 0, so its scalar
product with νT is zero. This argument includes the points of ∂D1 ∩ ∂D2; the intersection is not
assumed to have zero length.

Now take x ∈ ∂∗T ∩ (∂G \ ∂D1) outside the exceptional null set. This point lies on ∂D2 and

is separated from ∂Ω̃. Since G ∩ D1 = ∅ and x /∈ ∂D1, one has x /∈ D1. Choose a boundary

neighborhood W ⋐ Ω̃ disjoint from D1, small enough that W \ D2 is connected. This set equals
F ∩W and meets G, because x ∈ ∂G. As a connected subset of F , it lies in a single component of
F , and that component belongs to G. We have G ∩W =W \D2 and T ∩W = D2 ∩W .

On W \ D2, the functions φ1 and φ2 agree. The first is smooth across ∂D2 in W , while the
second is smooth up to that boundary from the exterior. Their gradient traces agree there. With
n2 the exterior normal to D2, this gives ∇φ1(x) ·n2(x) = ∂n2φ2(x) = 0. The local identity T ∩W =
D2 ∩W gives νT = n2. Both boundary parts have zero normal trace, proving the assertion for D∗

1.
Interchanging the indices proves it for D∗

2. □

Lemma 4.8. If φ1 = φ2 in ω, then D1 = D2.

Proof. Suppose D1 ̸= D2. Lemma 4.3 gives an index j for which the open set D∗
j is nonempty. The

function φj is harmonic in Ω̃j and smooth up to ∂Dj from the exterior. Extend it as a C2 function

across ∂Dj . Since D∗
j ⋐ Ω, this gives a C2 function on a neighborhood of D∗

j , unchanged on D∗
j and

with the same gradient traces. The extension is not required to be harmonic inside Dj ; it remains
harmonic on D∗

j .
Lemma 4.7 gives the zero normal trace required by Lemma 4.5. Applying that lemma gives´

D∗
j
|∇φj |2 dx = 0. Continuity of the gradient and openness of D∗

j imply that φj is constant on a
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ball contained in D∗
j . The domain Ω̃j is connected by the collar construction. Unique continuation

applied to φj minus this constant makes it constant throughout Ω̃j , contradicting its nonconstant

trace on ∂Ω̃. □

4.2. Choice of the CGO solution and the polynomial upper bound. For distinct obstacles,
Lemma 4.8 gives a nonzero difference of the comparison functions in ω.

Lemma 4.9. If D1 ̸= D2, then there exist a sign σ ∈ {1,−1}, a ball B ⋐ ω, and a constant c > 0
such that dψ1 ̸= 0 on B and

(4.2) σ(φ1 − φ2) ≥ 2c in B.

Proof. Lemma 4.8 implies that φ1 − φ2 does not vanish identically in ω. Choose its sign σ so that
U := {x ∈ ω : σ(φ1 − φ2)(x) > 0} is nonempty. By the Cauchy–Riemann equations, the zeros of
dψ1 are the critical points of Φ1. They are isolated, so the open set U contains a point x1 with
dψ1(x1) ̸= 0. Continuity gives a ball B centered at x1, with B ⊂ U , on which |dψ1| has a positive
lower bound. Reducing the radius if necessary gives a constant c > 0 for which (4.2) holds. □

Fix σ, B, and c from Lemma 4.9. Choose the amplitude aσ in Lemma 2.1, independent of h and
not identically zero on B, and use the resulting family

(4.3) u1,σ,h = eσΦ1/h(aσ + rσ,h)− eσΦ1/h(aσ + rσ,h) + eσφ1/hr̃σ,h.

Set fh := u1,σ,h|∂Ω. The configurations, phases, sign, and amplitude are fixed from now on. Constants
may depend on these choices but are independent of h.

Lemma 4.10. Assume that ΛD1,q1fh = ΛD2,q2fh, and let u2 solve (2.3) with f = fh. Extension by

u2 := u1,σ,h in ω gives an H2(Ω̃2) weak solution of (−∆+ q2)u2 = 0.

Proof. Lemma 2.1 gives u1,σ,h ∈ H2(Ω̃1) with zero trace on ∂D1. Its trace on ∂Ω is fh, and the

extended potentials agree in ω. Hence, Lemma 2.2 gives an H1(Ω̃2) weak solution.

The joined solution has zero Dirichlet trace on ∂D2 and the trace of u1,σ,h on ∂Ω̃. The latter

belongs to H3/2(∂Ω̃) because this boundary lies in the interior of Ω̂1, where u1,σ,h is H2. Choose

E ∈ H2(Ω̃2) with this outer trace and vanishing near ∂D2. Then w := u2 − E ∈ H1
0 (Ω̃2) satisfies

−∆w = −q2u2 +∆E ∈ L2(Ω̃2).

Dirichlet regularity for the Laplacian gives w ∈ H2(Ω̃2) and hence u2 ∈ H2(Ω̃2). This step uses
only the boundedness of the extended q2 and does not require a spectral assumption on the enlarged
Schrödinger operator. □

Assuming equality of the Neumann data for fh, we estimate the weighted solution for the second
configuration. We first bound the outer boundary values of the weighted CGO solution.

Lemma 4.11. On the interior side of a collar of ∂Ω̃, set v1 := e−σφ2/hu1,σ,h. There exist C > 0
and h0 > 0, independent of h, such that

(4.4) B
∂Ω̃

(v1) ≤ Ch−8, 0 < h < h0.

Proof. Choose a fixed two-sided neighborhood U0 ⋐ Ω̂1 of ∂Ω̃, small enough that U0 ∩ Ω̃ ⊂ ω.

Extend φ2 smoothly to U0, independently of h, keeping its original values on U0 ∩ Ω̃, and define

v1 := e−σφ2/hu1,σ,h there. Set θ := σ(φ1 − φ2). Since φ1 = φ2 on ∂Ω̃, we have

|θ(x)| ≤ C dist(x, ∂Ω̃), x ∈ U0,
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after reducing U0 if necessary. For a fixed small c0 > 0, set

Uh := {x ∈ U0 : dist(x, ∂Ω̃) < c0h},
then |θ|/h is uniformly bounded on Uh. The CGO representation (4.3) and the remainder estimates
give

∥v1∥L2(Uh) ≤ C
(
|Uh|1/2 + ∥rσ,h∥L2(Ω̂1)

+ ∥r̃σ,h∥L2(Ω̂1)

)
≤ C.

In U0, the function v1 satisfies

−h2∆v1 − 2σh∇φ2 · ∇v1 + (h2q1 − σh∆φ2 − |∇φ2|2)v1 = 0.

The term ∆φ2 is included because the extension outside Ω̃ need not be harmonic. Choose 0 < γ <

c0/4. For x0 ∈ ∂Ω̃ and small h, the ball B(x0, 2γh) is contained in Uh. Define Vh,x0(y) := v1(x0+hy).
In B(0, 2γ) it solves

−∆yVh,x0 − 2σ∇φ2(x0 + hy) · ∇yVh,x0 + (h2q1 − σh∆φ2 − |∇φ2|2)(x0 + hy)Vh,x0 = 0.

The first- and zeroth-order coefficients have uniformly bounded C1,α norms, since q1 ∈ C1,α(Ω̂1) and
the extension of φ2 is fixed and smooth. The two-dimensional change of variables gives

∥Vh,x0∥L2(B(0,2γ)) = h−1∥v1∥L2(B(x0,2γh)) ≤ Ch−1.

Choose p > 2/(1− α) and put β := 1− 2/p > α. Interior elliptic regularity on nested balls gives an
H2 bound by C∥Vh,x0∥L2(B(0,2γ)). In dimension two, this also bounds the W 1,p norm. The interior

Lp estimate then gives a W 2,p bound, and Sobolev embedding gives a C1,β bound. Writing the
equation as ∆yVh,x0 = Ah,x0 · ∇yVh,x0 + Bh,x0Vh,x0 , the right-hand side has C0,α norm bounded by
the same quantity. A Schauder estimate gives a C2,α bound. Since the coefficients have uniform
C1,α bounds, the right-hand side now has a C1,α bound, and a second Schauder estimate yields

∥Vh,x0∥C3,α(B(0,γ))
≤ C∥Vh,x0∥L2(B(0,2γ)) ≤ Ch−1.

All constants are independent of x0 and h. Returning to the original variables yields

|∂µxv1(x0)| ≤ Ch−|µ|−1, |µ| ≤ 3.

The coefficients of the tangential derivatives and of the normal field on ∂Ω̃ are fixed and smooth.
The preceding bounds give ∥v1∥W 2,∞(∂Ω̃)

≤ Ch−3 and ∥∂νv1∥W 2,∞(∂Ω̃)
≤ Ch−4. Squaring and using

(3.9) proves (4.4). □

Lemma 4.12. There exist C > 0 and h0 > 0, depending on the fixed configurations, phases, and
amplitude, such that for every 0 < h < h0 the following holds. If ΛD1,q1fh = ΛD2,q2fh, the solution
from Lemma 4.10 satisfies

(4.5) ∥e−σφ2/hu2∥L2(Ω̃2)
≤ Ch−6.

Proof. Set v := e−σφ2/hu2. The glued equation gives{
e−σφ2/h(−∆+ q2)e

σφ2/hv = 0 in Ω̃2,

v = 0 on ∂D2.

Lemma 4.10 gives v ∈ H2(Ω̃2). On an interior collar of ∂Ω̃, it agrees with v1, whose Dirichlet and

normal traces belong to W 2,∞(∂Ω̃) by Lemma 4.11. Hence, Proposition 3.5 applies with weight σφ2

and V = q2.
The conjugated equation term is zero, and B

∂Ω̃
(v) = B

∂Ω̃
(v1). Proposition 3.5 with N = 5 and

Lemma 4.11 give
h−1∥v∥2

L2(Ω̃2)
≤ Ch−5B

∂Ω̃
(v) = Ch−5B

∂Ω̃
(v1) ≤ Ch−13.
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The last inequality gives ∥v∥2
L2(Ω̃2)

≤ Ch−12, which proves (4.5). □

4.3. The oscillatory lower bound and the contradiction.

Lemma 4.13. Let B ⋐ ω be a ball such that dψ1 ̸= 0 on B, and let a be holomorphic in a
neighborhood of B and not identically zero on B. Then, for each σ ∈ {1,−1}, there exist constants
cB > 0 and hB > 0 such that

∥eiσψ1/ha− e−iσψ1/ha∥L2(B) ≥ cB

for all 0 < h < hB.

Proof. Put bh := eiσψ1/ha− e−iσψ1/ha. Expanding the squared modulus gives

∥bh∥2L2(B) = 2

ˆ
B
|a|2 dx− 2Re

ˆ
B
e2iσψ1/ha2 dx.

Since |∇ψ1| has a positive lower bound on B, the coarea formula givesˆ
B
e2iσψ1/ha2 dx =

ˆ
R
e2iσt/hA(t) dt, A(t) :=

ˆ
B∩{ψ1=t}

a2

|∇ψ1|
dH1.

The function A is defined for almost every t and is set to zero outside ψ1(B). A second application
of coarea gives ∥A∥L1(R) ≤

´
B |a|2 dx. The Riemann–Lebesgue lemma makes the oscillatory integral

tend to zero as h ↓ 0, for either sign σ. In particular, ∥bh∥2L2(B) → 2
´
B |a|2 dx > 0. One may take

cB = (
´
B |a|2 dx)1/2 after decreasing hB. □

Lemma 4.14. There exists h∗ > 0 such that, for every 0 < h < h∗, one cannot have

ΛD1,q1fh = ΛD2,q2fh.

Proof. Take h > 0 small enough for the preceding constructions and estimates, and suppose that
ΛD1,q1fh = ΛD2,q2fh. Let u2 be the solution extended by Lemma 4.10. Lemma 4.12 gives

(4.6) ∥e−σφ2/hu2∥L2(Ω̃2)
≤ Ch−6,

where C is independent of this choice of h. In B ⋐ ω, the glued solution equals u1,σ,h. By (4.3),

e−σφ2/hu2 = eσ(φ1−φ2)/h(bh +Rh), bh := eiσψ1/haσ − e−iσψ1/haσ,

where Rh := eiσψ1/hrσ,h−e−iσψ1/hrσ,h+r̃σ,h. The remainder bounds give ∥Rh∥L2(B) ≤ 2∥rσ,h∥L2(Ω̂1)
+

∥r̃σ,h∥L2(Ω̂1)
= o(1).

Lemma 4.13 gives ∥bh∥L2(B) ≥ cB for every sufficiently small h. Decrease the upper bound on
h so that also ∥Rh∥L2(B) ≤ cB/2. The triangle inequality gives ∥bh + Rh∥L2(B) ≥ cB/2. Since
σ(φ1 − φ2) ≥ 2c throughout B, multiplication by this real exponential gives

∥e−σφ2/hu2∥L2(B) ≥ e2c/h∥bh +Rh∥L2(B) ≥
cB
2
e2c/h.

The inclusion B ⊂ Ω̃2 and (4.6) imply (cB/2)e
2c/h ≤ Ch−6. Since h6e2c/h → ∞, this is impossible for

all sufficiently small h. Choose h∗ > 0 below this threshold and those of the preceding constructions.
Equality of the Neumann data is excluded for every 0 < h < h∗. □

Proof of Theorem 4.1. Assume D1 ̸= D2. Choose σ, B, and c by Lemma 4.9, and form the CGO
family above with fh := u1,σ,h|∂Ω. Lemma 4.14 gives ΛD1,q1fh ̸= ΛD2,q2fh, for every sufficiently small
h. Both DN maps send zero to zero, so every such fh is nonzero. This proves the assertion. □

Proof of Theorem 1.2. If D1 = D2, the assertion holds for any nonzero boundary value. If D1 ̸= D2,
Theorem 4.1 supplies a nonzero CGO trace f for which ΛD1,q1f ̸= ΛD2,q2f . For this choice of f ,
equality of the Neumann data can therefore hold only when D1 = D2. □
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5. Unique determination of the potential

Proof of Corollary 1.3. By Theorem 1.2, (1.3) implies D1 = D2 =: D. Set O := Ω \ D. Equality
of the outer DN maps gives equality of the partial Cauchy data on O, with measurements on ∂Ω
and zero Dirichlet values on ∂D. Since q1, q2 ∈ C1,α(O) are real-valued, [GT11, Theorem 1.1] gives
q1 = q2 in O. □
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