A SCHIFFER-TYPE INVERSE OBSTACLE PROBLEM FOR THE PLANAR
SCHRODINGER EQUATION

TONY LIIMATAINEN, YI-HSUAN LIN, AND PETRI OLA

ABSTRACT. We prove that the Dirichlet-to-Neumann map for the planar Schrédinger equation
uniquely determines both an interior sound-soft obstacle and its surrounding potential. For any
two configurations with different obstacles, we construct a single boundary datum for which the cor-
responding Neumann measurements differ. The obstacles may have several connected components,
and no convexity or analyticity assumptions are imposed. Neither potential is required to be known
near the measurement boundary.
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DISCLAIMER

This is a preliminary version, released rapidly because of the urgent pace of Al-driven devel-
opments in the field. The main results, arguments, and statements of this paper were developed
without the use of Al. Al tools were used only for auxiliary mathematical discussions and for as-
sistance with parts of the writing. The authors take full responsibility for the final mathematical
statements and proofs. The authors will improve the presentation in an updated version following
this initial release.

1. INTRODUCTION

In this paper, we investigate the simultaneous recovery of an interior sound-soft obstacle and its
surrounding potential for the Schrédinger equation in a bounded planar domain. We prove that
the Dirichlet-to-Neumann (DN) map on the outer boundary determines both unknowns when the
potentials are real-valued and belong to C1*, with 0 < a < 1. For each fixed pair of configurations
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with different obstacles, we construct one boundary datum for which the Neumann measurements
differ. Neither potential is assumed to be known near the measurement boundary.

Let © C R? be a bounded domain with C* boundary, and let D € € be an obstacle with
smooth boundary. The precise class of obstacles is given below. Throughout the paper, the outer
boundary means the whole of 92, including all its connected components. For a real-valued potential
q € L>®(Q\ D), consider

(-A+q@u=0 inQ\D,
(1.1) u=20 on 0D,
u=f on 0.
We assume that
(1.2) 0 is not a Dirichlet eigenvalue of —A + ¢ in Q\ D.

By the Fredholm alternative, every f € H'/2(9Q) gives a unique solution uy € H'(Q\ D) of (1.1).
The associated DN map is

Apg: HY2(0Q) — HV2(09), f Ouif] 5y

where v is the exterior unit normal to 2 and the normal derivative is understood in the weak sense.
The inverse problem is the following:

(IP) Does the DN map Ap , determine the obstacle D and the surrounding potential ¢ simulta-
neously?

Definition 1.1. Let Q C R? be a bounded domain with C> boundary. We say that D € Q is an
admissible obstacle if

(i) D is a bounded open set,
(ii) 9D s of class C* and has finitely many connected components,

(iii) Q\ D is connected.

We assume that 2\ D is connected, but D itself need not be connected. We write D = Ugil Hy,
where H1, ..., Hy are its pairwise disjoint connected components. Neither their number nor their
shapes are prescribed.

Earlier works. A classical question in inverse scattering is whether a sound-soft obstacle can be
determined from the far-field pattern produced by one incident plane wave at a fixed wave number.
This is commonly called Schiffer’s problem; see | , ]. Uniqueness from all incident directions
at a fixed wave number is recorded in [ ]. For smooth sound-soft obstacles, uniqueness from
one incident plane wave was proved under a size restriction relative to the wave number in [ 1,
and this restriction was relaxed in | |. Local uniqueness near an arbitrary smooth sound-soft
obstacle, at any given wave number and incident direction, was established in | ]. For sound-
soft polyhedral scatterers, uniqueness from one incident plane wave was proved in | |. For each
fixed pair of distinct sound-soft obstacles, | | proves that their far-field patterns differ almost
surely when the wave number or incident direction is chosen at random. Geometric uniqueness
and approximate uniqueness results for source and medium supports were obtained under size and
curvature assumptions in | ]

For a known planar domain, uniqueness of the potential from full Cauchy data for the Schrodinger
equation was established in [ ]. For real-valued C® potentials on a compact Riemann surface
with boundary, uniqueness from Cauchy data on an arbitrary nonempty open subset of the boundary
was proved in [ .

Obstacle recovery in a known inhomogeneous background was studied in [ , ]. For
a known planar inhomogeneous and anisotropic medium, | | determines multiple sound-soft
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defects at low frequency from at most two suitably chosen boundary measurements. For known
elliptic operators with coefficients analytic near the obstacle, | | reconstructs a sound-soft
obstacle with a Lipschitz, nowhere real analytic boundary from one measurement.

When the surrounding medium is also unknown, a two-dimensional simultaneous uniqueness result
was proved in [ | for a simply connected sound-soft obstacle, using Cauchy data on a surround-
ing circle for all incident waves and an interval of wave numbers. For one fixed incident direction,
[ | determines a sound-soft or sound-hard obstacle from far-field patterns over a frequency inter-
val and also recovers the surrounding medium under additional admissibility assumptions. At one
wave number, | | proves simultaneous uniqueness in three dimensions from far-field patterns
for all incident and observation directions, for an admissible class of partially buried obstacles with
planar contacts with the unknown inhomogeneity. These geometric assumptions differ from those of
a smooth obstacle contained in the region where the potential is unknown.

Simultaneous recovery from local boundary data has also been proved under structural assump-
tions on the coefficients. In [ ], the leading and zeroth-order coefficients of a reduced wave
equation and the embedded obstacles are recovered in dimensions n > 2 under piecewise constant
coefficient assumptions. For the Schrodinger equation in three dimensions, | | determines all
derivatives of a smooth potential on the measured part of the outer boundary in the presence of an
unknown obstacle. An additional analyticity assumption on the potential gives global recovery of
the potential, the obstacle, and its boundary condition.

For anisotropic fractional Schrédinger equations, simultaneous recovery of an obstacle and a po-
tential was proved in | ].  Any nonzero exterior Dirichlet value, together with its exterior
Neumann measurement, determines the sound-soft obstacle, while recovery of the potential uses the
exterior DN map. The proof uses nonlocal unique continuation and approximation by solutions with
exterior data. For fractional semilinear equations with an analytic nonlinearity, | ] proves simul-
taneous recovery of a cavity and the nonlinearity from the partial exterior DN map for sufficiently
small data. A single nonzero sufficiently small exterior datum determines the cavity and the values
of the nonlinearity along the corresponding solution.

For semilinear elliptic equations, simultaneous recovery of an unknown cavity and the Taylor
coefficients of a semilinear term was proved in [ |. For the equation Au+a(z,u) = 0, the cavity
result assumes a(x,0) = dya(z,0) = 0. The first linearized equation is therefore the Laplace equation,
and higher-order linearizations determine the remaining Taylor coefficients. Related simultaneous
recovery results for semilinear equations with quadratic gradient terms were obtained in [ ,
Theorem 1.6]. The recovery of cavities and nonlinear coefficients from local boundary data was
extended to nonlinearities involving noninteger powers in [ , Theorem 1.4].

Under piecewise analyticity assumptions, [ , Theorem 2.2] determines a cavity, a scalar dif-
fusion coefficient, and a nonlinear absorption term from local boundary data. For a semilinear
Helmholtz equation with a known constant linear term, | , Theorem 3.1] determines a cavity
and the coefficient of a quadratic nonlinearity from the DN map on the outer boundary. The cor-
responding simultaneous recovery problem for the linear Schrodinger equation is explicitly left open
in | , , ].

The proof is inspired in part by the solution to the Calderén problem for Schrédinger operators
on Riemannian surfaces in | ]. We adapt the comparison of exponential CGO growth with
polynomial bounds from a Carleman estimate whose harmonic weight need not be Morse. This
allows us to determine the obstacle without first recovering the potential.

Finally, let us comment on the announced resolution of the anisotropic Calderén problem. Our
results do not rely or follow from it. Moreover, its method of proof proceeds in local steps that
require numerous or even infinite number of measurements. This contrasts with our main result,
which shows that a single measurement suffices to recover the obstacle.
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Main result. We answer the simultaneous recovery question in dimension two. The main difficulty
is to determine the obstacle without knowing the surrounding potential. Indeed, for two configura-
tions, the corresponding solutions satisfy (—A+q1)(u; —u2) = (g2 — q1)uz in their common exterior,
so equality of the outer Cauchy data does not yield a homogeneous equation for their difference. We
first prove an obstacle recovery result from a single suitably chosen boundary measurement.

Theorem 1.2 (Single measurement recovery of the obstacle). Let @ C R? be a bounded domain
with C* boundary, and let D; € Q be admissible obstacles for j = 1,2. Let g; € CH*(Q\ D;) be
real-valued for j = 1,2, where 0 < o < 1. Assume that 0 is not a Dirichlet eigenvalue of —A 4 q; in
Q\ D;j for j =1,2, and let Ap, q; be the DN map associated with

(—A+qj)uj =0 ZTLQ\E,
u] = 0 on 8.D],
uj = f on O€2.

For each fized pair of configurations (Dy,q1) and (Da,qs), there exists a nonzero f € HY?(9Q),
which may depend on both configurations, such that

AD17Q1 f= AD27Q2 f

implies D1 = Dy. When D1 # Do, we may choose f to be the trace on 02 of a CGO solution of
(A +q)u =0 with u =0 on dD;.

Moreover, the following result answers (IP).
Corollary 1.3 (Simultaneous recovery). Under the assumptions of Theorem 1.2, suppose that
(1.3) Apyaf =Apygof forall f € HY?(9Q).
Then Dy = Dy =: D and q1 = q2 in Q\ D.

The obstacles may have several connected components, and no convexity or analyticity is imposed.
Neither potential is required to be known near the outer boundary.

Remark 1.4. The datum in Theorem 1.2 may depend on both configurations. For a fized pair with
Dy # D, the construction in Section 4 gives a family of CGO traces indexed by h. Choosing one
sufficiently small value of h gives a single Dirichlet datum whose Neumann measurements distinguish
that pair. Corollary 1.8 assumes equality of the DN maps for all boundary data and uses this
additional information to recover the potential. Since the potentials are real-valued, if a complex
datum gives different Neumann measurements, then at least one of its real and imaginary parts does
also. Thus the distinguishing datum may be taken real-valued.

Outline of the proof. We extend ¢; to a larger domain, preserving its C1® regularity. We extend
g2 by using the same function outside Q and keeping its original values in Q\ Ds. The two extended
potentials therefore agree in the added collar. The extension of g» belongs to L*° and may jump
across 0f). If the original solutions u; and uo have the same Cauchy data on 912, we extend us by
u1 in the collar. Equality of the Dirichlet and Neumann traces makes this joined function a weak
solution for the extended gs.

Using | |, we construct a holomorphic Morse phase ®; = ¢ + it); with ¢y = 0 on 9D;.
The Cauchy—Riemann equations give d,p1 = 0 there. On the enlarged exterior of Do, we choose
the harmonic function @9 with the same Dirichlet values as 7 on the enlarged outer boundary and
with d,2 = 0 on dDs. A finite-perimeter energy argument proves that ¢; = 9 in the added
collar implies D1 = Dy. This argument applies without a transversality assumption on the obstacle
boundaries.
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If Dy # Dy, there are a ball in the added collar and a sign o € {1, —1} such that o(¢1 — p2) has a
positive lower bound on that ball. We choose a CGO solution u 5, with phase c®; and use its trace
on 0f) as the Dirichlet datum. If the Neumann measurements agreed, the joined solution uo would
belong to H? on the enlarged exterior of Dy. The Carleman estimate with weight 0@y would give a
polynomial upper bound for ||e=7%2/Puy|[ ;2. On the chosen ball, the joined solution equals the CGO
solution, whose representation gives an exponential lower bound for the same norm. These bounds
are incompatible for all sufficiently small A. The Carleman estimate allows degenerate critical points

of »2.
Once Dy = Dy =: D is known, equality of the outer DN maps gives equality of the partial Cauchy
data on Q\ D, with measurements on 952 and zero Dirichlet values on 0D. Applying | , Theorem

1.1] on this fixed domain determines the potential.

Organization of the article. The paper is organized as follows. In Section 2, we extend the
potentials and construct the harmonic phases and CGO solutions. In Section 3, we prove the
Carleman estimate. We then determine the obstacle in Section 4 and recover the potential in
Section 5.

2. PRELIMINARIES

Let D be an admissible obstacle and let ¢ € L>(Q \ D) be real-valued and satisfy (1.2). Set
O :=Q\ D and Ay(u,v) := [(Vu-V0+quv)dz. The Fredholm alternative gives a unique solution
up € HY(O) of (1.1) for every f € H'Y2(0), with lugll o) < Clf a2 00)-

For g € H'/?(99), choose Eg € H'(O) with trace g on 99, zero trace on 9D, and 1Egll 0y <
Cllgll grr/2(p0)- Define (Apgf.g) = Ag(us, Eg), with the pairing conjugate linear in g. This is
independent of Eg, since the difference of two such extensions belongs to H}(O) and uy solves the
equation weakly. The preceding bounds give [|[Apqf|g-1/2(00) < Cllfllg1/2(90)- Since ¢ is real-
valued, AD7q? = Apqf, so equality of the DN maps on real data also gives equality on complex
data. No spectral assumption is imposed on the enlarged domains below.

We now work with the two configurations in Theorem 1.2. Choose smooth domains Q and § with
QeQel by adjoining sufficiently thin exterior collars to each component of 92. Set

w=0\Q, ﬁj = (NZ\E, Q= Q\ﬁl
Each added collar meets the original connected exterior domain, so these enlarged exterior domains
are connected.

Choose a real-valued C1® extension of ¢ to Ql by extending it in smooth boundary charts, and
continue to denote this extension by q1. On 9, define

ext L Q2(5U)7 WS Q\l)ig7
@)= {(h(l‘), T € w.

The values on 02 may be assigned arbitrarily. The resulting function belongs to Loo(ﬁg) and may
have a jump across 9. In arguments on the enlarged domains, we write g2 for ¢§**. Thus, ¢1 = ¢2
in w by construction. For j = 1,2, the extended ¢; agrees with the original potential in Q\ D;. This
equality in the added collar imposes no agreement between the original potentials near 0€). The
extensions are fixed independently of h. N N

The CGO solutions will be constructed in ﬁl and restricted to €1, so that 9N lies strictly inside
their domain of definition.

Choose a nonempty open arc I'y C 99 and set fo :iaﬁl \T'x. Fixp € Q1 and choose § > 0 so that
B(p,9) C Q1. Applying [ , Proposition 2.1] to O gives a holomorphic function ®; = ¢ + i)y
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that is Morse up to the boundary, has a nondegenerate critical point pyg € B(p,d), and satisfies
¢1 =0 on fo.

We also use the boundary regularity supplied by that construction. The function is constructed
on an auxiliary smooth surface whose boundary contains fo, while 8@1 \ fo lies in its interior. Its
imaginary part vanishes on an open boundary neighborhood of fo. Smooth Dirichlet regularity
gives smoothness of ¥ near this boundary set, and the Cauchy—Riemann equations give smoothness
of 1 there. Interior regularity applies at the remaining points of €. Thus, ®; € Coo(ﬁl). Its
critical points on this compact set are nondegenerate and hence form a finite set. The Cauchy—
Riemann equations show that ¢; and 11 have the same critical points as ®;. At each such point,
det D%?¢; = —|®/]? < 0 in a complex coordinate. In particular, both ¢; and —p; are harmonic
Morse functions. N

Since Dy C I'g, one has ¥; = 0 and d,1 = 0 on dD;. The trace of p; on 0N is nonconstant.
Indeed, if that trace were a constant ¢, then w := ¢; — ¢ would have zero Dirichlet data on 02 and
zero normal derivative on 0D;. Green’s formula would give ffh |Vw|? doz = 0. Connectedness and

the outer Dirichlet condition would imply ¢ = ¢ in Q1. This contradicts the nondegenerate critical
point pg in that domain.
Let 2 solve
A(,OQ =0 in 62,
Y2 =®1 on o9,
Oppa =0 on dDs.

The mixed problem has a unique real-valued solution ¢y € Coo(ﬁz), since € is connected, the
Dirichlet boundary is nonempty, and the two boundary conditions are imposed on disjoint smooth
components. The nonconstant outer value ¢1| o5 makes @2 nonconstant.

The CGO construction with boundary correction in [ , Section 4] applies to both ®; and
—®,. We state the representation and remainder estimates needed below.

Lemma 2.1. Let o € {1,—1}, and let B € Q1 be a nonempty open set. There exists an amplitude

G € Coo(ﬁl), holomorphic in ﬁl, independent of h, real-valued on dD1, and not identically zero on
B, such that for all sufficiently small h > 0 the function

(2.1) Uion = "M a0y +14p) — P M (g +757) + 7P,

satisfies

—A oh=0 inQ,
(2.2) {( +q)uren mn

Ut,gp =0 on 0D;.

The remainders satisfy ||7‘a,h||Lz(§1) = O(h) and ”?U’hHm(ﬁl) = O(h3/?|logh|). The amplitude may
be chosen nonzero at py and to vanish to sufficiently high order at every other critical point of ®;

on (All. For each fized h, the restriction of the exact solution uy 4 belongs to Hg(ﬁl) and has zero
trace on O0D;.

Proof. Choose an open boundary neighborhood Fﬂo of fo whose complement contains an open subarc
of T'x. The interpolation result in | , Lemma 2.3] gives a holomorphic amplitude a,, smooth up
to the boundary and real-valued on I‘ﬁ, with a,(pg) # 0 and zeros of sufficiently high order at the
other critical points. If a, vanished identically on the nonempty open set B, its holomorphicity and
the connectedness of Q; would imply a, = 0 throughout Ql, contradicting a,(po) # 0.
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Write Ly := —A +¢q;. By | , Lemma 4.3], the phase 0®; admits a correction s, € H2(y)
satisfying ||s,.nl 2 = O(h) and [|e=7®1/"L1e7®1/"(ay + 5,1)| 12 = O(R|loghl). The term supported
near pg vanishes near the boundary, and the remaining term is h times a fixed H? function. The
boundary function k, := h™1s, | 26, Pelongs to H 3/2 (6@1) and is independent of h, as observed in
[ , proof of Lemma 4.4].

Choose a holomorphic by, € HQ(ﬁl) with Reby, = —Imk, on Fg, using | , Corollary
2.2(ii)], and put ag := ibgs. This function is independent of h and satisfies Imag, = —Imk,. Set
Toh ‘= So.h + haos. The boundary value of a, + rsp is real on fo, and [|rypll2 = O(h). Since
e"(bl/hao’(7 is holomorphic, e“"bl/hLle"q)l/h(haoﬁ) = hqiap,. The residual remains O(h|logh|) in
L?. This is the boundary adjustment in | , Section 4.2], with a real boundary amplitude.

Define F, ), := e?®1/h (q, + Ton) and Wy == Eyp, — Eyp. Both @1 and a, + 74 are real on
fo, so Wy, = 0 there. The real-valued potential gives le = L1E,}. The factors eFiov1/h have
modulus one, and the preceding estimate gives

Fop = e_mpl/hLIWU,ha HthHL2(§1) < Chlloghl|.

The functions W, j, and F,j, are purely imaginary.

Apply | , Lemma 4.5] with weight —o;. Its conjugated operator is Py}, := e—oe1/hL eoe1/h
Writing F, j, = ifs, with f, j, real, solve P, s = — f,  for a real function s with zero Dirichlet data
on fo, and set 7, p, := is. We obtain Py, 75, = —F,p, and |75 5|22 < Ch1/2||Fg,hHL2 < Ch3/?|log hl.
The function u; 44 = Wy p, + e"‘Pl/hﬁ,,h satisfies (2.2) and (2.1).

For fixed h, write u := w1 4 € LQ(ﬁl). At this stage, the zero Dirichlet condition obtained from
[ , Lemma 4.5] is understood in the transposition sense. Combining its weak identity with the
cancellation of the residual of W, gives

/A wLindr =0
931

for every n € Cm(ﬁl) such that 7 = 0 on 99 and d,m = 0 on Q. The normal derivative of 7 is
unrestricted on dD1; this identity expresses the zero Dirichlet condition there. Taking compactly
supported 1 gives Liu = 0 in distributions. Since qiu € L2(§1), interior elliptic regularity gives
u € HIQOC(ﬁl) We next use the same identity to obtain H? regularity and the zero trace at 9D;.

Choose a real-valued x € COO((ATl) equal to one near 0Dy and zero near Q. Set z == xu and
b:=[L1, xJlu=—2Vx - Vu— (Ax)u. The derivatives of x are supported in a compact subset of {1,

sobe LQ((AZl). Let n € Cw(ﬁl) have zero boundary values. Then xn is an admissible test function
in the preceding identity, and

/Aszdx:—/A u[Ll,X]ndx:/ b7 dx.
o o o

The last equality follows by integration by parts on the compact support of the derivatives of .
Both sides are continuous in the H? norm of 7, so the identity holds for every n € H?(Q1) N H ().

Choose A > quHLw(ﬁl)' The Dirichlet problem (L; + A)zp = b + Az has a unique solution

20 € H2(Q1) N H&(ﬁl) Green’s formula and the preceding identity give
/A (z—20)(L1 + Nndz =0, ne H*(Qy) N H (D).
951

Taking n to be the Dirichlet solution of (L1 + A\)n = z — 2o gives ||z — ZOHiz(Q = 0. Hence,

z =z € HX(Qy) N HY (D).

1)



8 T. LIIMATAINEN, Y.-H. LIN, AND P. OLA

Since u = 2z near 9Dy, the function u belongs to H 2 up to this boundary and has zero trace there.
Interior regularity elsewhere, together with Q € €, gives u € H?(1). Only L; + A was inverted; no
spectral assumption on L in £ is needed. O

Lemma 2.2. Assume that 0 is not a Dirichlet eigenvalue for either original problem and that g1 = q2
in w. Let up € H'() solve (—A + q1)up = 0 with uy = 0 on OD1, and set f := ui|pq. Let ug be
the solution of

(A4 quz =0 inQ\ Do,
(2.3) ug =0 on 9Dy,
us = f on 0f).

If Ap, g f = Apy g |, extension by us := uy in w gives an Hl(ﬁg) weak solution of (—A+g2)ug = 0.

Proof. Uniqueness on Q \ D; identifies the restriction of u; with the solution defining Ap, 4, f-
The two Dirichlet traces on 02 agree, so the piecewise definition of uy gives an H I function. For
n € C°(Qs), Green’s formula on the two sides of 92 gives

/ﬁ (Vus - Vi + qruam) de = (Apygof — Apyay frloa) = 0.
2

The normals of the two regions on their common boundary are opposite. In the collar, u; solves
the equation with go because the extended potentials agree in w. This extension is obtained directly
from %1 in w and requires no additional spectral assumption on €2,. O

3. CARLEMAN ESTIMATE

The comparison function @9 need not be Morse. We prove a Carleman estimate for a nonconstant
harmonic weight that may have degenerate critical points. Its additional power of h~! does not
affect the contradiction with the exponential lower bound in Section 4.

Let O be a smooth bounded planar domain and write 9O = I" U Ty, where I' and I'y are disjoint
unions of boundary components and I" # ). In this section, v denotes the unit outer normal to O.

Proposition 3.1 (] , Proposition 3.1]). Let O be a smooth bounded planar domain, and let
p € C*°(0) be a real-valued harmonic function that is Morse on O and satisfies O, = 0 on Ty.
Then for every V€ L>®(Q) there exist constants C' > 0 and hg > 0 such that, for all 0 < h < hg

and all w € C*(0) with w|po = 0, one has
h_1|\w||%2(0) + h_2‘|’d90|w”%2(0) + Hde%?(o) + ||8,,w||%2(ro)
<C(lle?M(-A+ V)GW/hw||%2(O) +hH|Byw][Zar))-

We construct a convexifying function by solving a Poisson—Neumann problem. The normal deriv-
ative on the boundary is estimated in circular conformal coordinates on a collar of each boundary
component, as in | , Section 3.

Proposition 3.2. Let O be a smooth bounded planar domain, and let 0O =T'UT, where I' and T'g
are disjoint unions of boundary components and I' # (). Let ¢ € C*°(O) be a real-valued nonconstant
harmonic function in O such that O, = 0 on T'g. Then for every V€ L>(Q) there exist constants

C > 0 and hy > 0 such that, for all 0 < h < hy and all w € H*(O) N H}(O), one has
h_1||wH%2(c9) + h_2”|d<P|w||%2(o) + ||dw\|%2(o) + HaﬂUH%%ro)

(3.1)
< ChH (Jle M (=A +V)e? w320y + R Owl[72(ry) -
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If p is Morse on O, the factor h™' in front of the parentheses on the right-hand side may be omitted,
and one recovers Proposition 3.1.

Proof. We first prove the estimates for w € C*°(QO) with zero boundary values. Let |O| denote the
area of O, let |I'| ;== H}(T), and define 3 = 0 on I'y and 8 = |O|/|IT'| on I'. The function 3 is
smooth because I' and Ty are unions of boundary components. The identity [,,8dS = |O] is the
compatibility condition for

Apyg =1 in O,
Avpo =0 on I'p,
(3.2) dpo=B  onT,

/ podzx = 0.
@]

By standard elliptic theory for the Neumann problem, (3.2) has a unique real-valued solution py €
C>(0), independent of h and €. For 0 < h < e < 1, set ¢, := ¢ — hpo/e. Then —Ay,, = h/e in
O and O, n = 0 on I'y.

Cover O by finitely many interior neighborhoods and collars of its boundary components. On each
boundary collar, choose a conformal coordinate z = x + iy which maps the collar onto an annulus
A={ro <|z| <1}, with 0 < 79 < 1, and the corresponding component of 0O onto |z| = 1. If that
component is initially mapped to the inner circle, compose the map with a holomorphic inversion
and rescale so that it is mapped to the unit circle. The other circle |z| = ¢ corresponds to a curve
inside O. In these coordinates, the Euclidean metric is e”‘(z)\dzlz. Smooth boundary regularity for
the conformal map gives a fixed smooth function A up to the boundary, with e?* bounded above and
below by positive constants. On an interior neighborhood, use the original Euclidean coordinates
and set A = 0.

Write A, = 02 + 8?3 and ¥ := @ ;/h in one such neighborhood A. The Laplacian in these
coordinates satisfies A = e 2 A, so —A0 = e”‘/e > ¢, /e for a fixed ¢, > 0. In the following
local calculation, all norms and integrals use Euclidean measure in the z coordinate. Write v, for
its exterior unit normal and 7, for the rotation of v, by +7/2. In a boundary collar, the functions
considered below vanish near |z| = rg, so only |z| = 1 contributes to the boundary integrals. In an
interior neighborhood, the functions have compact support in A.

Set 0, = (0, —0y)/2 and 0z = (0, +10y)/2. For a smooth complex-valued function v supported
in this neighborhood, integration by parts gives

e 0:("0) 1 72(ay = 10 + 104017204y + 8y + 92)0] 72 ()
(3.3) ) ) B
+ [ (—A9)|v|* dx dy + 0.V |v|*ds — Im Or,vvds.
A A A
Write v = vg + iv;. The cross term containing derivatives of the weight is f A Vi - V|v\2, which

gives the terms with —A,4¥ and 0,.¢. The remaining cross term is ZIA(&EU}@va — Oy VROyVT).

The divergence theorem gives 2 [ 94 V10-,vr. In a boundary collar, only the integral over |z| = 1
remains. Parametrize this circle by z = €. Since vg(e'’) and vr(e) are 27-periodic and 9, = 0;
there, integration by parts gives faA VRO vrds = — faA v10-,vpds. In an interior neighborhood,

both boundary integrals are zero. Expanding the imaginary part of (0, v)U, we obtain

—Im [ (Orv)uds= / (vr0r,vr — VRO, V) ds = 2/ v70r, VR ds.
0A 0A 0A

Let u € C*°(A) be real-valued. In a boundary collar, assume that v = 0 on |z| = 1 and that u
vanishes near |z| = rg. In an interior neighborhood, assume that « has compact support in A. Set
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¢ :=e779,(e"u). The identity A, = 40:0, gives e V(—A,)e’u = —4e779;(e?¢). Tts squared L?(A)
norm is 16{le =0z (e”¢)||2, (A)- Apply (3.3) with v = ¢, discard the two nonnegative squared norms,
and multiply the resulting inequality by four. Using —A.9 > ¢, /e gives

4ey

e (=) ullZaay > I3 + 4 / 8,9 |C[* ds — 4Tm / 0r.CCds.

Since u is real, 4|¢|? = |Vu + uV¥|2. The boundary value of u is zero, so a second integration by
parts gives

A€z 0y = dulZa ) + Id0)ulZ ) + /A (— A9l dz dy.

The last integral is at least c*eleuH%Q(A). The bulk terms control e 2|[u|?,, € !{|dull7., and
¢ th?||deplull2

On the circle |z| = 1, which corresponds to the chosen boundary component of dO, write z = e

and set a(t) := (0,.u)(e?). Since the annulus lies on the side |z| < 1, its exterior unit normal
is v, = (cost,sint) and its positively oriented unit tangent is 7, = (—sint, cost). In particular,
0;, = 0, along this circle. The tangential derivative of u is zero there, so { = 5ef'ta(t) and

9-.¢ = 3e7"(a/(t) — ia(t)). Since a is real, —4Im(d:,( ¢) = a(t)®. The other boundary contribution
is 40,,9[¢|? = h ™10y, e n|0y. ul?. Tt is zero on Ty. Its absolute value on I' is bounded by Ch~1|8,, u|?,
uniformly for h < ¢, because h/e < 1 and the functions ¢ and pg are fixed.

The identities 0, = e*’\ﬁyz and dS = e’ds, together with the fixed bounds on the conformal
factor, convert these estimates to the original Euclidean coordinates. We obtain

e llullfzo) + e M dulZaio) + € A2 ldeep ullz2 o) + 10vull72p0)

(3.4)
< C(||e—@e,h/h(7A)680e,h/hu”L2(O) +h 1||6VUHL2(F))'
There are no boundary terms on an interior neighborhood. For complex-valued u, apply the real-
valued estimate separately to its real and imaginary parts and add. At this stage the conjugated
Laplacian has real coefficients, so its squared norm is the sum of the two squared norms. The
potential is added only after this step.

Choose fixed real-valued smooth functions x, subordinate to the coordinate neighborhoods, with
>Xxi =1on 0. For w=0 on 8O, one has d,(xw) = xdyw and Y, [|d(xew)|7: = ||dwl|F. +

Jo >¢ldxel*|w|* dz. The other local terms sum to the corresponding global norms. Set Pg((;l) =

e“ps’h/h(—A)e%h/h. Its commutator is [PG((;L), XeJw = [—A, xeJw — 2h_1<dg057h, dxe)w, and

0 _
SRS xdwl?e < K (ldw]|22 + b2 ||dpenlw]2z + [w]2s),
¢

where K is independent of h and e. Apply (3.4) to each yyw and sum over ¢. The identi-
ties above show that the sum of the left-hand sides is at least e_2||w\|%2 o) T 6_1||dw||%2(0) +
eflh*QHIdQOQh\wHQ )+ |0y wHL2 po)- On the right, use P( )(ng) = XgP(O) [PE(’O}L),Xg]w and
la + b < 2|al? + 2|b|2 Let Cy 1nclude the constant in the local estimate and this factor of two.
The commutator terms are bounded by CoK (||dwl|?, o) Th™ 2|||dpen|w|| s o)t Jwl|2, (0))- Choose

€0 € (0,1) so that CoKey < 1/4 and COKeo < 1/4 For 0<h<e< 60, these three terms are
absorbed by the corresponding terms on the left. Increasing the constant on the right by a fixed
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factor gives
2 wl2a0) + € dwlZao) + € Bl dper a0 + 180022 00,
< Cl(” thL2 (0) +h” 1”3 w||L2 )
where C] is independent of €, h, and w in this range.
Set Pop = P + V. Substituting [|Pw]220) < 21 Peptw]2e) + 2V 120y [w]220) into
(3.5) introduces the term 2ClHVH%OO(O)HwH%2(O) on the right. Fix € € (0, ¢y] small enough that

(3.5)

QClHVH%w(O) < 1e72. Subtracting this term leaves at least %E*QHwH%Q(O) on the left. Multiply the

resulting inequality by two. Since € < 1, we may replace the coefficients of the three interior terms
by one and restrict the boundary norm on the left to I'y. We obtain

lwllF2(0) + h 2 ldpenlwlizo) + ldwlZaio) + 10wl 72

< GE(HPE,WHLQ(O) +h” 1||8,,w||%2(p)),
for 0 < h < hg < €, where € is now fixed and C; is independent of A and w.

Set @ := eP?/€w. The multiplier and its inverse have bounded first derivatives for this fixed e. Since
w =0 on 90, d,w = e’/*d,w on HO. Direct conjugation gives P pw = ePO/Ee*‘P/h(—A + V)e“’/hw
Also, dp = dpcp, + (h/€)dpo, so h=2|||dp|w||7, < Ceh™2|||dpen|w]|32 + Cel|w||72. Applying (3.6) to
w and using the corresponding bounds for w and dw gives

(3.6)

lwll720y + B2 lldelw]| 20y + ldwl 2oy + 10uwll7 2y
<C(fe?M(—A+ V)ew/hwﬂ%%o) + h_1||8,,w||%2(r)).

For 0 < h < hg < 1, multiplying this estimate by A~! and using h=2 > h=2 and h~! > 1 gives (3.1).

If ¢ is Morse, its critical points on O are finite, and |dp(x)| > |z —p| near each critical point p. Let
1 be supported in such a neighborhood and have zero boundary trace. Its zero extension belongs to
H'(R?), including when p € O. Integration by parts in R? gives 2||n[|2, = —2Re [(z —p)- Vn7jdz.
The Cauchy-Schwarz and Young inequalities give h™t(|n[|7. < C(||ldnl3. + h™2||de|n]32). Away
from the critical points, this follows from the positive lower bound for |dp|. Summing with a fixed
partition of unity introduces only a term C||w||3,, which is absorbed into A~ *||wl|3, for small h. The
unconvexified estimate above controls the resulting gradient and weighted terms. It gives the Morse
estimate without the additional factor h~! on the right.

Let w € H%(O) N H(0), and choose wy, € C*(O) N HL(O) with wy — w in H2(O). For fixed h,
the conjugated operator is continuous from H2(0) to L?(0), since V € L*(0). The normal traces
converge in H'/2(9O) and hence in L?(0O). Applying the estimates to wy, and passing to the limit
proves both versions for w. O

Remark 3.3. The conformal coordinates are chosen separately near the boundary components, and
the local estimates are combined by a partition of unity. No conformal map of the whole domain
to an annulus is needed, so O need not be doubly connected. The estimate (3.1) applies to both v

and —p2 on §~22, since they are nonconstant harmonic functions with zero normal derivative on 0Ds.
The additional factor h™' on the right changes only the power of h™' in the upper bound and does
not affect the contradiction with the exponential lower bound in Section 4.

Lemma 3.4. Let D € Q € Q, where D and Q have smooth boundaries and dist(0D, 8?2) > 0. Let
v € H2(Q \ D) satisfy v = 0 on D, and assume that its outer traces vlyg and Oyv|yg belong to
W20 (9Q). Then there exists g € W2°°(Q\ D), supported in a fized collar of 9Q, such that g = v
and 0,9 = 0,v on 69 and

(3.7) 91200 @) < C UV 20 07y + 1000200 (53
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where C' > 0 depends only on Q and the chosen collar.

Proof. Let r(s,y') := 1/ —sv(y/) be the inward normal coordinate map in a fixed collar of 9 disjoint
from D. Put a := v[,5 and b := 9,v|,5. Choose n € C°([0,6)) equal to one near zero, and define
g9(k(s,9")) :== (a(y’) — sb(y'))n(s) in the collar and g = 0 outside it. Since 7 vanishes for s near §,
this definition gives g € WQ’OO(KNZ \ D). The identity d, = —0s at s = 0 gives the required traces a
and b.

The boundary W2 norms use tangential derivatives in fixed smooth charts. Tangential deriva-
tives of ¢ of order at most two involve only the corresponding derivatives of a and b. Its normal
derivatives are 0,9 = —bn+(a—sb)n’ and 929 = —2bn’ + (a—sb)n”, and the mixed derivatives involve
at most one tangential derivative of a and b. The collar map and its inverse have fixed bounded
derivatives of the required orders. These formulas give (3.7). O

Proposition 3.5. Let D € Qe S~2, where D and Q0 have smooth boundaries and \ D is connected.

Let ¢ € COO(Q \ D) be a real-valued nonconstant harmonic function satisfying 0,0 = 0 on 0D.
For every V€ L®(Q\ D) there exist C > 0 and hg > 0 such that, for all 0 < h < hg and all
v e H2(Q\ D) with v =0 on dD and outer traces V] 55, Ol sg € W22(9Q), the following estimate
holds with N = 5:

38) L e e e
=cn (He_(p/h( At V)QW%HL2 @) " Baﬁ(”)),

where

(3.9) By (v) := HUH?,VQ,OO(E)Q) + ”a”v”zvloo(aﬁ)'

Proof. Set O = Q \D, Ty := 90D, and I := 09. Let g be the function constructed in Lemma 3.4,
and set w := v — g € H?(0) N H}(O). Then w = 0 on 90, d,w = d,v on dD, and d,w = 0 on A)N).
Proposition 3.2 gives

(3.10) hHwllZ2(oy + B2l wl 7o) + ldwllzo) + 100017 2p) £ ChTH PppwllFz (o)
where P, j, 1= e~ ?/M(—A+V)e?/". The term on 89 vanishes because d,w = 0 there. Since w = v—g,
1Pl 220y < 21Pantl220) + 20 Prndl2e 0
Since Ap = 0, we have

P,ophg=—Ag— 2h*1<d<p, dg) — hfz\dga\Qg +Vyg.
For 0 < h < 1, this gives |P, 19| < Ch_QHgHWz,m(O) almost everywhere. Lemma 3.4 gives
(3.11) 1Ppngll72(0) < Ch™*Byg (v).

It also gives
Wt gl72 + A2 lldelgl7e + lldglfz < Ch™2Byg(v).

Apply |a+b|? < 2|al? +2|b]* to v = w + g, its gradient, and its product with |dy|. The inner normal
derivative is unchanged because g vanishes near 0D. Combining these bounds with (3.10)—(3.11)
gives

W ooy + A2 ldgo a0, + Idel3ai0) + 100130y < O IPapel3aco) + CH" By ().
Since h=t < h™5 for 0 < h < 1, this proves (3.8) with N = 5. O
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4. UNIQUE DETERMINATION OF THE OBSTACLE

In this section, we use the extensions and phases constructed in Section 2. The extended potentials
satisfy q1 € Cl’a(ﬁl), g2 € L>(£2), and ¢ = g2 in w. The domains §2; are connected. The functions

j are nonconstant harmonic, have the same nonconstant trace on 8@, and satisfy 0,p; = 0 on dD;.
Only ¢y is required to be Morse; 9 is the Carleman weight for the second configuration.

Theorem 4.1. Under the assumptions of Theorem 1.2, suppose that Dy # Do, and use the exten-
sions constructed in Section 2. There exist o € {1,—1}, an amplitude in Lemma 2.1, and h, > 0
such that, for every0 < h < hy, the CGO solution uy ,p, has a nonzero trace fy, := uy 5 ploq satisfying

ADLQlfh 7& ADQ,quh'

We first prove that equality of the auxiliary harmonic functions in w implies equality of the
obstacles. When the obstacles differ, the sign of their difference determines which CGO phase to
use. We then compare the weighted solution for the second configuration with this CGO solution.

4.1. Recovery of the obstacle from phase equality. Let
F .= ﬁ \ (Dl UDQ),

and let G be the union of all connected components of F' that meet w. Hence, w C G, and every
connected component of G contains a nonempty open part of w. This definition includes the collars
of all components of 9€). A sufficiently thin two-sided collar of 0f2 is disjoint from both obstacles,
and each of its components meets w, so the whole collar lies in G.
For j = 1,2, define
D: == (Q\ G)N(Q\ D;).
The set D7 consists of points in the exterior of D; that lie outside G. Tt is open. Since w and the

two-sided collar of 0f) lie in GG, one has ﬁ; € ). We will apply an energy identity on these sets.
Their boundaries need not be smooth, and the following argument does not require F' or G to have
finitely many connected components.

Lemma 4.2. If D1 # Dy, then at least one of D1\ Dy and Do\ D1 is nonempty.

Proof. If both differences were empty, then Dy C Dy and Dy C Dy, giving Dy = D,. Every open
set with smooth boundary satisfies D; = int D;, so equality of the closures gives Dy = Ds. (]

Lemma 4.3. If Dy # D3, then at least one of D} and D3 has a nonempty interior.

Proof. By Lemma 4.2, at least one of Dy \ D and Dy \ Dy is nonempty. Suppose Ds \ D1 # ). Since
G N Dy = () and D5 is open, we also have G N Dy = (): any point in that intersection would have a
ball contained in D9 that meets G. It follows that Do \ﬁl C Dj. The set on the left is open and
nonempty. The other case gives Dy \ Dy C D} by the same argument. g

We use £2 for Lebesgue measure on R? and H! for one-dimensional Hausdorff measure. If a
measurable set A C R? has locally finite perimeter, its characteristic function has a distributional
derivative Dy 4 which is a vector-valued Radon measure. The reduced boundary 0*A consists of

those x € supp |[Dx 4| for which v4(z) := —lim, g % exists and has length one. At these

points, the rescaled sets converge locally in measure to the half-plane {y : y-v4(z) < 0}. The vector
va is the measure-theoretic exterior normal, and Dxa = —vaH' [+ 4, with |Dxa| = H' [9+4. We
use | , Definitions 3.35 and 3.54, Theorem 3.59] for finite perimeter, reduced boundaries, and
the structure theorem, and | , Theorem 3.36] for Gauss—Green. Our exterior normal is the
negative of the inner normal used in that reference.
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Lemma 4.4. The sets D] and D35 are bounded sets of finite perimeter. For j = 1,2, one has
H'(0*D; \ (0D; UG)) = 0 and H*(9*Dj \ (9D1 U dDy)) = 0.

Proof. The smooth sets Dy, Do, and Q have finite perimeter, and their boundaries have zero area.
The set I’ agrees almost everywhere with 2 N D N D§ and has finite perimeter. Since F' is open,
its connected components are open. Both G and F'\ G are unions of these components, so G is
also closed relative to F. Every point of G belongs to F'\ F. In particular, 0G C OF C X, where
Y= 00U 0D U 0Ds is a finite union of smooth compact curves.

We verify the finite perimeter of G without counting its components. Let ns be a standard mollifier
supported in B(0,d) and put g5 := xg *ns. If dist(z, 0G) > J, the characteristic function is constant
on B(z,9), so Vgs(x) = 0. Also, ||Vgs|lr= < C5~1. The fixed smooth curves forming ¥ have a
d-neighborhood of area at most C4. It follows that [p.|Vgs|dz < C. Since gs = x¢ in L', passage
to the limit in [ gsdiv X for X € C}(R%* R?) with |X| < 1 proves |Dx¢|(R?) < C. Thus G has finite
perimeter. The inclusion G C ¥ also gives £L2(0G) = 0.

Set ﬁj = 0QNG°N D7, where the complements are taken in R2. From the definition of I

one has D} C ﬁj and ZA)]- \ Di C 9G U OD;. We proved that L2(0G) = 0, and the smooth
boundary 0D; also has zero area. The characteristic functions of D7 and ﬁj agree almost everywhere.

Finite-perimeter intersection calculus gives finite perimeter of the bounded set ﬁj. Since the two
characteristic functions are the same element of L'(R?), their distributional derivatives and total
variation measures agree. The definition of the reduced boundary then identifies their reduced
boundaries and measure-theoretic normals, up to an #H'-null set. This proves that D7 has finite
perimeter.

For finite-perimeter sets A and B, the intersection formula in | , Theorem 16.3] gives

(4.1) 1 (0*(ANB)\ (3*"AUI*B)) = 0.

Apply (4.1) first to QN G* and then to its intersection with D5. This gives 8*1A?j C O*QU I (GY) U
(‘3*(D§) up to an H'-null set. For a finite-perimeter set and its complement, the distributional
derivatives have opposite signs, and the total variation measures agree. Their reduced boundaries
coincide, with opposite normals. The smooth sets Q and D; have their classical boundaries as
reduced boundaries, and 9*G C JG because G is open. Using the almost-everywhere identification
of D} with lA)j, we obtain 0" D} C o0 UG U OD;j up to an H!-null set.

To exclude the outer boundary, choose a sufficiently thin collar of 99 inside Q. Since Q € §~2,
this collar lies in w C G and is disjoint from D7. Outside ﬁ, the characteristic function of D7 is
zero by definition. It is zero on a full neighborhood of 8(2, so its distributional derivative has no
support there. The preceding inclusion reduces to 9*D; C 0G U 9D; up to an H!-null set. Finally,

0G C 0Q U D, U 0D, and the outer boundary has already been excluded. This proves both
assertions. 0

For a finite-perimeter set 7, the normal derivative used below is
81/7'()0 :=Vyu vy on 6*T7

where v is the measure-theoretic exterior normal. When a boundary point lies on dD;, the gradient

trace of ¢; is taken from Qj. Since ¢; is smooth up to dDj, it admits a C? extension across that
boundary with the same gradient trace. This extension allows us to apply Gauss—Green on D;.

Lemma 4.5. Let T C R? be a bounded set of finite perimeter. Let U C R? be an open neighborhood
of T, and let p € C*(U) be real-valued and satisfy Mg = 0 for L2-almost every point of T. Assume
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that Vo - v =0 for H'-a.e. point of 0*T. Then

/ Vol da = 0.
.

Proof. Choose x € C°(U) equal to one on a neighborhood of the compact set 7. The vector field
X := x@oV, extended by zero outside U, belongs to C}(R?;R?). Since Ay = 0 almost everywhere
in T, the Gauss—Green formula gives

T T .

Lemma 4.6. If o1 = w3 in w, then o1 = 2 in G.

Proof. The difference w := 1 — @9 is harmonic in G. Every connected component G, meets w in a
nonempty open set where w = 0. Unique continuation gives w = 0 in each G,,. O

Lemma 4.7. Assume that o1 = @9 in w. Then

8,,D; @; =0 for H'-almost every point of 0*Dj and j = 1,2,
with the gradient trace taken as described above.

Proof. By Lemma 4.6, 1 = ¢2 in G. Set T := D}. Lemma 4.4 reduces the proof to the parts of
O*T in D7 and in OG \ dD1, up to an H'-null set.

Let n1 be the exterior normal to D;. At a reduced boundary point € 9*7T N 9D, the blow-up
of T is the half-plane {y : y - v7(x) < 0}. The smooth exterior of Dy has blow-up {y : y-ni(x) > 0}.
The inclusion 7 C \ D; passes to these limits in local measure. Two half-planes through the
origin, one contained in the other up to a null set, are equal. It follows that vr(x) = —ny(z) for
almost every point under consideration. The exterior trace of ¢ satisfies 0,1 = 0, so its scalar
product with vy is zero. This argument includes the points of dD1 N dD3; the intersection is not
assumed to have zero length.

Now take z € 9*T N (OG \ dD1) outside the exceptional null set. This point lies on 9Dy and
is separated from 8@. Since G N D; = () and ¢ 0Dy, one has * ¢ D;. Choose a boundary
neighborhood W & € disjoint from Dy, small enough that W \ Ds is connected. This set equals
FNW and meets G, because x € JG. As a connected subset of F', it lies in a single component of
F, and that component belongs to G. We have GNW =W \ Dy and TNW = Dy N W.

On W\ Do, the functions ¢ and ¢y agree. The first is smooth across Dy in W, while the
second is smooth up to that boundary from the exterior. Their gradient traces agree there. With
ngy the exterior normal to Dy, this gives Vi (z) - na(z) = Op,p2(x) = 0. The local identity TNW =
Dy N'W gives v = ny. Both boundary parts have zero normal trace, proving the assertion for Dy.
Interchanging the indices proves it for Dj3. O

Lemma 4.8. If o1 = o in w, then D1 = Ds.
Proof. Suppose D1 # D. Lemma 4.3 gives an index j for which the open set D7 is nonempty. The

function ¢; is harmonic in ﬁj and smooth up to dD; from the exterior. Extend it as a C? function
across 0D;. Since Di;“ € Q, this gives a C? function on a neighborhood of ﬁ;, unchanged on D7 and
with the same gradient traces. The extension is not required to be harmonic inside Dj; it remains
harmonic on D;.

Lemma 4.7 gives the zero normal trace required by Lemma 4.5. Applying that lemma gives
/ D |Vp;|?dz = 0. Continuity of the gradient and openness of D7 imply that ¢; is constant on a
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ball contained in D}. The domain ﬁj is connected by the collar construction. Unique continuation

applied to ¢; minus this constant makes it constant throughout Qj, contradicting its nonconstant
trace on 0f). 0

4.2. Choice of the CGO solution and the polynomial upper bound. For distinct obstacles,
Lemma 4.8 gives a nonzero difference of the comparison functions in w.

Lemma 4.9. If D1 # Dy, then there exist a sign o € {1, 1}, a ball B € w, and a constant ¢ > 0
such that diyp1 # 0 on B and

(4.2) o(p1 —p2) > 2¢ in B.

Proof. Lemma 4.8 implies that ¢1 — o does not vanish identically in w. Choose its sign o so that
U:={z €w:o(pr— ¢2)(xr) > 0} is nonempty. By the Cauchy-Riemann equations, the zeros of
diy are the critical points of ®;. They are isolated, so the open set U contains a point z1 with
di1(r1) # 0. Continuity gives a ball B centered at x1, with B C U, on which |dv1| has a positive
lower bound. Reducing the radius if necessary gives a constant ¢ > 0 for which (4.2) holds. O

Fix o, B, and ¢ from Lemma 4.9. Choose the amplitude a, in Lemma 2.1, independent of h and
not identically zero on B, and use the resulting family

(4.3) uron = €70 Mag +1op) — P @G +Tog) + 7P,

Set fr, = u1,,n|a0. The configurations, phases, sign, and amplitude are fixed from now on. Constants
may depend on these choices but are independent of h.

Lemma 4.10. Assume that Ap, ¢, fr = Ay g0 fr, and let uy solve (2.3) with f = fj,. Extension by
U2 = Uy o inw gives an H?(Qg) weak solution of (—A + g2)ug = 0.

Proof. Lemma 2.1 gives ujqp € H?();) with zero trace on dD;. Its trace on 9 is fy,, and the
extended potentials agree in w. Hence, Lemma 2.2 gives an H 1(§~22) weak solution.

The joined solution has zero Dirichlet trace on 0D, and the trace of uj 4 on 0. The latter
belongs to H3/2(8§~2) because this boundary lies in the interior of (AZl, where u1 4 is H?. Choose
Ec HQ(QQ) with this outer trace and vanishing near 9Dy. Then w :=uy — FE € H&(Qg) satisfies

—Aw = —qous + AFE € L2(§2).

Dirichlet regularity for the Laplacian gives w € H2(s) and hence us € H2(Qs). This step uses
only the boundedness of the extended ¢» and does not require a spectral assumption on the enlarged
Schrédinger operator. O

Assuming equality of the Neumann data for fj, we estimate the weighted solution for the second
configuration. We first bound the outer boundary values of the weighted CGO solution.

Lemma 4.11. On the interior side of a collar of 8?2, set v1 1= e*"‘f’?/hulymh. There exist C > 0
and hg > 0, independent of h, such that

(4.4) Baﬁ(vl) < Ch_S, 0 < h < hyg.
Proof. Choose a fixed two-sided neighborhood Uy & Ql of ({)ﬁ, small enough that Up N Q C w.

Extend ¢o smoothly to Up, independently of h, keeping its original values on Uy N €2, and define
vy = e~ 7%2/hyy .y there. Set 0 := o (g1 — @2). Since p1 = 2 on IQ, we have

0(z)| < Cdist(z,0Q), = € Uy,
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after reducing Uy if necessary. For a fixed small ¢y > 0, set
Up = {z € Uy : dist(z, 0Q) < coh},
then |0|/h is uniformly bounded on Uj. The CGO representation (4.3) and the remainder estimates
give
otllzzny < COUM + [ranl oy + Woall ) < C
In Uy, the function vy satisfies

—h2Av; — 20hV s - Vo, + (h2q1 — ochApy — |Vg02|2)111 =0.

The term Ao is included because the extension outside Q need not be harmonic. Choose 0 < v <
co/4. For xg € 092 and small h, the ball B(xq, 2vh) is contained in Uj,. Define V}, 4, () := v1(zo+hy).
In B(0,27) it solves

—AyVhmy — 20V 02 (20 + hy) - Vy Vi 2o + (h2q1 — ochApy — \Vgpg\z)(xo + hy)Vihz =0.

The first- and zeroth-order coefficients have uniformly bounded C'*® norms, since ¢; € C 1,a(§1) and
the extension of s is fixed and smooth. The two-dimensional change of variables gives

WVhaollz2(B0.27)) = b~ villz2(Bze.2yn)) < Ch7
Choose p > 2/(1 — «) and put 8 :=1—2/p > «. Interior elliptic regularity on nested balls gives an
H? bound by C||Vi || L2(B(0,2))- In dimension two, this also bounds the WP norm. The interior
L? estimate then gives a W?2P bound, and Sobolev embedding gives a C'# bound. Writing the
equation as AyVj, o0 = Anzo - VyVhzo + Bhozo Vha,, the right-hand side has C%* norm bounded by
the same quantity. A Schauder estimate gives a C?® bound. Since the coefficients have uniform
C1® bounds, the right-hand side now has a C"® bound, and a second Schauder estimate yields

WVhaollosa@omy) < CllVhaollL2(s(0,29) < Ch'.
All constants are independent of g and h. Returning to the original variables yields
|Ov1 (x0)| < CRTIHITY | < 3.
The coeflicients of the tangential derivatives and of the normal field on 0% are fixed and smooth.

The preceding bounds give ||U1HW2,00(8§) < Ch™3 and ||('3,,v1||W27oo(8§) < Ch~*. Squaring and using
(3.9) proves (4.4). O

Lemma 4.12. There exist C > 0 and hg > 0, depending on the fixed configurations, phases, and
amplitude, such that for every 0 < h < hg the following holds. If Ap, g fn = ADy o fn, the solution
from Lemma 4.10 satisfies

(4.5) le=7% M uz| 1o,y < CR°.

Proof. Set v := e~7%2/Myy. The glued equation gives

e M —A+ gl /ho =0 in s,
v =0 on 0D.

Lemma 4.10 gives v € H2(Qy). On an interior collar of €2, it agrees with vy, whose Dirichlet and
normal traces belong to W2 (8()) by Lemma 4.11. Hence, Proposition 3.5 applies with weight oo
and V = qo.

The conjugated equation term is zero, and Byg(v) = Byg(v1). Proposition 3.5 with N = 5 and
Lemma 4.11 give

h )3, @) < Ch™°B,g(v) = Ch™°B,g(v1) < Ch™'2.

2)
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The last inequality gives HUH%2(§ ) < Ch~!2, which proves (4.5). 0
2
4.3. The oscillatory lower bound and the contradiction.

Lemma 4.13. Let B € w be a ball such that dipy # 0 on B, and let a be holomorphic in a
neighborhood of B and not identically zero on B. Then, for each o € {1,—1}, there exist constants

cg >0 and hg > 0 such that
eV /Ma — e_iawl/haHB(B) > cB
for all0 < h < hp.

Proof. Put by, := €7%1/hq — ¢~io¥1/hg Expanding the squared modulus gives
th||%2(B) = Q/B la|? dz — 2Re/Be2iaw1/ha2 de.

Since | V11| has a positive lower bound on B, the coarea formula gives

| _ 2
[ emitatae= [ @emapa, e = [ o
B R Bn{y1=t} V1]

The function A is defined for almost every ¢ and is set to zero outside 11 (B). A second application
of coarea gives [|A L1r) < [ |a|? dz. The Riemann-Lebesgue lemma makes the oscillatory integral

tend to zero as h | 0, for either sign o. In particular, ||bhH%2(B) — 2 [y ]a|?*dz > 0. One may take
cg = (g |la|? dx)'/? after decreasing hp. O
Lemma 4.14. There exists hy > 0 such that, for every 0 < h < hy, one cannot have

Apy g fn = ADy go -

Proof. Take h > 0 small enough for the preceding constructions and estimates, and suppose that
ADy g1 fn = ADy go fn- Let ug be the solution extended by Lemma 4.10. Lemma 4.12 gives

(4.6) le=%2/ M us| 2 g, < CH°,
where C' is independent of this choice of h. In B € w, the glued solution equals u 5 4. By (4.3),

eﬂﬂfa"z/hu2 — 6”(@1*@2)/h(bh +Ry), by:= eiml)l/haa _ e*iﬂwl/h%7

where Ry, := eic”pl/hrg’h—e*i”wl/hmﬁ—ﬁ,’h. The remainder bounds give HRhHLZ(B) < 2||rop
ol o,y = o(1):

Lemma 4.13 gives ||by||12(p) > cp for every sufficiently small h. Decrease the upper bound on
h so that also ||Rpll2(g)y < cp/2. The triangle inequality gives ||by, + Rpllp2(p) > cp/2. Since
o(p1 — p2) > 2¢ throughout B, multiplication by this real exponential gives

2@t

_ C
e %2/ Mug| 2y > €2/ ||bg, + Ryl 12y > 7B€2C/h.

The inclusion B C Qy and (4.6) imply (c5/2)e2/" < Ch~5. Since h8e2¢/" — oo, this is impossible for
all sufficiently small A. Choose h, > 0 below this threshold and those of the preceding constructions.
Equality of the Neumann data is excluded for every 0 < h < hy. [l

Proof of Theorem 4.1. Assume D1 # Ds. Choose o, B, and ¢ by Lemma 4.9, and form the CGO
family above with fj, := w1 o.n|s0. Lemma 4.14 gives Ap, 4, frn # ADs g0 [h, for every sufficiently small
h. Both DN maps send zero to zero, so every such fj is nonzero. This proves the assertion. O

Proof of Theorem 1.2. If D1 = Do, the assertion holds for any nonzero boundary value. If Dy # Da,
Theorem 4.1 supplies a nonzero CGO trace f for which Ap, 4 f # Ap, 4 f. For this choice of f,
equality of the Neumann data can therefore hold only when D; = Ds. O
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5. UNIQUE DETERMINATION OF THE POTENTIAL

Proof of Corollary 1.5. By Theorem 1.2, (1.3) implies D; = Dy =: D. Set O := Q\ D. Equality
of the outer DN maps gives equality of the partial Cauchy data on O, with measurements on 02
and zero Dirichlet values on dD. Since q1,q2 € C1%(O) are real-valued, | , Theorem 1.1] gives
g1 = g2 in O. U
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