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ABSTRACT. We study boundary determination for an inverse problem associ-
ated to the time-harmonic Maxwell equations and another associated to the
isotropic elasticity system. We identify the electromagnetic parameters and the
Lamé moduli for these two systems from the corresponding boundary measure-
ments. In a first step we reconstruct Lipschitz magnetic permeability, electric
permittivity and conductivity on the surface from the ideal boundary mea-
surements. Then, we study inverse problems for Maxwell equations and the
isotropic elasticity system assuming that the data contains measurement errors.
For both systems, we provide explicit formulas to reconstruct the parameters
on the boundary as well as its rate of convergence formula.

1. Introduction. In this work we consider the inverse problem of determining
the material parameters, specifically electromagnetic parameters or elasticity pa-
rameters, at the boundary of a body from knowledge of certain boundary maps of
electromagnetic fields or elastic waves. Such boundary determination is usually the
preliminary step in solving the inverse problem of determining these parameters
inside the body. The prototypical study that inspired that of the electromagnetic
and elastic inverse problems is for electrostatics, known as the Calderén problem.
In the Calderén problem, one aims at determining the conductivity function o from
the Dirichlet-to-Neumann (DN) map (also known as the voltage-to-current map)
associated to the diffusion conductivity equation V - (¢Vu) = 0 for the electrical
potential. Extensive studies have been devoted to show the unique determination
of the conductivity inside the body, see [26, 21, 2, 9, 11] for example. The work
on internal unique determination of electromagnetic and elastic parameters can be
found in [22, 23, 10] and [19], respectively. An important direction of generalizing
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the uniqueness result is to obtain uniqueness for parameters with lower regular-
ity, such as Lipschitz conductivities discussed in [9, 11], Lipschitz electromagnetic
parameters discussed in [10, 24] and Lipschitz Lamé moduli in [19].

The boundary determination for the Calderén problem was first shown in [18]
for smooth conductivities, and later generalized in a series of papers [1, 3, 4, 5]. In
particular, the methods in [3, 5] are constructive. A fundamental insight obtained
in [27], is that the DN-map A, is a first order pseudo-differential operator whose
full symbol carries all information of the conductivity o and its derivatives on the
boundary. In the case of systems, the available results in this context are due to
Joshi-McDowall [15, 20], and Salo-Tzou [25]. In [19], the boundary determination
of the Lamé parameters for an isotropic elasticity system has been investigated.

In this paper, we consider the boundary determination of parameters when the
boundary of the body is non-smooth, but Lipschitz. Under this assumption, the
principal symbol approach in [27, 15] does not directly apply. Instead, we follow
the scheme in [3] to show that the boundary values of the electromagnetic parame-
ters in the time-harmonic Maxwell’s equations can be uniquely determined by the
ideal (noiseless) boundary measurements of electromagnetic fields, formulated as
the admittance map for Maxwell’s equations.

The second goal of the paper is to provide theoretical analysis for reconstructing
the values of the parameters on the boundary assuming corrupted boundary mea-
surements. We consider both inverse problems for electromagnetics and elasticity.
The corruption of the data is usually a result of discretized approximation by real
data with errors. A formulation of such measurements was introduced in [7] for
the Dirichlet-to-Neumann map in solving the Calderén problem, where the random
white noise was modeled by a random perturbation in the energy bilinear form, that
depends on the intensity of the boundary potential and current. Other approaches
in handling noises in boundary measurements can be found in [16, 12, 13, 17]. Based
on our boundary reconstruction result with ideal data for Maxwell’s equations and
[19] for elasticity equation, we adopt the approach in [7] to show that the given type
of Gaussian noises can be filtered using highly concentrated and oscillatory wave-
packets, precisely those used in the ideal reconstruction scheme, when the noise
variance is small. The observation in [7] and our work here inspired another paper
[8] where the authors present a general framework and theory to solve the inverse
problem of recovering the symbol of a pseudo-differential operator from its bilinear
form, corrupted by Gaussian white noise that is modeled as a perturbation. More
detailed exposition of the idea and the insights of the method are summarized in
the following subsections for the two inverse problems individually.

1.1. Maxwell system. We first formulate the inverse problem for Maxwell’s equa-
tions. Let Q C R? be a bounded domain with a Lipschitz boundary 0€2. Consider
real-valued functions p, e, o, first in the space L*(£2), representing the magnetic
permeability, electric permittivity and electric conductivity, respectively. Further-
more, they satisfy

w(x) > po >0, e(x) >ep>0and o(z) >0, (1)

almost everywhere (a.e.) z € 2, for some positive constants po and €g. Suppose
that we have access to the boundary measurements of all electromagnetic waves
that are time-harmonic with angular frequency w > 0. Then, let (E,H) be an
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electromagnetic field satisfying time-harmonic Maxwell system, either

curl £ —iwpH =0 in Q,

curl H +iwyE =0 in Q, (2)

vxE=Ff on 0%},
or

curl £ —iwpH =0 in Q,

curl H +iwyE =0 in Q, (3)

vxH=g on 012,
where v := e+1i0/w. It is known that (2) and (3) are well-posed except at a discrete
set of frequencies. Note that for real parameters (i.e. ¢ = 0), one needs to consider
either the vacuum of eigenvalues for the Maxwell operator or replace the following
well-defined boundary maps by the Cauchy data set. For the complex parameters
(i.e. 0 > 0), there are no real eigenvalues. Throughout this paper, we assume that

w > 0 is not an eigenvalue of (2) and (3). Then the boundary admittance map A7}
can be defined by

A (f) = v % Hlao,
where (E,H) € H (curl Q) x H(curl; Q) satisfies the boundary value problem (2).
Here v € (L*°(092))? denotes the unit outer normal vector to 9 and
H(curl; Q) = {u € (L*(Q))® | cwrl u € (L*(2))*} .
Similarly, one can define the boundary impedance map Afw by
A;IL,'y(g) =V X Elaﬁy

where (E, H) € H(curl;Q) x H(curl; Q) satisfies the boundary value problem (3).
In order to reconstruct v and u, we need to use the whole boundary information
Aﬁﬁ and A{w
The main result for the ideal data case is the unique boundary identifiability of
Lip(Q)-parameters p, vy at frequency w from boundary measurements
A AL HY2(Div; 09) — HY/2(Div; 09).

foyr Py
See (14) in Section 2 for the definition of H~1/?(Div;0Q).

The following result contains the boundary determination of the electromagnetic
parameters without noise.

Theorem 1.1 (Boundary identifiability of electromagnetic parameters). Let Q be
a bounded domain in R3, where the boundary O is locally described by the graphs
of Lipschitz functions, and w > 0. Assume that two sets of parameters p; and ;
for j € {1,2} belong to Lip(Y), then we have

(1) Unique determination.

Aﬁl " = Ai o implies that 1 =v2 a.e. on O
and
A;Iu "= ALQ o tmplies that py = po a.e. on €.

(2) Pointwise reconstruction. For almost every P € 0S), there exists an ex-
plicit sequence of localized boundary data {fn}35_, supported around P such
that
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Jin 2 [ TAR (lon) x 0] - Ty dS =(P) (4)
and
Jim = [ [RTTon)]  ( xv) dS = (P, (5)

Remark 1. In Theorem 1.1, the conclusion (2) will imply (1) immediately. There-
fore, we only prove (2). Note that the boundary data {fny}%7_; stands for electric
and magnetic fields on 09 in (4) and (5), respectively.

As mentioned above, since the boundary 02 is Lipschitz, the principal symbol
approach in [15] does not directly apply. Therefore, we adopt the idea from [3].
However, one of the novelties and key ingredients in [3] is the use of Hardy’s in-
equality which seems not to have a clear counterpart in the problem for Maxwell’s
equations. Instead, we handle the issue by a new technique that involves a duality
argument. See the proof of Theorem 2.1.

Our next result provides the analysis for reconstructing the values of the param-
eters on the boundary assuming corrupted boundary measurements. To be more
specific about the modeling of the noise, we consider a complete probability space
(IT, H,P), and a countable family {X,, : @ € N?} of independent complex Gaussian
random variables X, : w € II — X, (w) € C such that

EX, =0, E(X,X,)=1 E(X,X,) =0 VacN? (6)

with standard expectation of a random variable defined by
EX = / XdP.
I
In [7], the noisy data for the Calderén problem is defined as

Nl = [ Rafgds+ 3 (flea)lalea)Xo  fig € HY2(00),

a€eN?

where a = (a1, a2) and {e, : n € N} is an orthonormal basis of L?(99) and (¢|)
denotes the inner product in L?(9, C). Here A, denotes the Dirichlet-to-Neumann
map from HY2(9Q) to H~1/2(0%)

A, f = v-oVu|sq,

where v is the solution to V - (6Vu) = 0 and ulgpq = f, and v is the unit outer
normal vector on 9. It is shown in [7] that at almost every point P € 910, with
a single realization of N, at explicit oscillatory boundary inputs fy (such as the
traces of (23)) (V € N), the boundary value of ¢ at the point P can be recovered
almost surely by

]\}TlmNa(fN, fn)=0o(P).

Note that the noise introduced in the energy form for the Dirichlet-to-Neumann
map above is modeled on L?(99)). In the case of Maxwell’s equations, we will see
that similar type of noise could be introduced at two different levels: the H ~1(92)-
level which guaranties decay of || fn || (zr-1(90))2 in Lipschitz domains, and L?(9€2)-
level where there is not decay of || fw|/(z2(90))s and we need extra regularity for 0€2.
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Starting by defining the corrupted data at the H ~1(9€)-level:

N2 (frg) = / (A (1) x2) G dS+ 3 (flew) (gleas) Xa

o0 aeN2

Niot9)i= [ BT (g v) dS + 3 (Fleay)gleas)Xo
09 a€eN?
for f,g € H-Y?(Div;09) C (H~'(99N))3, where {e, : n € N} is an orthonormal
basis of the Hilbert space (H~1(99))® and (¢[t)) here denotes the inner product in
(H=1(02))3. Then we have the following reconstruction formula for the Maxwell
system with corrupted data.

(7)

Theorem 1.2. Let Q C R3 be a bounded Lipschitz domain and u, €, o be Lipschitz
continuous functions satisfying (1). Let ./\flffV and N|  be the quadratic form given
by (7), then for almost every P € 092, one has

(1) Unique determination. There exists explicit boundary data {fn}35_, in
the space H=Y/?(Div;99) such that

almost surely.

(2) Rates of convergence. There exist positive constants C., (depending on 0
and bounds for v) and C,, (depending on 0Q and bounds for p1), such that, for
every 0 < 6 <1 and € > 0, we have

P{|N£V(fN’fN)_7(P)‘ SCWNJW} >1— ¢ forany N > ce 70,

where the constant ¢ only depends on Cyq and 0. A similar estimate holds for
W, that is,

P{lN/iV(fN’fN)_“(P)l SCHN_Q/Q} >1— ¢ for any N > ce 17,

where the constant ¢ > 0 only depends on Cyq and 6.

Next we consider the problem with error modeled at the L?(9Q)-level. That is, in
the definition (7), we choose {e,, : n € N} to be an orthonormal basis of (L?(9Q))3
with the inner product (¢[¢)) = [,, ¢-9dS and f, g € (L*(99))3. To make rigorous
sense of this definition, we will assume in this discussion that the boundary of the
domain is locally defined by the graph of C'*>! functions. In this case, the boundary
impedance and admittance maps are well-defined for f,g € H'/?(Div,09). Unlike
the previous case of (H~'(99))* perturbations, the norm || fn||(r2(a0))s does not
decay as N increases. We actually have ||fn|(z2(90))2 < Caa where Cpq is a
constant depending on the boundary. This is similar to the reconstruction of the
normal derivative of the conductivity with corrupted data in [7]; and similarly,
our family of solutions can filter out the noise when averaged with respect to the
parameter N'/2. We then obtain the following result.

Theorem 1.3. Let Q C R? be a bounded domain whose boundary can be defined by
the graphs of CV1-functions, and p, e, 0 be Lipschitz continuous functions satisfying

(1). Let ./\/;f‘,ﬂY and '/v;{v be the quadratic form given by (7) at the L?(0Q)-level. Then

for every P € 09, there exists an explicit family {f; : t > 1} in HY?(Div,00)
such that for N € N\{0} and Ty := N3+30/2 with 6 € (0,1),
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(1) Unique determination.
2TN 2T‘N
im o [N (e fe)d=y(P) N o [N (fa fe) de = p(P)
N
almost surely.
(2) Rates of convergence. Set

Yy = T Ny (fees fi2) dt, Yy
N J1y

_ T

- ﬁ T A/'/L,’y(ftQaftQ) dt.
There ezist positive constants C., > 0 (depending on 0Q and bounds for v) and
Cy > 0 (depending on 0Q and bounds for u), such that, for every 0 < 6 <1
and € > 0, we have

1

P{|Y]\? —(P)| < O’YN70/2} >1—c¢€ for any N > c,e 77,
and
P{|Y]{, —u(P)| < CMN_O/Q} >1—c¢€ for any N > cue_ﬁ7

where the constants c, and c,, depend on 8, 0, lower bounds for o and pyo,
and upper bounds for ||V|pi,@) and ||kl @), respectively.

Remark 2. The reconstruction in Theorem 1.2 can only be ensured for almost
every point at the boundary because of the regularity of the domain. However, the
reconstruction formula of Theorem 1.3 holds for every point since the domain is
assumed to have a C'*! boundary.

If we compare Theorem 1.2 and Theorem 1.3 with the results in [7] for the
reconstruction of the conductivity and its normal derivative at the boundary, we can
see a couple of similarities. When modeled the noise at the H~!-level, no averaging
is required for the reconstruction, as it happened in [7] for the reconstruction of
the conductivity. In [7], this was a consequence of the rate of concentration of the
supports of the family {fy} around the point to be reconstructed. However, in
our Theorem 1.2 this is due to the regularizing effect of the covariance operator
associated to the noise in the H~!(d92)-level. On the other hand, when modeling
the noise at the L%(09Q)-level, we require to perform an average in the parameter
VN (since the radius of the support of fy shrinks as 1/v/N) to overcome the
lack of decay of || fnl|(z2(a0))3. This was exactly the same situation as in [7] for
the reconstruction of the normal derivative of the conductivity at the boundary. In
these situations, we have to analyze an oscillatory integral, and isolate appropriately
the stationary points. These are the contents of Lemma 3.5. Note that the decaying
rate in this lemma suggests that we might still obtain decays in average even if the
norms of fy are increasing as N grows. Consequently, errors modeled in spaces of
higher regularities might be potentially filtered.

1.2. Elasticity system. For the second system, we consider the boundary deter-
mination of the Lamé parameters for the isotropic elasticity equations. Let  C R?
be a bounded domain, A(z) and p(z) be the Lamé parameters satisfying the ellip-
ticity condition

w(z) > 0 and 3\(z) + 2u(z) > 0 for all x € Q. (8)
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The boundary value problem for the isotropic elasticity system is given by

V- (CVu)i =37 410 a%. (Cz'jkla%luk) =0 (i=123) inQ, )
u=f on 01,

where u = (u1,uz, us) is the displacement vector, C = (Cyjxi1), -, ikI<3 and
Cijri = NijOp + p(dsr0j1 4 05dj) for 1 <, 5, k,1 <3 (10)

is the isotropic elastic four tensor with Kronecker delta d;;. One can easily see that
Cijri given by (10) satisfies the major and minor symmetries, i.e.,

Cijii = Criiy = Cjipa, for 1 <4, 5,k,1 < 3.

The Dirichlet-to-Neumann (DN) map for the isotropic elasticity system is defined
by

3
Ac @ (HY?(090))* — (HY%(09))? with (Acf), = E ujcz-jkl%’“ (11)
. !
3ik,l=1

[5}9]

for i = 1,2,3, where u € (H'(Q))? is the solution to (9) and v = (v1, v, v3) is the
unit outer normal on 9€). The inverse problem is whether the elastic tensor C is
uniquely determined by Ac, and to calculate C of Ac¢ if C is determined by Ac.
Note that the global uniqueness for the isotropic elasticity system stays open for
the three-dimensional case and it was solved in [14] for the two-dimensional case.

The boundary determination of the zeroth order and higher order Lamé moduli
was studied by [28] and [19], respectively. In other words, given any P € 92 (when
00 and the Lamé moduli are sufficiently smooth), one can derive reconstruction
formulas for the Lamé moduli A and p and their derivatives at P € 012, from the
localized DN map. Now, our goal is to give a similar reconstruction algorithm for
the Lamé parameters with corrupted data.

Due to the existence of elliptic regularity theory for this system, the corrupted
data for the elastic system is similar to that of the scalar conductivity equation
discussed in [7], namely, the random noise is introduced at (L?(9£2))3 vector level
by introducing the bilinear form with corrupted data

No(f.g) = /a Aof -5 dS + Y (flea)(glews) o,

a€eN?

for f,g € (H'Y?(00Q)), where {e, : n € N} is an orthonormal basis of the Hilbert
space (L?(99))? and (¢|1)) here denotes the inner product in (L?(99))3. Then our
results for the elasticity system is as follows:

Theorem 1.4. Let 2 C R? be a bounded Lipschitz domain. Let C be a Lipschitz
continuous elastic four tensor in . Then for almost every P € 0N, one has
(1) Unique determination. There exists an explicit boundary data {fn}_,
in (HY2(0Q))* such that
lim Nc(fn, fn) = Z(P)
N —o0

almost surely, where Z(P) = (Z;j)1<i j<3(P) with Z;; = Zj; for 1 <i,j <3,
and
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w 2
Zy = 20\ + 2u) — (A 2
N3 CAT20) = (o )ed) )
Zyj = Afgu(—(AJFM)LM+\/—1(—1)’<32M,€), 1<i<j<3

with (t1,t2,t3) = (w2, —w1,0) and the index k € N satisfies the condition
1<k<3,k#i,7.

(2) Rates of convergence. There exists a constant C > 0, independent of N,
such that, for every 0 < 0 <1 and € > 0, we have

P{\./\/'c(fN,fN) —Z(P)| < C’Nfe/Z} >1—c¢€ forany N > ce_ﬁ, (13)
where the constant ¢ > 0 depends only on Cyqo and 6.

Theorem 1.4 shows that when the domain 2 is Lipschitz and C is Lipschitz
continuous, then one can reconstruct the Lamé moduli at almost every boundary
point P € 0f) in a constructive way.

1.3. Outline. The rest of this paper is organized as follows. The reconstruction
formulas for Lipschitz parameters p and v in Maxwell’s equations on a Lipschitz
boundary 0f are given in Section 2. In Section 3, we analyze the reconstruction with
corrupted data by random white noise for the Maxwell equations. The analysis for
the reconstruction of the Lipschitz Lamé moduli for the isotropic elasticity system
with corrupted data is given in Section 4.

2. Boundary determination of electromagnetic parameters. First, let us
define several function spaces and notations.

2.1. Preliminaries. Let us begin with some definitions of function spaces, where
the impedance map is well-defined. For a bounded Lipschitz domain €2, we adopt
Tartar’s definition (see [29] or [6]) of the space

H~Y2(Div;0Q) = {u e (H-Y2(00))3 | 3n e HV2(09), st.,

/mu.w) dS:/mngb ds for ¢6H2(Q)}7

where (H~1/2(0Q))? is the dual space of (H'/2(9Q))3. This implies in a weak sense
that n = —Divu, where Div denotes the surface divergence, and that v - u|spq = 0,
based on the identity for u smooth

—/ (Divu)¢ dS:/ u-Vo dS—/ (u-v)(Vo-v) dS.
o090 aQ 20
We will also define in the same spirit the space for the surface scalar curl

HV2(Curl;00) = {u € (H/2(09))* | 3¢ € H2(00), s.t.

(14)

/ (vxu) Vo dS= £p dS for ¢ € H*(Q) (15)
a0 a0
and | w-VydS=0 for ¢eH2(Q)mH5(Q)}.
o
Note that the first condition implies in the weak sense that £ = —Curl u, where Curl

denotes the surface scalar curl, and the second condition in the definition implies
weakly the tangentiality v - u|spq = 0.
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Moreover, H~'/2(Curl;d) is the dual of H~/2(Div;dQ). It is then shown in
[6, 29] that the tangential trace map

7+ H(curl; Q) — H~Y2(Div; 9Q)
U VX ulpn
and the projection map
™ : H(curl; Q) — H~Y2(Curl; 9Q)
ur (VX ulgn) X v
are both surjective.

In order to reconstruct the values of the parameters, we begin with the following
energy identity, which is obtained by integration by parts
i

7/ (vx (vxH)) (vxE)dS= / Y|E|? — u|H|? dx (16)
W Jon Q

for the solution (E, H) € H(curl; Q) x H(curl; Q) to the Maxwell’s equations. Here
the boundary integral is the parity of H—/?(Div;dQ) and H~/?(Curl ; 992).

In the following we use d to denote the dimension number so one can trace the
dependence of the convergence rate on d. In all cases considered in this paper
including Maxwell system and elasticity system, d = 3. We denote by B(z,r) the
ball centered at = of radius r > 0 and adopt the coordinate notation x = (z', z4) €
R?~1 xR in d dimensions. Since we will use some results of Brown [3], we will follow
his notation.

Given a Lipschitz domain Q C RY, for each P := (p/,pq) € 09, we consider a
change of variable that flattens the boundary near P

(2, 2a) = F(a',2q) = (2" + P, wa + ¢(2" + 1)), (17)
where ¢ : R~! — R is Lipschitz such that
B(P,p) N0 = B(P,p) N{za = ¢(z')}
B(P,p) 192 = B(P,p) N {za > 6()}
for some p > 0. Let @ = F~1(Q) ¢ R? and Q be its boundary. There exists a
r > 0 such that
B(0,2r) N {z4 =0} € F7Y(B(P,p) n9Q) C Q.

Since we are interested in the coefficients at the point P, we focus on reconstructing
1(£(0,0)) = pu(p', ¢(p')) and y(F(0,0)) = v(p', &(p))-

Denote
M) = DF (@) = (5) (R (18)
By the change of coordinates (17), we have the right 7hand side of (16) to be
L 2 _ 2 dx = SE) - E— (UH .T(p

Ii= [ AIBE ~ it dz = [ GE)-B— il 1 da. (19)

where
fi(z) = p(F(x))M(zx)M(x)",  F(z) = y(F(z)M(z)M(z)",

and
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Furthermore, the electromagnetic field (E, H) (defined as the pull-back of (E, H)
by F': Q — Q) satisfies the Maxwell’s equations (in the weak sense)

cuwrl E —iwiiH =0, curl H+iwyE =0 in Q. (20)

This last point can be justified by checking that curl E(z) = M(z)(curl E)(F(z)).
We now list a couple of properties of the parameters that are required to apply

some results of Brown [3]. First, let us note that p,~y € Lip(Q) satisfy the hypothesis
(H1) in [3], that is,

u(F (2, 2a)) — p(F(2",0))| + V(F(2', 24)) = y(F(2',0))] < |zl (21)
for all |2'| < 2r. Regarding the hypothesis H2 in [3], note that
Sl_d/l | |A’71(0a0) _A’y'(yl?o)|2 dy/+81_d/ |ﬁ(070) _ﬁ(yl70)|2 dyl
y'|<s

ly'|<s
< &g sl / V' o) — Vo) dy,
ly'|<s

where the limit of the last term on the right-hand side vanishes, when s goes to
zero, for almost every p’ by the Lebesgue differentiation theorem. Here we denote
V'¢ = (016, 020)".
Our reconstruction method only will work for points P € 92 so that
s~ [V ) = V)P ay = 0 (22
s—0 ly’|<s

for the corresponding ¢ and p’. As pointed out before, for almost every point in
P € 00 its corresponding limit in (22) vanishes.

2.2. Reconstruction of v. We first give an explicit reconstruction formula of ~y
in an admissible point P € 9 from the knowledge of the admittance map A;‘ﬁ.
Recall in [3], a family of functions with special decaying property is constructed
as the input of the Dirichlet-to-Neumann map for V - ¢V to reconstruct o. More
specifically, this family was given by

on(y) = n(NY2|y (N 2yg)eN Go—ey, (23)

where €; = (0, ,0,1) € R? and 5 : R — [0, 1] is a smooth cutoff function which
takes value 1 in B(0,1/2) and 0 outside B(0, 1), the vector a € R? can be chosen
such that

|M(0)' ] = |M(0)"éql,

N (24)
a- M(0)M(0)'e; = 0.

An explicit choice of « is given in (37).

We will make an essential use of the gradient fields {Vuy}n. More particularly
we will choose (E, H) so that their pull-back (E, H) = (Voy + w1, w,) with w; and
ws solving

curl wy — iwpws = 0 in €,
curlwg + iwyw; = —iwyVuy  in (25)
vxw =0 on 0.

Note that €2 is not necessarily locally described by the graph of Lipschitz functions,
so in principle, the theory of well-posedness for (25) should be revisited. In our
particular case, the situation is simpler since €2 is the pull-back of a domain whose



BOUNDARY DETERMINATION OF ELECTROMAGNETIC AND LAME PARAMETERS 11

boundary is locally described by the graph of a Lipschitz function. Therefore, it is
enough to use the map F' to obtain (w1, ws) in Q from the corresponding fields in
Q. We will be solving in Q in the rest of the paper, and it will always be justified
through the map F'.

The corresponding energy (19) for (E, H) is then given by

I:[W(F(y))VW~MMthN dy
Q

+ [ ) RV MM ) T MMy (26)

+/ﬁu(F(y))w*z~MMtw2 dy.

On the other hand, the tangential boundary condition of the electric field is
transformed according to

v x BE(F(x)) = DF(z)v x E(z),

where D(z) = DF (x)'v(F(z)). For N='/2 < 2r the support of Vouy is contained on
{zq =0} N B(0,2r), and the tangential boundary condition there becomes

v x E(F(2',0)) = DF(2',0)[é; x Voy(a',0)]. (27)

Since H1 and H2 in [3, Lemma 1] are satisfied, the first term of I satisfies
Ja(F(y))Vox - MM'Vuy dy
N
AW+ VO [ () da (29)

Rd—1

as N — oo.
It turns out that this first term dominates, hence provides the reconstruction of
~v(F(0)) knowing ¢ and 7.

Theorem 2.1. Suppose 2 C R? (d = 3) is a bounded Lipschitz domain. Let

wu,e,0 € Lip(Q) satisfy (1). Let P € 98 be an admissible point with F as in (17).
We define

fn(z) =g (M) () x Von)ly=r-1(2)s (29)

where

o= (L Vo) [ (] da
and M and vy are given by (18) and (23), respectively. Then

i

Hvlon) == £ [ (A2, (o) x ] T d5 = ()

as N — oo.

Proof. To show that the last two terms in (26) are lower order terms, it suffices to
show that the (L2(£2))3-norms of w; and ws are o(1).
First, we need to consider the dual of the standard regularity estimate for the

Maxwell’s equations, targeting the L?-norm of the solution.
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Notice that the elliptic condition for the parameters is preserved in the following

dual problem: Given (G1,G2) € (L%(9))°, except for a discrete set of frequencies,
there exists a unique solution (uy,u2) € H(curl; ) x H(curl; ) to

curlu; +iwpus = G in S~2,

curlug — iwyu; = Gy in S~2, (30)
vxu =0 on 9Q.
Furthermore, we have
||u1||H(Cur1 o) T ||u2HH(Cur1;ﬁ) S ||G1||(L2(§))3 + HG2H(L2(§))3~ (31)

Then by integration by parts (duality), we have

/~w1 Gy +wy -Gy dy‘ = /J—iwﬁVvN) -y dy|. (32)
a a

It then suffices to show that the right hand side is bounded by 0(1)||u1||H(Curl_§)
since this would imply, using (31),

||w1H(L2(ﬁ))3 + ||w2||(L2(§))3 <o(1).

It is worth noticing that in [3], Brown used Hardy’s inequality to show a similar

estimate
V- WVUN”H—l(ﬁ) = o(1).

The main novelty in our approach is to replace the use of Hardy’s inequality by a
duality argument involving the possibility of writing 7(0)Vey as the curl of certain
vector field Ly.

Start by writing vy := ¥ ey with

Un(y) == (N2l In(NPya),  en(y) = eNiome,
We will estimate the three terms of
AVon (y) = F(y)Vinen + (3(y) —7(0))nVen +7(0)¢n Ven. (33)

For the first two terms, we only need to control their L?-norms by duality. Then
we have

||5V'(/)N€NH(2L2(§))3

S ||vaeNH?L2(§))3

2—d _onl/2
=N /Rde 2N va (! 1y )2 0(ya)® + n(1y' )0 (va)?) dy

2—d 1 1/2 1/2 (34)
SNz / e 2N Fya 4 2N ydn,(yd)Q dya
0
SN (N-l/2 + O(e—N“))
= O(N%) — O(N—l)
Similarly, we consider the square of L?-norm of the second term
NZ/~ ((F(y) = 7(0)) (ia — &q)|* ¥3e 2NV dy
| (35)

< N? / F(y) — 3(0) e~ 2Nva ay,
B(0,N—1/2)xR+
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where B(0, N~1/2) denotes the ball in R%~! centered at 0 and radius N~'/2. Tt is
convenient to write,

7(y) —7(0)
= (Y(F(y)) = v(F(0))) M (y)M (y)" + v(F(0)) (M (y)M(y)" — M(0)M(0)").

Thus, the right-had side of (35) can be bounded by

N2/ |y/|26—2Nyd dy
B(0,N—1/2)xR+

+N2 /B(ON 12y xR \V’qﬁ(y/ ,p/) V/¢(pl)‘2672Nyd dy
AR X

By the (22), we have that the previous sum is o(1). It remains to prove

< 0(1) ||7_L1 ||H(curl ,ﬁ)

/~ —iwy(0)YnVen -ty dx
Q

The idea will be to write 7(0)Veyn as the curl of certain vector field Ly. First, we
state the explicit expression of the matrices M and M M? at 0:

. Id_ 0 t o Id— _vl(b(p/)
0= _gigyy 1)+ HOMO=( ity 1 S )

Since « is chosen such that 8 = M(0)!(ic — &) satisfies 8- 8 = 0, we have that
¥(0)Vey is divergence free, namely,

V- (7(0)Ven(y)) = 0.
Therefore, there must exist a vector field Ly = Ly (y) such that
V x Ly =75(0)Ven = N3(0)(ia — €4)en.
Next, look for such an Ly. We write an ansatz
Ly =~(F(0))(a+ib)en
and find a,b € R? satisfying the following algebraic equations

€1 x a+axb=M(0)M(0)'e,,
axa—é;xb=M(O)M(0)a.

It can be verified that in R3, the choice

1
1+ |V'¢|? —=
AL T
a=q= (Pl)7 b= Vl’ o1 (p'), (37)

where V'¢) := (010, 02¢)?, qualifies and satisfies n-n = 0 and n-7j = 2(1+|V'¢(p')|?).
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Finally,
[ oniO)Ven) -1 dy
:/ﬁqm(v x L) -1 dy
=/§LN-(¢NV x Uy + Vioy x uy) dy

S (1N Ll zaayys + 1V9N - Lol oy ) 1l enn )

where we have used that v x u; = 0 on 9. It is then easy to verify, similar to that
for (34), ||Vin - LN||L2(§) = o(1). For the other term,

NIy [ OVl PN ey

_d _ 1/2
=N [l DPatae e ay
R

—1—d
2

=O(N"7 )=0(N7?).

This completes the proof. O

2.3. Reconstruction of p. In order to reconstruct p, the idea is to let the magnetic
energy, namely fQ p|H|? dz, dominate. By symmetry of the equations, H should be
chosen roughly Vuy, for example, by equating them at the boundary. From now
on, we utilize the impedance map, that is, the map

Al v x Hlgg + v X Elsq,

then similarly to the previous section, we define our indicator functional being

i -
J(fnlaq) == */ |:A{L,'y(fN|SQ)i| (fy xv)dS, (39)
w Jon
where fny = v x Vuy as before. This implies
J(fnlog)
— [ P AlEP do
Q
— [ @)V - 20Ty dy
Q

+ | w(F(y)) [2Re(VOn - MM ws) + w3 - MM'ws|dy

Y(F(y))wy - MM'w; dy,

J
J

where (wy,ws) := (E, H — Vuy) in this section and satisfies

curlwy —iwpwe = iwpVoy  in §~2,
curl wy + iwyw; = 0 in Q, (40)
VXwy =0 on O9.
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Following the proof of Theorem 2.1, the equation (32) is replaced by

/~w1-Gg—|—wg~Gldy‘ =
Q

/J—iwﬁVvN) g dy (41)
Q
for any (Gy,Gs) € (L2(Q))5, where (uq,us) is the unique solution to

curlu; +iwpus = G in Q,

curl us — iw§u1 =Gy In ﬁ,

VXuy =0 on 9.

Then it is left to show similarly

[ iiVon) 7@ dy| = oDl e
The proof is the same as in Theorem 2.1. In particular, the integration by parts in
(38) is still valid in this case using the boundary condition v X usa|,g = 0.

As a result, we obtain the reconstruction formula for p.

Theorem 2.2. Suppose that Q, u, €, o, P € 02 and fn all satisfy the assumptions
in Theorem 2.1. Then we have

lim J(fnloa) = pu(P),
N —o00
where J(fnloq) is defined by (39).

Proof of Theorem 1.1. By using all results in Section 2, we can prove Theorem 1.1
immediately. O

3. Boundary determination of electromagnetic parameters with corrupted
data. The main objective of this part is to stably identify boundary values of the
unknown electromagnetic coefficients from the boundary measurement corrupted
by errors, modeled and handled similarly to that in [7] for the Calderén problem.

First, we give a description of the modeling for the random white noise, first
introduced in [7] for the Calderén problem, with modifications adopted to the system
of Maxwell’s equations with our electromagnetic boundary maps. In particular, the
random white noise is introduced to the boundary data on the H~1(9)-level as
well as on the L?(992) one.

3.1. Noise modeled on H~1(9Q). We start with the fact that (H~1(9Q))? is a
Hilbert space and let {e,, : n € N} be an orthonormal basis of (H~*(99))3. Recall
that our bilinear form with corrupted data are defined as

A = A XV)-q €. €, o
N2 (fg) = /m(A;L,W(f) )G dS+ 3 (flea ) (gleas) X, (42)

a€N?

NiRo) = [ KL axn) a5+ Y (lea)(dlen)Xa (43
aeN?
for f,g € H-'/?(Div;0Q) C (H~*(99Q))%, where a = (a1,a) € N? and (¢|¢))
denotes the inner product in (H~1(9£2))3.
Then we have the following lemma after replacing L?(99) by (H~1(99))? in [7,
Lemma 2.3].
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Lemma 3.1. There exists a complete probability space (IL, H,P), and a countable
family {X, : a € N2} of independent complex random variables satisfying (6).
Moreover, for every f,g € (H=*(92))3 we have that

2
E Z (flea,)(gleas) Xa
a€N?

Since the (H~1(99))3-norm is bounded by the H~'/2(Div,d9)-norm, immedi-
ately, we obtain the boundedness of the operators N ;27 and N J’,y from the space
H=/2(Div; 8Q) x H~Y/2(Div; 9Q) to L*(I, 1, P). It gives that [N (f,9)|, |V, (f,9)|
are finite almost surely. Moreover, we have the following decay for the covariance.

= 1 £t o2 191171 0022

Lemma 3.2. The following estimate holds
2

E = 1/ l{z-1 (002 < CoaN~2. (44)

Z (fnleas)(fnleas) Xa

a€N?

Proof. The first equality directly comes from Lemma 3.1 and the second inequality
is obtained as follows. From (29), one has the equivalent formula

(@) =g Pu(z) x Wi (2),  z€09,

where
Wi (2) = (F)*(Von) = M(y)'Vyon @)ly=r-1(2)-
Here, v(z) is the unit outer normal to 9 while v(y) in (29) is the unit outer normal
to Q.
It is easy to verify
VZ X WN(Z) =0.
For ¢ € (H'(9%2))3,

/VxWN~<pe—WN~V><<pedz: In ¢ dS,
Q o0

where @, € (H3/%(Q))? is the extension such that ¢ = v X @c|gq x v. The first term
of the left hand side vanishes by above. For the second term of the left hand side,
after a change of variable and passing the derivative, we have

fN'SOdS:*/WN'VXgOdZ
o0 Q

- _/Q (gz)t (Voy o F7Y) (2) - (V. x ¢(2)) d=
0z

—— [ Vot (9, % o) aet (5)

—— [ owv (%, x 30) 45,
aQ
where @ is the push-forward of ¢ by F' given by

P =(M") " y)p(E(y)).
Finally, it is not hard to see that

[ -0 45 < Cllowlaomys el omy»
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Therefore,
||fN||(H—1(8Q))3 < CH”NH(p(aﬁ))s < C||UN||(H1/2(§))3 < CSQN_1/2
which gives (44).
O

We state one crucial result from [7] which also works for the vector-valued func-
tions in this paper. This result will lead to the unique determination and the rate of
convergence of parameters for both Maxwell and elasticity systems with corrupted
data.

Proposition 1 (Lemma 2.5 in [7]). Let (X,3,m) be a measure space and { fn}5>,
be a vector-valued sequence in (L*(X,%,m))? for s € [1,00). Assume that f,, — f in
(L*(X,%,m))3 for some f € (L*(X,3,m))3 and there exists a sequence of positive
numbers {A,}52, C Ry with A, — 0 as n — oo such that

— 1
Z—/|fn—f|5dm<oo.
n:l)\% X

Then one has f, — f for almost every x € X.
Suppose furthermore that m(X) < oco. Then, for every ¢ > 0, there exists a
ng € N such that

m{z e X : |fo(z) — f(@)] <A} >m(X) —€ forn>ng.
Remark 3. The ng in the second part of the statement should satisfy

1
Z—/|fn—f|sdm§e.
AL x

n=no

Proof of Theorem 1.2. The partﬁ(l) is a consequence of the first part of Proposition
1 to the sequence {3 (fnleq,)(fn|€as)Xa : N € N\{0}} with Ay = N7,

To prove part (2) of Theorem 1.2, again we take AN = N—9/2_ Applying the
second part of Proposition 1 to the sequence {> (fnleq,)(fn|€as)Xa : N € N\{0}},
and using (44), we obtain

P{| > (fnleas ) (Fileas) Xa

for N > Ny, where Ny is as in Remark 3, that is, we need

S~ Cha
Z N2 o =€

N=No

SN*"/Q} >1—¢

This holds whenever
Cia
e(1—0)’

which gives Ny > ce T, Lastly, we see that there exist Cy > 0 and C), > 0 such
that

{‘Z(fN|ea1)(E|ea2)Xa

and

{3 twlea) (Flen) X

(No—1)'77 >

< N_0/2} - {|N[37(fN,fN) —(P)| < C’YN_O/Q}

< N2 LN (v ) — ()| < CuN 712,
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respectively. This completes the proof. O

3.2. Noise modeled on L?(9f2). The noisy admittance and impedance data, ley
and N L{,v respectively, are defined in the level of L?(0f)) exactly in the same way as
in (42) and (43) with the exception of some details. The sequence {e,, : n € N} is an
orthonormal basis of (L?(9£2))?, the inner product (¢|¢)) = [5, ¢ - 1dS, and finally
f.g € HY/?(Div,09). To make rigorous sense of this definition, we will assume the
boundary of the domain to be locally defined by the graph of C'>! functions.

Lemma 3.3. There exists a complete probability space (IL, H,P), and a countable
family {X, : a € N2} of independent complex random variables satisfying (6).
Moreover, for every f,g € (L?(0))? we have that

2

E Z (flea,)(glea,) Xa

a€eN?

= 1£ 11722002 1911 L200))2-

Lemma 3.4. The following estimate holds
2

E Z (fnlear)(frleas)Xa

a€eN?

= I~ 1{z2 (o2yys < Con- (45)

Proof. To compute the L?-norm of fy, we could just take the part of € inside the
ball of radius p and center P since fxn vanishes outside. This part of 92 could be
flatten and there the following identity would hold if N~=1/2 < 2r

fN =V X E|8Q = DF(gd X V'UN)|3§~
A straightforward computation shows that
Eax Vo (',0) = e N @O [NY2g, Vi (NV2(2',0)) +iN (81 x o) (N2 (2, 0))],
where ¢(z) = n(|2’|)n(z4). On the other hand, note that
_ /
Iy 0 (+Vow)P) | o)

o . /
V/¢($/ _|_p/) E €4 X ¢ = O019(p ) )

D ! =
F0) Vo)) !

which implies that DF(0,0)(éy x ) = 0. Therefore, for |z'| < 2r, we have that
In(F(',0) = N O [NVEDF (!, 0)(e x Vo) (NV2(a!,0)) (46)
+iN(DF(z',0) — DF(0,0))(€s x a)i(N'?(2’,0))].

Thus,

1522002 S NY2IDF(a!,0)(€1 x Vi) (NY2(2',0)) [l (12 (r2))s
+ N” (DF(SU/, O) - DF(O, 0))(621 X Oz)l/J(Nl/2(.’£l, 0)) H(L2(R2))3~

The first term on the right hand side is bounded by a constant independent of NV
because the rate of shrinking of the support of (€5 x Vi))(N'/22’,0). To ensure that
the second term is also bounded by a constant independent of N we need an extra
cancellation beside the shrinking of the support. This cancellation comes from the
inequality |DF(z',0) — DF(0,0)| < |2|, which is a consequence of the fact that 92
is locally described by C'! functions. O
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Lemma 3.5. We have that, for T > 1, there exists a C' > 0 so that
e

1 2T o
E‘T/T Z (ft2|ea1)(ft2|ea2)Xa dt < m

aeN?

The constant C depends on upper bounds for the CY' norm of the functions de-
seribing locally the boundary of 0f).

Proof. One can check that
2

1 2T o
Blp [ 3 Gelea)Flens) Xt

a€N?

where Qp = [T,2T] x [T,2T]. Consider S € (0,7/2) to be chosen later and split
Q7 in the sets

1
7o (et dis. 1)

D(S)={(s,t) €Qr:t—S<s<t+S}

L(S)={(s;t) €Qr:T <s<t—5},

R(S) ={(s,t) €Qr:t+ 85 <s<2T}.
Using Cauchy—Schwarz and the Lemma 3.4, we have that

1 D(S
72 [, el e < 550

S

since | D(.5)], the Lebesgue measure of D(S) is of the order ST. We are now going to
study the other pieces L(S) and R(S). Start by noticing that, using the expression
(46), the inner product (f,z|f;2) can be written as a sum of terms of the form

st/ et (" =10 (0 (o 8) da (48)
R2

where [0%a(2;5)] < (14 s)Blx(sz’) and [0%b(2’;t)] < (14 t)Plx(ta’) with x a
compactly supported function in R? and 8 € N2 for |3| < 1. Since D(S) contains
the stationary points of the oscillatory integral (48), we have that, in L(S) and
R(S), its phase is non-stationary. Then, write

ei(sz—tz)a/~m/ _ |O/‘2(8_227 t2)a/ . vei(sz—tz)a"r’

in order to count the oscillations. Thus, the absolute value of (48) can be bounded,
modulo a multiplicative constant, by
t
87/ [Va(z'; s)||b(z';t)] + |a(z'; s)||Vb(2'; t)| da’
2 =] Jo
which in term is bounded, again modulo a multiplicative constant, by
1+s4+1¢ , N, 1+s+t
———5-5t tr')de' < ————. 49
st | ) e’ S (49)

In the last inequality, we have used Cauchy—Schwarz. In R(S), s? —t? > 0 since
2 —t2> (t+8)* —t* =25t + S? > tS > ST.

Hence, |s? — 2| > ST. On the other hand, in L(S), t> — 52 > 0 since
t? — 82>t — (t—8)> =25t — S > tS > ST.
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Again, |s? — 2| > ST. Thus, by the fact that (f|f;2) can be written as a sum of
terms of the form (48), and these in turn can be bounded by the right-hand side of
(49), we have that

. ((felf) | d(s.t) <

T2 Jr(s)ur(s)

[L(S)U R(S)| T*
T2 S7?

1
<@ 60
since |L(S) U R(S)| < T?. Choosing S = T/ to make the decays in (47) and (50)
of the same order, we have the inequality stated in the lemma. O

Proof of the Theorem 1.5. The proof basically follows the proof of Theorem 1.2 by
applying Proposition 1 to the sequence of random variables

1 2T N -

{T/ Z (ftz‘eal)(fﬁ'eaz)Xa dt: N € N\{O}}
N JTN a€EN?

and by applying

2

<C—>0

E = N2+0

2Ty -
%/ Z (fizlea, ) (fizlea,) Xa dt

TN aenz

as N — oo, obtained using Lemma 3.5 and Ay = N—9/2_ Note that the Coa
(used in control Ny) is replaced by constants in Lemma 3.5, which depend on
99, lower bounds for €9 and fi, and upper bounds for [|v([;;,@) and [ulli, @)
respectively.

4. Boundary determination of Lamé moduli with corrupted data. In this
section, assuming that the data has measurement error as in section 3, we recon-
struct the boundary value of Lamé parameters and its rates of convergence formula
for the isotropic elasticity system.

Hereafter, we will consider the problem in R3. Let Q C R? be a bounded domain,
A(z) and p(z) be the Lamé parameters satisfying the strong convexity condition
in (8). The regularity assumptions of the boundary 9Q and the Lamé parameters
(A, 1) will be described later.

We use the same notations as in Section 2. Given P = (p/,p3) € 9Q and x =
(2',x3), let ¢ : R? — R be the Lipschitz function and (2, z3) = F(2/,23) = (2’ +
P x3 + ¢(x’ + p')) be the boundary flatten map near P € 9. The matrix M is
defined in (18) with det M(z) = 1. Let Q = F~1(1).

Let u be the solution to the elasticity system (9) associated to the tensor C. By
a change of coordinates, the function @(z) := u(F(x)) solves a new elasticity system

V- (CVa@) =0in Q, (51)
where we have utilized that

0= / CVu:Vo¢ dz = /~ CVi : Vq~$ dzx, for any smooth test function ¢.
Q Q

Here C is the elastic tensor expressed as

C(r) = M(z) ® C(F(z)) ® M(x)", (52)
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where ® denotes the multiplication between a fourth-order rank tensor and a matrix.
In particular, the function C = (Clqkp)1§17q7k7p§3 can be explicitly written as

dx, Ox
zqkp - Z Cz]kl azp azq . (53)
J

Li=1 z=F(x)

Moreover, C satisfies the strong convexity condition (8), but with a different positive
lower bound. Note that the new elastic tensor C will lose the minor symmetric
property, that is,

Cijrt = Ciji = Cipr, for 1 <4, 5,k 1 < 3,

but we can still reconstruct its coefficients at the boundary. Use a change of variable
again, then we have

/ Acf'?dS:/CVu:Vﬂdz:/NéVﬂ:Vde, (54)
o9 Q @

where A is the Dirichlet-to-Neumann map defined by (11) and : denotes the Frobe-
nius product between two matrices.

4.1. Approximate solution and elliptic estimate. We first give a reconstruc-
tion formula for the Lamé parameters A and p on the surface.

Recall that n : R — [0,1] be a smooth cutoff function given in Section 2. Let
w € R3, depending on z’, be chosen such that

|M(2',0)'w| = |[M(z',0)'e5

55
w- M(2',0)M(2',0)'e5 = 0, (55)

where €3 = (0,0,1).
Given any vector a = (a1, az,a3) € C3, for any integer N > 1, we define a family
of approximation solutions of u by

G ly) = n(N2[y [In(N1/2yg) MVl o 0

in a similar spirit for the Maxwell system in section 2.2, see also [28, Section 2.3.2.1].
Because of the need to use 7 as a summation index, we let v/—1 denote the imaginary
unit. From now on, without loss of generality, we assume that 2’ = 0. Then w
satisfies (55) and w = (w1, ws,0). Similar to the notations introduced in section 2,
we denote

O (y) = (N2 Dn(NY2ys), en(y) = eNVTwe)y,

then we can express Gy as
~N(Y) = ¥n(ylen(y)a. (56)

In what follows, we first apply the gradient of the approximate solution {Vé NNy
in the integral (57) in Lemma 4.1 and then find out that its first term dominates
the whole behavior. This observation will play an essential role in providing the re-
construction formula for (~3(0) in section 4.2 assuming the boundary measurements
are corrupted.
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Lemma 4.1. Let A, p be the Lipschitz continuous Lamé moduli satisfying the strong
convezity condition (8). The four tensor C is defined by (52) and V'¢(p’) exists.
Then we have

/N CVGy : V?N dy (57)
9)

’ 2. By, Oy dys . Oy
—_ .. o p q 3 3
- E Cijr(F(0))ara; (p qul 91 (0) % (0)wpwy + 9% (0) 7, (O))

4,5,k =1

X/ n(|y/|)2dy/+0 (6_%1\[1/2)
R2
1/2
+O [ NT2 g (N/ IV'o(y' +1') = V'o()? dy') :
v/ | <N/

where Gy is the approximation solution defined by (56) and recall that V'¢ =
(016, 020)".

For the flat case (i.e., 0 € 02 with Q = {z3 > 0} near 0), the previous lemma
was proved in [28, Section 2]. The first term in the right hand side of (57) is the
dominant term of the boundary determination, while the remaining parts are lower
order terms. For the completeness of the paper, we provide a detailed proof below.

Proof of Lemma 4.1. Following the idea in the proof of [3, Lemma 1], we first note
that

3 ~ —_
~_ ~ = ~ I(GN)r O(GN);
CVGyN : VGyN dy = E / C; Yy)——— ————— dy, 58
/ﬁ " v i,q,k,p=1 Q qkp( : Fp 9q %)

where Gy = ((Gn)1, (Gn)2, (Gy)s). For k = 1,2,3, by a direct computation, the
partial derivatives of (G )y are

OGNk
Oyp

_ (Nl/%’(zv“?|y'|>n<zv1/2yg>f;;| n ¢—1prwN<y>) en()ar,  (59)
for p=1,2 and

OGNk
ys3

= (NY2p(N 21y o (N 2ys) = Now () en(m)a. (60)
Next, substituting (53), (59) and (60) into the identity (58), then one obtain

/~(~3Vé1v : Va dy
Q

3 —_
/QCUM( (y)) aZl azj 8yp ayq dy

i,5,k,l,q,p=1
= I+ II+1I1+1V,
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where

5 [ o (Z Zij’(mgiq(owpwgij’(mgij(m)

1,5,k,1=1 p,q=1
~ n(Nl/QIy |)2 (N1/2 )2 _QNyS'CLkCTi dy,

II= N2 P lz / Cigrp(y) — ~qu;p(0)) Wy +/§ <6i3k3(y) - C~'¢3k3(0))]

p,q=1
X n(N1/2|y |) (N1/2y3)2aka7 dy,

Oyp 0
D> | Gt ZBZ’; B N (V1)
i,7,k,l=1

L3 2Nya gy, o
(N2, )|y1,’| - ai? azglﬂN( In(NY2ly [ (Mys) ) e N g dy,
J

and

Oy, 0
V=N Z /C”kz Z o Za (121 )2 (N”ers)z%}‘/g

Jkll pam 0797

32/108113 1enT1/2), 0 /2,7 1/2 rearl/2, \ Yp
D21 02 20" (N =Ly n(N =y (N Zys)n' (N yg)ly’l

8y3 dys ,

N1/2y NY2|y'N2) e~ 2N, a7 dy.
e gt (V2 P (N 21y )2 )2 v dy

We will show that I is the dominant term and II, I1I, IV are remainder terms
in the following arguments. We first estimate I. By using the integration by parts
with respect to the ys3 variable and applying change of variables, we obtain

3
y 9p () Da 9y 1y s
Z CUM(F a’kal ( 62[ 62’ )U‘)qu + 82] (0) 82]‘ (0)

ijkl=1
X / n(y')* dy' + O (e_le/z) .
R2

Secondly, by using change of variables again and following a similar argument as
in the proof of [3, Lemma 1], one can derive that

1T =0 (N72) and 1V = 0 (N71/2).
Finally, for the second term I1, the triangle inequality yields that

(1| < I + I, (61)
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where

IIl < NZHVF ||2 Z / |01]kl )) - Cijkl(F(y/7O))‘

i,7,k,l=1
(Nl/zly’l) (N1/2y3)26_2Ny3 dy,

IIQ g N Z / Z |C7,qkp Z/ O Ciqkp(()”

i,k=1 P,q=1
+ 1Cuaaly',0) = Clans (0)] ) (N /21y |)?

for some constant C' > 0 independent of N. Here we have utilized that |w,| < 1
for p = 1,2 (recalling that w = (wy,w2,0) is a unit vector) and a;’s are complex
numbers for j = 1,2, 3.

To establish (61), we will estimate II; and Ils separately. For II;, we choose
a constant A > 0 and split the region of integral into two parts, namely, {y; > A}
and {ys < A}. Thus, one obtains, by following a similar argument as in (36), that

[T < o(1) (62)

when N — oc.
On the other hand, for I, by Cauchy-Schwartz inequality, one can derive

- - ~ _ 1/2
w5 (v [ Cuapp(y'50) = Ciarp(0) 2 + [ Cusna (', 0) — Cis(0)[2 dy')
ly'|<N-1/2
/ ! / / /\ |2 / 1/2
S(N/ V'o(y' +p') = Vo) dy) :
ly'|<N-1/2
Using (22), it leads to

L] S o). (63)

We substitute (62) and (63) into (61). We combine the estimates for I to IV, then
we complete the proof.
O

We denote

o / n(ly'])? dy'.
R?

by a direct computation and let N — oo, then the main term I satisfies

dy ay dys .\ Oys
I A r P q
— kK J; 1 Cijra(F(0))axa; ( 8zz 82] (O)wpwg + o= 92 0)5= 9z, (0)

3
=k Y Zij(P)ag;, (64)
ij=1
where Z(P) = (Z;j)1<i,j<3(P) is the 2-tensor defined by (12). For more detailed
analysis about the boundary reconstruction for the isotropic elasticity system with-
out noise, we refer readers to [28, Section 2].
Similar to [7, Lemma 2.2], we have an analogues result for the elasticity system.
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Lemma 4.2. Let C be a Lipschitz continuous isotropic elastic tensor given by (10),

which satisfies (8). Let C be the elastic four tensor defined by (52) and V'é(p')
exists. Let Ty be the solution of

V. (CViy)=-V-(CVGy) inQ,
™~ =20 on 8@,

where Gy € (HY(Q))3 is the approzimate solution defined by (56). IfV'¢(p') exists,
then one has

IVIN | (p2@))s
1/2
SN™YZL N2 </I S V'o(y +p') = Vo) dy’) o (69)
Yy [SN—

for some constant C > 0 independent of Gy and Tx.

Proof. The estimate (65) holds by using the standard elliptic regularity estimate of
rn, Hardy’s inequality for uy and Lemma 4.1. The detailed proof is the same as
the one of [3, Lemma 2], thus we refer the interested readers to [3].

O

4.2. Proof of TheorerQ 1.4. Let us consider the iunction uy with uy = Fruy
and define Uy := k= Y/2(Gn +7n), then uy € (H*(Q))? is the solution of

V- (CViy)=0inQ with @y =Gy on 9. (66)
Denote fn = un|oq. From formula (54), one has
k! /~ AgGy -Gy dS = /~ CVily : Viy da. (67)
o Q

Recall that (IT,H,P) is a complete probability space, and {X, : a € N2} is
a countable family of independent complex Gaussian random variables X, : w €
IT — X,(w) € C as in Section 3 such that (6) holds with standard expectation of
a random variable defined by EX = [;; XdP. Let {e, : n € N} be an orthonormal

basis of (L?(92))3, then we define the noisy data for the isotropic elasticity system
via the bilinear form

No(f.g) = /6 Aof T dS + Y (flea)(glews) Ko, (68)
a€eN2

for f,g € (H'/2(0Q))3, where a = (a1, az) and (W|w) = Joo W -wdS € C, for any
W,w € (L?(£2))3.

Next, by change of variables, (67), Lemma 4.1, Lemma 4.2 and the Cauchy-
Schwarz inequality, the equation (68) yields that

No(fn, fn) =r71 /aﬁ AgGn -Gy dS+ > (fvleay)(Fnleas) Xa

a€eN?

a€N?

3
= Z Zij(P)a;a; + Z (fnlea,)(frleas) Xa
ij=1

+0 (N—l/2 + £(M)) : (69)
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where Z,; is given by (12) and £(M) is an error term given by

1/2
E(M) = N*/? (/ V'o(y +p')— Vo) dy’) -
ly/|<N-1/2

We then state the following proposition by replacing L2(09Q) by (L?(09))? in
Lemma 2.3 of [7].

Proposition 2. Let C be the isotropic elastic tensor and 2 be a bounded Lipschitz
domain in R®. Then there is a complete probability space (II,H,P), and a countable
family {Xa o€ NZ} of independent complex random variables satisfying (6). In
addition, for any f,g € (L*(02))3, we have

E Z (flea)(gleas) Xa

a€eN?

= [I£ 122002 1911 L2 0622 - (70)

Furthermore, the corrupted data
Ne : (HY2(00))* x (HY?(09))> — L*(I1, H,P)
and the following estimate holds
2
ElNc(f,9)]" <C (1 F M Lo ) + HM||L°°(Q)) ||f||%H1/2(aQ))3HgH%Hl/z(aQ))Sv (71)

for any f,g € (HY?(0Q))3, and for some constant C' > 0 depending on 0Q. In
particular, (71) implies that INc(f,g)| < oo almost surely.

From (70), one can obtain
2

E Z (fnlea)(fNl€as) Xa| = Ifnll{z2(00))s < CoaN"2, (72)
a€eN?

for some constant Cp > 0 depending only on the Lipschitz function ¢, where the
last inequality comes from the definition of the oscillating boundary data.

Under some suitable assumptions on the boundary 89, the last term in (69)
converges to zero as N — oco. Thus, the Lamé parameters A and p at P € 02 can
be reconstructed from N (fn, fnv) and (72) by taking N — oo.

Proof of Theorem 1.4. Following the argument of [7] or of Section 3, one can obtain
the boundary determination as well as the rate of convergence for Lamé moduli,
which finishes the proof of Theorem 1.4. [
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