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Abstract. In this short note, we investigate an inverse source problem asso-

ciated with a nonlocal elliptic equation (−∇ · σ∇)s u = F that is given in a

bounded open set Ω ⊂ Rn, for n ≥ 3 and 0 < s < 1. We demonstrate both σ
and F can be determined uniquely by using the exterior Dirichlet-to-Neumann

(DN) map in Ωe := Rn \ Ω. The result is intriguing in that analogous theory

cannot be true for the local case generally, that is, s = 1. The key ingredients
to prove the uniqueness is based on the unique continuation principle for non-

local elliptic operators and the reduction from the nonlocal to the local via the

Stinga-Torrea extension problem.
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1. Introduction

Inverse problems for fractional partial differential equations (PDEs) have re-
ceived plentiful studies in recent years. The research of fractional inverse problems
was first initiated in [GSU20GSU20], where the authors recover the potential by using
the exterior Dirichlet-to-Neumann (DN) map. Moreover, in the work [GSU20GSU20], the
authors constructed useful tools: Unique continuation property (UCP) and Runge
approximation property for the fractional Laplacian (−∆)s, for s ∈ (0, 1). Based
on these two remarkable results, one may solve several challenging problems in the
nonlocal setting, even they remain open for the local case s = 1. For instance, one
can determine both drift and potential terms for a fractional Schrödinger equation
by the exterior DN map (see [CLR20CLR20]). A simultaneous determination for both
unknown obstacle and surrounding medium was investigated in [CLL19CLL19]. Variable
coefficients fractional Calderón problem was considered in [GLX17GLX17]. In addition,
if-and-only-if monotonicity relations are proved by [HL19HL19, HL20HL20]. These problems
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are either not true or open for the local case s = 1. So far, most of literature
of nonlocal inverse problems are to recover coefficients ”outside” a given nonlocal
operator, such as [BGU21BGU21, CMR21CMR21, CMRU22CMRU22, GLX17GLX17, CLL19CLL19, GRSU20GRSU20, Lin22Lin22,
LL22aLL22a, LL23LL23, LLR20LLR20, KLW22KLW22, RS20RS20].

Recently, the recovery of leading coefficients in nonlocal operators has been stud-
ied. In the works [FGKU21FGKU21, Fei21Fei21, Rül23Rül23], the authors use the local source-to-
solution map to determine the metric (up to diffeomorphism) on closed Riemannian
manifolds for the anisotropic fractional Calderón problem under slightly different
regularity assumptions. More concretely, the local source-to-solution map for this
type problem provides a connection between the associated Dirichlet Poisson ker-
nel, heat kernel and the wave kernel. On the other hand, one can also consider the
exterior DN map as a measurement. In the works [CGRU23CGRU23, LLU23LLU23], the authors
introduces novel reduction formula for both fractional elliptic and parabolic equa-
tions via the Caffarelli-Silvestre type extension. More concretely, the reduction will
deduce that the nonlocal DN maps determines the corresponding local DN map.
In this work, we apply this idea so that we are able to determine both leading
coefficient and source by using the exterior DN map, which cannot be true for the
case s = 1 in general. Similar results have been also investigated in [GU21GU21, LLU22LLU22]
by utilizing different methods. Last but not least, we also point out that there
exist several works related fractional inverse problems but in different formulation,
such as [RZ23RZ23, RZ22aRZ22a, CRZ22CRZ22, RZ22bRZ22b, CRTZ22CRTZ22, Zim23Zim23, LZ23LZ23]. In these works, the
leading nonlocal operators have been considered as the combination of fractional
divergence and fractional gradient.

•Mathematical formulation. Let Ω ⊂ Rn be a bounded open set with Lipschitz
boundary ∂Ω for n ≥ 3, and s ∈ (0, 1). Let σ ∈ C∞(Rn) be a scalar function
satisfying

(1.1) λ ≤ σ(x) ≤ λ−1, for x ∈ Rn,
for some constant λ ∈ (0, 1). Given F ∈ L2(Ω), consider the nonlocal elliptic
equation

(1.2)

{
(−∇ · σ∇)su = F in Ω,

u = f in Ωe,

where Ωe := Rn \ Ω. The exterior value problem (1.21.2) is well-posed by using
a classical argument (via the Lax-Milgram) demonstrated in [GLX17GLX17, Section 3].

More precisely, given f ∈ H̃s(Ωe), there exists a unique solution u ∈ Hs(Rn) to
(1.21.2). We will introduce fractional Sobolev spaces in Section 22. Since the equation
(1.21.2) is well-posed, let W ⊂ Ωe be an open set with Lipschitz boundary, then we
can define the (partial) DN map Λsσ,F formally by

(1.3) Λsσ,F : H̃s(W )→ H−s(W ) f 7→ (−∇ · σ∇)
s
uf |W ,

where uf is the unique solution to (1.21.2).

(IP) Inverse Problem. Can we determine both σ and F in Ω by using the DN
map Λsσ,F ?

Before answer the above question, let us first revisit the case s = 1, i.e., the local
case. Let us consider the second order elliptic equation

(1.4)

{
−∇ · (σ∇v) = F in Ω,

v = g on ∂Ω.

Let Λσ,F be the (local) DN map of (1.41.4), which is given by

(1.5) Λσ,F : H1/2(∂Ω)→ H−1/2(∂Ω), g 7→ σ∇vg · ν|∂Ω ,



NONLOCAL ELLIPTIC EQUATIONS 3

where vg ∈ H1(Ω) is the solution to (1.41.4), and ν denotes the unit outer normal
on ∂Ω. We are also interested that whether one can determine σ and F in Ω
simultaneously. Unfortunately, even we assume σ is known a priori, we cannot
determine both σ and F by using the local DN map (1.51.5). More concretely, let us
consider an arbitrary function ϕ ∈ C2

c (Ω), so that

ϕ|∂Ω = σ∂νϕ|∂Ω = 0.

Then the function ṽ := v + ϕ satisfies

(1.6)

{
−∇ · (σ∇ṽ) = F −∇ · (σ∇ϕ) in Ω,

ṽ = v + ϕ = g on ∂Ω.

By the condition ϕ ∈ C2
c (Ω), one can see that the DN map of (1.41.4) and (1.61.6) are

the same, but the source term ∇·(σ∇ϕ) appears in the right hand side of (1.61.6) may
not be zero in Ω, which implies the source F and F −∇ · (σ∇ϕ) might not equal
generally. Therefore, this means the source function F cannot be determined due
to this natural gauge invariance even if the leading coefficient σ is given a priori.
Moreover, in recent papers, the authors and I considered how to break the gauge
for both (local) semilinear elliptic and parabolic equations, and we refer readers to
[LL22bLL22b, KLL23KLL23] for more details.

Hence, it is natural to ask similar problem (IP)(IP) in the nonlocal setting. To solve
our problem, let us pose an additional assumption:

Assumption 1. We assume σ ∈ C∞(Rn) satisfying the ellipticity (1.11.1) and σ = 1
in Ωe.

Surprisingly, unlike the local case (i.e., s = 1), we can determine both σ and F
uniquely by using the DN map Λsσ,F , and our main result is stated as follows.

Theorem 1.1. For n ∈ N, n ≥ 3, let Ω,W ⊂ Rn be bounded open sets with
Lipschitz boundaries such that Ω∩W = ∅, and s ∈ (0, 1). Let σj ∈ C∞(Rn) satisfy
Assumption 11, Fj ∈ L2(Ω), and Λsσj ,Fj

be the DN map of

(1.7)

{
(−∇ · σj∇)suj = Fj in Ω,

uj = f in Ωe,

for j = 1, 2. Suppose

(1.8) Λsσ1,F1
(f) = Λsσ2,F2

(f) in W, for any f ∈ C∞c (W ),

then we have σ1 = σ2 and F1 = F2 in Ω.

Remark 1.2. Let us emphasize that Assumption 11 is only used in the proof of
Theorem 1.11.1.

The paper is organized as follows. In Section 22, we review fractional Sobolev
space and some properties of nonlocal elliptic operators. In Section 33, we recall the
Cafffarelli-Silvestre/Stinga-Torrea extension problem and associated results, which
will be used in our proof. We also offer a comprehensive discussion for the cor-
responding local inverse source problem. Finally, we prove our main theorem in
Section 44.

2. Preliminaries

In this section, we review several useful materials for our study.
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2.1. Fractional Sobolev spaces. Fractional Sobolev spaces are widely studied
in many literature, and we refer readers to [DNPV12DNPV12] for more details. In what
follows, we simply recall fundamental properties for these spaces. For s ∈ (0, 1), let
Hs(Rn) = W s,2(Rn) be the L2-based fractional Sobolev space under the norm

‖u‖Hs(Rn) := ‖u‖L2(Rn) + [u]Hs(Rn)

where

[u]Hs(A) :=

(ˆ
A×A

|u(x)− u(y)|2

|x− y|n+2s
dxdy

)1/2

,

denotes the seminorm, for any open set A ⊂ Rn.
As in [GSU20GSU20], let A be a nonempty open set of Rn, the space C∞c (A) consists

all C∞(Rn)-smooth functions supported in A. For a ∈ R, we use the following
notations

Ha(A) := {u|A : u ∈ Ha(Rn)} ,

H̃a(A) := closure of C∞c (A) in Ha(Rn),

Ha
0 (A) := closure of C∞c (A) in Ha(A),

to denote various fractional Sobolev spaces. Meanwhile, the space Ha(A) is com-
plete in the sense

‖u‖Ha(A) := inf
{
‖v‖Ha(Rn) : v ∈ Ha(Rn) and v|A = u

}
.

In particular, as a = s ∈ (0, 1), let us denote H−s(A) to be the dual space of H̃s(A),
so that H−s(A) can be characterized by

H−s(A) =
{
u|A : u ∈ H−s(Rn)

}
with inf

v∈Hs(Rn), v|A=u
‖v‖Hs(Rn),

2.2. Nonlocal elliptic operators. Let L := −∇ · (σ∇) be a second order uni-
formly elliptic operator, then the nonlocal elliptic operator Ls = (−∇ · σ∇)s can
be defined via the forthcoming procedures. Let us first recall the representation
formula

λs =
1

Γ(−s)

ˆ ∞
0

(
e−tλ − 1

) dt

t1+s
,

for s ∈ (0, 1), where Γ(−s) := −Γ(1−s)
s . Here Γ(·) denotes the Gamma function.

Hence, for s ∈ (0, 1), the nonlocal operator Ls can be defined by

Ls :=

ˆ ∞
0

λs dEλ =
1

Γ(−s)

ˆ ∞
0

(
e−tL − Id

) dt

τ1+s
,

where Id stands for the identity map. Here

e−tL :=

ˆ ∞
0

e−tλ dEλ

is a bounded self-adjoint operator in L2(Rn) for each t ≥ 0, where {Eλ} denotes
the spectral resolution of L, and each Eλ is a projection in L2(Rn). The family{
e−tL

}
t≥0

is the heat semigroup corresponding to L = −∇ · (σ∇).

Moreover, let us recall the unique continuation principle (UCP in short) for Ls,
which was proved in [GLX17GLX17, Theorem 1.2].

Proposition 2.1 (Unique continuation principle). For n ∈ N, let σ ∈ C∞(Rn)
satisfy (1.11.1). Let u ∈ Hs(Rn) fulfill u = Lsu = 0 in some open set W ⊂ Rn. Then
u ≡ 0 in Rn.

Note that the UCP holds for general smooth coefficients σ defined in Rn, and
we do not need to use Assumption 11 in the proof of Proposition 2.12.1.
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2.3. The forward problem and DN map. We want to study the well-posedness
of (1.21.2). Applying the results in [GLX17GLX17, Section 3], it is known that the exterior
problem (1.21.2) is well-posed, and the DN map can be defined by the bilinear form

B(u,w) := 〈Lsu,w〉

=
1

2

ˆ
Rn×Rn

(u(x)− u(z)) (w(x)− w(z))Ks(x, z) dxdz,
(2.1)

where Ks(x, z) is given by

Ks(x, z) :=
1

Γ(−s)

ˆ ∞
0

pt(x, z)
dt

t1+s
.

Here pt(x, z) denotes the symmetric heat kernel for L satisfying(
e−tLf

)
(x) =

ˆ
Rn

pt(x, z)f(z) dz, for x ∈ Rn, t > 0,

i.e., {
(∂t + L)

(
e−tLf

)
= 0 for (x, t) ∈ Rn × (0,∞),(

e−tLf
)

(x, 0) = f(x) for x ∈ Rn.

Recall that the heat kernel pt(x, z) admits the pointwise estimate (for instance, see
[Dav90Dav90])

(2.2) c1e
−α1

|x−z|2
t t−

n
2 ≤ pt(x, z) ≤ c2e−α2

|x−z|2
t t−

n
2 , for x, z ∈ Rn,

for some positive constants c1, c2, α1 and α2. With the aid of pointwise estimate
(2.22.2) for heat kernel, we can obtain pointwise estimate for Ks(x, z) such that

C1

|x− z|n+2s ≤ Ks(x, z) ≤
C2

|x− z|n+2s , for x, z ∈ Rn,

for some constants C1, C2 > 0. The above estimate will help us to show the well-
posedness of (1.21.2) (see [GLX17GLX17, Section 3] for detailed arguments).

Therefore, the exterior problem (1.21.2) is well-posed, then the bilinear form (2.12.1)
can be used to defined the DN map〈

Λsσ,F f, g
〉

= B (uf , wg) ,

where uf ∈ Hs(Rn) is the solution to (1.21.2) and wg ∈ Hs(Rn) can be any represen-
tative of g. Using a duality characterization, one can see that the DN map (1.31.3) is
defined rigorously.

3. Local equations

Let us consider the extension problem and related properties in this section.

3.1. The extension problem. By the pioneer work of [CS07CS07], it is known that
the fractional Laplacian can be characterized by a degenerate extension problem
with A2-Muckenhoupt weight. This is called the Caffarelli-Silvestre extension in
the literature. Moreover, the result was extended to general (variable) coefficients
elliptic operator by Stinga-Torrea [ST10ST10], so that the nonlocal operator (−∇·σ∇)s

can also be characterized by utilizing the extension problem

(3.1)

{
∇x,y ·

(
y1−2sσ̃∇x,yũ

)
= 0 in Rn+1

+ ,

ũ(x, 0) = u(x) in Rn,

where σ̃ is written as

σ̃(x) =

(
σ(x)In 0

0 1

)
.
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Here In is n × n identity matrix. Then the nonlocal elliptic operator (−∇ · σ∇)s

can be written as

− lim
y→0

y1−2s∂yũ = ds(−∇ · σ∇)su(x) in Rn,

for some constant ds depending only on s ∈ (0, 1).
By using [CGRU23CGRU23, Lemma 6.2], it is known that solutions ũ of the extension

problem (3.13.1) has nice decay properties. For the sake of completeness, let us recall
the result as follows.

Lemma 3.1. Let Ω,W ⊂ Rn be bounded open sets with Lipschitz boundaries, for
n ∈ N. Given s ∈ (0, 1), let u ∈ Hs(Rn) with supp(u) ⊂ Ω ∪W , and ũ be the
corresponding solution of the extension problem (3.13.1). Then the function ũ(x, y)
satisfies the following decay estimates:

(a)

|ũ(x, y)| ≤ Cy−n‖u‖L1(Rn), |∇ũ(x, y)| ≤ Cy−n−1‖u‖L1(Rn)

for any (x, y) ∈ Rn+1
+ := Rn×(0,∞), where C > 0 is a constant independent

of u and y > 0.
(b) For 1 ≤ p, q, r ≤ ∞ with 1 + 1

r = 1
p + 1

q , ũ satisfies

‖ũ(·, y)‖Lr(Rn) ≤ Cy
n
p−n‖u‖Lq(Rn),

and

(3.2) ‖∇x,yũ(·, y)‖Lr(Rn) ≤ Cy
n
p−n−1‖u‖Lq(Rn),

where C > 0 is a constant independent of u and y > 0.

Similar decay results have been investigated in the nonlocal parabolic case in
our earlier work [LLU23LLU23].

3.2. Relation between the nonlocal and local. Motivated by [CGRU23CGRU23, LLU23LLU23,
Rül23Rül23], one can use the extension problem to find some equations to prove our re-
sult. Let us consider an auxiliary function

v(x) :=

ˆ ∞
0

y1−2sũ(x, y) dy,

where ũ(x, y) solves (3.13.1). By using (3.13.1), we can obtain

0 =

ˆ ∞
0

y1−2s∇ · (σ∇ũ) dy +

ˆ ∞
0

∂y
(
y1−2s∂yũ

)
dy

= ∇ · (σ∇v) + lim
y→∞

y1−2s∂yũ− lim
y→0

y1−2s∂yũ

= ∇ · (σ∇v)− lim
y→0

y1−2s∂yũ,

where we used the decay estimate (3.23.2) as r = ∞ and p = q = 2 such that
limy→∞ y1−2s∂yũ = 0. This implies

−∇ · (σ∇v) = − lim
y→0

y1−2s∂yũ = ds (−∇ · σ∇)
s
u in Rn,

Particularly, combining (1.21.2) in the region Ω, we obtain{
−∇ · (σ∇v) = dsF in Ω,

v =
´∞

0
y1−2sũf (x, y) dy

∣∣
∂Ω

on ∂Ω.

As we mentioned before, we want to determine σ and F simultaneously.
In particular, as F ≡ 0 in Ω, it is known that the nonlocal DN map determines

the local DN map. More concretely, by [CGRU23CGRU23, Theorem 1] shows that the
nonlocal DN map Λsσ,0 determines the local DN map Λσ,0. Hence, if we consider
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the zero exterior data f = 0 into (1.21.2), and we denote the solution as u(0) ∈ Hs(Rn),
then we have

(3.3)

{
(−∇ · σ∇)su(0) = F in Ω,

u(0) = 0 in Ωe.

Next, by taking the function u(f) := u(f) − u(0), where u(f), u(0) ∈ Hs(Rn) are the
solutions to (1.21.2) and (3.33.3), respectively, then u(f) ∈ Hs(Rn) is the solution to{

(−∇ · σ∇)su(f) = 0 in Ω,

u(f) = f in Ωe.

Let Λs
σ nonlocal DN map of the above equation, and one can see that

Λs
σ(f) ≡ Λsσ,0(f) = Λsσ,F (f)− Λsσ,F (0),

where the right hand side of the above identity is given a priori since we know the
information of nonlocal DN map Λsσ,F . Applying [CGRU23CGRU23, Theorem 1], one can
conclude that Λs

σ determines the local DN map Λσ, where Λσ is the DN map of

(3.4)

{
−∇ · (σ∇ṽ) = 0 in Ω,

ṽ = g on ∂Ω.

Since σ is a scalar function satisfies Assumption 11 so that σ1 = σ2 = 1 on ∂Ω, by
using the seminal work of the global uniqueness of (3.43.4) (for example, see [SU87SU87]),
then the conductivity σ in the equation (3.43.4) can be determined uniquely by its
DN map. Combining with previous discussions and explanations in Section 11, we
can immediately conclude the next result:

Corollary 3.2. For n ∈ N, n ≥ 3, let Ω ⊂ Rn be a bounded open set with Lipschitz
boundary ∂Ω. Let σj ∈ C2(Ω) satisfy (1.11.1) with σ1 = σ2 on ∂Ω, and Fj ∈ L2(Ω),
for j = 1, 2. Consider Λσj ,Fj

to be the local (full) DN map of{
−∇ · (σj∇vj) = Fj in Ω,

vj = g on ∂Ω,

for j = 1, 2. Suppose

(3.5) Λσ1,F1(g) = Λσ2,F2(g), for any g ∈ H1/2(∂Ω),

then σ1 = σ2 in Ω, and there exists ϕ ∈ C2
0 (Ω) such that

(3.6) F2 = F1 −∇ · (σ1∇ϕ) in Ω.

The above result states that the condition (3.53.5) can imply the uniqueness of the
scalar conductivity. However the source F cannot be determined due to the natural
gauge invariance (3.63.6).

4. Proof of Theorem 1.11.1

Now, we can prove Theorem 1.11.1.

Proof of Theorem 1.11.1. We split the proof into two steps:

Step 1. Unique determination of the leading coefficient.

Let u
(f)
j , u

(0)
j ∈ Hs(Rn) be the solutions to{

(−∇ · σj∇)su
(f)
j = Fj in Ω,

u
(f)
j = f in Ωe,
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and {
(−∇ · σj∇)su

(0)
j = Fj in Ω,

u
(0)
j = 0 in Ωe,

respectively, for j = 1, 2. Let u
(f)
j := u

(f)
j − u

(0)
j ∈ Hs(Rn), then u

(f)
j be the

solution to the nonlocal elliptic equation

(4.1)

{
(−∇ · σj∇)su

(f)
j = 0 in Ω,

u
(f)
j = f in Ωe,

for j = 1, 2. Then the well-posedness of (1.71.7) and condition (1.81.8) imply that

Λs
σ1

(f) := Λsσ1,F1
(f)− Λsσ1,F1

(0)

= Λsσ2,F2
(f)− Λsσ2,F2

(0) := Λs
σ2

(f), for any f ∈ C∞c (W ),

where Λs
σj

stands for the DN map for (4.14.1), for j = 1, 2. Combining with the
analysis in Section 3.23.2, the nonlocal DN map Λs

σj
determines the local DN map

Λσj
, where Λσj

is the (local) DN map of−∇ ·
(
σj∇v

(f)
j

)
= 0 in Ω,

v
(f)
j =

´∞
0
ũ

(f)
j (x, y) dy

∣∣∣
∂Ω

on ∂Ω,

for j = 1, 2. Here ũ
(f)
j = ũ

(f)
j (x, y) is a solution of the extension problem (3.13.1) as

σ̃ = σ̃j and u = u
(f)
j , for j = 1, 2.

On the other hand, by the condition (1.81.8), combined with σ1 = σ2 = 1 in Ωe,

similar proof to [CGRU23CGRU23, Theorem 1.2] implies that ũ
(f)
1 = ũ

(f)
2 in Ωe × (0,∞).

This implies that

v
(f)
1 (x) =

ˆ ∞
0

y1−2sũ
(f)
1 (x, y) dy =

ˆ ∞
0

y1−2sũ
(f)
2 (x, y) dy = v

(f)
2 (x) for x ∈ ∂Ω.

Therefore, the condition (1.81.8) implies

Λσ1

(
v

(f)
1

∣∣∣
∂Ω

)
= Λσ2

(
v

(f)
2

∣∣∣
∂Ω

)
, for any f ∈ C∞c (W ).

In addition, the density result [CGRU23CGRU23, Proposition 1.2] shows that the Dirichlet

data v
(f)
j

∣∣∣
∂Ω

is dense in H1/2(∂Ω) for any f ∈ C∞c (W ) and j = 1, 2. Thus, with

σ1 = σ2 = 1 on ∂Ω at hand, the global uniqueness for scalar conductivity equation
yields that σ := σ1 = σ2 in Ω.

Step 2. Unique determination of the source.

Finally, with σ = σ1 = σ2 in Rn at hand, then the equation (1.71.7) becomes

(4.2)

{
(−∇ · σ∇)

s
uj = Fj in Ω,

uj = f in Ωe,

for j = 1, 2. The condition (1.81.8) implies that

(−∇ · σ∇)
s

(u1 − u2) = u1 − u2 = 0 in W,

then Proposition 2.12.1 implies u1 = u2 in Rn, which implies F1 = F2 in Ω by using
(4.24.2). This proves the assertion. �

Remark 4.1. Unlike the local case, if we want to determine coefficients and source
simultaneously, we could consider semilinear equations to break the gauge. On the
other hand, due to the remarkable UCP for nonlocal equations, one can expect the
uniqueness result holds for nonlocal models. In addition, one can also consider
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a similar problem in a nonlocal parabolic equation (∂t −∇ · σ∇)
s
u = G(x, t) for

0 < s < 1, to determine both σ and G in a space time cylindrical domain.
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