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Abstract. In this article we study an inverse problem for the space-time fractional parabolic
operator (0 — A)* +@Q with 0 < s < 1 in any space dimension. We uniquely determine the unknown
bounded potential @ from infinitely many exterior Dirichlet-to-Neumann type measurements. This
relies on Runge approximation and the dual global weak unique continuation properties of the equa-
tion under consideration. In discussing weak unique continuation of our operator, a main feature of
our argument relies on a new Carleman estimate for the associated degenerate parabolic Caffarelli-
Silvestre extension. Furthermore, we also discuss constructive single measurement results based on
the approximation and unique continuation properties of the equation.
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1. Introduction. In this article we consider global uniqueness properties for a
nonlocal inverse problem for a space-time fractional parabolic equation. More pre-
cisely, let T" > 0 be a real number and 2 be a bounded and open set in R” for n > 1,
and Q = Q(t,z) € L>®°((—T,T) x Q). Suppose that u = u(t, z) satisfies the following
initial exterior value problem:

(O — A +Q(t,x)u(t,z) =0 in Qp = (-T,T) x Q,
(1.1) u(t,z) = f(t,x) in (Q)r = (-T,T) x (R"\ Q),
u(t,z) =0 for (t,z) € (—oo0, —T] x R™,

where A = A, and 2, = R" \ Q. Then we seek to recover information on @ from the
exterior Dirichlet-to-Neumann data

(1.2) Ag tulany, = (08 — A)ul)r,

where w is the solution of (1.1). Here (1.2) is to be viewed as the nonlocal analogue
of the classical Dirichlet-to-Neumann map. As one of our main results, we prove that
it is possible to recover @ in Q7 from the measurements of this Dirichlet-to-Neumann
map.

Our problem serves as a model problem which combines two main features by
involving a nonlocal and mon-self adjoint operator mixing space and time. This is
reflected in our analysis of the problem. Let us discuss these two aspects:
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e Non-self adjointness. Our inverse problem can be regarded as a nonlocal
version of the Calderén problem for the local parabolic operator

L:=0 —A.

In contrast to the fractional Laplacian, both the operator £ and our nonlocal
realization of it, £% = (9; — A)*, are not self-adjoint operators. As in the case
of the Calderén problem for the standard heat equation, this is reflected in
the central Alessandrini type identities on which our uniqueness arguments
rely.

e Nonlocality in space and time. As in the fractional Calderén problem,

on which there is an increasing amount of literature, the fractional space-time
problem studied here involves a nonlocal operator. Comparing the degrees of
freedom involved vs the given information, this implies that the inverse prob-
lem under consideration is (formally) determined with already a single mea-
surement. As in the fractional Calderén problem, this implies that one can
not only hope for “infinite data” but also for “single measurement” unique-
ness results. In the sequel, we prove that indeed both of these hopes are
justified: Exploiting strong approximation results, we first show the global
uniqueness in the fractional parabolic equation with (partial) exterior mea-
surements. In particular, given the nonlocal Dirichlet-to-Neumann (DN) map
which formally reads Aq : ul(q,), — (9 — A)%ul(q.), with u being the solu-
tion of (1.1), one can recover the unknown bounded potential @ inside Q7.
Its rigorous mathematical formulation and the related analysis for the DN
map will be discussed in Section 3. Secondly, following the ideas from [23],
we further prove a single measurement uniqueness result.
The fractional parabolic equation (1.1) contains nonlocally coupled space-
time derivatives. This special feature distinguishes (1.1) from equations like
Ou+ (—A)su = f and Ifu + (—A)*u = f with 0 < «a, s < 1, where space
and time are “decoupled”. In particular, the time variable ¢ in the operator
(0 — A)® acts like an additional direction of the space. This has direct impli-
cations on our analysis of the problem: Unlike the local parabolic equation
whose well-posedness can be carried out by standard Galerkin formulation,
the operator (9, — A)® possesses certain features of elliptic operators pro-
vided that suitable spaces and norms are chosen. This makes it possible
to regard the time variable ¢ as an additional direction in space and allows
us to formulate the problem as a problem that shares features with elliptic
equations. Therefore, with the application of Lax-Milgram arguments, the
well-posedness of the fractional parabolic problem holds in a suitable func-
tion space, which will be discussed in Section 3.1.

We further remark that the nonlocality of the problem in combination with the
non-self adjointness also leads to a “memory” (in time) of the equation. We believe
that in view of these properties the parabolic fractional Calderén problem is a model
(inverse) problem for a class of nonlocal equations with memory due to a space-time
coupling (see [6] on its role as a generalized master equation). While this particular
model certainly includes a number of weaknesses (e.g. in that we consider an equation
for all times), we emphasise that there are various closely related problems from
physics such as the Signorini problem [16, 42] and models from biology [4] which have
been suggested in the literature and whose main features we believe to capture with
this model. Thus, in spite of the limitations and weaknesses, we regard the outlined
problem as an important model setting in which one can investigate the coupling of
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parabolic and nonlocal effects in an (idealised) model situation. Potential physical
and stochastic applications of this are outlined in Section 1.2.

1.1. Literature on nonlocal inverse problems. Let us comment on the lit-
erature related to our problem: The Calderén problem is a mathematical model of
electrical impedance tomography (EIT) and has been studied intensively, involving
various aspects including uniqueness, stability estimates, reconstructions and numer-
ical implementation. For its detailed development, we refer to the survey paper [55]
and the references therein.

Also, substantial effort has been devoted to the study of its local parabolic version
(i.e. for (1.1) with s = 1). In particular, the global uniqueness for the local parabolic
equation was studied by [7] for the linear case, and by [32] for the nonlinear case.
Moreover, stability properties have been studied in [13, 14, 20]. We also refer to a
survey article for inverse problems for anomalous diffusion [29].

The inverse problem for the nonlocal operator £° + ) however differs rather
strongly from its local analogue or the time fractional diffusion equation (see [30]). It
rather resembles properties of the fractional Calderén problem whose study had been
initiated in [24] where the authors showed that an unknown potential ¢ = ¢(z) can
be uniquely determined from the DN map, given by

Aq :ula, = (—A)°u|q,,

for infinitely many (partial data) measurements. Here the function u = u(z) is the
unique solution to the fractional Schrédinger equation

(“A) +q)u=0 in,
(1.3) { u=f in Q..
The global uniqueness result in [24] has been extended to settings with only a single
measurement in [23] and to equations with low regularity potentials in [46]. Moreover,
it was shown that the problem is logarithmically stable [46] and that this is optimal
[48]. Closely related (partial data) uniqueness results were studied for different types
of fractional equations including the anisotropic nonlocal elliptic problem [22] and
the semilinear equation which was was studied in [35]. Further recent developments
include the study of the fractional Calderén problem with lower order contributions
[5, 12] (also leading to non-self adjoint problems), reconstruction algorithms based
on monotonicity tests [25, 26], the recovery of embedded obstacles [8], the study of
the fractional Helmholtz systems [9] and the quantitative approximation properties
of nonlocal operators [44, 47]. For further information, we refer to the survey articles
[49, 45] on inverse problems for fractional elliptic operators.

1.2. Background and applications. As explained above, we view our problem
(1.1) as a model problem which combines nonlocality in space and time — which leads
to a memory — and non-self-adjointness.

Using the Caffarelli-Silvestre extension (see Section 4), this problem can however
also be related to idealised physical problems such as the parabolic thin obstacle prob-
lem (which, for instance, is used to describe osmosis [16]) or possibly coupled, nonlin-
ear diffusion processes in biology [4]. Furthermore, it is closely related to stochastic
interpretations. Indeed, the derivation of the limiting distribution of an ensemble of
particles following a specified stochastic process provides a way to develop physical
models for anomalous diffusion. Let us elaborate on this point.

The continuous time random walk (CTRW) [1, 39, 41, 50] can be used to de-
termine these limits when the particles’ jumps have infinite variance, or the waiting
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times between the particles’ jumps have infinite mean. In particular, large particle
jumps and long waiting times are associated with fractional derivatives in space or
in time, respectively. When the jump sizes and waiting times are independent, the
governing equation generated by the limit process contain fractional order spatial or
temporal derivatives.

In the CTRW the size of the particle jumps can depend on the waiting time
between jumps, that is, the jumps and waiting times are coupled. This results in
a different kind of limiting particle distribution governed by a fractional differential
equation involving coupled space-time fractional derivative operators [2, 39].

These coupled CTRW have been studied in a variety of physical systems [40] and
have been used to describe transport in chaotic and turbulent flows in hydrodynamics
[51, 52]. For a detailed discussion and applications, we refer to [1, 31, 39] and the
references therein. We note that the fractional heat equation (1.1) is the governing
equation whose random jumps coupled with the random waiting times, while 0f'u +
(=A)*u = f describes the jumps and the waiting times are independent.

Although the equation which we discuss here is idealised, for instance in that it
is formulated for all times, we believe that its connection to the explained physical
phenomena and the presence of a memory make it an interesting model setting which
could lead to further studies of possibly more non-linear and more realistic settings
whose potential applications range from biology to turbulence.

1.3. Main results. Let us describe our main results: For 0 < s < 1, the frac-
tional heat operator £%u of a function u = u(t,z) : R" — R, n > 1, is given
by

(1) Eulp,€) = p+ [€7)°U(p,),  for ue SR™),

where S(R"*1) denotes the Schwartz space of rapidly decreasing functions, for p € R
and £ € R™.
We assume that 0 is not a Dirichlet eigenvalue of (1.1), i.e.,

If u € H*(R"M1) solves (L% + Q)u =0 in Qr
(1.5) with u|(q,), = 0 and u = 0 for (t,z) € (—oo, =T] x R",
then v =0 in (—o0,T) x R™.

Notice that the condition (1.5) only ensures the solution u = 0 in Qr (since the
initial value and the boundary data are zero there) while not necessarily imposing
conditions on the future behavior of the solution. The function space H*(R"*!)
will be explained in detail in Section 2. As a consequence of (1.5) we will deduce
well-posedness of the corresponding Dirichlet problem. Thus, for example, when
Q(t,z) > 0 for (t,x) € (-T,T] x Q, the exterior value problem (1.1) is well-posed
(see Section 3). Given the assumption (1.5), the associated (parabolic) Dirichlet-to-
Neumann (DN) map is can be formally defined by

(1.6) Ag: X = X" with Ag:f— LU,
where function spaces X, X* will be explained precisely in Section 3.

With this notation in hand, it is possible to present our first main result:

THEOREM 1.1 (Global uniqueness). Letn > 1, Q C R™ be a bounded open set
and T € (0,00) be a real number. Let Q1(t,x) and Qa(t,x) be two bounded potentials
satisfying the eigenvalue condition (1.5). Suppose that Uy,Us are arbitrary non-empty
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open sets in R™\ Q and Aq, is the DN map with respect to (L° +Q;)u = 0 in Qr for
j=1,2. If

AQlf‘(fT,T)XZ/{Q = Asz‘(fT,T)XUQ fOT all f = f(t,lC) S Cso((_T7 T) X u1>7

then it holds

Q1 = Q2 in Q.

Note that, to determine the potential, we only utilize the exterior partial measure-
ments as described in Theorem 1.1. This can be regarded as a space-time nonlocal
parabolic inverse problem with partial data information.

As in the elliptic fractional Calderén problem, an important ingredient in the
derivation of the result are strong Runge approximation properties:

THEOREM 1.2 (Runge approximation). Forn > 1 and T > 0, let Q@ C R”
be a bounded open set and Q be an open set containing 1 satisfying 0 € Q. If
Q(t,x) € L>(Qr) satisfies (1.5), then for any g € L?>(Qr) and for any € > 0, there
exists a solution ue € H*(R™ 1) which solves

(L° 4+ Q)uc = 0 in Qp with supp(u) C Qp := (=T, T) x Q,
and satisfies

||u5 - g||L2(QT) < €.

We remark that in the works [19, 44, 11, 10], the authors studied the approxima-
tion property for a different class of operators, which involves combinations of both
local and nonlocal operators. Similarly as in the elliptic setting, the derivation of our
Runge approximation results relies on a global weak unique continuation property of
the nonlocal equation which is of interest in its own right:

THEOREM 1.3 (Global weak unique continuation). Forn > 1, let T > 0 be a real

number and U C R™ be an arbitrary nonempty open set. Let u € H*(R"TY) satisfy
u=Lu=0in(-T,T) xU. Then u(t,z) =0 for (t,z) € (=T,T) x R™.

Remark 1.4. We make the following observations:

1. A major difference between the nonlocal elliptic and the nonlocal parabolic
cases is the effect of their strong uniqueness properties. Indeed, Theorem 1.3
displays a non-symmetric behaviour with respect to the spatial and temporal
variables: While there is a strong nonlocal effect in the spacial x-variable, it is
not possible to propagate the global vanishing in the future ¢t-direction. Hence,
the result of Theorem 1.3 should be viewed as a new, strong L? “antilocality”
statement (e.g. in the sense used in Reeh-Schlieder theorems in physics [54])
for the space-time mixed parabolic problem whose formulation reflects the
parabolic character of the problem. We emphasise that our argument in
deriving this does not rely on analytic (microlocal) arguments but on real
analysis arguments which in principle also allows us to extend this to variable
coefficient, non-analytic metrics.

2. In order to be applied in the context of our inverse problems, it is important to
have a global weak unique continuation result at our disposal which still holds
if the condition £°u = 0 = u only holds locally in space and time. While both
strong and weak unique continuation results for the operator £° are available
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if the equation is assumed to hold globally (see [3]), we here provide an alter-
native local proof of the global weak unique continuation property based on
an appropriate Carleman estimate which might be of interest in its own right
and which could be used to extend the described unique continuation prop-
erties to the strong unique continuation property and to unique continuation
from sets of positive measure.

3. When the function u(t,z) = u(x) is a time-independent function, then by
virtue of [53, Corollary 1.4], the fractional space-time operator £° simplifies
to the fractional Laplacian: £5u = (—A)*u. For this operator the analogue
of the global weak unique continuation property of Theorem 1.3 has been
proved in [24, Theorem 1.2], see also [18].

Last but not least, similarly as in [23], the global weak unique continuation
properties of the equation at hand, also allow us to constructively recover @Q €
C(-T,T) x Q).

THEOREM 1.5. Let s € (0,1), T > 0 and Q € C°((=T,T) x Q). Let W C Q.

such that W Q=0 and W # 0. Let f € H*((=T,T) x W)\ {0}. Then there is a
reconstructive method to uniquely recover the potential Q from f and Ag(f).

As in [23] the key to this single measurement result is the formal determinedness of
the inverse problem under consideration in combination with the global weak unique
continuation results.

1.4. Outline. The paper is structured as follows. In Section 2, we review basic
properties for the nonlocal parabolic operator £° and introduce the related func-
tion spaces. The well-posedness of the Dirichlet problem (1.3) and the associated
Dirichlet-to-Neumann map A¢g will be discussed in Section 3. In Section 4, we study
the extension problem for the nonlocal parabolic equation. Relying on the properties
of the parabolic Caffarelli-Silvestre extension, we discuss the global weak unique con-
tinuation property in Section 5. Here we also derive a suitable Carleman estimate for
the equation under consideration. Finally, the Runge approximation property and all
remaining main results of the article will be deduced in Section 6.

2. Preliminaries. We start by defining the space-time fractional parabolic op-
erator L% = (9 — A)*® for 0 < s < 1 and recalling some of its properties.

2.1. The fractional parabolic operator. For 0 < s < 1, the nonlocal operator
L? is defined through its Fourier representation

Lou(p,€) = (ip + |€)%U(p,€),  for u € S(R™),

where S(R"*1) denotes the Schwartz space of rapidly decreasing functions. Here @ is
the Fourier transform of u defined by

u(p, &) = [Fe(Faw)](p, &) = / e~ 2 (0O (¢, x)dtdx, for p € R and & € R™,

]Rn+1

where F; and F, are the Fourier transformations in ¢ € R and x € R™, respectively.
As a function space which is naturally associated with this operator we consider the
L?-based function space

Dom(£?) := {u € LAR™) : (ip+ |EP)T(p,€) € PP(R™)).

We note that then in particular Dom(£*) C L2(R"*1).
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Remark 2.1. We remark that in addition to the described Fourier point of view,

it is also possible to adopt a semi-group perspective in defining this operator. From
this, one obtains the representation

Lou(t,z) =

1 *° d
T(—s) /0 (eiﬂlu(t,x) —u(t,z)) Tl; in L2R™™), u € Dom(L*),
which can also be reformulated in terms of an integral representation
(2.1)  Lou(t,x) = / / (u(t,z) —u(t — 7@ — 2))Ks(7, 2)dzdr, u € Dom(L?),
0 n

where

1 o~ 121%/(47)
() PID(=s)] 7

K(r,2) = 7>0, zeR"

is the kernel of £5. We refer to [53] for a more detailed discussion on this.

2.2. Function spaces. Given an open set O C R"™! if f = f(t,z) and g =
g(t,x) are L? functions in O, we denote the L? inner product by

(f.9)0 == /O /7 dadt.

For the nonlocal space-time operator £* = (9;—A)*, in the following we will work with
the parabolic Sobolev spaces H**/%(R x R™) (see [36, Chapter 4.2] and in particular
equation (2.3) there) which for simplicity of notation and to emphasise the coupling
of time and space variables, here and in the following we abbreviate by H*(R"*1).
More precisely, for a € R, we consider

HAYR") == {u € L2R™) ¢ ||ullpa@nsr) < 00} = H*/2(R x R"),

where

@D el = [ 0+ lio ISP, Pdpds < .

. 1/2 _
Note that [ip+[¢[*] = (|o|? + [€1*) /% and 271/2(|o|+[¢]%) < (|pl>+[€*)/> < [pl +[€[2.
It is not hard to see that Dom(L?*) = H2¥(R"*1) for 0 < s < 1. In addition, for an
open set O in R™"*!, n > 1, we use the following notation

H(O) = {u|o uE HG(R”+1)},
H(O) := closure of C2°(0) in H(R™1).

Note that C2°(R™*1) is dense in H*(R"*!) under the norm || - |[3a(gn+1). We also
observe that

(HY(0))* = H~*(0), (H*(0))* =H *(0), for a €R.
Let E C R**! be a closed set, then we define

5 = Hy(R™) = {u e HYR™) : supp(u) C E}.
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These properties follow in the same way as the ones for the “classical” fractional
Sobolev spaces for which we refer to [38].

Additionally, we recall the (standard) fractional Sobolev spaces (where the space
and time variables are separated). Let a € R be a constant and H*(R") = W%2(R")
be the L?-based fractional Sobolev space (see [17] for example) with the norm

||u||H“(]R") = ||]:z_1{ <£>a]:xu}HLz(Rn) )
where (€) = (14 ]£[2)2. Let © C R™ be an open set, then

H*(0) :={ulo : uwe H*(R")},
H(0) := closure of C>°(O) in H*(R"),
and the Sobolev space H*(O) is complete under the norm
[ull #ra (o) = inf {||v]| gragn) : v € HY(R") and v|o = u} .
2.3. Mapping Properties of the operator £°. Using the definition of £?, we

note that the following mapping property holds:

LEMMA 2.2. Let b > 0, a € R be constants. Then the fractional heat operator is
a bounded map

£b . HQG(Rn+1) — H2a_2b(Rn+l).
Proof. This follows directly from the definition of the function spaces, the operator

LY and the Fourier transform. O

In the remainder of this paper, we will only consider the case a = s/2 and b = s,
that is, £5 : H¥(R™H1) — H=s(R"*1) for 0 < s < 1.

Before addressing the well-posedness for our space-time Dirichlet problem, we
discuss the adjoint of the operator £°:

LEMMA 2.3. Let 0 < s < 1 and define L5 by

Lzw(p,€) = (—ip + |€2)°W(p,€),  for w € Dom(L?).

Then, for u,w € H*(R"*1), one has

(2.3) (Lo w) gy o qye = (U, LI3W) 30 3-« and
s/2 s/2 s

(2.4) <,c/ s/ u),w>ww = (LU, W) gy sy age

Furthermore, it also holds that

(2.5) (LPuyw)gy—s s = (ﬁs/Qu,Ei/zw)Rn+l .

Remark 2.4. We remark that especially the identity (2.5) will play an essential
role in obtaining the well-posedness for the fractional parabolic equation (1.1) in the
following section.

Proof. By utilizing the Plancherel theorem, for u,w € S(R"*1), we have

(Lo, w)gg-sxps = /

Rn+1

(Lou)wdzdt = /

]Rn+1

(Cou)Bdedp = / (ip + €)@ dédp.

Rn+1
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Similarly, we also note that

(Lo = |

Rn+l

u(Crw)dedt — [ a(Ewlgdp— [ al-ip+ [EF)D dedp.
Rn+l Rn+1

which proves (2.3) for u,w € S(R™*1). Fourier transforming the respective identities,
it is easy to see that (2.4) holds whenever u,w € S(R"*1). In order to show (2.5) for
u,w € S(R™1), we only need to compute

(/:S/?u, cy/ 2w> = / £82u(L3 *w)dadt = / L5/2u(L3 % w)dedp
Rn+1 Rn+1 Rn+1
= [ Go Iy alip+ P adedp
Rn+1
by using the Plancherel theorem again, which proves (2.5) for the case u, w € S(R™*1).

Therefore, (2.3), (2.4) and (2.5) hold by using density arguments. ad

In the sequel, we seek to study a “time localized” problem. To this end, we study
the interaction of cut-off functions in the ¢t-variable with our function spaces.

PROPOSITION 2.5. Let x|_7,71(t) be a characteristic function for t € R. Suppose
that u = u(t,x) € H*(R"*1). Then, the following observations hold:
(1) For each fized space variable, we have

X[—1,1()u(-,x) € H*?(R) for a.e. z € R™
(2) As a joint function of space and time, we have
X[,T’T]u S HS(RHJFI).

Proof. The estimate (1) follows from the fact that H*(R"t') ¢ H*/?(R, L*>(R"))
and the fact that a characteristic function on a Lipschitz domain is a multiplier in
the Sobolev spaces H? for |y| < 3 ([37, Theorem 11.4, Chapter 1]). The latter also
implies the statement in (2). For an alternative, direct argument by means of the
Fourier transform, we refer to the arXiv version (arXiv:1905.08719) of our article. 0O

Remark 2.6. Note that by virtue of the integral representation (see Remark 2.1)
of the fractional parabolic operator £°, the value of L%u(t,z) for t € (—o0,T), is
uniquely determined by the values of the function wu(t,z) for all ¢t < T and x € R™.
In other words,

(,Csu)(t,x) = (‘C‘S(X(foo,T]u)(t)x)) for (t,l‘) € QTv
as by a straightforward computation for u € S(R"™!) and (¢,z) € Qr,

Lu(t, x)
/ /n (t,2) —ult = 7,2 — 2)] K (7, 2)dzdr
/ /n oo, 1)) (6, @) = (X(—oo,rW))(t = 7,2 — 2)] K(7, 2)dzdr

—00 T]u)(t CE)

Hence, in particular, in spite of the space-time nonlocal definition of the operator
L% in (1.4), the function £%u only depends on the past but not on the future (as is
physically desirable).



10 R.-Y. LAI, Y.-H. LIN AND A. RULAND

For the adjoint of the space-time nonlocal operator £ a similar computation
yields that
(Liu)(t, ) = (LI(X[=T,00)u)(t,x)) for (t,2) € Qr.
This means the function £3u only depends on the future but not on the past (sym-
metric property with respect to the time-variable of the adjoint operator £%).

Similar arguments hold for general characteristic functions x(q,)(t) for —oco <
a < b < oo by scaling and translation with respect to time variables.

3. Analysis of the initial exterior value problem for £°+@). In this section,
we study the well-posedness of the forward problem (1.1), and define the correspond-
ing DN map (1.6) rigorously. We consider the Dirichlet problem for the following
fractional parabolic equation:

((Or — A +Q(t,z)) u(t,x) = F(t,z) in Qp,
(3'1) u(tv Cﬂ) - f(tvx) in (Qe)Ta
u(t,z) =0 for t < —T and =z € R",

where we recall that Q7 := (=T,T) x Q and ()7 := (=T, T) x Q. with Q. = R™\ Q.
Before studying the well-posedness of (3.1), we emphasize the following observa-
tions:
(1) We reiterate that the future data u(t,z)|q>7y do not affect the solutions of
(3.1). In particular, the following “exterior” value problem, where we also
prescribe data for ¢ > T (“in the future”)

((Or — A +Q(t,z)) u(t,x) = F(t,z) in Qp,
(3.2) u(t,z) = f(t,x) in (Q)rU{t>T},
u(t,x) =0 for t < —T and = € R",

is not an overdetermined problem. An alternative way of observing this will
be provided by using the extensive characterization of the fractional operator
(see Section 4).
(2) We have shown that ux_r7) € H*(R"™) provided that v € H*(R"*!) in
the previous section. Moreover, combined with the initial condition (3.1), we
know that wx(_oo,r) € H*(R™*!) provided that v € H*(R"*!)
With these remarks in hand, we now proceed to the discussion of the well-
posedness of (3.1).
3.1. Well-posedness. We begin by setting up the weak formulation for the
operator £* 4+ Q. For u,w € H*(R"*!), we define the bilinear form Bg(-,-) by

(3.3) Bo(u,w) := (Es/Qu,Ei/2w> + (Qu,w)gq,, -

Rn+1
Moreover, by (2.5) and (3.3) this can also be rephrased as
B (u,w) = (LU, w) 5oy qgs + (Quyw)g,
To simplify notation, given any T € (0, 00), let us set
ur(t,x) = u(t,z)x—rr(t), for t € R and z € R".

With this convention, we define the notion of a solution to (3.1).
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DEFINITION 3.1 (Weak solutions). Let 2 be a bounded open set in R™, T € (0, 00)
and Qp = (=T,T) x Q C R, Given F € (He)™ and f € H*((Q)r), for u €
H(R™1), we say that u € H¥ (R is a weak solution of (3.1) ifv:i=u—f € He
and

Bg(u,w) = (F, w>( )Xy for any w € H;—T,

or equivalently,

Bo(v,w) = (F - ((0: — A + Q) f7w>(H§TT)*xH§ZT .

S
for any w € 'Hﬁ

We show the well-posedness for the fractional parabolic problem (3.1) in H®(R™*+1).
By the possibility of choosing the future data arbitrarily (c.f. (1) in the comment
above), in this context uniqueness only holds in the sense that ur (¢, z) := u(t, )x 7,7 (t)
and u(t, )X (—oo,7](t, ) are uniquely determined by (3.2).

THEOREM 3.2 (Well-posedness). Let Q be bounded and open set in R™. Suppose
that Q@ = Q(t,z) € L>®(Qr). Let Bg(u,w) be the bilinear form defined by (3.3) for
u,w € HS (R,

1. There is a countable set ¥ = {/\j};?’;l of real numbers A\ < Ay < -++ = +00,
such that given A € R\ X, for any F € (HET)* and f € H°((Qe)r), there

exists a unique solution up € H*¥(R" ™) with (u — f)r € He— and

BQ(UT’w) - A(uTﬂU)QT = <F’ w>(’HL)*><HS )
ar Qr
for any w € HE—. Moreover, u satisfies the following stability estimate
T

(3.4) g ll3s a1y < Co (1F ==z + I1f I 20)2)) »

for some constant Cy > 0 independent of u, F' and f.
2. The condition (1.5) holds if and only if 0 ¢ 2.
3. If Q >0 a.e. in Qp, then ¥ C Ry and the condition (1.5) always holds.

Proof. Let v := (u — f)r where f € H*((Q)r) denotes the exterior values of w.
Then v € 7—[5— and vy = v. Considering the equation for v, it is sufficient to show

that there ex1sts a unique solution v € 7—[ such that

BQ(U7 w) + p(v, W), = (ﬁ7 wr)
for a suitable F € (H?Z—T)* and for any w € He—
We first prove the boundedness of the bilinear form Bg(v,w) in H*(R"*!) by
showing that

(3.5) [Bq (v, w)| < Cllv]

Hs (Rn+1) ||w||Hs(Rn+l).

Indeed, by the definition of Bg(v,w), Plancherel’s theorem and Holder’s inequality,
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we obtain that

(@, ﬁi/2w)Rn+l

1/2
< (/ (p* + €|4)S/2|ﬁ(p,§)|2dpdg>
Rn+1

1/2
X (/ (0* + |§|4)S/2@(p,§)|2dpd§)
Rn+1

<[lv|

Hs(Rn+1)Hw||Hs(Rn+1),
which proves (3.5). Thus,

|Bq (v, w) + p(v, w)a, | < Cllv]

Hs(Rn+l)||wHHs(Rn+1), for v,W E 'H;—T

It remains to prove the coercivity of Bg in the space 7—[37. From (2.5) and the
Plancherel formula, one has

Bg(v,0) + p(v,0) = (£5%0, £ *0) et + (Qula, vle)ar + u(v,v)
> (L%, £ 0)gns,

where p = || — min{Q, 0}|| = (q,). Further,

(20, £/ *0) s = / i+ IR0, ) i+ EP) (., E)dpie
= [ €l cos(st) + isin(at)[o(p. ) Ppds
= [ I cos(st)op, ) Pdpde, 05 <1

R+

where tan = p/|¢|? and where we utilized that sin(sp/|£]?) is an odd function in
the last identity. By the definition of p/|¢|? € R and § = tan~1(p/|¢|?), one has
—7m/2 < § < /2. It follows that cos§ > 0 . Thus, for any fixed s € (0, 1), we know
that cos(sf)) > ¢, := cos(%) > 0. This implies that

Bo(v.0) + n(vv)ar 2 c. [ (6 + €72 10(p.€)Pdp.

]Rn+1

Next, we seek to prove that

(36) LG 1500, )P dpd 2 ol
for some constant C' > 0. Note that the Fourier transform can be rewritten as

It is easy to see that

- 2|5 2 2s 2
[ i 1eprimzato opdsan= [ ([ 161770 0%d ) o
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By using Plancherel’s theorem and the Hardy-Littlewood-Sobolev inequality for the
z-variable, we have

/]R (/]Rn |§|28|5(p,§)2d§) dp = /]R </n €12 | e (Fro) (p, g)Qdf) dp
= [ ([ 17t-a0 2o rae) do

/ 1= 80)*2(Fo0) (0r2) 2y

>c / |(Few) (0, 2)]12 oy
= Cllo(t, 2)[132gn+1y;

where we have used that v(¢, z) is compactly supported in the z-variable. Therefore,

/R / lip + €1\ FuFuv(p, ©)2dedp > Cllo(t,2) 2 aguns),

which demonstrates (3.6).
Hence, the bilinear form Bg (v, w) + (v, w)q, is bounded and coercive. Thus, by

the Lax-Milgram theorem there is a unique solution v = G #13 € ’Hg—T such that

Bo(v,w) + (v, w)a, = (F,w)

for all w € ’H?T Moreover,
T
[l < CullE e

for some constant C; independent of F.
In particular, Gy, @ (H5-)* — Hg— is bounded and by the compact Sobolev
T T

embedding, the operator G, : L*(Qr) — L*(Q7) is compact. Then the spectral
theorem implies that the eigenvalues of G, are /\#u with A; = 400 and ¥ C (- —
(Q A 0)|| Lo (@), 00). This completes the proof of (1).

The claim of (2) is a direct consequence of (1) and the Fredholm alternative.

In order to deduce (3), in the above proof of (1) we may choose 1 = 0. Therefore,
> C (0,00), which implies that 0 ¢ ¥. Thus (1.5) holds by using condition (2). |

Remark 3.3. A number of remarks are in order:

(1) Due to the form of the fractional parabolic operator £° (the operator couples
the space and time variables), our well-posedness proof (which relies on the
Lax-Milgram lemma) rather resembles a well-posedness proof for an elliptic
than for a parabolic operator (for which one would typically use a Galerkin
type approximation).

(2) We reiterate that in the stability estimate (3.4), one can only hope to control
the solution wu(t,z) for {¢t < T}, since the future data are independent of the
fractional parabolic equation (3.1) and can hence still be chosen arbitrarily.

(3) Considering the proof of Proposition 3.1, we note that in principle it is not
necessary to consider zero initial data (i.e. to prescribe u = 0 for t < —T)).
It would also have been possible to prescribe initial data u = g for t < =T
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with g € H*((—o0, —T) x R™). In this case we would reduce the initial data
to a compactly supported function, and thus would consider the function
U:=1u— [ — gX(—oo,—1) to Prove a corresponding well-posedness result.

Remark 3.4. Similarly, one can prove the following well-posedness for the adjoint
parabolic equation. Let Q@ = Q(t,x) € L>®(Qr) and g = g(t,z) € H*((Qe)r). We
seek to derive the existence and uniqueness of the solution u € H*(R"*1) of

(‘Ci + Q(t,l‘)) U(t,I) - 0 iIl QT,
(3.7) u(t,z) = g(t,z) in (Q)r,
u(t,r) =0 for t > T and x € R™.

By considering the function v := (u—g)x|—7,c), repeating the arguments of Theorem
3.2 and relying on the same bilinear form Bg(-,-) of (3.7), it is possible to derive the
same properties as in Theorem 3.2. In particular (by the Fredholm alternative), the
eigenvalue condition (1.5) is equivalent to the following eigenvalue condition of (3.7):

If u € H¥(R™M!) solves (L3 + Q)u =0 in Qp
with u|(q,), = 0 and v = 0 for (¢,z) € [T,00) x R",
then u =0 in (=T, 00) x R™.

Heading towards the discussion of the inverse problem under consideration, we
define the abstract trace space for our exterior Dirichlet data by

(3.8) X = HO([~T,T) x R") /My

Every function f € H®*([-T,T] x R™) is a member of the set of class representative
[f] € X. To simplify the notation, we use f to denote [f].

3.2. The Dirichlet-to-Neumann map. Relying on the well-posedness prop-
erty of L% + @ whenever the eigenvalue condition (1.5) holds, we define the corre-
sponding DN map Ag for £° 4+ @ by means of the bilinear form B¢ defined by (3.3).
Analogously, one can also define the adjoint DN map Ag, by utilizing the following
natural pairing property

(3.9) (Ao fs Oy = ([r0809)5, 5. » for  fgeX

Recall that the existence of the DN maps Ag and Ay, is guaranteed by (1.5) and
Section 3.1.

PROPOSITION 3.5 (DN map). For 0 < s <1, let Q be a bounded open set in R™
forn>1 and Qp := (=T,T) x Q. Let Q € L>=(Qr) satisfy the eigenvalue condition
(1.5). Let X be the abstract trace space given in (3.8). Define

(3.10) (AQf: 9)xewx = Boluyg,g9), f,geX,

where uy € H*(R") is the solution of (3.1) with the Dirichlet data f in (Q)r.
Then

AQ X = X*,
is a bounded operator. Moreover, the adjoint DN map A*Q can also be represented as
(311) <f7A*Qg>X><X* = BQ(f7’U,g),

where uy € H(R") is the solution of the adjoint equation (L5 + Q)uy = 0 in Qr
with ug = g in (Qe)7.
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Proof. For any ¢, 9 € ’H;—T, by Definition 3.1 and the definition of X

Bg(ufie,9+v) = Bg(uy, g).

Thus, Ag is well-defined. Invoking this together with the H*(R"*!) bounds for the
bilinear form Bg(-,-) yields

(A f, 9)xe x| = [Balup, g)l < CllflIxllglx,
for some constant C' > 0, whence Ag is bounded. Finally, due to the definition (3.9)
of A7 and the bilinear form Bg(-,-), (3.11) holds immediately. O

Remark 3.6. We emphasise that in contrast to the situation where the nonlocal
operator is either (—A)® + ¢ or (=V - (AV))® + ¢ for ¢ = ¢(x) (nonlocal elliptic
operators) (see [22, 24] for instance) our operator £° = (9; — A)® is not self-adjoint.

Remark 3.7. In order to find an explicit distributional representation of the DN

map Ag and thus justifying the expression in (1.2), we note that for any g € C°((2e)7)
we have

<AQf7 g>X*><X = BQ(Uf,g)
= (LU, ) Rn+1)xHs (Rn+1) +/Q (Quy)gdadt
T

(3.12) = (L%uf, g)x*xx-
By (3.10) and (3.12), we can thus conclude that

Agflwor = Loufliq )y »

where uy € H*(R"™!) is a weak solution of (L% + Q)us = 0 in Qr with uf = f in
(Qe)r, uy = 0 for {t < —T}. Similarly, one can also derive that the adjoint DN
map can expressed explicitly by Ajgla,), = Liugl,),, Where uy € HE (R s
the unique solution of (£ 4+ Q)uy, = 0 in Qp with vy = g in (Q¢)7r and uy = 0 for
{t>T}.

Last but not least, in concluding this section, we prove an associated Alessandrini
type identity for the fractional parabolic equation. The Alessandrini type identity
plays an essential role in proving the uniqueness and stability results, and we also
refer readers to [27, 28] for this type identities for various PDEs.

LEMMA 3.8 (Integral identity). Let Qr C R™! be the bounded open set from
above and let Q1,Q2 € L™ (Qr) satisfy the eigenvalue condition (1.5). Then, for any
exterior Dirichlet data f1, fo € X in (Qe)T, we have

<(AQ1 - AQz)f17f2>X*><X = ((Ql - QQ)U’1|QT7UQ|QT)QT )

where uy; € H(R"M) is a weak solution of (L5 +Q1)ui = 0 in Qr with u1|(Q.)r = f1
and uy =0 for {t < =T}, and uy € H*(R") is a weak solution of (LS + Q2)uz =0
in Qr with uz|a,), = fo and uz =0 for {t > T}.

Proof. By the adjoint property (3.9) and (3.11), one has
<(AQ1 - AQ2)f1a f2>x*><x = <AQ1f17 f2>X*><X - <f17A*QQf2>XXX*

= BQ1 (u17u2) - BQz(u17u2)
= ((Ql - QZ)U1|QT’u2‘QT)QT . o
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4. The degenerate parabolic extension problem for £°. In this section,
we recall that also for the fractional parabolic operator (9 — A)® there is a parabolic
Caffarelli-Silvestre extension, which allows us to “localize” the problem at hand (see
also [6, 53]). In proving the weak unique continuation property and hence the desired
Runge approximation result, we heavily exploit this and the precise estimates in (4.2)
which we thus explain in the following.

In order to have an appropriate functional analytic set-up at our disposal, we
introduce the following function space which is adapted to the Caffarelli-Silvestre
extension:

DEFINITION 4.1. We define the function space W(R x ]Ri“) as follows:

W(R x R
={Fe L} RxRM 2}73%): 0,,F, 01 F € P(Rx R )23, =1, ,n},
where ¥’ = (z1,-- ,z,) € R" and we use 941 = Oy, . In particular, W(R x R+

is a Hilbert space endowed with the scalar product

(F,G)y RanH)f// . FG + (0p41F)(0041G) +Z 04, F)(05,G) | x5 da’ dzyy 41 dt.
Rn 1 J 1

IfF=F(tX)e WR xR with X = (2/,2,41), we define its norm to be

1/2
1/2
HF”W(RXRTFI) = (F, F> / RxRIH) = (/ |E(t,-, ||H1 RO 1728 )d?f) .
Moreover, for any open set O C R x RT‘l, we define the space
W(O)={Flo: FEWRxR}™)}.

With this definition in hand, we can formulate the existence of a parabolic
Calffarelli-Silvestre extension operator.

PROPOSITION 4.2. Let s € (0,1) and let u € H*(R™ ). Then there exists an
extension operator

B H R xR 5 WRx R, Equ=1d
with the properties that @ is a weak solution to
(1) {( 250, -V -2l 2V)a=0 inRx R
t=u on R x R™ x {0},
for which the following estimates hold:
a(-, Zni1) = uC)llae@niny = 0 as Tnp1 =0,

lim ||l‘n+1 an-‘rlu( Tn+1 H?—L s(Rn+1) < OHUHH s(RxR™)»

Tn4+1—>
(42) ||$:L;2158n+1u('7xn+1) - ds(at - uHH—s(Rnﬁ»l) =0 as xpy1 — 0,
1-2s
’x”ﬁl Vu‘ L2(RxRIHY) © < Cllulbe @y,
(e < OO Jul 2 ganiny,

L2(RxR™x(0,M))
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for some constant C > 0 independent of u,u. Here ds = —22515@‘;), M € (0,00) is a

finite number, and C(M) > 0 is a constant depending M.

Proof. Step 1: Representation of the solution. We first assume that v € S(R"+1).
Then Fourier transforming the equation (4.1) in time and in tangential directions in
space leads to the ODE

ipFi+ €2 F i — (1 — 28)x, 11 0n1(F) — 021 (Fii) =0 for z,41 € (0,00),
Fu=Fu for z,,+1 = 0.
Asin the case of the fractional Laplacian, this ODE can be transformed into a modified

Bessel equation (see [3, Section 4], [21, Appendix A] and [46, Section 4]). Searching
for a function with decay at infinity leads to

Filp,& wnr1) = CoFulp, (€17 + ip) 25 Ko (€17 + ip) 2ns),

where K denotes the modified Bessel function of the second kind. We next prove
that this representation and the asymptotics of the Bessel function imply the esti-
mates of the Proposition for u € S(R"*1). In a final step, we extend the identities to
u € H*(R"1) by density.

Step 2: Derivation of the estimates. The estimates follow from the asymptotics
of the modified Bessel functions. Indeed, we note that

(4.3)

d /
o —(t°K(t)) = cst® Ks_1(t), Ks(t) ~t7% ast — 0, K(t) ~ %e‘t as t — oo for s > 0,

K,(t) = K_4(t) for s <0,

With (4.3) in hand, let us for instance prove the second and third estimates in (4.2)
(the remaining ones are obtained similarly; we refer to [21] for the analogues in the
elliptic setting and also [3]). For the second bound in (4.2), we note that by (4.3) and
€ (0,1), we have
Tai 1 On 1 Fip, & i)
s 1 .o\ 1
= sy 1 (1€ +@p)“‘f€n+1Ks 1((1€7 +1ip)2 1) Fulp, ) (I + ip) 2

= con 1 (6P +ip) T Ko (18P + ip) 2 2ns1) Fulp, €).

~ Using the bounds for Ks_; and denoting the homogeneous Sobolev spaces by
H? (R x R™), we estimate as follows

H%lszanﬂﬁ(' Tnt1 ||H—s(]R><]R" < Hf’%lzﬁsanﬂﬁ(”x”“)Hﬂ‘S(RXR")

< o Janzs 1gR + il 1o 5<<|f\2+zp>zxn+1>fu\

L?({(;J £)ERXR™: |||

)
F1)

1
+ ¢ n+1\|£\2+zp\ Ki_((|¢€]* +1ip)2

p E)ERXR™: ||€]?

e=3))
+1

< ¢, sup |Z TTK_s(z } HHE‘Q +ip|2 }'u‘
|z|>e€

> ({(p.): Il

+ cs sup |2 T Ko (2)| |ullpgs mnry-
|z|<e



18 R.-Y. LAI, Y.-H. LIN AND A. RULAND

Hence, as ,,4+1 — 0,

Hxn-&-l On10(:, Tnya ”Hf s(Rn+1) < 2¢s ‘bl‘lp 2K )| ([wll#s @n+1y,

where we used that since u € H*(R"1), it holds

—0as xpy1 — 0.

HHE‘ +Zp‘ LZ({(pE) Hf‘2+z/’|2>f +1})

Now as x,+1 — 0, sup |zl_SK1_s(z)| is bounded by (4.3) concluding the proof of the
|z|<e
second estimate in (4.2).
Analogously, we obtain that for ¢; # 0 chosen appropriately, we have

Hésxijjsamrlﬁ(-,xwrl) - (at - A)SUHHﬂ(RnH)

= ||l + ipl # (eota it QR +i0) 5 Ka s (I + i) 2nsn) — (i +1€P)) Fu

L2 (]Rn«l»l)

< ( sup |17y (2)] + 1) [11€f? +ip|* Ful

|z|>€

F1)

2 ({(p&): llgz+ipl2

+ sSup ’Cscs Kl 5 - 1’ HH5|2 +Zp{ Fu ‘

|z <e

L2 Rn+1)

Choosing csés # 0 in such a way that és2'7*K;_4(z) — 1 as z — 0 implies the claim
by first letting z,, 11 — 0 and then € — 0.
The arguments for the other estimates are similar.

Step 3: Extension to u € H*(R"™1). For u € H*(R""!) the bulk estimates in
(4.2) imply that for any sequence u; € S(R"™) with up — u in H¥(R"™1) a limit
@ of the functions @y := Esuy exists in W(R x RT‘l). Moreover, the first bound in
(4.2) implies that (¢, ', z,41) — u(t,2’) in H¥(R"T1). Using the weak form of the
equation (4.1) one also obtains that @ solves this weakly. Finally, the second and third

estimates in (4.2) yield that hm x}H_l Opy11 exists in H¥(R"T1) and the equality

Tn

1—2s ~ S
xhrfl 2,117 0,0 = ds Lo

holds (as H~*(R™"!) functions) for some constant ds depending only on s € (0,1). O

We recall that weak solutions to (the local version of) the extension problem
satisfy Caccioppoli estimates for parabolic equations (in weighted Sobolev spaces).
We remark that by a weak solution we simply mean a function @ € W(R x R**1)
such that the equation (4.1) holds tested against H} (R x R} ™") functions (in the case
of the Dirichlet problem) and tested against H} (R x R7!) functions in the Neumann
case (note that the resulting boundary terms in the Neumann case are well-defined
as Hi(R x R — H¥(R™*1) by the trace estimate). In the sequel (in particular in
our Carleman estimates), the Caccioppoli estimates will allow us to control gradient
contributions in terms of L? terms.

Recall that we denote ' = (21, - ,x,) € R™. Let us introduce the following
notation: Given r € (0,00), xo € R™, we consider

Bl (20,0) := {X = (2/,zn41) E R 1 (2, 0p1) — (20,0)] < r} N {zpy1 >0} C R,
Bl(x9) :={2' e R": |2/ —z0| <r} CR™




CALDERON’S PROBLEM FOR A SPACE-TIME FRACTIONAL EQUATION 19

In particular, when zo = 0, we simply denote B;" := B, (0,0) and B := B.(0).
LeEMMA 4.3 (Caccioppoli inequality). Let @ € W((0,1) x Bf") be a weak solution
to
20 300 — V- (x43°Va) =0 in (0,1) x B,
a=0 on (0,1) x By,
or to
,ﬁsatu — V-2, 3Va=0 in(0,1) x Bf,
N lirln a:n_H *Op+10 =10 on (0,1) x Bj.
Assume that n € C*°((0,1) x B+) with supp(n) C (0,1) x Ef. Then,

1— 2

anrl nu

1—2s
su + ’ z, 2, n|Vi ’
tE(OI,)l)’ L2(BY) nt1 MV L2((0,1)x BY)

1-2s o1 |2
e EIE

< C] :
L2((0,1)xBf")

for some constant C > 0 independent of .

Proof. We differentiate with respect to t and use the equation for u:

GleFina] . =2 [ ok @Poa+ o) do

L2(B})
Bf
= 72/x};215V(772ﬂ)~Vﬂdx+2/ z) P uPn0ynda
Bf Bf
:—4/ z) 3 unVn - Vidr — 2 / z) 0P Vil dx—|—2/ z) P uPn0ymda
B B B
<- [aipewapde+a [ al 3@Vl +2 [ ol datnoms,
B B B

where we used the vanishing trace of @ (or of hm a:}L 11°0z,,,0) on Bj and applied
Tpt1

Young’s inequality. Rearranging this, integrating in t and using the support condition
for 7 then proves the claim. ]

Note that the Caccioppoli inequality also holds for the backward degenerate heat
equation z, 30,0 + V - (x 717+213V17) =0 in (0,1) x Bf (0) which follows immediately
from changing t — —t.

Next, we state the Schauder type estimates from [3] (see also [33], Appendix A
for weighted Schauder type estimates), which can also be viewed as a consequence of
the pseudolocality of our operator:

LEMMA 4.4 (Theorem 5.1 in [3]). Let V € L*((0,1) x B}) and v € W((0,1) x
Bi") be a weak solution to

;ﬁfatv — V- (z)33V) = in (0,1) x BY,

xnlinﬁ xn_H fOpy1v = Vo in (0,1) x Bj.
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Then, for some o € (0,1) and § € (0,1), we have that 8x/v,3tv,xifls(9n+1v €
C*/2((6,1 — §) x BY), where C*/2 denotes the parabolic Hélder space with ex-
ponent o € (0,1). ’

Moreover, if V. € C*((0,1) x By), we have that 9,,v and x,llﬁsagx/a%ﬂv €
Co/2((6,1 = 6) x BY), where 0, = 8792 ... 09 for o € N*™™ with 200 + ay +
et a, < k. 2

x T

Proof. The first statement is a direct result of the Schauder estimates in [3]. The
higher regularity result in time and the tangential directions in space follows from
considering difference quotients in time and space which is possible by the translation
invariance in these directions. a0

Remark 4.5. Note that the extension property also holds for the adjoint fractional
parabolic operator L. As the arguments are analogous to the ones presented above,
we do not discuss the details of this.

5. Unique continuation property. In this section, we will show the global
weak unique continuation property for the fractional parabolic operator £°, which
is stated in Theorem 1.3. We reiterate that while relying on the unique continua-
tion properties of the equation, we only need the equation to hold locally (and then
propagate the information globally through the upper half plane by means of the
Caffarelli-Silvestre extension). In order to prove the desired result, we transfer the
unique continuation statement for the operator £° into a unique continuation state-
ment for the extension operator from (4.1). The problem hence turns into a (global)
weak boundary unique continuation result for this operator. This result and the Car-
leman estimates, which are new for the associated degenerate elliptic equation, might
be of independent interest. They could for instance be used to also prove the strong
unique continuation property of the unique continuation property from sets of positive
measure.

We begin our discussion by introducing the notion of vanishing of infinite order
that we are going to use in the sequel:

DEFINITION 5.1. We say that a function @ € W(R x R} 0 CO((tg — 2,0 +

r2) x B (20,0)), where r > 0 is a small radius, strongly vanishes to infinite order at
a point (tg, z,0) € R x R™ x {x,,11 = 0} provided that

lim 7 a(to, v, Tny1) = 0 for any m > 0.
In+1—>0

Notice that when the function @ is locally C*°-smooth (up to the bounday {x,,+1 =
0}), then the above definition is equivalent to the classical definition for a function
% which vanishes of infinite order at a given point, that is, @ and all its derivatives
vanish at that point.

In the sequel, we reduce the statement of Theorem 1.3 to the global (boundary)
weak unique continuation property for the extended parabolic problem and then pro-
vide an independent proof of this statement. Here we crucially rely on a Carleman
estimate (see Proposition 5.5). Before however turning to this, we first show that
the Caffarelli-Silvestre extension of u vanishes of infinite order at any boundary point
(0,7) x Bl. € (0,1) x U x {0}, where U is an open subset of R™:

LEMMA 5.2. Let s € (0,1) and u € H*(R™"*). Assume that u = 0 and (0; —
A)u=0in (0,1) xU. Let @ denote the Caffarelli-Silvestre extension of w. Then we
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have that for any m € N

lim Ox;ﬂa(t,x’, Tpt1) =0 for (t,2') € (6,1 —8) x U,

Tn41—

for some § € (0,1), where the open set U’ is strictly contained in U C R™.

The argument for this relies on the Schauder estimates from Lemma 4.4 and a
bootstrap argument.

Proof of Lemma 5.2. Relying on the regularity estimates from Lemma 4.4 and
invoking a bootstrap argument as in [43], it is possible to prove that @ vanishes of
infinite order at (0,1) x U x {0}. We note that using difference quotient arguments,
it is always possible to boostrap the tangential and temporal regularity of @ (see the
second part of Lemma 4.4); in the sequel, we will make extensive use of this.

We discuss the details of this in the sequel.

Step 1: Initial reqularity. First, by the fundamental theorem of calculus and by
Lemma 4.4, we have that for some constant C;,, > 0

1

(it 2/, 2msr)] = / Onsrii(t, 2, roms1)dr| [T
0

1

< sup ([rens1]" %% |Onpra(t, o' ran 1)) |xn+1|25/r25_1dr
re(0,1) )

S Cs,n|xn+1 |28~

As an immediate consequence of the translation invariance in the tangential ' and
the t directions, we also directly obtain that similar estimates hold for the tangential
and temporal derivatives in a slightly smaller space-time domain, i.e. we have that

(5'1> |x711-7-2188ta<t7 l‘/, 'TnJrl)' + |$}z:—218A,a(t> $/7 anrl)‘ < C|xn+1|7

for (t,2") € (61,1 — &1) x Uy, where §; > 0 and U] C U'".
Next, by the equation in the bulk and the tangential and temporal regularity of
the solutions, we have for x,, 11 >0

1-2 - 1-2s A/~ | 1-2s0 ~
Ony 1%, 1" Op 1t = —x,  1° A0 + 2, 7704,
whence, in combination with (5.1), we infer
1-2s ~ /
(5.2) |0n4+125,17° Onp10(t, 2, @ps1)| < Clapga].

In particular, we may pass to the limit x,+1 — 0 which implies that lim o 6n+1a:}ljr2138n+111
Tn41—

exists and  lim 08n+1a:31jr2158n+111 = 0 (see also the Appendix A [33] for weighted

Trt1—>
regularity estimates up to the boundary). Hence, combining (5.2) with a similar fun-
damental theorem argument as above and exploiting the regularity of :c;;ﬁsanﬂa as
well as our remark on the tangential and temporal boostrap arguments yields that
for (¢t,2') € (62,1 — d2) x Uy (with 6o > §; and U C U] to be specified) there exists a
constant C' = C(n, s, d1,02) > 0 such that

(i) On 10t 5ns1)] < Clonsa 2+,
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(ii) for o(t, :cn+1) 1= 20 3 On11(t, 7, Tpp41) we have [8(t, 2, 2,41)] < Clagia |,
(i) |3n+1'0(t &', &n41)| < Clangal,

() [a(t, 2/, 0i0)| < Clg a4

(v) |$n+1Al U(t, @', wnga)] + |$n+15tu(t 2, &pt1)] < Clenia]?.

Step 2: Upgrade of the decay estimates through upgraded regularity estimates.
With the estimates from Step 1 in hand, we seek to upgrade the regularity estimates
by reducing the problem to a forced heat equation. Indeed, we note that for x,,41 >
0 (where the equation is strictly parabolic and hence @(t,a’,x,41) is smooth), a
differentiation with respect to the x,1-direction leads to the bulk equation

A( Tpy1 3n+1u) at( Tyl an+1u) —(1-2s)x ;JeriA/ + (1 —2s)x n+1atu

We note that by the estimates from Step 1 the contributions on the right hand side
are Holder continuous and vanish as z,41 — 0. Furthermore, also by Step 1 (see
(5.2)), we have that

lim Opi12-720,414 = 0.
Tnt1 0 n—+ n+1 n—+

As a consequence, the function o(t, ', 2y 41) = m}lj'_zlsan+1a(t,x/7xn+l) is a (weak)
solution to
—8t17+A17:f1 in (52,1—52) XUé X (0, 1/2),

lim 3n+1v =0 on (02,1 —d2) x U} x {0},

Tn4+1—0

(5.3)

where
fi=—(1-29)x ;f_slA’u +(1—28)x n+18tu

Using property (v) from Step 1 as well as Schauder theory for the heat equation, we
obtain that & € C2((03,1 — d3) x Us x (0,1/2 — d3)) (where d3 > d, and U} C U} is
to be determined). By virtue of the equation (5.3) in combination with property (v)
from Step 1, we further obtain the pointwise bound

|872L+177(t7$/7xn+1)| < |f1(t,x',xn+1)| < Os,n,62|93n+1|2-

Bootstrapping by means of the fundamental theorem and by recalling that analogous
estimates can be obtained for the tangential spatial and temporal derivatives, we
obtain that in (43,1 — d3) x U4 x (0,1/2 — d3) and with C' = C(n, s, 01, d2,95) > 0

(a) |0n410(t, 2, Tps1)| < Clongal?,

(b) J(t,a’s@ns1)] < Clansa |2,

() [0viu(t, 2", 2nr1)] + |A (2", s 1) < Clnsa] < Clania |42,

Exploiting this, we can again differentiate the equation in the normal direction
and bootstrap the argument correspondingly. Iterating this procedure, and choosing
d¢ — 0, U, - U as { — oo, it ultimately implies the estimate

|ﬂ‘(t> x’, xn+1)| < Cm,s,n|a7n+1 |m’

for allm € Nand (¢,2', 2p41) € (0,1—06) xU' x {0}, and for some constant C, s, > 0.
This however yields the desired infinite order of vanishing of @ in (6,1 —0) xU’' x {0}.0

With the vanishing of infinite order in hand, we next seek to prove that @ = 0 in
the upper half plane. To this end, we rely on a Carleman estimate which we deduce
in the next section. Exploiting this, we will be able to exclude non-trivial behaviour
of 4 as x,+1 — 0 and thus prove the desired (weak) boundary unique continuation
result.
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5.1. A Carleman estimate for a fractional heat operator. In this section
we seek to deduce a Carleman estimate for the operator
(5.4) T30+ Va3V

with vanishing weighted Neumann data. For convenience, we have here reversed the
time direction. The proof of the Carleman estimate proceeds in two steps: First, we
introduce suitable parabolic conformal coordinates. Then we carry out the conjuga-
tion argument yielding the desired Carleman estimates.

5.1.1. Parabolic conformal coordinates. In order to simplify the derivation
of the estimate and to clarify the choice of the Carleman weight, we introduce para-
bolic conformal coordinates (see also [34]):

—40 —2¢

t=e ", r=2e "y.

A short computation then yields that

(D)-C8 =)0
dx 2 dy
Hence, the operator (5.4) transforms into
(26722)1725642
4
Multiplying this with 4e=%¢(2e72¢)2*~! therefore leads to the operator

(5.5) Ynit (=00 =2y - V) +V, -y 7V,

[Z/}L+%S (=0¢ —2y - vy) +Vy- yn+1 °V, ]

Conjugating (5.5) by 6_% then further results in

w? .
e [y (<0 — 2y V) + V- yh BV, ] e
(5.6) =y 3 (=0 — ) + Vy  yp TV + (n+2— 2S)yiﬁs~

In order to eliminate the zeroth order term of (5.6), we conjugate (5.6) with
e~ (n2-29) which gives

(5.7) o~ (n+2-2s)¢ (A2 (=0 — y?) + Vy - 42327, o(n+2—25)0

201
Finally, we multiply the operator (5.7) from the left and right by y,, 2, and obtain

2s5-1 —1
L:=-0r+y,2 Vy- yn+lsvyyn+1 - |y|2 =1 —0p —

where in analogy to the case s = 5, we refer to H; as the fractional Hermite operator.
We summarize this discussion in the following lemma:

LEMMA 5.3. Let f: R x Ri“ — R and consider a function u : R x Riﬂ — R.
Then u(t,x) is a solution to

( }L_‘_leat +V- z}H_ngV) u(t,x) = f(t,z) in R x RT‘l,

1-2s
if and only if the function w(y, ) =y, 7 e—(n+2-2s)¢, _wu(e—‘w,%_%?j) is a solu-
tion to

(00 + Ho)w(l,y) = g(¢,y) in R x R,

—1

2 2s—1
where g(l,y) = de= (26225 T (122900 B f(em1E 220y,
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With this in hand, we deduce a Carleman estimate in conformal polar coordinates:

PROPOSITION 5.4. Let h: R = R, £+ h({) be a convex, asymptotically linearly
growing function. Assume further that w € LQ(RxRiﬂ)ﬁCﬁi(R X Ri‘H) is decaying
superlinearly as [¢| — oo and |y| — oo and satisfies

2s—1 B 2s—1 .
(5'z ~Ynt1 Vo Ung1 Vilnis + |y|2) w=f(ly) inRxRE,
2s—1
lm  yr 3% 0ns1 (Y2 w) =0 on R x R™ x {0},

Yn+1 —0

where f(£,y) € L*(R x R™™) has superlinear decay as |£| — oo and |y| — co. Then,
there exists C' > 0 such that for all 7 > 19 > 0

1 T
Tl () Fwll} s gy < Clle™ (@0 + Hopwl[,

(RXRF1)
Proof. This follows from a conjugation argument. Indeed, we have
Lh = e‘rh(é)(ae + Hs)e—Th(f) _ 6[ +Hs _ Thl.

Then, up to boundary terms this entails that the symmetric and antisymmetric parts
of this operator are given by

S=H,—T1h, A =0,
As a consequence, we obtain that
||th||2L2(RxR,+L+1) = ||Sv||2L2(RxRi+1) + HAU||2LQ(RxR1+1) + 2(Swv, Av)

= ||Sv||i2(R><RT'1) + HAUHQL'z(RX]RT-l) + ([Sv A}'Uav) + (BT)v

(5.8)

where [S, A] := SA — AS denotes the commutator and (BT) are boundary correction
terms. These are obtained as boundary terms in the integration by parts estimates
which lead from 2(Swv, Av) to ([S, A]v,v). Here only the spatial integration by parts
give rise to boundary contributions. For these we note that

/ H,vopv dbdy = —/ Hgvovdldy + (BT),
RxR}H

n+1
RXRY

where (BT) denotes the boundary contributions from above and in particular,

251 , 261
(BT) =2 / ( lim oy"‘ﬁl aev) (y m  yr 3 0n41 (Yo ta v)) dy'dl

Ynt1—> +1—0
RxR™x{0}
2ot 1-2s 2s21 /
. ~ . - ~
-2 / <ynl+111n_)0 Yni1 v> (ynlggo Ynt1 Ont1(Ypit 8[0)) dy'de.
RxR”x{0}

Using the vanishing (weighted) Neumann boundary conditions together with the a
priori regularity estimates from Lemma 4.4, we infer that the terms in (BT) vanish.
Therefore, we also deduce that

(5.9) / Hyvdpv dldy = 0.
RxR}H
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Next, returning to (5.8) and inserting (5.9) and the vanishing of the boundary

data, we infer that

2
||th||L2(R><Ri+1) = ”Svni?(RxR:ﬁ“) + ||AUH22(RX]R1+1) +7 / hv2dyade,
RxR}H

which implies that
||th||i2(RXR:+1) >T / hNUQdydg'

n+1
RxRY

Finally, we plug v = e”"®w into the above inequality, which then yields the desired

estimate. O

5.1.2. The Carleman estimate in Euclidean coordinates. Relying on the
previous discussion in parabolic conformal polar coordinates, we obtain a Carleman
estimate in our original coordinates:

PROPOSITION 5.5. Let s € (0,1) and let @ € W([0,1] x By) with supp(i) C
((0,1) x Bf)\ (0,0) be a weak solution to

(2, 30+ V-2 3°V)a=f in(0,1)x Bf,
z,}i?LO 335;218671-4-111 =0 on (0,1) x By,
where f € L2([0,1] x Bf,z}3%). Assume further that
22

o(t, ) == 7% +Th (i ln(t)> :

with a convex function h(€) which grows asymptotically linearly as ¢ — oo. Then,
there exists a constant C > 1 such that for all T > 79 > 0 we have

2 2

<C

L2((0,00) xR} ) T

1—2s
T ’

etz (E")%xn_ﬁl U

1 2s5—1
e?t2 T i1 f’

L2((0,00) xR7H)
for some constant C > 0 independent of @ and f, where h"(t) := R (1) |r=— 1 ey -
Proof. This follows directly from Proposition 5.4 by setting

_ _ w2 _
(n+2 25)@6 s u(e 4@726 QZy)

and transforming back from parabolic conformal coordinates to Euclidean coordi-
nates. ]

1-2s
wl,y) =y, i e

5.2. Global weak unique continuation. In this section we deduce the weak
unique continuation property from the Carleman estimate from Proposition 5.5. In
contrast to the results in the literature on unique continuation properties for fractional
parabolic equations (see [3]), here we do not assume that the equation (9;—A)*u = Vu
holds globally.

Our main aim in this section is to prove Theorem 1.3 in the following form:

PROPOSITION 5.6. Let s € (0,1), n € N and u € H*(R"*). Assume that for
some open set U C R™ we have

(5.10) u=0, (0 —A)’u=0in(0,1) xU.
Then, w =0 in (0,1) x R™.
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After having established the infinite vanishing order in Lemma 5.2, we now address
the full weak unique continuation statement for which we still have to exclude super-
polynomial decay towards the boundary. At this point we exploit the Carleman
estimate from Proposition 5.5.

Proof of Proposition 5.6. Step 1: FEztension. We first note that the vanishing
property (5.10) from above can be viewed in terms of its Caffarelli-Silvestre extension.
Formulated in terms of this, we seek to show that if u € H*(R x R™) and if @ solves

(20330, + V- 213°V)a=0 in (0,1) x R,
U=u on (0,1) x R™ x {0},

such that

i=0and nmﬁox}lffanﬂa =0in (0,1) x U x {0},
n+1

then @ = 0 in (0,1) x R}, Using the result of Lemma 5.2, we infer that @ and all
its (tangential, weighted normal and temporal) derivatives exist in a classical sense
and vanish on strict subset of (0,1) x U x {0}. As @ is smooth for every z,41 > 0
by parabolic regularity and the infinite order of vanishing of @ up to x,+1 = 0 (see
Lemma 5.2), we hence obtain that @ is C* smooth up to the boundary (0, 1) x4 x {0}.
In particular, all integration by parts identities in the Carleman estimates are justified.

Step 2: Application of the Carleman estimate. The vanishing of infinite order
together with a cut-off argument allows us to apply the Carleman inequality from
Proposition 5.5. We discuss the details of this. Following [34, Section 2], we set

By = ((0,26%) x B;(0)) \ ((0,6%) x BF(0)),

et — ( 0. T) x B;(o)) \ ((oi) X Bf(0)>7
(

L )ng(O).

\}

327" 167

Here we assume that § < 772. We now consider a cut-off function 1 with the property
that n = 1 in (0,1) x Bf (0) and supp(n) C (0,2) x By (0) and set

iis(t, x) = (1 — (;2 §)> 0 (rt,a) it ).

This function is admissible in the Carleman estimate from Proposition 5.5; we use the
weight function

ot 2) = -2 L s+ Tg . —% +rh (-im@)) ,

where in the notation from Proposition 5.5 we have h(f) = 4¢ — 2{ + fe~* (which
satisfies the requirements from Proposition 5.5). By definition of s, we obtain

(2010 + V-2, 5V s =
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f(t,2) = a(t, )zl 20, K — <; )) 0 (Tt,x)]
+ 2213V K ( )> U (TW)]
+at,2)V - 2173V [(1 ) (;2 ‘;’;)) n(rt, x)} .

We next seek to apply the Carleman estimate from Proposition 5.5 in order to deduce
that 45 = 0 in {0} x B1/ . To this end, we note that the contributions on the
right hand side of the Carleman estimate are localized on the support of f, i.e. in
the domains Es and F¢**. Thus, in these we seek to deduce upper bounds for the
Carleman weight e?.

We begin with the bound in Es. Due to the infinite order of vanishing in Ej, it
suffices to obtain a rough polynomial bound for the weight function there. We claim
that for 7 > 79 > 1 sufficiently large and 0 < ¢§ sufficiently small, it holds

with

0’:\&

(5.11) o(t,z) < =3(r +1)In() + 7In(r), for (¢,x) € Es.

In order to observe (5.11), we split the domain into two parts:
(a) In (02,26%) x Bf;(0) we estimate

262 1 262
()~ @) + 75 = = (4 3 ) @) + 7

—2(1 + 1) In(5).

Here we used that 0 < 0% < § < 1 < —In(d) for § > 0 sufficiently small
and that the first contribution in the definition of the weight ¢ (¢, x) is always

negative.
(b) In (0,6%) x (BS5(0) \ Bs(0)) we estimate

¢(t,x) <

l\D\»—l

~ 2 5
ot x) < P(t) := —% - %ln(t) —7ln(t) + T%.

1

We next maximize the auxiliary function J(t), which yields tpax = §@.
2

As a consequence,

2

¢(t,$) < J(tmax; ) <= 9 + T — 5 ln(52/( )) — Tln(62/(87—)) + 7—%

< 7lIn(7r) — 3(7 + 1) In(9),
if 7 > 79 > 1 is sufficiently large and 6 > 0 is sufficiently small. Combining

above (a) and (b) yields (5.11).
In the domain F** we obtain the upper bound

(5.12) 6(t,2) < 7In(r) + 7 1n(8) + %m(T) 4,

by the following observations. Indeed, we split the domain F¢! into two parts:
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(a) In (1/7,2/7) x By we again drop the negative contributions and estimate as
follows
1 2 1 2
o(t,x) < —3 In(1/7) — 71ln(1/7) + 3= 7In(T) + 5111(7’) + 3
As this is dominated by the expression in (5.12), this implies the claim.
(b) In (0,1/7) x (B (0) \ Bf (0)) we argue slightly more carefully. Here we first
estimate
o(t,x) <Pt z) := 1o 1ln(t) —7n(t) + !
R T ’ 3
Next, for 7 > 79 > 1 sufficiently large, we maximize the auxiliary function

Y(t, ), which yields tpax = m. Hence, we obtain

(1, 7) < Y(tmme, ) < %m(T) v %ln(S) +7In(r) + 7In(8) + %

This also implies the claimed bound (5.12).
As a consequence, we bound the right hand side of the Carleman estimate as
follows:

2s

s—1
13,72
ey

L2((0,00) xR} )

¢ 1 252—1 ’ H ¢ 1 252—1 ‘
= He B f Loy T ° iy f L2(Fgot)
< 0573 (|l 3 g +||ea2r v
> n+1 L2(Es) n+1 L2(Es)
+ Cerln(‘r)-}-Tln(S)-l-% In(7)+4 ’ x1*22sa‘ n ‘ x1;2s Vﬂ‘
mE e gpgeny I Tl ey )

Using Caccioppoli’s estimate together with the vanishing Dirichlet and Neumann
boundary conditions to bound the gradient terms, we infer

2s—1 1-2s
¢t% 3 } <C5—3(T+1) 7In(T) ) ~‘
(5.13) He Tutr f L2((0,00) xR} 1)~ € bt Y gy
: 1-2s
C Tln(T)+Tln(8)+%ln(7)+4‘ 3 ~)
e it g
where

s = (035 < 5500\ ((0.5) < B7).

Fert = ((03) x B;(o)) \ ((0 21¢> x Bi(())) .

In order to infer the desired unique continuation result, it hence remains to bound
é(t,x) in F from below. In this region we have the following lower bound on the
weight function

o(t, ) > —;—2 + 7In(7) + 71n(16) + %ln(r).
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Indeed, as in case (b) of the discussion of the estimate in F¢** from above we estimate
1 1

t,x) > ——— — —In(t) — 71n(t) =: P(t, x).
B(t,2) 2 — = = S (1) = 7In(t) = (¢, 2)
Noting that the critica_l point of (t,z) is at teq = m ¢ (32%, 16%) and
computing the sign of ¢’ in (3%, 16%), we observe that 1 is monotone decreasing in

11 .
(?,Tr’ 16—T). Thus, we obtain

o(t,z) > <1é7, ac) = —37-—2 + %111(7‘) + %ln(16) + 71n(7) + 71n(16).

Hence, the left hand side of the Carleman estimate from Proposition 5.5 can be
bounded from below by

1-2s
5 ~
‘ xn-&-l U

(5.14) Hed’t—%(ﬁ”)%xnjl iis

> erln(7)+7(1n(16)—3i2) ‘
L2((0,00) xR} 1) T

1—2s ’

L2 (Rt

Combining the bounds from (5.13) and (5.14) (using that In(16) — 55 > In(14) and
7In(8) + 2 In(7) < 71In(9) for 7 > 79 > 1 sufficiently large), for 7 > 79 > 1 sufficiently
large, we thus infer that

7(In(7)+1In(14)) 1;25 -
e ‘ Tpfr U LagEin)
<C | em(n(n)+In(9) H»’CIEQSTL‘ | §—4TerIn(n) xl’zzsﬁ‘
> n+1 Lz(ﬁfm) n+1 L2(E5) .

Using the infinite order of vanishing of @ (see Lemma 5.2), we may pass to the limit
d — 0 (for fixed 7 > 79 > 1). As a consequence,

|

By the local C%® regularity of @ (see Lemma 4.4) and the mean value theorem (of
integral form), there exists 7 € (ﬁ, ﬁ) such that

and passing to the limit ¢ — 0 (while using the regularity of @), we

2
T,i U

1—2s
2
T, i U ‘

1-2s ‘

< Ce 7 In(14/9) ‘
La(E)

L2 (Fget)

228
Tl U

1—2s .
xnjl U(Tv K )’

1-2s ‘

:327"

L2(BY) L2(Fint)
8

1

Choosing 7 = 5

obtain

whence we conclude that @(0,z) = 0 for z € BY.
8
Since this holds for all the time slices on which a(¢,2) = 0 in (0,1) x B%, we
8

1
< 0321im e~ /DT | T g

— O,
L2(Bt) — t—0 ¢
§

1—2s ‘
L2(Fit)

< 1—2s
=
T, i1 U ‘

obtain that @ = 0 in (0,1) x BY by using the time and spatial tangential translation
8

. . 1-2s 1-2s 3 3
invariance of the operator z,[1°0; — V -z, 1°V. As a consequence of spatial unique

continuation in the upper half-plane, this then entails that © = 0 in (0, 1) x R™, which
yields the desired result. ]

Remark 5.7. The global weak unique continuation property also holds for the
adjoint fractional parabolic operator L. In other words, suppose that u = Liu =0
in (0,1) xU for some nonempty open set Y C R™, then v = 0in (0,1) x R™. The proof
follows along the same lines as the proof of Proposition 5.6 by invoking the Carleman
estimate derived in Section 5.
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6. Runge approximation and the proof of main theorems on the inverse
problem. Recall that the initial exterior value problem of the fractional parabolic
equation is given by (1.1) with zero initial value. As explaind in Proposition 2.5,
one can multiply a cutoff function to ensure that the future data are zero, without
changing the solution in a given (time-space) domain. Therefore, it suffices to consider
Runge approximation results in these time space domains.

6.1. Runge approximation. For 0 < s < 1 and T > 0, we recall the notation
Qr = (-T,T) x Q C R Let Q € L>(Qr) satisfy the eigenvalue condition (1.5)
and u = uy € H*(R"*1) be a solution of

(6.1)
(L°+Q)uy =0in Qp, with wuy=fin (-T,7T) x Q, and uy =0 for t < —-T.
Then X (—oo,1(t)us(t, ) is the unique solution of (6.1).
LEMMA 6.1 (Runge approximation). Forn > 1, let U C Q. be an open subset
and T > 0 be a real number. Then the set
R ={ufla, : uy the solution to (6.1), fe C((-T,T) xU)}

is dense in L?(Qr).

Proof. The proof is similar to the proof of [22, Theorem 1.2] and [24, Theorem 1.2].
Invoking the Hahn-Banach theorem, it is sufficient to show that if (v, w)r2(q,) = 0
for all v € R, then necessarily w = 0. Let thus w be as described above, i.e. let us
assume that

(X(—oo,T]ufyw)Lz(QT) = (uf7w)L2(QT) =0, for all f € Cso((_T7 T) X U),

where X(_o,rus be the unique solution of (6.1) in Q7. Here we have utilized the
future data will not affect the solution in Q7 (see Section 3). Next, let ¢ € H*(R"+1)
be the solution of

(6.2)

(=0 —A)'9+Qd=w in(=T,T)xQ,

¢=0 in (=7,7T) x Q) U (=00, =T] x R*) U ([T, 00) x R™).
Then,

(ufvw)Lz((fT,T)xQ) = (Uf - f (_8t - A)S¢ + Q¢)L2((7T,T)><]R”)
=—(f, (=0 = A)° D) L2((—1,7)xt1)>

for all f € C°((=T,T) x U), where in the last identity we used the fact that f is
supported in (=7,7T) x U. Thus, we arrive at

(=0 —A)°p=0 and =0 in (-T,T) x U.

Then, by virtue of the global weak unique continuation property (see Remark 5.7),
we obtain
¢=0 in (-T,T) x R™.

Combining this with the exterior condition of ¢ = 0 in past and future time from (6.2),
we obtain that ¢(¢,z) = 0 for all (t,z) € R"™! from which we infer that £5¢ = 0 in
R™*1. Thus, recalling the equation (6.2) again, we infer that w = 0. d
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Remark 6.2. By similar arguments, one can also obtain the Runge approximation
property for the adjoint fractional parabolic equation. More specifically, for 0 < s < 1
and T > 0, let Q € L*>(Qr) satisfy the eigenvalue condition (1.5) and let v = v, €
H#(R"*1) be a solution of

(L +Q)vg=01in Qp, with vy =gin (=7,7T) x Q.,

and vy = 0 for t > T (see Section 3 for details). Then x[_7,o)ug is the unique solution
of the above equation in Q7. Let U C €2, be an open subset, then the set

{vglar = 9 € CZ((=T,T) xU)}

is dense in L?(Qr). This result follows directly from the proof of Lemma 6.1 and a
corresponding variant Theorem 1.3, therefore, we omit the details here.

6.2. Proof of Theorem 1.1. With the help of the Runge approximation in
Lemma 6.1, now we can address the global uniqueness result for the fractional para-
bolic equation. The proof is similar to that in [22] and [24].

Proof of Theorem 1.1. Suppose that Aq, fl(—r.1)xu, = Ao fl(—1,17)xu, for any
f € C®((~T,T) x Uy), where U; and Uy are arbitrary open subsets of Q. = R™ \ Q.
By utilizing the integral identity in Lemma 3.8, we have

(63) /Q (Ql — Qg)u1u2dxdt = O7

where uy,uy € H*(R"1) are the solutions of
([:s + Ql)ul =0in QT with uy = 0 for {t < —T},

and
(l:i + Qg)’u,g =0 in Qp with us = 0 for {t > T}

Here u; and ug have the same exterior values f; € C°((=T,T) x U;), for j =1,2.
Given any function g € L?(27), and using the Runge approximation result (see

Lemma 6.1), it is possible to find two sequences {ugl)}jeN, {ug-z)}jeN of functions in
H5(R™H1) that satisfy

(L% + Q1)u§-1) = (L] + QQ)U§-2) =01in Qr,

supp(ugl)) - Qgpl) and supp(u;-z)) - Qg,?),

(€] (2)

wMlay =g+ uPla, =140,

W 2 5 04n
J '

L?(Qr) as j — oo. Inserting these solutions into the integral identity (6.3) and taking
j — 00, then leads to

where Qg}), Qg) are two open sets in R"*! which contain Q, and r

/ (Q1 — Q2)g dxdt = 0.
Qr

Since g € L?(Qr) is arbitrary, we must hence have Q; = Q2 in Qr, which completes
the proof. 0
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6.3. Single measurement results — proof of Theorem 1.5. As in [23], it
is possible to exploit the global weak unique continuation property together with a
Tikhonov regularization argument to infer a single measurement recovery result.

PROPOSITION 6.3 (Tikhonov regularization). Assume that W C R™ is open with
Qnw = 0. Let s € (0,1), u € H¥((—=T,T) x Q) and let h = (0 — A)*u. Then,
u= lin%) Ue I HE((—T,T) x Q), where for a € (0,1), the functions u, are defined as

a—r

o = a1gN, ¢ Crycry (10 = )0 = Aln(Cmywy + 0 poryy) -

Proof. By possibly shrinking W, without loss of generality we may assume that
W is a bounded open set such that QN W = (). As a consequence, we obtain the
compactness of the mapping

L:H ((-T,T) x Q) = H (=T, T) x W), v (3 — A)*v| gy -

Here the compactness follows from the pseudolocality of the operator (9;—A)*®: Setting
e x1 to be a smooth cut-off function which is equal to one in a small neighbour-
hood of (=7,T) x W and vanishes outside a slightly larger neighbhourhood

of the same set,

e and X2 a smooth cut-off function which is equal to one in a small neighbour-
hood of (=T, T) x , which vanishes in a slighly larger neighbourhood of this
set and which is constructed such that the closures of the support of x; and
X2 are empty,

the pseudolocality of the operator (9; — A)® implies that L = x2(0; — A)®x; is a
compact operator. With this observation it is possible to invoke the general theory of
Tikhonov regularization, for which we refer for instance to [15, Chapter 4]. O

S

Remark 6.4. An alternative argument yielding the compactness of the operator
L is to invoke the representation formula from (2.1).

With this in hand, we proceed to the proof of the single measurement result,
which as in the static case relies on the combination of Proposition 6.3 with the weak
unique continuation property of Proposition 5.6.

Proof of Theorem 1.5. We consider a splitting of v into a function v € H*((—=T,T) x
Q) and the boundary data f € H*((—T,T) x ), i.e. w = v+ f. By construction and
by the representation of the Dirichlet-to-Neumann map, we have (as H* (=T, T) x Q)
functions)

0y — A)*v = (9 — A)*u— (3 — A f = Ao f — (0 — A)°f.

As Agf —(0y—A)*f is known, we can apply Proposition 6.3 to reconstruct v globally
and constructively from this. Returning to v = f + v implies that as f and v are
known globally, also u is known globally. As a consequence, it is possible to solve the
equation satisfied by u for the potential @ (we recall the regularity result from Lemma
4.4 which imply that all involved quantities in the quotient exist in a pointwise sense):

(0 — A)%ul(t, x)

Qtz) = - u(t, x)

Using the weak unique continuation property of Proposition 5.6 as well as the regular-
ity of the potential Q(¢,z), we then conclude that for any (¢,z) € (=T, T) x §, there
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exists a sequence (tx,xr) € (=T, T) x Q such that u(tx,zr) # 0 and (g, ) — (¢, x).
Therefore, for every (t,z) € (—=T,T) x 2, by continuity, we have

(0y — A)*u(ty, xk) -

t,x) = li t =—1
Q1) = lim Qltwowe) = = 0 = o)
This allows us to constructively recover Q(t, ) for (¢t,z) € (=T, T) x Q. |
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