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ABSTRACT. We investigate the inverse problem of recovering the diffusion and
absorption coefficients (o, q) in the nonlocal diffuse optical tomography equa-
tion (—div(oV))*u + qu = 0 from the (partial) Dirichlet-to-Neumann map.
The purpose of this article is twofold:
(i) Firstly, we show that the diffusion coefficient o and absorption coefficient
q can be recovered simultaneously.
(ii) Secondly, we prove that the absorption coefficient ¢ can be determined
provided o is known in a neighborhood of the boundary 9.
The key ingredients to prove these uniqueness results are the Caffarelli-Silvestre
type extension technique and a novel Runge approximation related to solution
spaces of two different partial differential equations, which is based on the
geometric form of the Hahn—Banach theorem. The results in this work hold
for any dimension n > 3.
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1. INTRODUCTION

In recent years, the study of nonlocal inverse problems attracted interest by many
QQTTON

researchers. The first work in this field [GSU20] concerned the unique determination
of bounded potentials in the fractional Schrodinger equation

(1.1) (—A)* + q)u=01in Q
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from the related (partial) Dirichlet-to-Neumann (DN) map. Here  C R" is a
bounded domain and 0 < s < 1. The proof of this uniqueness result relied
on two essential ingredients, namely the unique continuation property (UCP) of
the fractional Laplacian (—A)® and a Runge approzimation (see Propositions 2.2
and 2.3), which allows to approximate any function in L2(2) by solutions to
(1.1). By generalizations of these two beautiful and strong results, different ar-
ticles could solve several inverse problems, which remain open in the local case or
there even exist counterexamples to uniqueness. The above inverse problem has
been extended into several directions, like determining singular potentials, lower
order local perturbations, higher order nonlocal operators or combining the above
approach with other techniques as linearization and monotonicity methods (see
[BGU21, CLL19, CMR21, CMRU22, GLX17, CLL19, CLR20, FGKU24, HL19,
HL20, GRSU20, GU21, HL19, HL20, KRZ23, Lin22, LL22, LL23, LLR20, LLU22,
KLW22, RS20, RS18, RZ23, GU21)).

Let us emphasize that the recovery of leading order coefficients for nonlocal
operators has also been studied. These can be seen as the nonlocal counterparts to
classical Calderén problem [Cal06] or the p-Calderén problem [SZ12]. In the works
[CO23, CGRU23, Fei24, FGKU24, GU21, Riil23, LLU22, LLU23, Lin23, RZ22,
CRZ22, CRTZ22, R724, K1.Z22, LRZ22], the authors investigated these types of
inverse problems by utilizing either the DN map or the source-to-solution map as
measurement operators.

The simultaneous recovery of several coefficients in nonlocal partial differential
equations (PDEs) from the related DN map is usually more involved, but there are
still a few positive results into this direction. For example, the following results
have been obtained:

(i) In [CLR20] the authors showed that the drift term b and the potential ¢ in
(A +b-V+qu=0in Q

can be recovered uniquely form the DN map.
(ii) In [LZ23] a unique determination result has been obtained for all coefficients
(p, q) and kernel K in the nonlocal porous medium equation

poyu+ L (u™) +qu=01in Q x (0,T),

where m > 1 and Ly is an elliptic integro-differential operator of order 2s,
that is Lg is given by

(1.2) Lyu(z) =p.v. K(z,y)(u(z) —u(y)) dy
RTL
with
K(oy) = K@z) and — 2 < K(ny) < —>
T,Y) = y,r a |x_y|n+2s — T,Y) = |x_y‘n+25

for some A > 0.
(iii) In [Zim23] it is shown that the diffusion and absorption coefficients (v, q)
in the nonlocal optical tomography equation

(1.3) Liu+qu=0in

can be uniquely recovered from the DN map. Here, L7 is the integro-
differential operator with kernel

1/2 1/2
Y2 () 2 (y)
K(z,y)=C, — 5>
(33 Zl) , |x_y|n+28

(cf. (1.2)), where C,, s > 0 is the usual normalization constant in the def-
inition of the fractional Laplacian (—A)® and v: R” — R is a uniformly
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elliptic function. It is noteworthy that in the endpoint case s = 1 the
operator L3 becomes the usual conductivity operator —div(yV-).

Analogous uniqueness statements in the endpoint cases s = 1 of (i) and (iii) are
generally not true. In this article, we consider a similar PDE as the nonlocal optical
tomography equation (1.3), but where the operator is replaced by a fractional power
of the conductivity operator —div(cV-). This model is introduced in the next
section.

1.1. The nonlocal diffuse optical tomography equation. Here, we describe
the PDE considered in this article, present the main results and discuss related
models. Let Q C R™ be a bounded domain with smooth boundary 9. Throughout
this work, we suppose that the diffusion coefficient o € C°°(R"™) is uniformly
elliptic, that is

(1.4) A<o(z) <A™t
for some A € (0, 1), satisfies
(1.5) o(x) =1 for z € Q,,

and the absorption coefficient or potential ¢ € L*°(2) is nonnegative. Given such
data, we consider the Dirichlet problem for the nonlocal diffuse optical tomography
equation

(1.6) { —div(eV))’u+qu=0 in Q,

u=f in Q,

where

Qe =R"\Q
denotes the exterior of  and 0 < s < 1. Here (—div(cV))?® is an elliptic integro-
differential operator, which is rigorously defined in Section 2. By standard methods,
one sees that the Dirichlet problem (1.6) is well-posed on the energy space H*(R").
Let W C Q. be a nonempty bounded Lipschitz domain, then we can define the
(partial) DN map

(1.7) A HY (W) = HS(W), e (—div(oV))*ugly
where uy € H*(R") is the unique solution to (1.6). Thus, the inverse problem
studied in this article can be phrased as:

(IP) Inverse Problem. Can one determine the diffusion and absorption coef-

ficients (o, q) in Q from the partial DN map Aj , given by (1.7)?

Before presenting the affirmative results to this nonlocal inverse problem, let us
review the situation for the local counterpart. As s = 1, it is known that the
corresponding inverse problem cannot be solved uniquely, i.e., ¢ and g cannot be

determined uniquely. More concretely, if we consider the diffuse optical tomography
equation

(1.8) {— div(cVw) +quw =0 in Q,

w=g on 0},
where o: Q — R is the diffusion coefficient and ¢: Q@ — R is a bounded absorption

coefficient. For instance, when ¢ > 0 in 2, the well-posedness of (1.8) guarantees
the existence of the (full) DN map, which can be characterized by

Ao HY2(0Q) — H7V2(0Q), g oVwy vy,

where w, € H'(12) is the unique solution to (1.8). Also here the goal is to recover
the coeflicients (o, ¢) from the DN data A, 4, which is unfortunately not possible.
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From this point of view our (IP) can be seen as a nonlocal version of the diffuse
optical tomography problem.

This type problem arises in steady state diffusion optical tomography, where
light propagation is characterized by a diffusion approximation and the excitation
frequency is set to zero. For a complete description of optical tomography 1nc1ud1ng
the derivation of (1.8), we refer the reader to the articles [Arr99 08

Moreover, one may observe that the classical Liouville tmnsformatzon w — f ow,
maps every solution w of the optical tomography equation

—div(eVw) + qw =0 in Q

to a solution w = y/ow of the Schrodinger equation

~Aw+Vw=0inQ with V=

The well-known counterexamples of Arridge and Lionheart [AL98] are based on this
observation. More precisely, if (o1, ¢1) with o7 uniformly elliptic, ¢; > 0 is given,
then (o2,q2) with o9 = 09 + 01, g2 = qo + g1 has the same DN data, whenever
(00, qo) satisfies

(i) oo > 0 and o¢p = 0 in a neighborhood of 092,
(ii) and the perturbation g is given by

(1.9) G0 = (Af Af )q1

(see also [Zim23]). So, even in the case o = 1 in a neighborhood of 92, one may loose
uniqueness, and therefore, it seems impossible to determine o and g simultaneously.

In contrast, in this work, we establish the following simultaneous determination
result, which is completely different to the local case.

Theorem 1.1 (Global uniqueness). Let Q,W C R" be bounded domains with
smooth boundaries such that QW = 0. Suppose that for j = 1,2, the diffusion
coefficient o; € C>*(R") satisfies (1.4)-(1.5) and the absorption coefficient q; €

L>(Q) is nonnegative. If the DN maps A3, s associated to the problem

(1.10) (= div(e;V)) u+gu=0 in Q,
u=f mn Qe

satisfy

(111) al,qlf Ao'2 q2f in W

for all f € C(W), then there holds
o1 =09 and q1 = q2 in Q.

Let us remark that the unique recovery of 01 = g5 in €2 with ¢ = 0 has been stud-
ied in [CGRU23|. In this work, the authors investigated a new reduction method
via the Caffarelli-Silvestre type extension, which leads to the local DN map can be
determined by the nonlocal DN map. This idea is also of help in our nonlocal diffuse
optical tomography problem. Conversely, when o is given, the unique determina-
tion of the potential ¢ in (1.6) has been studied in [GLX17], which remains open for
n > 3 for their local counterpart. Moreover, a similar unique determination result
has been found in [Zim23] for the nonlocal optical tomography problem (see above
(iii)), but in contrast to the problem treated in this article there are several crucial
differences:
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(a) In analogy with the local case, the Liouville transformation u — /2y
maps the unique solution u of the nonlocal optical tomography equation
(1.3) to the unique solution v of the fractional Schrédinger equation

((=A)* 4+ Q)v =0in Q with Q, = AWV D e

NGl ol

(b) One does not need the assumption that the potential ¢ is compactly con-
tained in Q.

(¢) In [Zim23], it is shown that the assumptions on the potential and diffusion
coefficients are sharp as otherwise one may construct counterexamples.

Let us note that in the problem in [Zim23] as well as in the nonlocal diffuse opti-
cal tomography problem (1.6), considered in this article, one can first recover the
diffusion coefficient ¢ or -y, respectively, and then the potential g.

Furthermore, we found an interesting localization phenomena for the inverse
problem of the nonlocal diffuse optical tomography equation, namely that one can
determine ¢ in a certain neighborhood of the boundary, whenever ¢ is known a
priori in the same region without using full information of o.

Theorem 1.2 (Local uniqueness). Let Q, W C R"™ be bounded domains with Lips-
chitz boundaries such that QN'W = (. Suppose that for j = 1,2, the diffusion coef-
ficient o; € C>°(R") satisfies (1.4)~(1.5) and the absorption coefficient q; € C°(Q)
is nonnegative, for j = 1,2. If one has o1 = o2 in a nonempty open, connected
neighborhood N' C Q0 of 09, then (1.11) implies that g1 = g2 in N N Q.

If Ay o = As, 4, would imply Ag, 4, = Ay, 4,, then the counterexamples (1.9)
suggest that Theorem 1.2 holds. It is noteworthy that our proof of Theorem 1.2 is
purely nonlocal without using the reduction method to the local equation. On the
other hand, such a reduction could not be used to establish Theorem 1.1 by the
ill-posedness of the local diffuse optical tomography problem.

1.2. Ideas of the proof. To prove the global uniqueness result (Theorem 1.1),
we consider the Caffarelli-Silvestre (CS) type extension for the nonlocal operator
(—div(cV))® with s € (0,1), that is

(1.12) {divx,y (y'72(2)VyyPsu) =0 in RT_I’

Piu(z,0) = u(x) on R",
and it is well-known that there holds

(1.13) — ;iir%)yl_%@y’]?;uf =ds (—div(eV))’ u in R",

where Ri“ = {(:c,y) eR"™ 2 € R” and y > 0}, ds is a constant depending
only on s € (0,1), and ¥ is an (n + 1) x (n + 1) matrix of the form

(1.14) S(z) = ("(“””0)1“ (1)) .

Here 1,, denotes the n x n identity matrix. This type extension problem was first
studied in [ST10] for the variable (matrix-valued) coefficients case.
Next, we consider the As-weighted y integral of the CS type extension

(1.15) U(zx) := /000 y B Piu(x, y) dy.
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Integrating (1.12) with respect to the y-direction yields that
(o9}
0= / div,,, (y' "2V, Piu) dy
0
(1.16) = div (UV (/ y' TP dy)) +/ Ay (y' >0, Piu) dy
0 0
= div(eVU) — lim y' =259, Psu,
y—0
which implies

—div(eVU) = — lin%J y' 7250, Piu = d (— div(eV))" u,
Yy—

By using (1.13)

where we have assumed a suitable decay of Pu such that lim,_, y' 250, Piu =0
at moment (This fact will be justified in Section 3). In particular, when uy is the
solution to (1.6), the preceding derivations yield that

(1.17) div (cVUy) = dsq(z)uys in Q,

where Uy is the function defined in (1.15) with u = uy.

Note that the left hand side of (1.17) is a local differential operator, and the right
hand side comes from the nonlocal information of (1.6). Via (1.17), one can see that
the function Uy may not solve the classical conductivity equation div(eVv) = 0,
since the source term quy in (1.17) may not be zero in general. Surprisingly, we are
able to prove that that any function in the set

{ve H'(Q): div(cVv) =0 in Q},
can be approximated by a sequence of functions in
{Ug: forany f € C(W)} C H'(Q)

with respect to the H'(£2)-norm. This result rests on the geometric form of the
Hahn—Banach theorem (see Proposition 4.4 for detailed arguments). This novel
reduction allows us to recover the leading coefficient o firstly, without using any
knowledge of the potential g. When o is known, we can directly apply the global
uniqueness result [GLX17] to determine the potential q.

On the other hand, by this approximation property, the corresponding (local)
DN map of (1.17) could be formally given by

Mgy HY2(0Q) — H-Y2(09),

/ yl_Q“”Pﬁuf(x,y) dy oV (/ y1—287>;uf(x,y) dy) -V
0 0

o0 o0

=Uslog =oVU;v|y,

Thus, in this work, we aim to determine the local DN map A, , by the nonlocal one
Aj ;> even though the equation of Uy involves more complicated elliptic equations,
but the approximation property will help us to get rid of the zero order potential

term.

1.3. Organization of the paper. Our article is organized as follows. In Section
2, we recall fractional Sobolev spaces and basic properties of the involved nonlo-
cal operators. In Section 3, we introduce weighted Sobolev spaces and associated
extension problem for our nonlocal operators. In Section 4, we derive the relation
between the nonlocal and the local problems. Moreover, we also provide the key
approximation result in the same section. Using this Runge type approximation,
we prove Theorem 1.1 in Section 5. Finally, in the same section, we also establish
the proof of Theorem 1.2.
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2. THE NONLOCAL PROBLEM

In this section, we review some known properties of the nonlocal operators con-
sidered in this article.

2.1. Fractional Sobolev spaces. Let us start by recalling the definition of the
fractional Sobolev spaces and the fractional Laplacian.

We denote by .(R™) and ./ (R™) the space of Schwartz functions and tempered
distributions, respectively. We define the Fourier transform F: . (R") — *(R")
by

F1©)= [ fa)e s,
which is occasionally also denoted by f, and i = v/—1. By duality it can be extended
to the space of tempered distributions and will again be denoted by Fu = u, where
u € .#'(R"), and we denote the inverse Fourier transform by F~1.
Given s € R, the L2-based fractional Sobolev space H®(R") is the set of all
tempered distributions u € .#/(R™) such that

||u||HS(R”) = ||<D>Su||L2(R") < 00,
where (D)® is the Bessel potential operator of order s having Fourier symbol (1 +
€12/,
Next recall that the fractional Laplacian of order s > 0 is given as a Fourier
multiplier via

s —_ 25 ~
(—a)yu=F" (g a(e)),
for u € #'(R™) whenever the right-hand side is well-defined or as a singular integral
by
u(z) — u(y)
(—A)’u(z) = C’msp.v./ ———— dy,
o [T = y|" TR
where C,, s > 0 is a given constant depending only on n,s and p.v. denotes the
Cauchy principal value.
It is known that for s > 0 an equivalent norm on H*(R™) is given by
* 2 /2,112 1/2
ol ey = (llulz gy + (= 2)/2ull32 2
Next we introduce some local variants of the above fractional Sobolev spaces. If
Q0 C R™ is an open set and s € R, then we set

H?(Q) :={ulq|ue H*(R")},
H?*(Q) := closure of C>°(2) in H*(R").

2.2. Nonlocal elliptic operators. Here, we recall the definition of the nonlocal
operator (—div(oV))*, 0 < s < 1, and discuss some of its properties. In this
article we restrict our attention to the isotropic case, where o: R™ — R is a smooth
uniformly elliptic function such that o], = 1. In this setting it is known that there
exists a symmetric kernel K3 (x,y) comparable to the fractional Laplacian (—A)?,
that is

c c
|:C7y|n+2s - U(x’y) - ‘x7y|n+2s’
such that (—div(cV))® defined via
(2.2)

(= div(09)) ) 1oy oy = / (@) — u(w)(0(z) — 0(5) K3 (. y) dedy,

(2.1)
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for all u,v € H*(R™) induces a bounded linear operator from H*(R") to H *(R").
Moreover, using the symmetry of K¢ it is easy to see that the operator (— div(cV))*
is symmetric, that is one has

<(— diV(O’V))S’U/7 U>H*S(]Rn)><HS(]R") = <(_ diV(O’V))SU, u>H*S(R")><HS(R")

for all u,v € H*(R™).

By standard arguments, one easily shows that under the above assumptions on o
and 0 < ¢ € L*°(Q), the Dirichlet problem (1.6) is well-posed for any f € H*(R"),
that is there exists a unique function u € H*(R") satisfying u — f € H*() and

(2.3) B; 4 (u, ) := (= div(eV)’u, §0>H*S(]R")><H5(R") + _/Q qupdr =0

for all ¢ € H*(€). More concretely, one can use the kernel estimates (2.1) and
the fractional Poincaré inequality to deduce the boundedness and coercivity of
the bilinear form (2.3) on H*(f2), then the Lax-Milgram theorem yields the well-
posedness result as desired. Furthermore, if f1, fo € H*(R") satisfy f1—f2 € H 5(Q),
then the corresponding unique solutions to (1.6) coincide. Hence, the exterior value
to solution map is well-defined on the abstract trace space X, = H*(R™)/H*()
and for exterior value f the unique solution will be denoted by uy in the rest of this
article. Note that the well-posedness of (1.6) also holds for general potential without
sign assumption. Instead, one could consider suitable eigenvalue condition! to prove
the well-posedness. However, in this work, we simply introduce the condition ¢ > 0
in € for the self-consistency.

2.3. DN map. With the well-posedness of (1.6) at hand, we can define the DN
map rigorously by using the bilinear form (2.3) induced by (—div(cV))® + ¢ (see
(2.2)). For any 0 < s < 1 and (o,q) as in Section 2.2, we define the DN map
A i Xy — X7 via

(2.4) <A§,qf7g> = By q (ug,vg),

where uy € H*(R") is the unique solution to (1.6) and v, € H*(R") is any repre-
sentative of g. This immediately implies the following simple lemma:

Lemma 2.1. Let Q, W C R™ be bounded open sets such that W C Q. and 0 <
s < 1. Assume that 01,00 € C(R"™) satisfy the conditions of Section 2.2 and
q1,q2 € L (Q) are given nonnegative potentials. Then there holds

25) (A3 g i o) = (A5 i f2) = (Bovay = Baws) (uf) )
and

(2'6) <A;§71,Q1 fl’ f2> - <A;§727qz fl’ f2> = BUl?‘Jl (u;ll)’ u;?) - BU2’qz (uﬁ)’ u(fi))

for all f1, fa € C*(W), where ugcjk) € H*(R™) is the unique solution to (1.6) with
o =0j, ¢=q; and exterior value fj for 1 <j k< 2.

Proof. First note that using (2.4) and the symmetry of the bilinear form B, 4, we
have

<Az-2’q2 f17 f2> - BUQ,q2 (U}Ql), u§2)> = Ba-2’q2 (u;?,u}?) = <Az.2’q2f2, f1>

IFor instance, the eigenvalue condition can be written as 0 is not a Dirichlet eigenvalue of
(= div(eV))® + ¢ in Q.
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for all f1, fo € X,. Again using (2.4) and the symmetry of By, 4,, we get
<A31>q1f1’ f2> o <A§2,Q2f1’ f2> = <A18717Q1f1’ f2> o <A§2’QZf2’ f1>
1) (2 2) @
= Boyy (w2 02) — By (w202
1) (2
= (Boy.sr — Bosan) (u;)ugn) .
This completes the proof of the identity (2.5). Next, note that (2.4) implies
s @
<AU1,Q1f1’ f2> = B‘Tlv‘h (U;l),ugcz)) ’
2) (2
<A32,q2f1’ f2> = Bos.ao (ugcl)’ugﬁ)) '
Thus, (2.6) follows by subtracting them. 0

2.4. Runge approximation. From [G 7, Theorem 1.3], it is known that the
Runge approximation holds for variable coefficients nonlocal elliptic operators. The
proof of the Runge approximation is based on the unique continuation property
(UCP in short) for the operator (—div (cV))®. For readers’ conveniences, let us
review these properties:

Proposition 2.2 (UCP, [GLX17, Theorem 1.2]). Let o € C*°(R") satisfy (1.4),

0<s<1and O CR” a nonempty open set. Suppose that u € H*(R™) satisfies
u=(—div(eV))’u=0 in O.

Then v =0 in R™.

Proposition 2.3 (Runge approximation). Let Q, W C R™ be bounded open sets

with Lipschitz boundaries such that QNW = 0. Assume that o € C>(R™) satisfies
(1.4) and 0 < g € L™(Q2). Then the following inclusions are dense

(i) {usla: f e CEW)} C L*(Q),
(ii) {uy = f: feCEW)} C H* (),
where uy € H*(R™) is the solution to (1.6).

iy

Proof. The assertion (i) has been proved in [GLX17, Lemma 5.6] and (ii) follows

by combining Proposition 2.2 with [RZ23, Theorem 4.3]. O

3. THE EXTENSION PROBLEM

We review some important properties of the extension problem for (— div(oV))®.
We will also revisit some useful decay estimates for the solution of the extension
problem. Let us start by stating the following Caffarell-Silvestre (CS) type exten-
sion:

Definition 3.1 (CS-type extension). Let o € C*°(R™) satisfy the conditions in
Section 2.2 and 0 < s < 1. Suppose pi(x,z), t > 0, is the (symmetric) heat kernel
related to the parabolic equation

Opu — div(eVu) =0 in R, ltig)lu = 0y.
For any u € H*(R™) we define its Caffarelli-Silvestre type extension by

(3.1) Piu(z,y) = . Py(z, z)u(z) dz,

where Py is the fractional Poisson kernel given by

2s > —y2/4t dt
Py(z,z) = csy ; e pi(x, 2) e

for some given constant cs > 0.
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Remark 3.2. For the existence of a symmetric heat kernel p; as in the previous
I:/f“l

definition we refer to the monograph [Gri09] and furthermore by [Dav90] we know
that there are constants oj,c; >0, j = 1,2, such that

(3.2) cle—a1|x—z|2/4tt—n/2 Spt(%z) < Cz€_a2‘$_z‘2/4tt_n/2

for all z,z € R™. Observe that without loss of generality we can assume that c; > 1
and 0 < ag < 1.

Lemma 3.3. Suppose that the assumptions of Definition 8.1 hold and denote by

- y25
P;(x) =Cs————%
(Jz2+y?) 2

the fractional Poisson kernel related to the fractional Laplacian (—A)*.

(i) There exist constants C1,Ca > 0 such that

(3.3) 0113;/\/?1(:3 —2) < Py(z,2) < C’gﬁys/\/@(x —2).
1) or any u € wit <p<ooan + = = =4 =, there holds
ji) F LP(R™) with 1 d1+ 5 =1+, there hold
(3.4) IPgu(:, y)HL"(Rn) S yn(l_q)/qHUHLP(Rn)’
or any fivred y > 0. Moreover, u € Ty T 4%) satisfies
for any fized y > 0. M Pou € L, (R} y' =2 fi
(3.5) 1Pl o g se0.2) 120y S B2 ] o eny,
for any R > 0.

nY o 1_ 1
(iti) For any w € LP(R™) with 1 < p < o0 and 1 + 5 = 4 + 4, there holds

1
P

(3.6) IV yPoul-y)l

Lr®Rn) S yn(l_q)/q_l\|u||Lv(Rn)
for any fized y > 0, where the exponent on the right hand side has to be
interpreted as —(n + 1) in the case p = 1.

(iv) For any u € LP(R™) with 1 < p < oo, the function Piu solves the following
extension problem

(3.7) {di"ryy (y' = ¥S(@)Veyv) =0 in RYF

v(z,0) = u(x) on R™,

where X(x) is given by (1.14).
(v) If u € H*(R™), then one has V, ,Piu € LR, y'=2%) satisfying

(3.8) 1920 P3ulagnny Sl
and there holds

BT 1-2s S — = s
(3.9 ?}1_%1/ OyPiu = ds(—div(eV))*u

in H=5(R™) for some positive constant ds > 0.
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Proof of Lemma 3.3. We only provide the upper bound in (i) as the lower bound
works similarly. Using (3.2) and change of variables we have

2s > —y?/4t dt
Pyw ) = e [ e i e,2)
<C _yPtagle=z? dt
— tn/2+1+s
_ / +a2‘m 2|2 T n/2+s—1 dr
(3.10) —1/t
y25 &)
= C n+2s / e_nnn/2+s_1 d77
(y* + aglz —2[?) = Jo
:y2+a24|m—z\27_
2s
Y
=C nt2s
2

(y? + azle — 2[?)

for any y > 0. In the above computation we used that the integral converges to the
Gamma function I'(n/2 + s). Taking ay outside and rescaling gives the result.

Next, we prove (ii). For this we may first observe that using (3.3) we have

(3.11) Pou| < /]R Py(e.2)u(z)|dz < O (B g # ul) (@),

Next, recall that by [K 3, Lemma 7.1] for any s > 0 and 1 < ¢ < co there holds

— 0,2y =D B(n/2,n(q — 1)/2 + 5q)

3.12 ‘ p
( ) La(R™) 2

for all y > 0, where w,, = |0B1(0)| denotes the Lebesgue measure of 9B1(0), and
B(z,y) is the Beta function?. Therefore, we can use Young’s inequality and the
previous estimate to obtain the bound (3.4). The estimate (3.5) follows from (3.4)
and the same computation as in [K ), Lemma 7.2].

49,

Next, we turn to the proof of (iii). First, note that by [CJKS20, Theorem 1.2],
there holds

|z —z|2

Vape(z,2)| < est™ "% e

for constants c3, ag > 0. Therefore, using Lebesgue’s differentiation theorem and a
similar computation as above we get

2The constant Cs > 0 is chosen in such a way that ’
il @ny =
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*° dt
—y? /4t
/0 vy Pz, 2) — Py

o 2 2
95 _ ¥ tagle—z| dt
S Cy /0 € a tn/2+3/2+s

Vo Py(@,2)| = sy

%2s o ,MT n/24s—1/2
=Cy e 1 T dr
0

=1/t
y2s 00 9
=C nt2stl / 677777”/ +e dn
(y? +agle —2?) 2 Jo
:y2+a34|zfz\27_
e y2(+1/2)
Y EEEIEESVE!

(12 + aslz — z[?)
C =sy1)2
y/\ﬁpy/m( —2).

Moreover, by Lebesgue’s dominated convergence theorem we may calculate
OyPy(x, z)

e _ dt
= Csay (/0 y25 e y2/4tpt(x,2) tl+s>

PR e dt oyt s dt
= ¢, (23y25 1/; e Yy /4tpt(x7z) tlﬁ - D) /O e Yy /4tpt(x7z)t2? .

Using (3.2), (3.10) and the same change of variables as above we get

0y Py(, 2)|
1P, (x, 2) + 2! Ooe,y2/4t (z,2) dt
Yy 0 Dt ) t2+s
oo 2 2
25+1 _y“taglz—z| dt
=¢ ( 2+ a2|:13 — z|2) =5 " /0 ‘ b tn/2+2+s
o0 210 |T,—z\2
=C ( | |2)n+29 +928+1/ 67y++77'n/2+5 dT)
2+ aglr— 2 0
2s+1
Yy
<C ( 5 5+ nt2(s+1) >
+a2|x—2| )T (52 + anle — 22)

e ( . 2(s+1) >
-, n+t2s n+2(s+1)
Y\ (y? +a2|x—z|2) 2 (v +aslz—22)" 2

= 7z (Borvmate =4 By (e =),

As in (3.11) this implies

V. Poul < Porl s ful)

y/xﬁ( vlves

and

s Ds pstl
(3.13) 10, Piul < / (Py/m+ Prtlas) * lul.
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Therefore, by Young’s inequality and (3.12) we may estimate
IVayPoul-,y) ||Lr(Rn)

s+1/2 ~s
< S (Istz =, g, + 1B

Scyn(l a)/a— 1||U||LP(]RH),

s+1 | |
y/\/072

Lr R”)

L7 (R™)

which proves (iii).

Now, we come to the proof of (iv). That P;(-,z) € L*(R") solves the PDE in
(3.7) has been proven in [ST10, Theorem 2.2]. By standard result it then follows
that P2(u) is a solution to the desired PDE. Furthermore, again by [ST10, Theo-
rem 2.2] the boundary value is attained in the L? sense.

Finally, we prove the assertion (v). If u € C$°(R™), then we may conclude from
[ST10, Theorem 1.1] that formula (3.9) holds in the L? sense. For the general case
choose uy, € C°(R™), k € N, such that ug — v in H*(R"™) as k — oco. Since Pluy
solves the extension problem (3.7), using the previous L? convergence we get

/ » yl_QSEVw,ypiuk Ve Piug dedy
Rn

_ / (y'=20, Pouy) Pouy dx
R x{y=0}

=d; ((—div(aV))*ug) ug dx
R’!L

= ds (= div(oV)) up, k) gr— o gy s (re) -
Now, using the linearity of u — P3u, (3.6) with »r = p = 2 and Fatou’s lemma we
may estimate

/ yl_zsﬂvw,y’l?;u Ve Piudrdy
Rn+1

< lim inf/ ylfQSEVx,ypiuk Ve Pou, dedy
Rn+l

k—o0
= ds thglOIolf <(— diV(UV))Suk7 uk>H*S(R")><H5(]R")

= dy ((— div(0V)) ty ) s oy e s

By the uniform ellipticity of o, we directly get the desired estimate (3.8). Finally,
we can argue as in [GLX17, Proposition 4.3] to conclude that (3.9) holds for general
u € H*(R™). This concludes the proof. O

Remark 3.4. To make the formal computations (1.16) rigorous, we only need to
check

(3.14) lim y' 29,0 = 0 in R",

Y—>00
where v is the solution to the extension problem (1.12). To this end, we can choose
r=o00, p=q=21in (3.6), then the limit (3.14) holds automatically.
4. FROM NONLOCAL TO LOCAL

In this section, we derive key ingredients in order to prove our main results. In
Section 4.1 we prove a regularity result for HJ -solutions of

—div(cVv) = ds(—div(cV))*u in R"
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for u € H*(R™) and review the local PDE solved by the functions Uy, which are
defined via the equation (1.15) with w = uy. Then in Section 4.2 we provide via
the geometric Hahn-Banach theorem our new Runge approximation, which allows
to approximation solutions of div(cVv) = 0 by the functions Uy.

4.1. Some auxiliary lemmas. We begin with the aforementioned basic regularity
result.

Lemma 4.1 (Regularity result). Let Q C R™ be a bounded domain, 0 < s <1, o €
C>(R™) a uniformly elliptic diffusion coefficient with o|q, = 1 and v € H*(R"™).
Suppose that v € HL (R™) is a solution to

(4.1) —div(eVv) = ds(—div(cV))’u in R™,

where dy is some constant depending only on s € (0,1). Then the Hessian Vv €
H—5(R™; R™*™) satisfies

(4.2) V20l ey < Cll = Dvll—e@n) < C (I V0l 20 + lullrre ) »

for some constant C > 0 independent of w and v, but depending on |o||co1gny -
Moreover, we have —div(oVv) € H=*(R") and equation (4.1) holds in H~*(R").

Proof. By (4.1), let us first note that there holds

—0Av = Vo - Vv +ds(—div(eV))*u
in 2'(R™). Using that (—div(oV))*® is a bounded linear operator from H*(R™) to
H—*(R™) and o]q, = 1, we deduce that there holds

< C(IVolle@ Vol llelzi@) + llull s e ol =)

/n Vv - V(op)dx

< C(IVollz lell Lz + llull s @l e n))

for all ¢ € C°(R™). As o € C°(R™) is uniformly elliptic, we can replace ¢ €
C(R™) by ¢/o € C(R™) with ¢ € C(R™) to get

<C (||VU||L2(Q)||?/JHL2(Q) + HUHHS(]R")H"/)”HS(R")) )

/ Vo - Vo dx

for all ¢ € C°(R™). Here, we used the uniform ellipticity (1.4) of o, olg, =1 and
the resulting Lipschitz continuity of ¢ on R™, which implies that the multiplication
map H*(R") > v — o~ tv € H*(R™) is bounded (see [DNPV12, Lemma 5.3]). More
precisely, we used that the Lipschitz continuity and uniform ellipticity of ¢ ensure
that 0! is Lipschitz continuous. This in turn follows from the simple estimate

_|o@) —oy)
o(x)o(y)
where in the first inequality we used the uniform ellipticity of o and [o]co.1(rn)

denotes the usual Lipschitz seminorm.
Thus, the distribution —Awv satisfies

(—=Av, )| < C(IIVv]l2@) + lullg= ) o] e @)

for all ¢ € C°(R™) and hence continuously extends to an element in H~*(R"™) with

| = Av||g-s@ny < C ([IVV]lz2(0) + el e @n)) -

\ < Clo(2) - o(y)] < Clolooaamle — yl.

Note that
v — §i&k ——

YT e
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for all 1 < j,k < n and hence by Plancherel’s theorem there holds

”aij”H—s(Rn) =C H<§>7SO/J-’;)‘ <£>7Sﬁ—/\’0

€[?
=C ”_AUHH—s(Rn)

L2(Rn) L2(Rn)

<c||e=av|

L2(R™)

for all 1 < j,k < n. Hence, we can conclude the proof of (4.2). Next, recall that
we have

—div(cVv) = —0Av — xqVo - Vv
in 2'(R™), where we denote by x4 its characteristic function for a set A C R™.
Hence, we have
| = div(e Vo)l g—s&n) < | = 0Av[| =2 (rn) + X2 VO - V|| =2 (rn)

<Ol = Av|[g—s@ny + [V - Vo[ 12(q)

< C(IVollrz) + lull s my) -
Here we used again the Lipschitz continuity of o and [DNPV12, Lemma 5.3]. This
shows that —div(cVv) € H—*(R™). Finally, the fact that (4.1) holds in H*(R"™)
follows from the density of C2°(R™) in H*(R™).

Indeed, let ¢ € H*(R™) and choose ¢} € C2°(R™) such that ¢, — ¢ in H*(R™).

Then using — div(cVv), (—div(oV))*u € H*(R"™), we obtain

(= div(eV), ‘P>H*S(R")><HS(]RH) = klggo<* div(oVv), o) - (rn) x 72 (R7)
= lim oV -V dr
k—o0 Rn
= d, lim (= div(eV))*t, 9k} oy an)

= ds ((—div(oV))’u, 90>H*S(JR”)><HS(]R") :
This completes the proof. O

Lemma 4.2. Let Q C R™ be a smoothly bounded domain and 0 < s < 1. Assume
that o is a smooth uniformly elliptic function with ol|g, =1 and 0 < ¢ € L=(R).
Let uy € H*(R™) be the unique solution to (1.6) with f € H*(R™) and let Piuy
denote the Caffarelli-Silvestre type extension of uy. Then

Uy (x) 22/0 Y B PIug(z,y) dy

belongs to Hi (R™). Moreover, the function Uy solves

loc
(4.3) —div(eVv) = ds(—div(eV)) uy in R™
and
(4.4) div(cVv) = dsquy  in Q,
v=Uslyq on 0NQ.

Proof. By [CGRU23, Proposition 6.1], it is known that U; € HL_(R™) and by
[CGRU23, Theorem 3] that it then solves (4.3). Now, by using the nonlocal equation
(1.6), the equations (4.4) holds true as we want. O

Remark 4.3. Let f1, fo € C°(W) be arbitrary exterior data, u%) € H*(R™) be
the solution to (1.10), for j = 1,2. Consider the Caffarelli-Silvestre type extension
P, (u%)) for j, € € {1,2}. By Lemma 4.2, then the function

U}i)(a:) ::/0 ylfQSP;;ju%)(a:,y) dy
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solves the equations
—div (ajVU}f)) =ds (—div (0;V))* u%) in R™,

for j, € € {1,2}. Let us point out that the superscript (j) corresponds to have
conductivity o; and potential q; in the extension problem and the nonlocal PDE,
respectively, the subscript fy to the exterior data in the nonlocal PDE. In particular,

as j =1L € {1,2}, UJ(cj) satisfies
div (o;Vv) = dsqju%) in Q,

v = U}j) on 082
i lon

in the H—*(R™) sense (see Lemma 4.1).

4.2. A new Runge approximation. With the preceding analysis, we want to
prove the following novel Runge type approximation result:

Proposition 4.4 (Runge approximation). Let

D {Us(o) = [ Prusendy £ e CEON).
D' = {Uslpq : Uy € D},
and
S:={veH Q) : div(eVv) =0 in Q}.
Given v € S, for any € > 0, there exists Uy € D such that
(4.5) U = vl oy <e

Furthermore, given g € HY?(0Q), for any € > 0, one can also find Uflyg € D'
such that

(4.6) H Uglog — gHHl/z(asz) <€

Note that (4.5) implies that any H'/2(9Q) function can be also approximated
by a sequence of functions in D’ and hence yielding the assertion (4.6).

One can expect the approximation result holds since the CS-type extension only
brings the coefficient inside the nonlocal operator (—div(cV))® for the equation
((—div(eV))* +¢)u = 0 in § into the higher dimensional space. This can be
regarded as a Robin-type boundary condition for the extension problem (3.7) on
0 x {0}. We first give a formal proof for the case s =1/2 and o = 1.

A formal proof of Proposition 4.4. To demonstrate our idea, let us consider the
case s = 1/2 and 0 = 1. Suppose (4.5) does not hold, i.e., there is a v € S and
€ > 0 such that

(4.7) Us — v||H1(Q) >e>0, for all f e CZ(W).

By the above inequality, v ¢ D and in particular v € S cannot be zero, otherwise
it leads to a contradiction. Let

g1
A=D"" and B:= {v},

by the above condition, we have AN B = (), where A and B are closed convex sets
in H'(Q) with B being compact. In fact, for any U € A, there exists f € C°(W)
such that

(@)

U = Ugllaro) < €/2.
But then (4.7) implies
U = vl = U = vllmie) = U = Usllaio) = €/2> 0.
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As this holds for any U € A, we can deduce that v ¢ A and hence AN B = .

Now, by the geometric form of the Hahn-Banach theorem (for example, see
[Brell, Theorem 1.7]), there exists a (continuous) linear functional p € (H(Q2))* =
H1(Q) (dual space of H'(Q)) and o € R such that

(4.8) p(U) <a< ), forall U € A.

Note that we necessarily have o > 0 as f = 0 corresponds to Uy = 0. The condition
(4.8) especially implies that ¢(Uy) = 0 for all f € C°(W). To see this assume that
¢ (Uy) # 0 for some f € C°(W). As the mappings f +— Uy and ¢ are linear, one
can replace f by pf € C2°(W) to obtain up(Uy) # 0 for all 0 # 1 € R. Hence, by
choosing a suitable u € R one gets a contradiction to (4.8).

Next, we aim to show that

@(Us)=0forall feC(W) = ¢(v)=0.
To this end, let us consider the adjoint problem

Agyw(z,y) = ¢ in R
(4.9) w(z,0) =0 on 2, x {0},
- liH(l) Oyw(z,y) + ¢(x)w(z,0) =0 on Q x {0}
Yy—

For simplicity, let us set us(z,y) = Pf/Quf (z,y) in the following derivation. By
the equation (4.9), direct computations show that

0= (Uy) = <<p,/ ﬂfdy>~
0 H-1(Q)x H1()

= / (A yw) Uy dydx
Ry

= —/ uy lim Oyw dx — Vayw - Vg tp dyde
n y—0

n+1
RJr

= —/Quf hr%ﬁywdx—/Qeufili%aywdx—kfnwhr%é‘yufd:r

y— y—

—9yw~+qw=0 on Qx{0}

:—/uqudx—/ f lim aywdac—/w(—A)l/gufdx
Q w y=0 Q

= —/ flim Oyw dex,
w

y—0
where we used ((—A)1/2 + q) uy = 0 in € in the last equality, and recall that
satisfies
Ay =0 in R} ™! _
Caytls PR Gith — lim dytiy = (—A)Y%uy in R"
uf(z,0) =up(z) onR” y—0

Here we used the fact that ds = 1 as s = 1/2. Due to the arbitrariness of f €
C° (W), there must hold 9yw(x,0) = 0 in W. Moreover, the weak UCP for A, ,

and supp(p) C Q imply that w = 0 in Q. x (0,00). This infers particularly that
w = Jyw = 0 on I x (0,00),

where v denotes the unit outer normal of 92 pointing towards 2.

In the next step, we want to show that p(v) = 0. To get rid of boundary
contributions on the set Q x {0}, let us choose 81 € C°((0,00)) with supp (81) C
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(1,2), 1 > 0 and fooo B1 dy = 1. Now, consider

Br(y) == %51(?;/16) for k € N.

By a change of variables one can easily see that fooo Brdy = 1 for all £k € N.
Similarly as in the previous computations, one has

—p(v) = —¢ (v /O(><> B dy)

__ / (A yw)Brv dyda
Qx(0,00)

= — / d,wu B dydS +/ Oywv By, dx
A% (0,00) Qx{o}

=0, since 9, w=0 on AN % (0,00) =0, since B (0)=0

+ / Vayw - Vg, (v6k) dydx
Q% (0,00)

= / Vv -V </ w P dy) dx +/ vOy w0y P, dydx
Q 0 Q% (0,00)

:/898,,1) </Ooowﬁkdy) de/QAv </Ooow5kdy)d:r

=0, since w=0 on 92 x (0,00) =0, since Av=0 in Q

+ / vOyw0y B, dydz,
Q% (0,00)

for all £ € N. Hence, take k — 0o, we have

—p(v) = lim / vOy w0y By, dydz.
k=00 Jax(0,00)

Our final aim is to prove that the above limit is zero. As claimed in [CGRU23,

Section 3.1], we can obtain

lim vO,wOy B, dydx = lim k_2/ vO,woy B dydxr | =0,
k—oo Qx (k,2k)

k=00 Jax (0,00)

which shows ¢(v) = 0 as desired. However, this contradicts the condition (4.8) so
that v € S as asserted cannot exist. Finally, by the trace theorem, it is easy to see
that any H'/2(9€) function can be approximated by a sequence of functions in D’
as well. O

The above derivation demonstrates the idea to show our new Runge approxima-
tion. Next, based on this approach, we want to prove the general case rigorously,
that is in which o may not be 1 in ©Q and s # 1/2. One can see from the for-
mal proof that the adjoint equation (4.9) plays an essential role in this argument.
Therefore, let us first study the existence of a solution to this problem. To this end,
let us introduce the following subspaces of the homogeneous and non-homogeneous
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weighted Sobolev spaces:

AYEET ) = {g € U REL ) g =0 on 0, x (0},

Hlloc’O(Ri+1,y1_25) = {g I= Hlloc(RiJrl,yl_Qs) : g=0o0nQ, x {O}},

H! (RT‘l, y'=2) = {g € Hl(Rf_H,yl*zs) : ¢ has compact support in Ri"’l},
H} (R 20 o= {9 €H (RT™ 4" **): g=0on Q. x {0}}-

Lemma 4.5 (Solvability of the adjoint problem). Let  C R™ be a bounded
Lipschitz domain and 0 < s < 1. Assume that ¥ is given by (1.14) such that
o € C®(R™) is uniformly elliptic with 0 = 1 in Q.. Let 0 < ¢ € L*(Q), and
¢ € H Q). Consider

div,,, (v =22V, w) =y 2p  in RYH

(4.10) w=0 on Qe x {0},
—lim y'"?* 0w + dsqu = 0 on Q2 x {0}.
y—0 ©

Then the problem (4.10) is solvable in Hﬂoc’o(Riﬂ,ylﬁs) in the sense that

/ y' TNV, w0 - Vo dedy + ds/ quip dx
Ry Qx {0}

=— <<p,/ v () dy> B ,
0 F-1(Q)x H(Q)

for any ¥ € H} (R y'=29).

(4.11)

Remark 4.6. Let us give a short explanation to require the identity (4.11). To
this end regard ¢ as a function supported in Q. Then multiplying (4.10) by ¢ €

Hg,O(RT'l,yl’QS) and integrating the resulting equation over RT‘l gives

/ y' o dady
Qx(0,00)

: 1-2s
./Ri“ divg y (y va’yw) ¥ dydx

_/ y1—2sayw,(/} dr — / yl_QSZVx,yw . Vx,yw dydl‘
R™x {0}

n+1
RY

= —d, quip dx — / y' 720, wy dx — / y' YV, w0 - Vo dyde.
Qx{0} Q. x{0} Ry

In the second equality we performed the usual integration by parts and in the
third equality we used the boundary conditions. Now, be the assumption ¥ €

HCI’O(RiH,yl_%) the middle term in the last line vanishes and we arrive at the
identity (4.11).
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Remark 4.7. For the function w in Lemma 4.5, by the regularity for w, we could
define limy_,0 y' =20, w € H, .2 (R"™) by

loc

-/ Y(+,0) lim y* 20, w dv := /R”“ Yy TNV, yw - Vo gt dady
+

y—0
+ <<P»/ v () dy>~
0 H-1(Q)x HL(Q)

for any 1 € HY (R, y'=2%) (cf. Remark 4.6).

(4.12)

Proof of Lemma 4.5. The construction of solutions to (4.10) is similar to the proof
of [CGRU23, Lemma 3.2]. As ¢ € H~(Q) has compact support, there exists a
function u; € H'(R™) solving
div (cVuy) = ¢ in R™.

In fact, this solution can be obtained as a minimizer of the weakly lower semicon-
tinuous, convex, coercive energy functional E: H!(R") — R defined by

1
(4.13) BW) = | oIVoPdot (0.v) ey

for 1) € H'(R™) (see [Str08, Chapter I, Theorem 1.2]). The fact that E is convex
is immediate from the definition and hence let us shortly argue how one gets the
other two properties.

(i) (Coercivity). Note that by the Sobolev embedding, we have H'(R™) <
L%(R”) and thus, by boundedness of €2, this ensures the continuity of
the restriction H'(R") 3 ¢ — 9|q € H'(Q). This in turn guarantees the
coercivity estimate

EW) > Ol gy — Collely 1y = ~Collld 1

for some constants Cy,Cy > 0.
(if) (Weak lower semicontinuity). Note that weak lower semicontinuity follows
from the fact that

1/2
ol i= ([ olvupac)

is an equivalent norm on H'(R"), as ¢ is uniformly elliptic, and

Hl(Rn) SY <503 ¢‘Q>ﬁ—1(g)xH1(Q)
is a continuous linear functional (see (i)).

By @ (z,y) = u1(x), we denote the trivial extension of u; into the y-direction.

Now, let us consider the problem

div,,, (y' 2"V, 4 t2) =0 in R
(4.14) uz =0 on Q. x {0},
— ;13% y' 250,y + dsqus = — iii% y' 720, Piu;  on Q x {0},

where P2 is the Caffarelli-Silvestre extension operator given by (3.1). Performing
a similar analysis as in the proof of [CGRU23, Lemma 3.2], one sees that

(4.15) limy y' 720, Piuy € H5(R™) + L*(Q) — H*(Q).

The relation (4.15) follows in fact by decomposing u; as

uy = ngur + (1 = nr)mp(D)ur + (1 — nr)me(D)uy = vg + vp, + ve,
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where R > 0 is chosen such that Q C Bg, nr € C°(Bar) satisfies nR|§R =1 and
the Fourier multipliers my (D), mp (D) have symbols p and 1 — p with p € C°(Bs)
satisfying plz, = 1. As vg € H'(R") < H*(R"), Lemma 3.3, (v) implies

- ?’1/5% y' 720, Pivg = dy(— div(aV))*vg € H*(R"),

where we used the property (2.1) for the kernel of (—div(cV))® as well as the
Gagliardo-Slobodeckij characterization of H* (R™). Next, we assert that the same
holds for the function vy,. To see this it is enough to show that v, € H'(R"). Note
that there holds

fa-emPaesc [ eml de < O 1Vl

and hence we have v, € L*(R"). By a simple calculation one also gets Vv, €
L?(R") and hence v, € H'(R").
Note that there holds

me(D)uy = F 1 (pty) = p*uy

with p € .7 (R™). Tt is immediate from Young’s inequality that my,(D)u; € H'(R™).
Hence, the same holds for v;, and moreover v, = 0 on Br. Finally, we can rely on
[CGRU23, Lemma 6.4], which is indeed a direct consequence of (3.13), to see that

— lim y' 20, Piu, € L*(Q).

Let us discuss the solvability of (4.14). By the trace theorem H'(R’ ™, y'=2%) —
H (R™), the linear functional

(4.16) H' (R 4 72) 5 ¢ / #(-,0) lim y' ~25Psu, dx
Q y—0

is bounded, if it is interpreted accordingly (see (4.15)). As above, via the direct
method in the calculus of variations, the problem (4.14) admits a solution ug €
: +1 ,1-2s
HY(RYT yt=20).

More precisely, one can introduce the lower semicontinuous, coercive, convex
energy functional

1 o ds
E(¢) == / Y BNV, 6 Ve dody + — qlo|* dx
2 Jrn+r 2 Jaxqo
(4.17) *

+/ ¢ (y' "> Piur) da,
Qx{0}

for ¢ € HF(R}T,y'2%), and deduce that there exists a minimizer of (4.17),
which is denoted by @, € H LR, y1=2%). The aforementioned properties of &
can be seen similarly as for the simpler functional E given by (4.13). In fact,
the convexity is again clear and the first integral represents an equivalent norm
on HYR}™, y'2%) and 0 < ¢ € L=(Q). Next, we assert that the embedding
HY(R"1 y1=2%) <5 L2(Q) is compact. Indeed, this follows by the chain of embed-
dings
H'(R™y'7%) = HO(R") = H(Q) — L*(Q),

where the first continuous embedding is the trace theorem for the weighted space
H'(R™+! 41=2%) the second the restriction to Q and the last the compact Rellich
Kondrachov theorem. Thus, by using the equivalent norm induced from the first
term in the definition of £, (4.16), and this compactness assertion, we see that
£ is weakly lower semicontinuous. It is also easy to see by the above estimates
and ¢ > 0 that £ is coercive and hence as H&(Rfrl,yl_zs) is weakly closed, we
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can again apply [Str08, Theorem 1.2] to conclude the existence of a minimizer
Uy € H (R}, y1=2%) of £.

As (4.14) are the Euler-Lagrange equations of this minimization problem, we
have obtained a solution of it, which is @s. Moreover, by non-negativity of ¢, (4.15)
and (4.16), ug satisfies the energy estimate

< 00,
H=2(2)

”ﬂQHHl(]Ri*l,yl*?S) S C ;li% ylfzsﬁyﬁiul

for some constant C' > 0 independent of us.
Now, consider the function
wi= U — P§u1 + U,
then w € HY_ (R, 41=2%) and w solves (4.10). Furthermore, there holds
w(x,0) = uy(z) — Poua(z,0) + uz(x,0) = ua(z,0) for z € R",

which shows that indeed w vanishes on Q. x {0}. Using that @; = u; is independent
of y, this ensures that

R 1-2s . E 1-2s s o 1-2s9 ~
(418) ;13%) Yy Fow ;1_%3/ OyPrus ;% Y R0yl
= —dsqua(z,0) = —dsqw(z,0) for z € Q.

More concretely, for any ¢ € H} (@» y'~?%), there holds that
/ Y BNV, Piuy - V1) dody = — Y(z,0) lim y' ~2*0, Piu, dx,
R1+1 R7 y—0
/ YNV, s - Vot dody = — / ¥(@,0) lim y'~*°9, Pruy da
]Ri"'l Q y—0
- [ o0 gz do
Q

o : 1-259 ~
/Qe Y(x,0) ;%y Oyz du.
In addition, one has

/ yl’zszvz,yﬂl Ve dxdy = / 917280VU1 Vi dzdy
RO Ry

oo
=/ oVuy -V (/ yl_%wdy) dx
n 0
- <s0,/ yl%wdy> :
0 H-1(Q)x H1(Q)

where we used that Minkowski’s inequality implies [J* y' =% (z,y) dy € H*(Q).
Using the weak definition of the Neumann derivative (see (4.12)), we deduce from
the above computations that there holds

-/ ¥(z,0) ;IL% y' 720, w dx

=/ ylQSEVx,yw~Vx,ywdxdy+<<p,/ v () dy>
R+ 0 H-1(Q)xH(Q)

= 7/ Y(x,0)dsq(x)us(x,0) de — / P(x,0) lim y17253y172 dzx
Q Q, y—0
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for any ¢ € HY(R’', y'=2%). Hence, in particular this establishes (4.18). This
completes the proof. O

Now, we are ready to prove the asserted Runge approximation.

Proof of Proposition 4.4. Let us begin to show that the Runge approximation (4.5)
holds. Suppose (4.5) does not hold, i.e., there exists v € S and € > 0 such that

(4.19) Uy — v||H1(Q) >e>0, forall feCXW).
Arguing as in the formal proof above, it is enough to show the following implication:
(4.20) @(Us)=0forall feCX(W) = ¢(v)=0.

Let us point out that the rigorous version of the above formal proof, and its gen-
eralization to s € (0,1) as well as variable o, is almost the same as the proof
of [CGRU23, Proposition 3.1], where one needs to consider the same vertical and
transversal cutoff functions and use suitable decay properties of Pius as y — oo
(see Lemma 3.3). To this end, consider nx(y) := n1(y/k), where n; € C2°([0,2])
is a smooth cutoff function with n; = 1 near y = 0 and fooo y' =30 dy = 1. Tt is
not hard to check that k=2 [(* y* =2y (y) dy = [~ y*~2*ndy =1, for all k € N.
Without loss of generality, we may assume that there exists a large R > 0 such that
QUW C Bg. In addition, let us introduce the sequence (x(x) := (i (z/k), where
(1 € C°(Bag) is a smooth radial cutoff function with (; =1 in Bg. Let

(Paug)y, (@, y) = Cr(@)me(y) Pouy (2, y)
for k € N, which belongs to H(RT*",y1=2%). By (4.20) and Remark 4.7, we get

0=¢(Uy) = lim <s07/ y' = (Pouy), dy>N
k=00 0 H-1(Q)x H1(Q)

= kli_>11010 (— / (Piug), (+,0) ;13%) y' " 0,w dx

(4.21)
*/ . TR Y zyW Vay (Poug), dxdy)
Ry

_ /W f (;l_r{%) yl—QSayw> dr — /Quf <;I_I>I}) yl_QSayw> dx + kli{rc}o Ik;

where we used Pius(z,0) = uyp(z) for x € R?, nx(0) =1 and uyslg, = f € C2(W).
Furthermore, we set

Ik: H— —/ . y17252 (T]k‘gkvx,yw) . vx7y7j;uf dxdy
RTL
(4.22) +
B /]Rn+1 ylfzsz’P;usI’y (77ka) . VLy’lU dlEdy
it

Moreover, in (4.21), we used that one has

oo

lim Y 2 (@) (y) Piug (2, y) dy =/ y' B Piug(z,y)dy in H'(Q).

k—o0 Jq 0

We next claim that there holds

—/Quf (;i_r%yl_%ayw> dx + kl;ngo I, =0.
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Using the product rule for the first term in (4.22) and for the second term an
integration by parts, we deduce

In=— / Y TSV (Gew) - Vo Pouy dady
R

+ / LY “BWEV ey (k) - Vi Piuy dedy
Rn

/ oY y'- QSEP;Ufo,y (MCr) * Vayw dody
R’Vl

/ 1 ZSZVZC Y (MkCrw) - Vi yPouy drdy

+1

%

71+1

+/ wzvz Y (nka) vx,ypciuf dxdy

%

/n+1 wdivgy, ( 1’232P§vamyy (MkCr)) dady

Crw(z,0) hm y' 720, Piuy da
Rn

+2 /JR”“ yl—stsz,y (MCre) - Vo Piuys drdy
+ /RnJrl wy' "B Piugdivy y (EVay (06Ck)) drdy

+(1- 28)/ . wy 2Py COyny, drdy.
Rn 1

In the second equality, we used and integration by parts and 7 (y) = 1 for small y
and all k£ € N. In the last equality, we used the product rule for the term in the
sixth line and for the term in the fourth line again an integration by parts together
with 7;(0) = 1 for k € N as well as the PDE for Pu;.

Therefore, by the support conditions for the cutoff functions 7y, (x, we can write

(4.23)
—/ (hmy1 28w>dm+ hm Iy,
2k
= lim / / wy! S{QZVI,y (Ceni) - VayPiuy
k—o0 Bark

. -2
+ <d1vm’y (sz,y (77ka)) + sgkaynk> P§Uf} dydzx.

More concretely, we have utilized that the boundary terms on R™ x {0} are well-
defined, and the equation for the adjoint equation (4.10) implies that

— / (hm yt=2%9 w> dr 4+ lim Crw(zx,0) lim y17258y73§uf dx
Q y—0

k—oco Rn

w=0 on Q. x{0} and {—1 as k—oo

_ 3 1—2s 1-2s s
= /Quf (;gr%)y 8yw> da:—i—/g;x{o}w ?}g%y OyPruy  dx
—_——

=dsquw =—ds(—div(oV))sus=dsquy

which implies the identity (4.23).
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In addition, the rest of the proof is to ensure the right hand side of (4.23) equals

to zero. One can follow the same arguments as in the rigorous proof of [CGRU23,
Proposition 3.1] to obtain

k] < C (L1 x(w) + Iz 1 (w)),

for some constant C' > 0 independent of P uy, w and k, where

2k
_ _og s Piu
fatw) =k [yl (1922501 + P2 dyas,

2k

- o s Piu

Boslw) = | vt (19l + Pat) ayas
Bark\Bri 70

for k € N. Recalling that the function w is constructed via w = u; —PJus +usg, and

they have the same regularity properties as the ones in [CGRU23]. Therefore, the

rest of the argument is the same as in the rigorous proof of [CGRU23, Proposition
3.1], so let us skip this lengthy analysis and for more details we refer the reader to the
aforementioned article. As a result, there must hold limy oo I = limpy00 Lo =

0. Hence, we deduce that
/ f (hr% leSayw) dx =0, for all f € C(W).
w v

Since f € C°(W) is arbitrary, we infer lim,_,oy'~2*9,w = 0 in W x {0}. Then
the UCP for (4.10) in the exterior domain implies that w = 0 in Q. x (0,00) as
desired.

Now, for getting the implication (4.20), let us utilize the same cutoff functions
Br(y) with Bx(0) = 0 for k € N (as constructed in Step 2 of the proof of [CGRU23,
Proposition 3.1] or the proof of [LLU23, Proposition 6.1]) to avoid boundary con-
tributions on  x {0}. We can conclude by repeating the same argument as in the
rest of the proof of [CGRU23, Proposition 3.1] and so the implication (4.20) holds.
For an outline of this argument, we refer the reader to the formal proof with o =1
and s = 1/2.

Now, as explained in the formal proof, the conclusion ¢(v) = 0 contradicts the
existence of a real number « satisfying (4.8) and hence we may deduce that such
a function v € S having the property (4.19) cannot exist. Therefore, the Runge
approximation holds eventually. O

Remark 4.8. Notice that all above arguments hold even when o is an anisotropic,
uniformly elliptic coefficient. We only need the isotropy of o to derive the global
uniqueness result. Let us emphasize that the condition o = 1 in Q. is needed in
order to derive limy_, o Iy, = 0 in the rigorous proof of Proposition 4.4, which is

rarlal

completely the same situation as in [CGRU23].
5. PROOF OF MAIN RESULTS

In this section, we show our main uniqueness results.

Proof of Theorem 1.1. By using the (weak) UCP for the extension problem?, one
can easily conclude that the nonlocal Cauchy data (f|w, (—div(eV))%uy|y,) de-
termines

1-2 1-2
(3/ Spguf’anx(o,oo) Y SaVP§”f|an(o,oo))
and also (Uf,q, , OuUf|sq), since as usual the functions Uy are given by

Us= [ 02 Pousdy.
0

3See also the argument in the proof of Theorem 1.2.
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Now, using Proposition 4.4 we can deduce that the nonlocal DN map A} , for (1.6)
determines the (full data) DN map A, for the conductivity equation div(eVv) =0
in Q. Therefore, by the classical uniqueness result for the Calderén problem in
dimensions n > 3 (see [SU8T7]), the diffusion coefficient o is uniquely determined
in Q as by assumption we already know that ¢ = 1 on 0€2. Thus, it remains to
determine ¢ € L*°(Q2) from the nonlocal DN map A , with fixed o, but this is an
immediate consequence of [GLX17, Theorem 1.1]. This completes the proof. O

Remark 5.1. One can see that the condition ¢ > 0 in € is needed by our construc-
tion of solutions to the adjoint equation (4.10). However, In the proof of Theorem
1.1, we do not really need this sign condition. Hence, one might be able to generalize
our result to general potential ¢ € L*™(Q) if one can find an alternative construc-

tion of solutions to (4.10), so that the corresponding new Runge approximation still
holds.

Moreover, without using Proposition 4.4, we are able to prove a local uniqueness
result.

Proof of Theorem 1.2. Let u? e H*(R™) be the solution to

fe
(- div(oﬂ)) +g)uld) =0 inQ
uf[ f@ in Qea

for j,¢ € {1,2}. By Lemma 4.2, we know that the functions
Uy = /0 =2 ulP) dy € HY(R")

solve

(5.1) —div (ajVU]Ej)) = d, (~div (0;V))" u¥?) in R"

for j, ¢ € {1,2}, and by Lemma 4.1 the equation (5.1) holds in H*(R"). Further-

(J)

more, note that 73S solves the degenerate elliptic equation

divmy( 12557, (PS uy )) —0 inRM,
(Ps,u?)) (2.0) = ) (@) on R,

for j,£ € {1,2}. The above equation is derived from the Caffarelli-Silvestre type

extension, and it has nothing to do with the nonlocal equation for ugfe ) e H (R™),
for/=1,2.
In particular, the condition (1.11) implies

— lim y'~ Qsay”/?(ilug) =ds (—div(o1V))® uft)

y—0

= dy (— div (02V))* ul) = f;iinyl 259, P3,ul) in W,

whenever f, € C°(W). By the assumption o1 = o2 in the open neighborhood
N C Qof 99, one knows o := 01 = o9 in NUS,.. In particular, for any f, € C°(W)

the difference V' =P, u (1) Pcf?ug) satisfies

5.2 {divx,y (Y1 "2V, V) =0 in (MUQ) x (0,00),

V = lim y' 729,V =0 on W x {0}.

y—0
Then by the UCP for the PDE in (5.2), one can conclude that
(5.3) Peul) =P u in (WUQ) x (0,00),
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for any f, € C°(W) and ¢ = 1, 2. To obtain this one can directly invoke the results
in [GLX17, Section 5] or argue as follows. First of all, by the condition olg, =1,
there holds
divg, (' 72V, V) =0 in (MNUQ) x (0,00),
s 12
sz}l_r%y 0,V =0 on W x {0}.
Secondly, after an even reflection of V' which requires that the normal derivative of

V vanishes on W x {0}, we deduce from [FKS82, Theorem 2.3.12] that V is locally
Holder continuous on W x [0, 00). Therefore, we can apply [Riill5, Proposition 2.2]
to see that V' = 0 on B, ((z,0)) "R for some x € W and r > 0, where B,((,0))
is the ball in R"*! with radius 7 > 0 and center (x,0) such that B,((z,0)) N{y =
0} C W. But now we can apply the usual UCP for the differential operator in (5.2)
on the sets of the form (N U £.) X (yo,y1) for any sufficiently small yo > 0 and
y1 > yo and may conclude that V' = 0 on these sets. Thus, in the end we get V =10
in (MUQ,) x (0,00) as claimed.

Thus, via the definition of the function U }i ) for J,¢ € {1,2}, then there holds
that

1 F esps (1 X lasps (2 2
(5.4) U](cé) :/0 y' 2 Pﬂlu(ﬂ)(wy)dy:/o y'? PUQUSCE)(',y)dy:UJ(%)

in AU Q,, which will be used in the forthcoming proof.
We next show

g1 = ¢ in N NQ.
Combining the condition (1.11) and (2.6) in Lemma 2.1, we obtain
(2 2) (2
Bol"h (ugcl)’u;z)) o BU?*‘D (ugﬁ)’ u}z)) =0,
which by the definition of the bilinear forms (see (2.3)) is equivalent to

<(— div(1V))* ul) — (— div(02V))" ul?, 0P

+ / (qlugcll) — qgug)) ugi) dr =0.
Q

First inserting (5.1) into (5.5) and then decomposing u;i) = (“5‘2) — fg) + f2, we
obtain by (5.4) the identity

_ 1

ds

+ /Q (Q1U§£11) - ung)) (u(,cz) - fz) dz = 0.

Recall that by Lemma 4.1, we have

>H*S R7) x Hs (R"
(5.5) (R™)x H*(R™)

<div <01VUJE11)> — div (O’QVU](cf)> ,ugci) - f2>H*S(]R")><HS(R")

<div (0'1VU](c11)) _ div (UQVU}?) "P>H75 i)

= <div (01VU}11)) —div (UQVU}?) ’S0>H*S(Q)xf{5((2)

: (1)
< I
< (Hdlv (O'1VU~f1 )HH*S(Q) + ’ H%Q)) ||(P||H3(Q)

for all p € H 5(£2). We next want to derive useful integral identities in order to
show the uniqueness of the potentials.

div (JQVUf(f)>
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Let us assume that ¢ € C(N NQ), via the Runge approximation (Proposition
2.3), then there exists a sequence of exterior data {f2m},,.y C Co°(W) such that
ug)m — fam — @ in H*() as m — co.

With this sequence of functions at hand, we obtain

Tim {div (o:vU[)) = div (0:VUD) 0l — fom )
= <div <01VU}11)> —div (UQVU}?> ,<p>
= (div (1 VU})) — div (29U ) )

_ /]R ) [U}j) div (01 V) — U div (UQW)} da

H—S(Rn)st (Rn)
H—s(R")x He (R")

(5.6) 2'(R™)x 2 (R™)

- / [U}j’ div (01 V) — U div (@W)} da
NNQ
pr— 0’
where we used that supp(p) C NN and the last integral vanishes by the fact that

01 =09 in N and (5.4). Therefore, by passing to the limit m — oo in (5.5) (with
f2 = fa,m) and using (5.6) we get

/ (qluﬁ) - Q2U(ff)> pdr =0
NNQ

for all p € C(N N Q). Hence, we can conclude that

1

qlu%) = un(Q) in N NQ.
Moreover, by using (5.3), we also have
1 s 1 s 2 2
u(fl)(x) = (Palugcl)> (z,0) = (Pmu;l)) (z,0) = ugcl)(x), for z € N.

This implies
(1 — g2)ul) =0in N NQ,

for any f; € C*(W). Fix any z € NN Q and a nonzero f; € CX(W). If ug)

would vanish in a neighborhood of z, then ug) would solve (—div(o1V))v =0
in that neighborhood. The UCP for (—div(0;V))® for j = 1,2 (Proposition 2.2)

would then imply ugcll) = 0 in R™, which contradicts the assumption f; # 0. Hence,

we can select a sequence (zy)ren such that ug)(wk) #0forall k € Nand z, — x
as k — oo. This guarantees

a1 (k) = q2(zk)
for all k € N. By the condition g1, g2 € CY(2), passing to the limit k& — oo, we may
conclude that q1(z) = ¢2(x). As z € N N was arbitrary, we find that ¢g; = g2 in
N NQ as we wish. This proves the assertion. O

6. CONCLUSION REMARK AND FURTHER DISCUSSION

With our novel methods at hand, it seems that one can split the nonlocal part
and the local lower order terms via the CS-type extension and determine them
separately. Let us revisit the nonlocal elliptic equation with drift. Given s €
(1/2,1), consider the nonlocal elliptic equation with drift

{((—diV(UV))S +b-V+co)u=0 1inQ,

(6.1) u=f in Q..
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A proof of the well-posedness of the Dirichlet problem (6.1) can be found in [CL.R20)]
(the argument is similar to the case o = 1). Let A, 3 be the DN map of (6.1), then
one could also determine the positive scalar function o, drift term b and potential
¢ in Q. The method is similar to our present work, namely that one can use the
geometric form of Hahn-Banach theorem combined with a suitable adjoint problem,
so that any solution v € H'(2) to the conductivity equation div(eVv) = 0 can
be approximated by a sequence of CS extension solutions as in Section 4. Once
the leading coefficient o is determined, one can directly apply the same trick as
demonstrated in [CLR20] to recover b and ¢, via suitable Runge approximation for
the nonlocal equation ((—div(oV))* +b-V +c¢)u =0 in Q.

Remark 6.1. From our novel methods introduced in this work, one may not expect
to recover the matriz-valued leading coefficient o, since the reduced local equation
involves a long-standing open problem. That is, can one determine an anisotropic
leading coefficient o (up to isometry) for the conductivity equation div (cVv) = 0
by using its boundary Cauchy data? So far, to our best knowledge, there is no
affirmative answer for the dimension n > 3.
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