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Abstract. We study an inverse problem for translation-invariant symmetric stable operators of the
form

Lau(x) = P.V.

ˆ
Rn

(u(x)− u(y))
a((x− y)/|x− y|)

|x− y|n+2s
dy, 0 < s < 1,

where the unknown is the even angular density a on Sn−1. For a bounded open set Ω ⊂ Rn, with
Ωe = Rn \ Ω, we consider restricted exterior Dirichlet-to-Neumann maps ΛW1,W2

a , where exterior
data are supported in W1 ⋐ Ωe and the nonlocal Neumann data are observed on W2 ⋐ Ωe. We
prove three recovery results for the leading angular density. In the overlapping regime W1 ∩W2 ̸= ∅,
the exterior diagonal singularity determines every smooth elliptic angular density. In the separated
regime W 1 ∩ W 2 = ∅, where this singularity is absent, we prove uniqueness in the finite harmonic
angular class by an exact factorization of the stable symbol. We also prove separated-data uniqueness
for real-analytic angular densities when the source and observation sets lie in the unbounded exterior
component, using analytic continuation of the off-diagonal Dirichlet-to-Neumann kernel and a far-
field asymptotic argument.
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1. Introduction

Nonlocal elliptic operators arise naturally as infinitesimal generators of jump processes and as mod-
els in anomalous diffusion. A distinguished example is the fractional Laplacian (−∆)s, 0 < s < 1,
whose strong unique continuation property has played a central role in the fractional Calderón
problem of [GSU20GSU20]. Subsequent developments include uniqueness, reconstruction, stability, sin-
gle measurement results, drift perturbations, nonlinear models, parabolic models and higher order
fractional analogues; see, for instance, [GRSU20GRSU20, CLR20CLR20, Rül15Rül15, Yu17Yu17, CMR21CMR21, CMRU22CMRU22, LLR20LLR20,
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KLW22KLW22, Lin22Lin22]. Variable coefficient and anisotropic versions of fractional inverse problems have also
been studied in [GLX17GLX17, CGRU26CGRU26, Rül25Rül25, Fei24Fei24, FGKU25FGKU25, FKU24FKU24]. We also refer the reader to the
recent monograph [LL25LL25] for further background.

The purpose of this paper is to study the recovery of the leading angular density for a class of
translation-invariant symmetric stable operators. Let a be a real-valued even function on the unit
sphere Sn−1, and define

(1.1) Ka(z) =
a(z/|z|)
|z|n+2s

, z ∈ Rn \ {0}.

The associated symmetric integro-differential operator is

(1.2) Lau(x) := P.V.

ˆ
Rn

(u(x)− u(y))Ka(x− y) dy,

where P.V. denotes the Cauchy principal value. Since La is translation invariant, it is a Fourier

multiplier: for u ∈ S(Rn), one has L̂au(ξ) = Aa(ξ)û(ξ). The Fourier multiplier symbol is given by

Aa(ξ) = cn,s

ˆ
Sn−1

|ξ · θ|2sa(θ) dθ,

where cn,s > 0 is fixed throughout the paper. We assume the ellipticity condition

(1.3) λ|ξ|2s ≤ Aa(ξ) ≤ Λ|ξ|2s

for all ξ ∈ Rn and for some constants 0 < λ ≤ Λ < ∞. The isotropic density gives the fractional
Laplacian up to a multiplicative constant. In general, a describes the anisotropic angular profile of
the jumps.

The homogeneous stable operators in (1.21.2) are closely related to the directionally antilocal opera-
tors studied in [CGFR22CGFR22]. In that work, the principal homogeneous operator is fixed, and lower-order
perturbations are recovered by combining directional antilocality, domain of dependence geometry,
and Runge approximation. In contrast, the present paper treats the principal angular density itself
as the unknown. Thus, the inverse problem considered here is a leading coefficient problem rather
than a lower-order perturbation problem.

This distinction is important. In the recovery of a lower-order potential, the usual Alessandrini
identity contains an interior product of solutions. In the present problem, the unknown appears in
the leading jump kernel and is attached to the direction (x− y)/|x− y|. Thus, the natural integral
identity involves angular jump products rather than pointwise products in Ω. This is the main
reason why the leading coefficient problem is not a direct consequence of the Runge approximation
methods used for lower-order terms.

Let Ω ⊂ Rn be bounded and open, and set Ωe := Rn \ Ω. Given an exterior datum supported in
an open set W1 ⋐ Ωe, let uf solve

(1.4)

{
Lauf = 0 in Ω,

uf = f in Ωe.

The exterior condition in (1.41.4) is understood through the Sobolev condition uf −F ∈ H̃s(Ω), where
F ∈ Hs(Rn) is a representative of the exterior datum. For a second exterior open set W2 ⋐ Ωe, we
consider the restricted exterior Dirichlet-to-Neumann (DN) map

(1.5) ΛW1,W2
a : H̃s(W1) → H−s(W2).

The precise definition of the Sobolev spaces and of the map (1.51.5) is given in Section 22. We are
interested in the following question:

Question 1. Does ΛW1,W2
a determine a?
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Overlapping exterior measurements
Ωe

Ω

W1 W2

U

exterior diagonal x = y

U ⋐ W1 ∩W2

W1 ∩W2 ̸= ∅

exterior sets stay away from Ω

Separated exterior measurements
Ωe

Ω

W1

y

W2

x

direct term Ka(x− y)

interior correction through Ω

W 1 ∩W 2 = ∅
the exterior diagonal x = y is not measured

Figure 1.1. Exterior measurement geometries. The source set W1 and the observa-
tion set W2 are compactly contained in Ωe = Rn \Ω and therefore do not touch Ω. In
the overlapping case, one may restrict to U ⋐ W1 ∩W2, where the exterior diagonal
singularity of the Dirichlet-to-Neumann map is visible. In the separated case, the di-
agonal is not measured; the off-diagonal kernel contains a direct exterior-to-exterior
contribution and an interior correction through Ω.

There are two different measurement regimes, illustrated in Figure 1.11.1. If W1 ∩W2 ̸= ∅, then the
exterior diagonal singularity of the restricted DN map is visible. In that case, the leading kernel can
be recovered directly. The more delicate case is the genuinely separated regime

(1.6) W 1 ∩W 2 = ∅.
In this case, the direct kernel Ka(x − y) is smooth on W2 × W1, and the diagonal singularity is
not measured. The separated problem asks whether the remaining off-diagonal information still
determines the angular density. This question is the main motivation of the paper.

For cone-supported directionally antilocal kernels, the domain of dependence of the operator leads
to natural geometric restrictions and possible gauges; this is one of the main points of [CGFR22CGFR22]. The
classes considered in the main separated results below have full angular support. Thus, the geometric
obstruction is not a cone-domain gauge. The difficulty is instead that the diagonal singularity is
absent from the measured operator when (1.61.6) holds.

Overlapping measurements. We first state the recovery result in the overlapping regime. We
say that a is a smooth elliptic angular density if a ∈ C∞(Sn−1) is real-valued, even, nonnegative,
and the symbol Aa satisfies (1.31.3).

The first result is the following.

Theorem 1.1 (Recovery from overlapping exterior measurements). Let 0 < s < 1 and n ≥ 2. Let
Ω ⊂ Rn be bounded and open. Let W1,W2 ⋐ Ωe be nonempty open sets such that W1 ∩W2 ̸= ∅. Let
a1, a2 ∈ C∞(Sn−1) be smooth elliptic angular densities. If

(1.7) ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ H̃s(W1),

then a1 = a2 on Sn−1.

Finite harmonic class and separated measurements. Let Hℓ denote the space of spherical
harmonics of degree ℓ on Sn−1. For m ∈ N0, set

Am :=
⊕

0≤ℓ≤2m
ℓ even

Hℓ.

Thus, Am is the finite-dimensional space of even spherical harmonics of degree at most 2m. We
do not include either the parity or the degree bound in the symbol Am. The restriction to even
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degrees ℓ is forced by the symmetry assumption. Indeed, spherical harmonics of degree ℓ satisfy
Yℓ(−θ) = (−1)ℓYℓ(θ). Hence, an even angular density has vanishing spherical harmonic coefficients
in all odd degrees. Thus, the natural finite-dimensional class of even angular densities of degree
at most 2m is precisely Am. This parity is also compatible with the factorization below: for even
ℓ ≤ 2m, the factor |ξ|2m−ℓ is a polynomial in ξ.

Definition 1.2. Let 0 < s < 1 and m ∈ N0. A function a is called an admissible finite harmonic
density of order m if

(i) a ∈ Am is real-valued;
(ii) a(θ) ≥ 0 for a.e. θ ∈ Sn−1;
(iii) the symbol Aa satisfies the ellipticity estimate (1.31.3).

The finite harmonic class is a full angular support finite-dimensional class. It is not intended to
model kernels supported in a proper cone. Indeed, a real analytic angular function on the whole
sphere cannot be supported in a proper open spherical cone unless it is identically zero.

Theorem 1.3 (Recovery from separated exterior measurements). Let 0 < s < 1 and n ≥ 2. Let
Ω ⊂ Rn be bounded and open. Let W1,W2 ⋐ Ωe be nonempty open sets satisfying (1.61.6). Let
a1, a2 ∈ Am be admissible finite harmonic densities of the same order m. If

(1.8) ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ H̃s(W1),

then a1 = a2 on Sn−1.

For the proof, it is enough to assume that the equality holds in D′(W2) for all f ∈ C∞
c (W1).

Although Theorem 1.31.3 is stated for genuinely separated sets, this causes no loss in the finite harmonic
class after restricting the measurements. Indeed, given nonempty exterior open sets W1,W2 ⋐ Ωe,
one can choose nonempty open subsets U1 ⋐ W1 and U2 ⋐ W2 such that U1 ∩ U2 = ∅. Equality
of the DN maps on W1,W2 restricts to equality on U1, U2, and Theorem 1.31.3 then applies. This is
recorded later in Corollary 5.55.5.

Analytic angular densities. We also consider the separated problem for real analytic angular
densities. We say that a is a real analytic elliptic angular density if a ∈ Cω(Sn−1) is real-valued,
even, nonnegative, and the symbol Aa satisfies (1.31.3). This is again a full angular support class.

Theorem 1.4 (Recovery of analytic angular densities). Let 0 < s < 1 and n ≥ 2. Let Ω ⊂ Rn

be bounded and open, and let G be the unbounded connected component of Ωe. Let W1,W2 ⋐ G be
nonempty open sets satisfying (1.61.6). Let a1, a2 ∈ Cω(Sn−1) be real analytic elliptic angular densities.
If

(1.9) ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ H̃s(W1),

then a1 = a2 on Sn−1.

Remark 1.5. Theorem 1.11.1, Theorem 1.31.3 and Theorem 1.41.4 use three different mechanisms. Over-
lapping measurements recover the leading kernel from the exterior diagonal singularity. In the finite
harmonic separated case, the diagonal singularity is absent, but an algebraic factorization reduces
the problem to unique continuation for (−∆)s. In the analytic separated case, the off-diagonal DN
kernel is real analytic in the exterior variables, and its vanishing propagates by analytic continuation
to the far field.

Mechanism of the proof. The proof of Theorem 1.31.3 uses the finite harmonic assumption. If
a ∈ Am, the Funk-Hecke formula (see Section 33) implies that there exists a homogeneous polynomial
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Qa of degree 2m such that

|ξ|2mAa(ξ) = |ξ|2sQa(ξ).

Equivalently,

(1.10) (−∆)mLa = (−∆)sQa(D)

as Fourier multipliers. Here, Qa(D) is the local constant coefficient differential operator with Fourier
symbol Qa(ξ). This is the only point at which the fractional Laplacian appears. We do not claim
that a general stable operator is a fractional Laplacian. Rather, finite harmonicity converts the
multiplier after applying the local operator (−∆)m.

Let uj solve (1.41.4) with a = aj and common exterior datum f ∈ C∞
c (W1). Since f vanishes on

W2, one has u1 = u2 = 0 in W2. Equality of the DN maps gives La1u1 = La2u2 in W2. Applying
the local operator (−∆)m and using (1.101.10), we obtain

(−∆)s(Qa1(D)u1 −Qa2(D)u2) = 0 in W2.

The expression in parentheses also vanishes in W2 because the operators Qaj (D) are local. The
strong unique continuation property for (−∆)s implies that this expression vanishes in all of Rn.
Restricting the identity to W1, where u1 = u2 = f , gives Qa1(D)f = Qa2(D)f in W1 for all
f ∈ C∞

c (W1). Therefore Qa1 = Qa2 , and the finite cosine transform injectivity gives a1 = a2.
The proof of Theorem 1.41.4 uses a different mechanism. For analytic angular densities, the off-

diagonal kernel of the DN map is real analytic on the exterior pair domain away from the diagonal.
Equality of the restricted DN maps gives equality of these kernels on W2×W1. Analytic continuation
then gives equality on the unbounded exterior pair component. A far-field limit separates the direct
kernel Ka1−a2(x− y) from the interior correction and recovers a1 − a2.

Relation to other work. The finite harmonic proof is related in spirit to entanglement principles
for fractional Laplacians [FL24FL24, FKU24FKU24, LLY25LLY25, Lin26aLin26a], but the mechanism is different. Entan-
glement principles separate different fractional powers. Here, all angular modes have the same
homogeneity. The finite harmonic class is a favorable resonant case: after multiplying by a local
power of −∆, the angular multiplier becomes local, and one can use the usual fractional unique con-
tinuation property. The analytic result is closer in spirit to classical analytic continuation arguments
in inverse problems: once the off-diagonal DN kernel is known on a nonempty exterior product set,
analyticity propagates this information to a far-field region where the leading kernel can be read off.

There is also a related line of work on leading coefficient determination for nonlocal equa-
tions. In the elliptic setting, the Caffarelli–Silvestre extension has been used to relate the frac-
tional Calderón problem with variable coefficients to the corresponding local Calderón problem
[CGRU26CGRU26]. On closed Riemannian manifolds, spectral and heat semigroup methods have led to
fractional anisotropic Calderón results and to the recovery of geometric data from local source-
to-solution maps [Fei24Fei24, FGKU25FGKU25, FKU26FKU26, Lin26bLin26b]. Related reductions from nonlocal parabolic
measurements to local parabolic Cauchy data were developed in [LLU23LLU23]. These works recover local
or geometric leading coefficients through extension, semigroup, spectral, or reduction mechanisms.
The present paper is different in that the operator is translation invariant, but the leading stable
kernel itself is unknown. Thus, the coefficient to be determined is not a local metric or conductiv-
ity in an extension problem, but the angular density in the jump kernel. The finite harmonic and
analytic arguments below provide two mechanisms for extracting this angular density from exterior
measurements.

Organization of the paper. Section 22 gives the functional setting, the well-posedness of the ex-
terior value problem, and the restricted DN map. Section 33 proves the finite harmonic factorization
and the injectivity results for the associated cosine transform. Section 44 proves the off-diagonal
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kernel representation and the analytic continuation tools used for Theorem 1.41.4. Section 55 is devoted
to the inverse problems: it records the leading coefficient Alessandrini identity, discusses the struc-
tural obstruction for general smooth angular densities, and proves the three recovery theorems in
Subsection 5.25.2.

2. Function spaces, stable operators and exterior measurements

In this section, we fix the functional framework for the exterior value problem and for the restricted
DN maps. Since the finite harmonic class considered in this paper has full angular support, we work
with the full exterior region Ωe = Rn \ Ω.

2.1. Fractional Sobolev spaces. We use the unitary Fourier transform

û(ξ) = (2π)−n/2

ˆ
Rn

e−ix·ξu(x) dx,

where i =
√
−1. For t ∈ R, let Ht(Rn) be the standard L2-based Sobolev space with norm

∥u∥Ht(Rn) = ∥(1 + |ξ|2)t/2û(ξ)∥L2(Rn).

If U ⊂ Rn is open, define Ht(U) := {u|U : u ∈ Ht(Rn)} and H̃t(U) := C∞
c (U)

Ht(Rn)
. The space

Ht(U) is equipped with the quotient norm

∥v∥Ht(U) = inf{∥V ∥Ht(Rn) : V ∈ Ht(Rn), V |U = v}.

For t ≥ 0, we set H−t(U) := (H̃t(U))∗. We identify elements of H̃t(U) with their zero exten-

sions to Rn. The duality pairing between H−t(U) and H̃t(U) is denoted by ⟨·, ·⟩
H−t(U),H̃t(U)

. We

use the following convention for complex duality pairings. If F ∈ H−t(U) and v ∈ H̃t(U), then
⟨F, v⟩

H−t(U),H̃t(U)
is linear in F and conjugate-linear in v. Equivalently, for c ∈ C, ⟨cF, v⟩ = c ⟨F, v⟩,

⟨F, cv⟩ = c ⟨F, v⟩. When the spaces are clear from the context, we simply write ⟨F, v⟩.

2.2. The energy form and the operator. Let a ∈ L1(Sn−1) be real-valued and even. For
u, v ∈ S(Rn) define

(2.1) Ea(u, v) =
1

2

¨
Rn×Rn

(u(x)− u(y))(v(x)− v(y))
a((x− y)/|x− y|)

|x− y|n+2s
dx dy.

Thus Ea is linear in the first argument and conjugate-linear in the second. The following lemma fixes
the normalization of Aa.

Lemma 2.1. Let a ∈ L1(Sn−1) be real-valued and even. Then, for all u, v ∈ S(Rn),

(2.2) Ea(u, v) =
ˆ
Rn

Aa(ξ)û(ξ)v̂(ξ) dξ.

If (1.31.3) holds, then Ea extends uniquely to a bounded sesquilinear form on Hs(Rn)×Hs(Rn) and

(2.3) λ

ˆ
Rn

|ξ|2s|û(ξ)|2 dξ ≤ Ea(u, u) ≤ Λ

ˆ
Rn

|ξ|2s|û(ξ)|2 dξ.

Proof. Let Ka be defined by (1.11.1). Since a is even, Ka(z) = Ka(−z). With the change of variables
z = x− y,

Ea(u, v) =
1

2

ˆ
Rn

ˆ
Rn

(u(x)− u(x− z))(v(x)− v(x− z))Ka(z) dx dz.

By Plancherel’s formula, there holdsˆ
Rn

(u(x)− u(x− z))(v(x)− v(x− z)) dx =

ˆ
Rn

|1− e−iz·ξ|2û(ξ)v̂(ξ) dξ.
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Since |1− e−it|2 = 2(1− cos t), Fubini gives

Ea(u, v) =
ˆ
Rn

( ˆ
Rn

(1− cos(z · ξ))Ka(z) dz

)
û(ξ)v̂(ξ) dξ.

Passing to polar coordinates z = rθ in the inner integral givesˆ
Rn

(1− cos(z · ξ))Ka(z) dz =

ˆ
Sn−1

a(θ)

ˆ ∞

0

1− cos(r ξ · θ)
r1+2s

dr dθ.

For each fixed θ, the one-dimensional integral is equal to |ξ ·θ|2s
´∞
0

1−cos ρ
ρ1+2s dρ, with the obvious value

0 when ξ · θ = 0. Henceˆ
Rn

(1− cos(z · ξ))Ka(z) dz =

(ˆ ∞

0

1− cos ρ

ρ1+2s
dρ

)ˆ
Sn−1

|ξ · θ|2sa(θ) dθ.

The one-dimensional constant is positive and finite for 0 < s < 1, and it is absorbed into cn,s. This
proves (2.22.2). The inequalities (2.32.3) follow from (1.31.3). The upper bound and the density of S(Rn) in
Hs(Rn) give the extension of Ea to Hs(Rn)×Hs(Rn). □

For u ∈ Hs(Rn), the distribution Lau ∈ H−s(Rn) is defined by

(2.4) ⟨Lau, φ⟩ := Ea(u, φ), φ ∈ Hs(Rn).

By Lemma 2.12.1, this agrees with the Fourier multiplier with symbol Aa.

Lemma 2.2 (Fractional Poincaré inequality). Let Ω ⊂ Rn be bounded. There is a constant C =
C(n, s,Ω) > 0 such that

∥w∥L2(Rn) ≤ C

(ˆ
Rn

|ξ|2s|ŵ(ξ)|2 dξ
)1/2

, w ∈ H̃s(Ω).

Proof. It is enough to prove the estimate for w ∈ C∞
c (Ω) and then pass to the closure. Choose R > 0

such that Ω ⊂ BR(0). Since w = 0 in Rn \ Ω,
¨

Rn×Rn

|w(x)− w(y)|2

|x− y|n+2s
dx dy ≥ 2

ˆ
Ω

ˆ
Rn\B2R(0)

|w(x)|2

|x− y|n+2s
dy dx.

If x ∈ Ω and y ∈ Rn \B2R(0), then |x− y| ≤ |x|+ |y| ≤ R+ |y| ≤ 3|y|/2. Henceˆ
Rn\B2R(0)

dy

|x− y|n+2s
≥ c(n, s,R) > 0.

It follows that the Gagliardo seminorm of w controls ∥w∥L2(Rn). Since the Gagliardo seminorm is

equivalent to
(´

Rn |ξ|2s|ŵ(ξ)|2 dξ
)1/2

, the estimate follows. □

2.3. Well-posedness and the DN map. Let F ∈ Hs(Rn). We say that uF ∈ Hs(Rn) solves the
exterior Dirichlet problem with representative F if

(2.5) uF − F ∈ H̃s(Ω), Ea(uF , ϕ) = 0 for all ϕ ∈ H̃s(Ω).

In other words, uF is a weak solution of{
LauF = 0 in Ω,

uF = F in Ωe.
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Proposition 2.3. Assume (1.31.3). For every F ∈ Hs(Rn) there is a unique uF ∈ Hs(Rn) satisfying
(2.52.5). Moreover,

(2.6) ∥uF ∥Hs(Rn) ≤ C∥F∥Hs(Rn),

where C depends only on n, s, Ω and the ellipticity constants. If F1 − F2 ∈ H̃s(Ω), then uF1 = uF2.

Proof. Write uF = F + w with w ∈ H̃s(Ω). The weak equation is equivalent to

(2.7) Ea(w, ϕ) = −Ea(F, ϕ), ϕ ∈ H̃s(Ω).

The right-hand side is a bounded conjugate-linear functional on H̃s(Ω). The form Ea is bounded

on H̃s(Ω) and coercive there. Indeed, by (2.32.3) and Lemma 2.22.2, there is c > 0 such that Ea(w,w) ≥
c∥w∥2Hs(Rn) for all w ∈ H̃s(Ω). The Lax-Milgram theorem gives a unique w ∈ H̃s(Ω) satisfying (2.72.7).

The same estimates imply ∥w∥Hs(Rn) ≤ C∥F∥Hs(Rn), and hence (2.62.6).
It remains to check that the solution depends only on the exterior class of F . Suppose that

F1 − F2 ∈ H̃s(Ω) and that uF1 solves (2.52.5) with representative F1. Then uF1 − F2 = (uF1 − F1) +

(F1 − F2) ∈ H̃s(Ω), and the weak equation is the same. By uniqueness, uF1 = uF2 . □

Let W1,W2 ⋐ Ωe be open. We regard f ∈ H̃s(W1) as an element of Hs(Rn) by zero extension.
Let uf denote the solution from Proposition 2.32.3. Define

(2.8) ΛW1,W2
a : H̃s(W1) → H−s(W2)

by 〈
ΛW1,W2
a f, g

〉
H−s(W2),H̃s(W2)

:= Ea(uf , g), g ∈ H̃s(W2).

Lemma 2.4. The operator (2.82.8) is bounded. If f ∈ C∞
c (W1), then

(2.9)
〈
ΛW1,W2
a f, g

〉
= ⟨Lauf , g⟩D′(W2),C∞

c (W2)
, g ∈ C∞

c (W2).

Consequently, equality of two restricted DN maps implies equality of the corresponding distributions

Laju
(j)
f in W2 for every common exterior datum f ∈ C∞

c (W1).

Proof. By Lemma 2.12.1 and Proposition 2.32.3,

|Ea(uf , g)| ≤ C∥uf∥Hs(Rn)∥g∥Hs(Rn) ≤ C∥f∥
H̃s(W1)

∥g∥
H̃s(W2)

.

This proves boundedness. Formula (2.92.9) is the definition (2.42.4) of Lauf tested against functions
supported in W2. □

Lemma 2.5 (Restriction to smaller open sets). Let U1 ⋐ W1 and U2 ⋐ W2 be nonempty open sets.
If

ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ H̃s(W1),

then

ΛU1,U2
a1 f = ΛU1,U2

a2 f for all f ∈ H̃s(U1).

Proof. The zero extension identifies H̃s(U1) with a closed subspace of H̃s(W1). Similarly, testing an

element of H−s(W2) against functions in H̃s(U2) gives its restriction to U2. Thus, the equality on
W1,W2 restricts to the equality on U1, U2. □

Lemma 2.6. Let f ∈ C∞
c (W1) and let uf be the solution of (2.52.5). Then suppuf ⊂ Ω ∪ supp f . In

particular, uf is compactly supported.
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Proof. The condition uf − f ∈ H̃s(Ω) implies that uf = f in Ωe in the sense of distributions, and
hence a.e. after choosing representatives. Since f is supported in W1 ⊂ Ωe, one has uf = 0 in

Ωe \ supp f . Also, uf − f is supported in Ω. This proves the support inclusion. Since Ω is bounded
and f is compactly supported, uf is compactly supported. □

3. Finite harmonic factorization

This section proves the algebraic ingredient used in the inverse problem. If Yℓ ∈ Hℓ, we denote
by Pℓ its homogeneous harmonic extension, namely Pℓ(x) = |x|ℓYℓ(x/|x|) for x ̸= 0. Thus, Pℓ is a
homogeneous harmonic polynomial of degree ℓ.

Lemma 3.1 (Funk-Hecke multiplier). Let n ≥ 2 and 0 < s < 1. For Yℓ ∈ Hℓ, one has

(3.1)

ˆ
Sn−1

|ξ · θ|2sYℓ(θ) dθ = γℓ,s|ξ|2s−ℓPℓ(ξ), ξ ̸= 0.

The constant γℓ,s is zero for odd ℓ and nonzero for every even ℓ.

Proof. It is enough to consider |ξ| = 1, since both sides of (3.13.1) are homogeneous of degree 2s in
ξ. For |ξ| = 1, the function θ 7→ |ξ · θ|2s is zonal with pole ξ. By the Funk–Hecke formula, see for
instance [DX13DX13, Theorem 1.2.9], there is a scalar γℓ,s depending only on ℓ, n, s such thatˆ

Sn−1

|ξ · θ|2sYℓ(θ) dθ = γℓ,sYℓ(ξ).

More explicitly, if λ = (n − 2)/2, Cλ
ℓ denotes the Gegenbauer polynomial of degree ℓ, and ωn−1 =

|Sn−2|, then

γℓ,s = ωn−1

ˆ 1

−1
|t|2s

Cλ
ℓ (t)

Cλ
ℓ (1)

(1− t2)λ−1/2 dt,

with the usual limiting interpretation when n = 2. Restoring homogeneity and using

Pℓ(ξ) = |ξ|ℓYℓ(ξ/|ξ|)
gives (3.13.1).

If ℓ is odd, then γℓ,s = 0, since the integrand in the last formula is odd. If ℓ is even, the eigenvalue
formula for the generalized cosine transform, see for instance [Rub08Rub08, Section 2], gives

γℓ,s = (−1)ℓ/2
2π(n−1)/2Γ(s+ 1/2)Γ((ℓ− 2s)/2)

Γ(−s)Γ((ℓ+ n+ 2s)/2)
.

Equivalently, up to a nonzero constant depending only on n and s, γℓ,s = (−1)ℓ/2 Γ((ℓ−2s)/2)
Γ((ℓ+n+2s)/2) . The

Gamma function has no zeros. Since 0 < s < 1, the factor Γ(−s) is finite and nonzero, and the
numerator Γ((ℓ − 2s)/2) is finite and nonzero for every even ℓ ≥ 0: for ℓ = 0 it is Γ(−s), while
for ℓ ≥ 2 it is Γ(ℓ/2 − s), which is not a pole. The denominator is also finite and nonzero. Hence,
γℓ,s ̸= 0 for every even ℓ. □

Lemma 3.2 (Even cosine injectivity). Let h ∈ C∞(Sn−1) be even. If

(3.2)

ˆ
Sn−1

|ξ · θ|2sh(θ) dθ = 0 for all ξ ∈ Rn,

then h = 0 on Sn−1.

Proof. Restricting (3.23.2) to ξ = ω ∈ Sn−1, we obtain

Tsh(ω) :=

ˆ
Sn−1

|ω · θ|2sh(θ) dθ = 0, ω ∈ Sn−1.
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Thus, Tsh = 0 on Sn−1. The operator Ts is the generalized cosine transform with kernel |ω · θ|2s.
Since this kernel is real-valued and symmetric in ω and θ, the operator Ts is self-adjoint on L2(Sn−1).

Let {Yℓ,k}k be an orthonormal basis of Hℓ. We use the L2(Sn−1) inner product, which is linear
in the first argument. Since h is even, all of its odd spherical harmonic coefficients vanish. Indeed,
if ℓ is odd, then Yℓ,k(−θ) = −Yℓ,k(θ), and hence,(

h, Yℓ,k
)
L2(Sn−1)

=

ˆ
Sn−1

h(θ)Yℓ,k(θ) dθ = −
ˆ
Sn−1

h(θ)Yℓ,k(θ) dθ = 0.

Here we used the change of variables θ 7→ −θ and the evenness of h.
It remains to show that the even coefficients also vanish. Let ℓ be even. By Lemma 3.13.1, each Yℓ,k

is an eigenfunction of Ts:
TsYℓ,k = γℓ,sYℓ,k,

where γℓ,s ̸= 0 for every even ℓ. Since Tsh = 0 and Ts is self-adjoint,

0 = (Tsh, Yℓ,k)L2(Sn−1) = (h, TsYℓ,k)L2(Sn−1) = γℓ,s(h, Yℓ,k)L2(Sn−1).

Therefore, (h, Yℓ,k)L2(Sn−1) = 0 for every even ℓ and every k.
We have shown that all spherical harmonic coefficients of h vanish, both in odd and even degrees.

Since spherical harmonics are complete in L2(Sn−1), it follows that h = 0 in L2(Sn−1). Finally, h is
smooth, hence continuous, so h = 0 pointwise on Sn−1. □

Lemma 3.3 (Finite cosine injectivity). Let a ∈ Am. Ifˆ
Sn−1

|ξ · θ|2sa(θ) dθ = 0 for all ξ ∈ Rn,

then a = 0.

Proof. This follows immediately from Lemma 3.23.2, since every a ∈ Am is smooth and even. In other
words, one may write a =

∑
aℓ,kYℓ,k over even 0 ≤ ℓ ≤ 2m and use Lemma 3.13.1 together with the

nonvanishing of the even multipliers γℓ,s. □

Lemma 3.4 (Finite harmonic factorization). Let a ∈ Am. Then there exists a homogeneous poly-
nomial Qa, of degree 2m unless a ≡ 0, such that

(3.3) |ξ|2mAa(ξ) = |ξ|2sQa(ξ), ξ ∈ Rn.

Equivalently,

(3.4) (−∆)mLa = (−∆)sQa(D)

as Fourier multipliers. Moreover, the map a 7→ Qa is injective on Am.

Proof. Write a =
∑

ℓ,k aℓ,kYℓ,k, where the sum is over even 0 ≤ ℓ ≤ 2m and {Yℓ,k}k is an orthonormal
basis of Hℓ. Let Pℓ,k be the homogeneous harmonic extension of Yℓ,k. By Lemma 3.13.1, for ξ ̸= 0,

Aa(ξ) =
∑

0≤ℓ≤2m
ℓ even

∑
k

cn,saℓ,kγℓ,s|ξ|2s−ℓPℓ,k(ξ).

Multiplying by |ξ|2m gives

|ξ|2mAa(ξ) = |ξ|2s
∑

0≤ℓ≤2m
ℓ even

∑
k

cn,saℓ,kγℓ,s|ξ|2m−ℓPℓ,k(ξ).

Since ℓ is even, |ξ|2m−ℓ = (|ξ|2)m−ℓ/2 is a polynomial. We define

Qa(ξ) :=
∑

0≤ℓ≤2m
ℓ even

∑
k

cn,saℓ,kγℓ,s|ξ|2m−ℓPℓ,k(ξ).
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Then Qa is homogeneous of degree 2m unless a ≡ 0, in which case Qa ≡ 0. The identity (3.33.3) follows
for ξ ̸= 0. Since both sides are locally integrable homogeneous functions and both vanish at ξ = 0
in the pointwise representative, the identity holds as an equality of Fourier multipliers on Rn.

The operator identity (3.43.4) follows from (3.33.3): the multiplier of (−∆)mLa is |ξ|2mAa(ξ), while the
multiplier of (−∆)sQa(D) is |ξ|2sQa(ξ). Finally, if Qa = 0, then Aa = 0 for all ξ ̸= 0. By Lemma
3.33.3, this implies a = 0. Hence a 7→ Qa is injective on Am. □

Lemma 3.5 (Factorization on Sobolev distributions). Let a ∈ Am and let Qa be as in Lemma 3.43.4.
If u ∈ Hs(Rn), then

(3.5) (−∆)mLau = (−∆)sQa(D)u

in H−s−2m(Rn) and hence in D′(Rn).

Proof. By Lemma 2.12.1, Lau is the Fourier multiplier with symbol Aa. Since |Aa(ξ)| ≤ C|ξ|2s and
u ∈ Hs(Rn), one has Lau ∈ H−s(Rn). Applying the local differential operator (−∆)m gives a
distribution in H−s−2m(Rn) whose Fourier transform is |ξ|2mAa(ξ)û(ξ).

On the other hand, Qa(D)u ∈ Hs−2m(Rn), and (−∆)sQa(D)u ∈ H−s−2m(Rn) has Fourier trans-
form |ξ|2sQa(ξ)û(ξ). By Lemma 3.43.4, the two multipliers |ξ|2mAa(ξ) and |ξ|2sQa(ξ) are the same
locally integrable function with polynomial growth. Hence, the two Fourier transforms agree in
S ′(Rn), which proves (3.53.5). □

Lemma 3.6 (Identification of constant coefficient operators). Let P (D) =
∑

|α|≤M cαD
α be a con-

stant coefficient differential operator with D = −i∇, and let P (ξ) =
∑

|α|≤M cαξ
α be its polynomial

symbol. Let O ⊂ Rn be nonempty and open. If P (D)f = 0 in O, for every f ∈ C∞
c (O), then

P (ξ) ≡ 0.

Proof. Fix x0 ∈ O. Choose χ ∈ C∞
c (O) such that χ = 1 in a neighborhood V ⋐ O of x0. For

each η ∈ Rn, define the test function φη(x) = χ(x)eix·η, then φη ∈ C∞
c (O). The hypothesis gives

P (D)φη = 0 in O. On the neighborhood V , the cutoff χ is identically one. Hence, by locality of
P (D),

P (D)φη = P (D)eix·η = P (η)eix·η in V.

Therefore, P (η)eix·η = 0 in V . Since eix·η never vanishes, we get P (η) = 0. The vector η ∈ Rn was
arbitrary, so P (ξ) = 0 for all ξ ∈ Rn. Thus P is the zero polynomial. □

4. Off-diagonal kernels and analytic continuation

This section proves the kernel representation and analytic continuation facts used for Theorem

1.41.4. Throughout this section, a denotes a smooth elliptic angular density. Let Ra : H−s(Ω) → H̃s(Ω)
be the solution operator for the zero exterior problem: for F ∈ H−s(Ω), RaF is the unique element

of H̃s(Ω) satisfying Ea(RaF, ϕ) = ⟨F, ϕ⟩ for all ϕ ∈ H̃s(Ω). The existence and boundedness of Ra

follow from the same Lax-Milgram argument as Proposition 2.32.3.

When v ∈ H̃s(Ω) and F ∈ H−s(Ω), we use the reverse duality pairing

⟨v, F ⟩
H̃s(Ω)×H−s(Ω)

:= ⟨F, v⟩
H−s(Ω)×H̃s(Ω)

.

Thus, this pairing is linear in v and conjugate-linear in F .
For x ∈ Ωe, set k

a
x(z) := Ka(x−z) for z ∈ Ω. Locally in x ∈ Ωe, the point x stays a positive distance

away from Ω, and therefore kax ∈ C∞(Ω) in the interior variable. In particular kax ∈ L2(Ω) ⊂ H−s(Ω).

Lemma 4.1 (Off-diagonal DN kernel). Let U, V ⋐ Ωe be nonempty open sets with U ∩V = ∅. Then

ΛU,V
a has a distribution kernel represented by

(4.1) Sa(x, y) = −Ka(x− y)−
〈
Rak

a
y , k

a
x

〉
H̃s(Ω)×H−s(Ω)

, x ∈ V, y ∈ U.
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That is, for f ∈ C∞
c (U) and g ∈ C∞

c (V ),

(4.2)
〈
ΛU,V
a f, g

〉
=

ˆ
V

ˆ
U
Sa(x, y)f(y)g(x) dy dx.

Moreover, if x, y ∈ Ωe and x ̸= y, then (4.14.1) defines the off-diagonal kernel of the exterior DN map
in a neighborhood of (x, y).

Proof. Let f ∈ C∞
c (U) and write uf = f+vf , where vf ∈ H̃s(Ω). We first identify vf . If ϕ ∈ C∞

c (Ω),
then the supports of f and ϕ are disjoint. Using the definition of the energy form and the evenness
of Ka, one obtains

Ea(f, ϕ) = −
ˆ
Ω

(ˆ
U
Ka(z − y)f(y) dy

)
ϕ(z) dz.

The same identity holds for all ϕ ∈ H̃s(Ω) by density. Since uf solves the equation in Ω, Ea(vf , ϕ) =
−Ea(f, ϕ). The function

Ff (z) :=

ˆ
U
Ka(z − y)f(y) dy, z ∈ Ω,

is smooth on Ω, since U and Ω are disjoint. In particular Ff ∈ L2(Ω) ⊂ H−s(Ω). The weak equation
for vf is

Ea(vf , ϕ) = ⟨Ff , ϕ⟩H−s(Ω)×H̃s(Ω)
, ϕ ∈ H̃s(Ω).

By the definition of Ra, this gives vf = RaFf . Also, by the evenness of Ka, Ff =
´
U f(y)kay dy ∈

H−s(Ω), meaning that, for every ϕ ∈ H̃s(Ω),

⟨Ff , ϕ⟩H−s(Ω),H̃s(Ω)
=

ˆ
U
f(y)

〈
kay , ϕ

〉
H−s(Ω)×H̃s(Ω)

dy.

Let g ∈ C∞
c (V ). Since U and V are disjoint and both are contained in Ωe, the direct exterior-to-

exterior contribution is

(4.3) Ea(f, g) = −
ˆ
V

ˆ
U
Ka(x− y)f(y)g(x) dy dx.

Similarly, since vf is supported in Ω and g is supported in V ⋐ Ωe,

(4.4) Ea(vf , g) = −
ˆ
V
⟨vf , kax⟩H̃s(Ω)×H−s(Ω)

g(x) dx.

Using the identity

vf = RaFf =

ˆ
U
f(y)Rak

a
y dy in H̃s(Ω),

which follows from the bounded linearity of Ra, we obtain from (4.44.4)

Ea(vf , g) = −
ˆ
V

ˆ
U

〈
Rak

a
y , k

a
x

〉
H̃s(Ω)×H−s(Ω)

f(y)g(x) dy dx.

Adding this identity to (4.34.3) proves (4.14.1) and (4.24.2). The argument is local in (x, y) as long as x and
y remain in Ωe and away from the diagonal, which proves the last assertion. □

Lemma 4.2 (Analyticity of the off-diagonal kernel). Assume a ∈ Cω(Sn−1). Let G be a connected
component of Ωe. Then Sa(x, y) is real analytic in (x, y) on

(4.5) DG := {(x, y) ∈ G×G : x ̸= y}.
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Proof. Since a is real analytic on Sn−1, it admits local real analytic extensions in neighborhoods of
points of Sn−1. The map z 7→ z/|z| is real analytic on Rn \ {0}, and so is z 7→ |z|−n−2s. Hence, by

working locally and using compactness on the relevant sets, the homogeneous kernel Ka(z) =
a(z/|z|)
|z|n+2s

is real analytic for z ∈ Rn \ {0}. In particular, Ka(x− y) is real analytic on the set x ̸= y.
It remains to consider the correction term in (4.14.1). Fix (x0, y0) ∈ DG. Choose open neighborhoods

X,Y ⋐ G of x0, y0 such that X ∩ Y = ∅, dist(X,Ω) > 0 and dist(Y,Ω) > 0. For x ∈ X and z ∈ Ω,
the set of points x − z stays in a compact subset of Rn \ {0}. Standard Cauchy estimates for real
analytic functions, see for instance [KP02KP02, Chapter 1], imply that for every compact X0 ⋐ X there
are constants CX , RX > 0 such that

|∂α
xKa(x− z)| ≤ CXR

|α|
X α!

for all x ∈ X0, z ∈ Ω and multiindices α. Since Ω is bounded, the same estimate holds in L2(Ω):

∥∂α
x k

a
x∥L2(Ω) ≤ CXR

|α|
X α!, x ∈ X0.

Hence, the Taylor series of x 7→ kax converges in L2(Ω) locally uniformly in x. Moreover, x 7→ kax is an
L2(Ω)-valued, and then H−s(Ω)-valued, real analytic map. The same argument applies to y 7→ kay .

The operator Ra : H−s(Ω) → H̃s(Ω) is bounded, and the duality pairing between H̃s(Ω) and
H−s(Ω) is continuous. Therefore (x, y) 7→

〈
Rak

a
y , k

a
x

〉
is a real analytic function on X × Y . Since

(x0, y0) was arbitrary, Sa is real analytic on DG. □

Lemma 4.3 (Far-field asymptotics). Let a be a smooth elliptic angular density. There exists a
constant C > 0 such that for all x, y ∈ Ωe with x ̸= y,

(4.6) |Sa(x, y) +Ka(x− y)| ≤ C

dist(x,Ω)n+2s dist(y,Ω)n+2s
.

Proof. By the off-diagonal kernel representation (4.14.1), one has

Sa(x, y) +Ka(x− y) = −
〈
Rak

a
y , k

a
x

〉
H̃s(Ω)×H−s(Ω)

.

Thus, it remains to estimate the correction term on the right-hand side.
Since a is smooth on Sn−1, it is bounded. If x ∈ Ωe and z ∈ Ω, then |x− z| ≥ dist(x,Ω). Hence,

|kax(z)| = |Ka(x− z)| ≤ ∥a∥L∞(Sn−1) dist(x,Ω)
−n−2s, z ∈ Ω.

Since Ω is bounded, this gives ∥kax∥L2(Ω) ≤ C dist(x,Ω)−n−2s. The continuous embedding L2(Ω) ↪→
H−s(Ω) implies

∥kax∥H−s(Ω) ≤ C dist(x,Ω)−n−2s.

The same estimate holds with y in place of x.

By the boundedness of the solution operator Ra : H−s(Ω) → H̃s(Ω),

∥Rak
a
y∥H̃s(Ω)

≤ C∥kay∥H−s(Ω).

Therefore, by duality, ∣∣ 〈Rak
a
y , k

a
x

〉
H̃s(Ω)×H−s(Ω)

∣∣ ≤ C∥kay∥H−s(Ω)∥kax∥H−s(Ω).

Combining the previous estimates gives

|Sa(x, y) +Ka(x− y)| ≤ C

dist(x,Ω)n+2s dist(y,Ω)n+2s
,

which proves (4.64.6). □
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Lemma 4.4 (Connectedness of the exterior pair domain). Let n ≥ 2 and let G ⊂ Rn be a nonempty
connected open set. Then DG is path connected, where DG is defined by (4.54.5). In particular, DG is
connected.

Proof. We first record a basic topological fact. If p ∈ G, then G \ {p} is path connected. Indeed,
since G is open and connected in Rn, it is path-connected. Let a, b ∈ G \ {p}. Choose a continuous
path in G joining a to b. By compactness of its image, one can cover the path by finitely many
open balls B0, . . . , BN compactly contained in G, such that a ∈ B0, b ∈ BN and Bi−1 ∩ Bi ̸= ∅ for
1 ≤ i ≤ N . Choose points

ci ∈ (Bi−1 ∩Bi) \ {p}, 1 ≤ i ≤ N, c0 = a, and cN+1 = b.

This is possible because each Bi−1 ∩ Bi is a nonempty open set. For each 0 ≤ i ≤ N , the points ci
and ci+1 belong to Bi \ {p}. Since n ≥ 2, a punctured ball in Rn is path connected. Thus, ci and
ci+1 can be joined by a path in Bi \ {p}. Concatenating these finitely many paths gives a path in
G \ {p} from a to b.

We now prove the assertion for DG. Let (x0, y0), (x1, y1) ∈ DG. Choose two distinct points
p, q ∈ G \ {x0, y0, x1, y1}. This is possible since G contains a nonempty open ball. By the previous
discussions, there is a path α in G \ {y0} from x0 to p. Hence, t 7→ (α(t), y0) is a path in DG from
(x0, y0) to (p, y0). Next, there is a path β in G \ {p} from y0 to q, and therefore t 7→ (p, β(t)) is a
path in DG from (p, y0) to (p, q). Similarly, there is a path γ in G \ {q} from p to x1, which gives
a path from (p, q) to (x1, q), and there is a path δ in G \ {x1} from q to y1, which gives a path
from (x1, q) to (x1, y1). Concatenating these four paths gives a path in DG from (x0, y0) to (x1, y1).
Hence DG is path connected. □

Lemma 4.5 (Analytic continuation to the far field). Let a1, a2 ∈ Cω(Sn−1) be real analytic elliptic
angular densities, let G be the unbounded connected component of Ωe, and set S12 := Sa1 − Sa2. If
S12 = 0 on a nonempty open subset of DG, then S12 = 0 on DG.

Proof. By Lemma 4.24.2, S12 is real analytic on DG. By Lemma 4.44.4, DG is connected. The conclusion
follows from the identity theorem for real analytic functions, see for instance [KP02KP02, Chapter 1]. □

5. Inverse problems

This section proves the main results. We first record the Alessandrini identity associated with
changing the angular density. This identity is included to display the bilinear information carried by
equality of the exterior DN maps and to indicate the obstruction in the general smooth separated
case. The proofs of Theorem 1.11.1, Theorem 1.31.3, and Theorem 1.41.4 then use the three mechanisms
described above: the exterior diagonal singularity, the finite harmonic factorization, and analytic
continuation of the off-diagonal kernel.

5.1. Alessandrini’s identity and structural remarks.

Proposition 5.1 (Alessandrini identity). Let a1, a2 ∈ L∞(Sn−1) be real-valued even angular densi-
ties whose symbols satisfy the ellipticity condition (1.31.3). Let W1,W2 ⋐ Ωe be nonempty open sets.
Assume that

ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ C∞
c (W1).

Let f ∈ C∞
c (W1) and g ∈ C∞

c (W2). For j = 1, 2, let u
(j)
f and u

(j)
g denote the solutions with exterior

data f and g, respectively, for the operator Laj . Then

(5.1) Ea1−a2(u
(1)
f , u(2)g ) = 0,
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where Ea(u, v) is defined by (2.12.1). Equivalently,

(5.2)
1

2

¨
Rn×Rn

δu
(1)
f (x, y)δu

(2)
g (x, y)

(a1 − a2)((x− y)/|x− y|)
|x− y|n+2s

dx dy = 0,

where δu(x, y) = u(x)− u(y).

Proof. We use the weak formulation and the definition of the restricted DN map. Since u
(2)
g has

exterior value g, one has u
(2)
g − g ∈ H̃s(Ω). As u

(1)
f solves the equation with coefficient a1 in Ω,

Ea1(u
(1)
f , u

(2)
g − g) = 0. Hence

(5.3) Ea1(u
(1)
f , u(2)g ) = Ea1(u

(1)
f , g) =

〈
ΛW1,W2
a1 f, g

〉
.

Next, u
(1)
f −f ∈ H̃s(Ω). Since u

(2)
g solves the equation with coefficient a2 in Ω, Ea2(u

(2)
g , u

(1)
f −f) = 0.

By Hermitian symmetry, Ea2(u
(1)
f − f, u

(2)
g ) = 0. Thus

(5.4) Ea2(u
(1)
f , u(2)g ) = Ea2(f, u(2)g ).

We identify the right-hand side of (5.45.4) with the DN pairing for a2. Let u
(2)
f be the solution with

coefficient a2 and exterior datum f . Since u
(2)
f − f ∈ H̃s(Ω) and u

(2)
g solves the a2-equation in Ω,

Hermitian symmetry gives Ea2(u
(2)
f −f, u

(2)
g ) = 0. Therefore Ea2(f, u

(2)
g ) = Ea2(u

(2)
f , u

(2)
g ). Also, since

u
(2)
g − g ∈ H̃s(Ω) and u

(2)
f solves the a2-equation in Ω, one has

Ea2(u
(2)
f , u(2)g ) = Ea2(u

(2)
f , g) =

〈
ΛW1,W2
a2 f, g

〉
.

Combining this with (5.45.4), we get

(5.5) Ea2(u
(1)
f , u(2)g ) =

〈
ΛW1,W2
a2 f, g

〉
.

The equality of the DN maps and (5.35.3), (5.55.5) imply Ea1(u
(1)
f , u

(2)
g )−Ea2(u

(1)
f , u

(2)
g ) = 0. This is (5.15.1).

The expanded formula (5.25.2) follows from the definition of the energy forms. □

The overlapping regime. Theorem 1.11.1 shows that overlapping exterior measurements determine
smooth elliptic angular densities without any finite-dimensional assumption. The mechanism is local
in the exterior variables. If U ⋐ W1 ∩W2 and f ∈ C∞

c (U), then the solution satisfies uf = f in U .

Hence ΛU,U
a contains the same leading diagonal singularity as La on U . This diagonal singularity

determinesKa(z) = a(z/|z|)|z|−n−2s and the symbol Aa(ξ) = cn,s
´
Sn−1 |ξ·θ|2sa(θ) dθ. The injectivity

of the even cosine transform then gives a.
The separated regime (1.61.6) is different. If x ∈ W2 and y ∈ W1, then x and y stay away from

the diagonal. Thus Ka(x − y) is smooth on W2 ×W1, and the exterior diagonal singularity is not
measured. This is the reason that the separated problem requires a different mechanism.

Finite harmonic and analytic mechanisms. The proof of Theorem 1.31.3 relies on the factorization
(−∆)mLa = (−∆)sQa(D), where Qa(D) is a local constant coefficient differential operator. The
locality of Qa(D) is decisive. If u = 0 in an open set, then Qa(D)u = 0 in the same open set. This
permits one to convert the separated exterior identity into the standard strong unique continuation
property for (−∆)s.

This argument is specific to finite even spherical harmonic densities. The analytic result uses a
different replacement for locality: the off-diagonal DN kernel is real analytic in the exterior variables.
Equality onW2×W1 therefore propagates by analytic continuation through the exterior pair domain,
and the far-field asymptotic isolates the direct stable kernel.
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General angular densities. For arbitrary smooth angular densities, neither mechanism is directly
available. The spherical harmonic expansion is infinite, and multiplication by a finite power of |ξ|2 no
longer turns Aa(ξ) into |ξ|2s times a polynomial. The operator replacing Qa(D) would be of infinite
order and would not preserve vanishing on open sets. At the same time, a smooth off-diagonal DN
kernel does not admit analytic continuation.

The identity (5.25.2) involves jump products, and the unknown coefficient depends on the jump
direction (x− y)/|x− y|. Thus, the information in the identity is not a pointwise product inside Ω,
but an angular family of nonlocal products over pairs of points. In the general smooth separated
case, one would need a way to control these angular jump products without access to the exterior
diagonal singularity.

A related formal viewpoint is obtained by decomposing the bilinear form into exterior and interior
variables. Let E = Ωe. The notation below is only meant to indicate the four pieces of the operator
associated with Ea with respect to the decomposition E ∪ Ω. The first subscript denotes where
the expression is tested, and the second subscript denotes where the input is supported. Thus, for
f, g ∈ C∞

c (E) and v, ϕ ∈ C∞
c (Ω), define

⟨Aa
EEf, g⟩ := Ea(f, g), ⟨Aa

EΩv, g⟩ := Ea(v, g), ⟨Aa
ΩEf, ϕ⟩ := Ea(f, ϕ), and ⟨Aa

ΩΩv, ϕ⟩ := Ea(v, ϕ).
Thus, Aa

EE is the exterior-to-exterior part, Aa
ΩE is the part by which exterior data enter the weak

equation in Ω, Aa
EΩ is the part by which an interior correction contributes to exterior observations,

and Aa
ΩΩ is the interior Dirichlet part of the operator. Formally, this is the block decomposition

Aa =

(
Aa

EE Aa
EΩ

Aa
ΩE Aa

ΩΩ

)
.

Let u = f + v, where f is the exterior datum and v ∈ H̃s(Ω) is the interior correction. The weak

equation Lau = 0 in Ω means Ea(f + v, ϕ) = 0, for all ϕ ∈ H̃s(Ω). Equivalently,

⟨Aa
ΩEf, ϕ⟩+ ⟨Aa

ΩΩv, ϕ⟩ = 0 for all ϕ ∈ H̃s(Ω).

In the formal block notation, this is Aa
ΩEf +Aa

ΩΩv = 0. Solving this interior weak equation gives

v = −(Aa
ΩΩ)

−1Aa
ΩEf.

Substituting this into the exterior pairing gives

Λaf = Aa
EEf +Aa

EΩv =
(
Aa

EE −Aa
EΩ(A

a
ΩΩ)

−1Aa
ΩE

)
f.

This is the Schur complement viewpoint. The direct term Aa
EE is the exterior-to-exterior interaction.

The second term describes the effect of exterior data entering Ω, producing an interior correction,
and then contributing back to the exterior observation.

One can see the same structure in the off-diagonal kernel formula. If x, y ∈ E and x ̸= y, then the
direct exterior-to-exterior part contributes −Ka(x− y). The correction term is obtained by sending
the point source at y into Ω through kay(z) = Ka(y − z), solving the interior problem by the zero
exterior solution operator Ra, and observing from x through kax(z) = Ka(x− z). Thus

Sa(x, y) = −Ka(x− y)−
〈
Rak

a
y , k

a
x

〉
H̃s(Ω)×H−s(Ω)

.

For h = a1 − a2, the direct exterior-to-exterior part of the difference is

(Ph)(x, y) = −
h
(
(x− y)/|x− y|

)
|x− y|n+2s

, x ∈ W2, y ∈ W1.

Thus, at the level of the direct term, the measured directions are those contained in W2−W1. If these
directions cover the sphere up to evenness, then this direct term contains strong angular information
about h. The difficulty is that the measured DN map also contains the interior correction term
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above, which depends on the full interior solution operator. Controlling this correction is precisely
the obstruction in the general smooth separated case.

A treatment of arbitrary smooth angular densities in the fixed separated case would require a way
to control this correction, or a propagation result for the Schur kernel. Such an argument would be
analogous in spirit to entanglement principles for different fractional powers [FL24FL24, FKU24FKU24], but it
is more delicate here because all angular components have the same homogeneity.

5.2. Proofs of main results. We use the following strong unique continuation property for the
fractional Laplacian. It is the only external unique continuation result used in the proofs.

Theorem 5.2 (Fractional unique continuation). Let 0 < s < 1, let r ∈ R and let O ⊂ Rn be
nonempty and open. If w ∈ Hr(Rn) satisfies

w = (−∆)sw = 0 in O,

then w = 0 in Rn.

This formulation follows from the well-known fractional unique continuation results of [GSU20GSU20,
Theorem 1.2]. We use it only for distributions of the form Q(D)u, where u ∈ Hs(Rn) and Q is a
polynomial.

Lemma 5.3 (Off-diagonal smoothing). Let a ∈ C∞(Sn−1) be a smooth elliptic angular density
and let U ⋐ Ωe be nonempty and open. For f ∈ C∞

c (U), let uf solve (2.52.5) and define RU
a f :=

ΛU,U
a f − Laf |U , where La is defined by (1.21.2). Let K0 ⋐ U , let η ∈ C∞

c (U), let ξ ∈ Rn \ {0}, and set

fh(x) = η(x)eix·ξ/h for 0 < h < 1. Then for every integer N ≥ 0 there is a constant CN > 0 such
that

(5.6) ∥RU
a fh∥L2(K0) ≤ CNhN .

Proof. Write uf = f + wf with wf ∈ H̃s(Ω). Then wf is the unique solution of

(5.7) Ea(wf , ϕ) = −Ea(f, ϕ), ϕ ∈ H̃s(Ω).

Since U ⋐ Ωe, the sets U and Ω have positive distance. For ϕ ∈ C∞
c (Ω) and fh = ηeix·ξ/h, the cross

term is

Ea(fh, ϕ) = −
ˆ
Ω
ϕ(z)

ˆ
U
fh(y)Ka(z − y) dy dz.

Set

Ih(z) :=

ˆ
U
fh(y)Ka(z − y) dy, z ∈ Ω.

We claim that ∥Ih∥L2(Ω) ≤ CNhN for every N ≥ 0. Since η is compactly supported in U , we may
write

Ih(z) =

ˆ
Rn

eiy·ξ/hbz(y) dy, bz(y) := η(y)Ka(z − y).

For fixed z ∈ Ω, the function bz is compactly supported in supp η. Moreover, ξ ·∇ye
iy·ξ/h = i|ξ|2

h eiy·ξ/h

so that eiy·ξ/h = h
i|ξ|2 ξ · ∇ye

iy·ξ/h. Integrating by parts N times in the direction ξ gives

Ih(z) =
( ih

|ξ|2
)N
ˆ
Rn

eiy·ξ/h(ξ · ∇y)
Nbz(y) dy.

There are no boundary terms because bz is compactly supported in U . By Leibniz’ rule, (ξ·∇y)
Nbz(y)

is a finite sum of terms of the form ∂α
y η(y) ∂

β
yKa(z − y), |α| + |β| ≤ N , with constants depending

on N and ξ. Since z ∈ Ω and y ∈ supp η, the vector z − y stays in a compact subset of Rn \ {0}.
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Therefore, all derivatives ∂βKa(z−y) with |β| ≤ N are uniformly bounded for z ∈ Ω and y ∈ supp η.
It follows that

sup
z∈Ω

ˆ
Rn

|(ξ · ∇y)
Nbz(y)| dy ≤ CN .

Consequently, |Ih(z)| ≤ CNhN , for z ∈ Ω. Since Ω is bounded, this implies

∥Ih∥L2(Ω) ≤ CNhN .

Thus, for ϕ ∈ C∞
c (Ω),

|Ea(fh, ϕ)| ≤ ∥Ih∥L2(Ω)∥ϕ∥L2(Ω) ≤ CNhN∥ϕ∥Hs(Rn).

By density, the same estimate holds for all ϕ ∈ H̃s(Ω), and this implies

∥Ea(fh, ·)∥(H̃s(Ω))∗ ≤ CNhN .

Using (5.75.7) with ϕ = wfh and the coercivity of Ea on H̃s(Ω), we obtain

∥wfh∥Hs(Rn) ≤ CNhN .

For x ∈ K0, one has RU
a fh(x) = Lawfh(x). Since wfh = 0 in Ωe,

Lawfh(x) = −⟨wfh ,Ka(x− ·)⟩
H̃s(Ω)×H−s(Ω)

.

The family z 7→ Ka(x− z) is bounded in H−s(Ω) uniformly for x ∈ K0. Hence,

|Lawfh(x)| ≤ C∥wfh∥Hs(Rn), x ∈ K0.

It follows that
∥RU

a fh∥L2(K0) ≤ C∥wfh∥Hs(Rn).

Together with the estimate for wfh , this proves (5.65.6). □

Lemma 5.4 (Semiclassical extraction of the symbol). Let a ∈ C∞(Sn−1) be a smooth elliptic angular

density. Let η ∈ C∞
c (Rn) and ξ ∈ Rn \ {0}. Set fh(x) = η(x)eix·ξ/h, then

lim
h→0

h2sEa(fh, fh) = Aa(ξ)∥η∥2L2(Rn).

Proof. By Lemma 2.12.1,

h2sEa(fh, fh) = h2s
ˆ
Rn

Aa(ζ)|η̂(ζ − ξ/h)|2 dζ.

We make the change of variables ρ = ζ − ξ/h, so that ζ = ξ/h+ ρ, then

h2sEa(fh, fh) = h2s
ˆ
Rn

Aa(ξ/h+ ρ)|η̂(ρ)|2 dρ.

Since Aa is homogeneous of degree 2s,

h2sAa(ξ/h+ ρ) = h2sAa

(
(ξ + hρ)/h

)
= Aa(ξ + hρ).

Therefore,

h2sEa(fh, fh) =
ˆ
Rn

Aa(ξ + hρ)|η̂(ρ)|2 dρ.

For 0 < h < 1, |Aa(ξ+hρ)| ≤ C|ξ+hρ|2s ≤ Cξ(1+ |ρ|)2s. Since η̂ is rapidly decreasing, the function
Cξ(1 + |ρ|)2s|η̂(ρ)|2 is integrable on Rn. Also, Aa(ξ + hρ) → Aa(ξ) pointwise as h → 0. Dominated
convergence theorem gives

lim
h→0

h2sEa(fh, fh) =
ˆ
Rn

Aa(ξ)|η̂(ρ)|2 dρ = Aa(ξ)∥η∥2L2(Rn),

where the last equality follows from Plancherel’s theorem. □
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Proof of Theorem 1.11.1. Choose a nonempty open set U such that U ⋐ W1 ∩W2. By Lemma 2.52.5, the
assumption (1.71.7) implies

ΛU,U
a1 f = ΛU,U

a2 f for all f ∈ H̃s(U).

Let η ∈ C∞
c (U) be nonzero, fix ξ ∈ Rn \ {0}, and define fh(x) = η(x)eix·ξ/h, for 0 < h < 1. Let

K0 ⋐ U be a compact set such that supp η ⊂ K0. For j = 1, 2, the off-diagonal smoothing lemma
gives

ΛU,U
aj fh = Lajfh|U +RU

ajfh in D′(U),

where, for every integer N ≥ 0,

∥RU
ajfh∥L2(K0) ≤ CNhN .

Pairing the previous identity with fh gives〈
ΛU,U
aj fh, fh

〉
=

〈
Lajfh, fh

〉
+

ˆ
U
RU

ajfh fh dx.

Since supp fh ⊂ K0, the remainder term satisfies∣∣∣∣ ˆ
U
RU

ajfh fh dx

∣∣∣∣ ≤ ∥RU
ajfh∥L2(K0)∥η∥L2(Rn) ≤ CNhN .

In particular,

h2s
ˆ
U
RU

ajfh fh dx → 0 as h → 0.

Moreover, by the definition of Laj through the energy form,
〈
Lajfh, fh

〉
= Eaj (fh, fh). Therefore,

(5.8) lim
h→0

h2s
〈
ΛU,U
aj fh, fh

〉
= lim

h→0
h2sEaj (fh, fh).

By Lemma 5.45.4,

lim
h→0

h2sEaj (fh, fh) = Aaj (ξ)∥η∥2L2(Rn).

Combining this with (5.85.8), we obtain limh→0 h
2s
〈
ΛU,U
aj fh, fh

〉
= Aaj (ξ)∥η∥2L2(Rn). The restricted DN

maps agree on U , hence the left hand side is the same for j = 1 and j = 2. Since η ̸≡ 0, it follows
that

Aa1(ξ) = Aa2(ξ) for every ξ ∈ Rn \ {0}.
By homogeneity and continuity of the symbols, the equality also holds at ξ = 0. Therefore,ˆ

Sn−1

|ξ · θ|2s(a1 − a2)(θ) dθ = 0 for all ξ ∈ Rn.

Since a1 − a2 is smooth and even, Lemma 3.23.2 gives a1 = a2 on Sn−1. □

Proof of Theorem 1.31.3. Fix f ∈ C∞
c (W1). For j = 1, 2, let uj ∈ Hs(Rn) be the solution of{

Lajuj = 0 in Ω,

uj = f in Ωe.

Since supp f ⊂ W1 and W 1 ∩W 2 = ∅, the exterior condition gives u1 = u2 = 0 in W2. By Lemma
2.42.4 and the hypothesis (1.81.8),

(5.9) La1u1 = La2u2 in D′(W2).

Applying the local operator (−∆)m to (5.95.9), we get (−∆)mLa1u1 = (−∆)mLa2u2 in D′(W2). By
Lemma 3.53.5, this gives

(−∆)s(Qa1(D)u1 −Qa2(D)u2) = 0 in D′(W2).
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Set

w := Qa1(D)u1 −Qa2(D)u2.

Since uj ∈ Hs(Rn) and Qaj (D) has order 2m, one has w ∈ Hs−2m(Rn). The previous identity says
that (−∆)sw = 0 in D′(W2). On the other hand, w = 0 in W2, because u1 = u2 = 0 in W2 and
Qaj (D) are local differential operators. Theorem 5.25.2 gives w = 0 in Rn. Restricting this identity to
W1 and using u1 = u2 = f in W1, we obtain Qa1(D)f = Qa2(D)f in W1. Since f ∈ C∞

c (W1) was
arbitrary, Lemma 3.63.6 gives Qa1 = Qa2 . By the injectivity of a 7→ Qa in Lemma 3.43.4, a1 = a2. □

Proof of Theorem 1.41.4. Let Sj denote the off-diagonal DN kernel associated with aj , and set S12 :=

S1−S2. By Lemma 4.14.1, the operator ΛW1,W2
a1 −ΛW1,W2

a2 has distribution kernel S12 on W2×W1. For
f ∈ C∞

c (W1) and g ∈ C∞
c (W2), the equality (1.91.9) gives

0 =
〈
(ΛW1,W2

a1 − ΛW1,W2
a2 )f, g

〉
=

ˆ
W2

ˆ
W1

S12(x, y)f(y)g(x) dy dx.

Finite sums of functions of the form (x, y) 7→ g(x)f(y) are dense in C∞
c (W2 ×W1). Hence, S12 = 0

as a distribution on W2 × W1. Since S12 is real analytic there by Lemma 4.24.2, it follows that S12

vanishes pointwise on W2 ×W1.
By Lemma 4.54.5, S12 = 0 on the full exterior pair domain DG. Since Ω is bounded, there exists

R0 > 0 such that Rn \ BR0 ⊂ G. Fix θ ∈ Sn−1. Choose e ∈ Sn−1 with e · θ = 0, and set p = e + θ
and q = e. Then p − q = θ. For every sufficiently large R, the points Rp and Rq belong to G, and
Rp ̸= Rq. Hence

(5.10) S12(Rp,Rq) = 0.

Using the kernel representation (4.14.1), we have

S12(x, y) = −Ka1−a2(x− y) +
(
Sa1(x, y) +Ka1(x− y)

)
−
(
Sa2(x, y) +Ka2(x− y)

)
.

Since p ̸= 0 and q ̸= 0, and since Ω is bounded, there are constants c, C > 0 such that

cR ≤ dist(Rp,Ω),dist(Rq,Ω) ≤ CR

for all sufficiently large R. By Lemma 4.34.3, the last two terms are O(R−2n−4s) when (x, y) = (Rp,Rq).
Hence, (5.105.10) gives

(5.11) 0 = −Ka1−a2(Rθ) +O(R−2n−4s).

Since Ka1−a2(Rθ) = R−n−2s(a1 − a2)(θ), multiplying by Rn+2s and sending R → ∞, (5.115.11) gives
(a1 − a2)(θ) = 0. Since θ ∈ Sn−1 was arbitrary, a1 = a2 on Sn−1. □

Corollary 5.5 (Arbitrary exterior open sets in the finite harmonic class). Let 0 < s < 1 and n ≥ 2.
Let Ω ⊂ Rn be bounded and open. Let W1,W2 ⋐ Ωe be nonempty open sets. Let a1, a2 ∈ Am be

admissible finite harmonic densities of the same order m. If ΛW1,W2
a1 f = ΛW1,W2

a2 f for all f ∈ H̃s(W1),
then a1 = a2.

Proof. Choose x1 ∈ W1 and x2 ∈ W2 with x1 ̸= x2. This is possible because nonempty open subsets
of Rn contain more than one point. Since W1 and W2 are open, we may choose nonempty open
balls U1 ⋐ W1 and U2 ⋐ W2 around x1 and x2, respectively, so small that U1 ∩ U2 = ∅. By Lemma
2.52.5, the equality of the DN maps on W1,W2 restricts to the equality on U1, U2. Theorem 1.31.3 gives
a1 = a2. □
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