RECOVERING STABLE KERNELS FROM EXTERIOR MEASUREMENTS

YI-HSUAN LIN

ABSTRACT. We study an inverse problem for translation-invariant symmetric stable operators of the
form
Lou(z) =P. V. | (u(z) — u(y))a((Tx_ y;{lﬁ; vD) dy, 0<s<1,
R

where the unknown is the even angular density @ on S '. For a bounded open set Q C R™, with
Qe = R™\ Q, we consider restricted exterior Dirichlet-to-Neumann maps AW W2 where exterior
data are supported in Wi € €. and the nonlocal Neumann data are observed on Wy € Q.. We
prove three recovery results for the leading angular density. In the overlapping regime Wi N Wa # 0,
the exterior diagonal singularity determines every smooth elliptic angular density. In the separated
regime W1 N Wy = (), where this singularity is absent, we prove uniqueness in the finite harmonic
angular class by an exact factorization of the stable symbol. We also prove separated-data uniqueness
for real-analytic angular densities when the source and observation sets lie in the unbounded exterior
component, using analytic continuation of the off-diagonal Dirichlet-to-Neumann kernel and a far-
field asymptotic argument.
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1. INTRODUCTION

Nonlocal elliptic operators arise naturally as infinitesimal generators of jump processes and as mod-
els in anomalous diffusion. A distinguished example is the fractional Laplacian (—A)*, 0 < s < 1,
whose strong unique continuation property has played a central role in the fractional Calderén
problem of | ]. Subsequent developments include uniqueness, reconstruction, stability, sin-
gle measurement results, drift perturbations, nonlinear models, parabolic models and higher order
fractional analogues; see, for instance, [ , , , , , , ,
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, |. Variable coefficient and anisotropic versions of fractional inverse problems have also
been studied in | , , , , , ]. We also refer the reader to the
recent monograph | | for further background.

The purpose of this paper is to study the recovery of the leading angular density for a class of
translation-invariant symmetric stable operators. Let a be a real-valued even function on the unit
sphere S”~1, and define

(1.1) Kalz) = ‘W 2 € R™\ {0}.

The associated symmetric integro-differential operator is
(1.2) Lou(z) :== P.V. [ (u(z) — u(y)) Ka(z — y) dy,
Rn
where P.V. denotes the Cauchy principal value. Since L, is translation invariant, it is a Fourier
multiplier: for v € S(R™), one has Lyu(§) = Ag(§)u(§). The Fourier multiplier symbol is given by

Aa(g) = Cn,s/ . |£ : 9|25(l(9) d@,

Sn
where ¢, s > 0 is fixed throughout the paper. We assume the ellipticity condition
(1.3) Al < Aa(€) < Al

for all £ € R™ and for some constants 0 < A < A < oco. The isotropic density gives the fractional
Laplacian up to a multiplicative constant. In general, a describes the anisotropic angular profile of
the jumps.

The homogeneous stable operators in (1.2) are closely related to the directionally antilocal opera-
tors studied in [ |. In that work, the principal homogeneous operator is fixed, and lower-order
perturbations are recovered by combining directional antilocality, domain of dependence geometry,
and Runge approximation. In contrast, the present paper treats the principal angular density itself
as the unknown. Thus, the inverse problem considered here is a leading coefficient problem rather
than a lower-order perturbation problem.

This distinction is important. In the recovery of a lower-order potential, the usual Alessandrini
identity contains an interior product of solutions. In the present problem, the unknown appears in
the leading jump kernel and is attached to the direction (z — y)/|z — y|. Thus, the natural integral
identity involves angular jump products rather than pointwise products in 2. This is the main
reason why the leading coefficient problem is not a direct consequence of the Runge approximation
methods used for lower-order terms.

Let Q C R" be bounded and open, and set 2, := R™ \ Q. Given an exterior datum supported in
an open set W1 € €, let uy solve

Lous = in 2,
(1.4) { up =0 in

up=f in Q..

The exterior condition in (1.4) is understood through the Sobolev condition u; — F' € H 5(Q), where
F € H*(R") is a representative of the exterior datum. For a second exterior open set Wy € ., we
consider the restricted exterior Dirichlet-to-Neumann (DN) map

(1.5) AV (W) — H™5(Wha).

The precise definition of the Sobolev spaces and of the map (1.5) is given in Section 2. We are
interested in the following question:

Question 1. Does A2 determine a?
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Overlapping exterior measurements Separated exterior measurements
Q. | Q. e direct term K, (z — y) W
exterior sets stay away from 2 Q o
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interior correction through 2
UeWinW, WinWy =0
WinNWy £ the exterior diagonal = = y is not measured

FIGURE 1.1. Exterior measurement geometries. The source set W; and the observa-
tion set Wy are compactly contained in Q. = R™\ Q and therefore do not touch Q. In
the overlapping case, one may restrict to U € Wy N Wy, where the exterior diagonal
singularity of the Dirichlet-to-Neumann map is visible. In the separated case, the di-
agonal is not measured; the off-diagonal kernel contains a direct exterior-to-exterior
contribution and an interior correction through 2.

There are two different measurement regimes, illustrated in Figure 1.1. If W3 N W5 # (), then the
exterior diagonal singularity of the restricted DN map is visible. In that case, the leading kernel can
be recovered directly. The more delicate case is the genuinely separated regime

(1.6) W, AT, = 0.

In this case, the direct kernel K,(z — y) is smooth on Wy x Wi, and the diagonal singularity is
not measured. The separated problem asks whether the remaining off-diagonal information still
determines the angular density. This question is the main motivation of the paper.

For cone-supported directionally antilocal kernels, the domain of dependence of the operator leads
to natural geometric restrictions and possible gauges; this is one of the main points of | ]. The
classes considered in the main separated results below have full angular support. Thus, the geometric
obstruction is not a cone-domain gauge. The difficulty is instead that the diagonal singularity is
absent from the measured operator when (1.6) holds.

Overlapping measurements. We first state the recovery result in the overlapping regime. We
say that a is a smooth elliptic angular density if a € C*°(S*~!) is real-valued, even, nonnegative,
and the symbol A, satisfies (1.3).

The first result is the following.

Theorem 1.1 (Recovery from overlapping exterior measurements). Let 0 < s < 1 and n > 2. Let
Q C R"™ be bounded and open. Let W1, Wy € Qe be nonempty open sets such that Wiy N\ Wy # (). Let
ai,az € C®(S" 1) be smooth elliptic angular densities. If

(1.7) Ao g — AWLWa i for all f € H(Wh),

then a; = ag on S L.

Finite harmonic class and separated measurements. Let 7 denote the space of spherical
harmonics of degree £ on S"~!. For m € Ny, set

A 1= @ A,

0<t<2m
¢ even

Thus, A,, is the finite-dimensional space of even spherical harmonics of degree at most 2m. We
do not include either the parity or the degree bound in the symbol A,,. The restriction to even
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degrees { is forced by the symmetry assumption. Indeed, spherical harmonics of degree ¢ satisfy
Yy(—0) = (—1)*Y;(#). Hence, an even angular density has vanishing spherical harmonic coefficients
in all odd degrees. Thus, the natural finite-dimensional class of even angular densities of degree
at most 2m is precisely A,,. This parity is also compatible with the factorization below: for even
¢ < 2m, the factor |£|>"~* is a polynomial in £.

Definition 1.2. Let 0 < s < 1 and m € Ng. A function a is called an admissible finite harmonic
density of order m if

(i) a € Ay, is real-valued;
(i) a(f) >0 for a.e. € S*7L;
(iii) the symbol A, satisfies the ellipticity estimate (1.3).

The finite harmonic class is a full angular support finite-dimensional class. It is not intended to
model kernels supported in a proper cone. Indeed, a real analytic angular function on the whole
sphere cannot be supported in a proper open spherical cone unless it is identically zero.

Theorem 1.3 (Recovery from separated exterior measurements). Let 0 < s < 1 and n > 2. Let
Q C R™ be bounded and open. Let Wq,Wy € Q. be nonempty open sets satisfying (1.6). Let
ai,as € Ay, be admissible finite harmonic densities of the same order m. If

(1.8) Ao g — AWLWa i for all f e H(Wh),
then a; = ag on S 1.

For the proof, it is enough to assume that the equality holds in D/(Ws) for all f € C°(Wh).
Although Theorem 1.3 is stated for genuinely separated sets, this causes no loss in the finite harmonic
class after restricting the measurements. Indeed, given nonempty exterior open sets Wy, Wy € €1,
one can choose nonempty open subsets U; € W; and Us € Wy such that Uy N Uy = (). Equality
of the DN maps on Wi, Wy restricts to equality on Uy, Uy, and Theorem 1.3 then applies. This is
recorded later in Corollary 5.5.

Analytic angular densities. We also consider the separated problem for real analytic angular
densities. We say that a is a real analytic elliptic angular density if a € C*(S"™1) is real-valued,
even, nonnegative, and the symbol A, satisfies (1.3). This is again a full angular support class.

Theorem 1.4 (Recovery of analytic angular densities). Let 0 < s < 1 and n > 2. Let Q C R"
be bounded and open, and let G be the unbounded connected component of Q.. Let Wi, Wy € G be
nonempty open sets satisfying (1.6). Let a1, as € C¥(S™1) be real analytic elliptic angular densities.

If
(1.9) AWe f — A\WLWe g for all f € H*(Wh),
then a; = ag on S™ 1.

Remark 1.5. Theorem 1.1, Theorem 1.3 and Theorem 1.4 use three different mechanisms. Owver-
lapping measurements recover the leading kernel from the exterior diagonal singularity. In the finite
harmonic separated case, the diagonal singularity is absent, but an algebraic factorization reduces
the problem to unique continuation for (—A)*. In the analytic separated case, the off-diagonal DN

kernel is real analytic in the exterior variables, and its vanishing propagates by analytic continuation
to the far field.

Mechanism of the proof. The proof of Theorem 1.3 uses the finite harmonic assumption. If
a € Ay, the Funk-Hecke formula (see Section 3) implies that there exists a homogeneous polynomial
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Q. of degree 2m such that

|€’2mAa(€) = |€’25Qa(€)'
Equivalently,

(1.10) (=A)"Lq = (=A)°Qa(D)

as Fourier multipliers. Here, Q,(D) is the local constant coefficient differential operator with Fourier
symbol Q. (§). This is the only point at which the fractional Laplacian appears. We do not claim
that a general stable operator is a fractional Laplacian. Rather, finite harmonicity converts the
multiplier after applying the local operator (—A)™.

Let u; solve (1.4) with @ = a; and common exterior datum f € C2°(W;). Since f vanishes on
Wo, one has u; = ug = 0 in Wa. Equality of the DN maps gives L, u1 = Lg,u2 in Wa. Applying
the local operator (—A)™ and using (1.10), we obtain

(—A)*(Qq, (D)ur — Qay(D)ug) =0 in Wa.
The expression in parentheses also vanishes in W5 because the operators Q,, (D) are local. The
strong unique continuation property for (—A)® implies that this expression vanishes in all of R™.
Restricting the identity to Wi, where u; = ug = f, gives Qu,(D)f = Qu,(D)f in W; for all
f € CX(Wy). Therefore Qu, = Qa,, and the finite cosine transform injectivity gives a; = as.

The proof of Theorem 1.4 uses a different mechanism. For analytic angular densities, the off-
diagonal kernel of the DN map is real analytic on the exterior pair domain away from the diagonal.
Equality of the restricted DN maps gives equality of these kernels on Wy x W71. Analytic continuation
then gives equality on the unbounded exterior pair component. A far-field limit separates the direct
kernel Ky, _q,(x —y) from the interior correction and recovers a; — as.

Relation to other work. The finite harmonic proof is related in spirit to entanglement principles
for fractional Laplacians | , , , |, but the mechanism is different. Entan-
glement principles separate different fractional powers. Here, all angular modes have the same
homogeneity. The finite harmonic class is a favorable resonant case: after multiplying by a local
power of —A, the angular multiplier becomes local, and one can use the usual fractional unique con-
tinuation property. The analytic result is closer in spirit to classical analytic continuation arguments
in inverse problems: once the off-diagonal DN kernel is known on a nonempty exterior product set,
analyticity propagates this information to a far-field region where the leading kernel can be read off.

There is also a related line of work on leading coefficient determination for nonlocal equa-
tions. In the elliptic setting, the Caffarelli-Silvestre extension has been used to relate the frac-
tional Calderén problem with variable coefficients to the corresponding local Calderén problem
[ ]. On closed Riemannian manifolds, spectral and heat semigroup methods have led to
fractional anisotropic Calderén results and to the recovery of geometric data from local source-
to-solution maps | , , , ]. Related reductions from nonlocal parabolic
measurements to local parabolic Cauchy data were developed in | ]. These works recover local
or geometric leading coefficients through extension, semigroup, spectral, or reduction mechanisms.
The present paper is different in that the operator is translation invariant, but the leading stable
kernel itself is unknown. Thus, the coefficient to be determined is not a local metric or conductiv-
ity in an extension problem, but the angular density in the jump kernel. The finite harmonic and
analytic arguments below provide two mechanisms for extracting this angular density from exterior
measurements.

Organization of the paper. Section 2 gives the functional setting, the well-posedness of the ex-
terior value problem, and the restricted DN map. Section 3 proves the finite harmonic factorization
and the injectivity results for the associated cosine transform. Section 4 proves the off-diagonal
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kernel representation and the analytic continuation tools used for Theorem 1.4. Section 5 is devoted
to the inverse problems: it records the leading coefficient Alessandrini identity, discusses the struc-
tural obstruction for general smooth angular densities, and proves the three recovery theorems in
Subsection 5.2.

2. FuNcTION SPACES, STABLE OPERATORS AND EXTERIOR MEASUREMENTS

In this section, we fix the functional framework for the exterior value problem and for the restricted
DN maps. Since the finite harmonic class considered in this paper has full angular support, we work
with the full exterior region Q. = R™\ €.

2.1. Fractional Sobolev spaces. We use the unitary Fourier transform

(6) = (2n) "2 [ o)

n

where i = /—1. For t € R, let H!(R") be the standard L2-based Sobolev space with norm
el ey = 1L+ €1%)720(E) | L2 emy -
If U C R" is open, define HY(U) := {uly : v € H(R™)} and H'(U) := C(U)
HY(U) is equipped with the quotient norm
[ollgey = mf{ |V ge@ny : V € H(R™), Vg = v}
For t > 0, we set H'(U) := (H'(U))*. We identify elements of H(U) with their zero exten-
sions to R”™. The duality pairing between H*(U) and H'(U) is denoted by (-, Y-y mewy We

use the following convention for complex duality pairings. If F € H7Y(U) and v € H t(U), then
(F, U)H,t(U) ey 18 linear in F' and conjugate-linear in v. Equivalently, for ¢ € C, (cF,v) = ¢ (F,v),

t n
R ). The space

(F,cv) =¢(F,v). When the spaces are clear from the context, we simply write (F,v).

2.2. The energy form and the operator. Let a € L'(S"7!) be real-valued and even. For
u,v € S(R™) define

ey atwo=g [ ) - a0l = g,

Thus &, is linear in the first argument and conjugate-linear in the second. The following lemma fixes
the normalization of A,.

Lemma 2.1. Let a € LY(S"™!) be real-valued and even. Then, for all u,v € S(R™),

(2.2) Ealu,v) = . Aa(§)u(&)v(§) de.
If (1.3) holds, then &, extends uniquely to a bounded sesquilinear form on H*(R™) x H*(R"™) and
(233) A /R [€7°[(€)[* d < Ealu,u) < A /R [€l*la()I* de.

Proof. Let K, be defined by (1.1). Since a is even, K,(z) = K,(—z). With the change of variables
z=1x—y,

Ea(u,v) = ;/n /n(u(x) —u(x — z))(v(z) —v(z — 2))Ku(2) do dz.

By Plancherel’s formula, there holds

[ (@)~ uta = )l oo~ 2N do = [ 1= Pae)E de

n
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Since |1 — 7|2 = 2(1 — cost), Fubini gives

atu) = [ ([ (0= coste ) (2) d: Jate)FE e

Passing to polar coordinates z = rf in the inner integral gives

/n(l—cos( &)K. <>dz—/smae/°°1—jiigf L= cos(rE-6) 4, gy,

For each fixed 6, the one-dimensional integral is equal to [¢-6]*% [ 1;i°255p dp, with the obvious value

0 when £ - 0 = 0. Hence

ot nmaras = ([T ) [ e opate)ao

The one-dimensional constant is positive and finite for 0 < s < 1, and it is absorbed into ¢, s. This
proves (2.2). The inequalities (2.3) follow from (1.3). The upper bound and the density of S(R") in
H#(R™) give the extension of &, to H*(R"™) x H*(R"™). O

For u € H*(R"™), the distribution L,u € H™*(R") is defined by
(2.4) (Lou, @) = Eq(u, @), € H*(R™).
By Lemma 2.1, this agrees with the Fourier multiplier with symbol A,.

Lemma 2.2 (Fractional Poincaré inequality). Let Q@ C R™ be bounded. There is a constant C =
C(n,s,82) > 0 such that

1/2 N
il < [ leP@ra) " we i@

Proof. 1t is enough to prove the estimate for w € C2°(Q2) and then pass to the closure. Choose R > 0
such that 2 C Br(0). Since w =0 in R™\ Q,

w(y)|® / / w(z)[?
drdy > 2 dy dz.
//R"XR" |CE - |n+25 R"\BQR |:L‘ - |n+28

If x € Qand y € R"\ Bag(0), then |z — y| < |z|+ |y| < R+ |y| < 3|y|/2. Hence

d
/ 7yn+2SZC(n,S,R)>0.
R™\ By (0) |z — y

It follows that the Gagliardo seminorm of w controls |[w||;2(gn). Since the Gagliardo seminorm is
equivalent to ([g. [£[*|@(£)[* d€) 2 the estimate follows. O

2.3. Well-posedness and the DN map. Let F' € H*(R"). We say that up € H*(R") solves the
exterior Dirichlet problem with representative F' if

(2.5) up —F € H(Q), Eu(up,¢) =0 forall ¢ € H*().
In other words, up is a weak solution of

Loup =0 in £,
Up = F in Qe.
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Proposition 2.3. Assume (1.3). For every F € H*(R™) there is a unique up € H*(R™) satisfying
(2.5). Moreover,

(2.6) lurllgs@ry < ClIF| s @ny,

where C' depends only on n, s, Q and the ellipticity constants. If F1 — Fs € fNIS(Q), then up, = up,.
Proof. Write up = F +w with w € H*(Q). The weak equation is equivalent to

(2.7) Ea(w, ) = —Ea(F,0), ¢ € H*(Q).

The right-hand side is a bounded conjugate-linear functional on H $(2). The form &, is bounded
on H*() and coercive there. Indeed, by (2.3) and Lemma 2.2, there is ¢ > 0 such that & (w,w) >
cHwH%{S(Rn) for all w € H*(). The Lax-Milgram theorem gives a unique w € H*(2) satisfying (2.7).
The same estimates imply [|w|| gsgn) < C||F| gs(rn), and hence (2.6).

It remains to check that the solution depends only on the exterior class of F'. Suppose that
F| — Fy € H*(Q) and that up, solves (2.5) with representative Fy. Then up, — Fy = (up, — Fy) +
(Fy — Fy) € fIS(Q), and the weak equation is the same. By uniqueness, up, = up,. O

Let Wi, Wy € Q. be open. We regard f € H*(W;) as an element of H*(R") by zero extension.
Let uy denote the solution from Proposition 2.3. Define

(2.8) AW (W) — H5(Wa)
by
<A0V,V17W2f7g>H—s(W2)7ﬁs(W2) = Ea(uf,g), g e HS(WQ)
Lemma 2.4. The operator (2.8) is bounded. If f € C*(Wy), then
(2‘9) <AaW1’W2faQ> = (Laufag>D/(W2),Cgo(W2)7 ge CCOO(WQ)’

Conse_quently, equality of two restricted DN maps implies equality of the corresponding distributions
Lajugc]) in Wy for every common exterior datum f € C°(W7).

Proof. By Lemma 2.1 and Proposition 2.3,

Ealus, )] < Cllugleqoy gl mocary < O goguny 9o
This proves boundedness. Formula (2.9) is the definition (2.4) of L,us tested against functions
supported in Ws. U

Lemma 2.5 (Restriction to smaller open sets). Let Uy €@ Wy and Uy € Wy be nonempty open sets.
If
AZYLWQJC - A}Zl,sz for all f € H* (W),
then
Agllwf = A%’U"’f for all f € H*(Uy).

Proof. The zero extension identifies H*(U;) with a closed subspace of H*(W}). Similarly, testing an
element of H~%(W5) against functions in H*(Us) gives its restriction to Us. Thus, the equality on
W1, Wa restricts to the equality on Uy, Us. O

Lemma 2.6. Let f € C2°(W1) and let us be the solution of (2.5). Then suppus C QUsupp f. In
particular, uy is compactly supported.
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Proof. The condition uy — f € H® () implies that uy = f in €. in the sense of distributions, and
hence a.e. after choosing representatives. Since f is supported in W7 C (), one has uy = 0 in

Qe \ supp f. Also, uy — f is supported in Q. This proves the support inclusion. Since € is bounded
and f is compactly supported, uy is compactly supported. O

3. FINITE HARMONIC FACTORIZATION

This section proves the algebraic ingredient used in the inverse problem. If Y; € 7%, we denote
by P, its homogeneous harmonic extension, namely Py(z) = |z|*Yy(x/|z|) for x # 0. Thus, P, is a
homogeneous harmonic polynomial of degree /.

Lemma 3.1 (Funk-Hecke multiplier). Let n > 2 and 0 < s < 1. For Yy € 3, one has

(31) [l 00 8 = e e RE). £

The constant v s 1s zero for odd ¢ and nonzero for every even £.

Proof. 1t is enough to consider || = 1, since both sides of (3.1) are homogeneous of degree 2s in
€. For €] = 1, the function 6 — [ - §]?° is zonal with pole £&. By the Funk-Hecke formula, see for
instance | , Theorem 1.2.9], there is a scalar 7y s depending only on ¢, n, s such that

[ e 0Pvioyap = ve.vi(e).

More explicitly, if A = (n — 2)/2, C’lf\ denotes the Gegenbauer polynomial of degree ¢, and w,_1 =
|S"~2|, then

1 C/\(t)
,y s — wn_ t 28[7 1 _ t2 )\71/2 dt7
0 ].J/‘l‘ ‘ (j?(l)( )

with the usual limiting interpretation when n = 2. Restoring homogeneity and using

Po(&) = |¢]Ya(¢/1€))

gives (3.1).
If ¢ is odd, then 7, ¢ = 0, since the integrand in the last formula is odd. If £ is even, the eigenvalue
formula for the generalized cosine transform, see for instance | , Section 2], gives

e 2n(=D/2D (s 4 1/2)T((£ — 25)/2)
a T(—s)T((£+n+2s)/2)

Equivalently, up to a nonzero constant depending only on n and s, v, = (—1)

Yes = (
¢/2_T((=28)/2)  pe

T((+n+2s)/2)
Gamma function has no zeros. Since 0 < s < 1, the factor I'(—s) is finite and nonzero, and the

numerator I'((¢ — 2s)/2) is finite and nonzero for every even ¢ > 0: for ¢ = 0 it is I'(—s), while
for ¢ > 2 it is I'(¢/2 — s), which is not a pole. The denominator is also finite and nonzero. Hence,
Ye,s 7 0 for every even (. OJ

Lemma 3.2 (Even cosine injectivity). Let h € C*°(S"™1) be even. If
(3.2) / |€-0|**h(0)dd =0 for all £ € R™,
S§n—1

then h =0 on S™ 1.
Proof. Restricting (3.2) to £ = w € S~ !, we obtain

T.h(w) == /Snl lw-0*h(0)do =0, weS" L
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Thus, Tsh = 0 on S~ !. The operator Ty is the generalized cosine transform with kernel |w - 6%
Since this kernel is real-valued and symmetric in w and 6, the operator T} is self-adjoint on L?(S"~1).

Let {Yx}x be an orthonormal basis of 7. We use the L*(S"~!) inner product, which is linear
in the first argument. Since h is even, all of its odd spherical harmonic coefficients vanish. Indeed,

if £ is odd, then Yy ,(—0) = =Y, x(9), and hence,

(han,k)LQ(Sn—l) = /

S§n—1

WOTr@)d0 =~ | h(OTix) do = .

Sn—l
Here we used the change of variables 6 — —6 and the evenness of h.
It remains to show that the even coefficients also vanish. Let ¢ be even. By Lemma 3.1, each Yy ;.
is an eigenfunction of T:
Tsn,k = ’Yé,syvé,ky

where 7y, 5 # 0 for every even ¢. Since Tsh = 0 and Tj is self-adjoint,
0= (Tsh, n’k)LQ(Sn—l) = (h, Tsw’k)LQ(Sn—l) = ’yg,s(h, }/[’k)LZ(gn—l).

Therefore, (h, Yy x)r2sn-1) = 0 for every even £ and every k.

We have shown that all spherical harmonic coefficients of h vanish, both in odd and even degrees.
Since spherical harmonics are complete in L2(S™1), it follows that h = 0 in L?(S*~!). Finally, h is
smooth, hence continuous, so k = 0 pointwise on S"*~1. Il

Lemma 3.3 (Finite cosine injectivity). Let a € Ay,. If

/ |€-0|*°a(h)dd =0 for all £ € R,
Snfl
then a = 0.

Proof. This follows immediately from Lemma 3.2, since every a € A,, is smooth and even. In other
words, one may write a = Y ap Yy over even 0 < £ < 2m and use Lemma 3.1 together with the
nonvanishing of the even multipliers ~y . O

Lemma 3.4 (Finite harmonic factorization). Let a € A,,. Then there exists a homogeneous poly-
nomial Q,, of degree 2m unless a = 0, such that

(3:3) €17 Au(€) = [€17°Qa(€), € €R™
Equivalently,
(3.4) (—A)"L, = (—A)°Qa(D)

as Fourier multipliers. Moreover, the map a — Qg is injective on A,,.

Proof. Write a = Zﬁ,k ag Yy k, where the sum is over even 0 < ¢ < 2m and {Yy 4, }1, is an orthonormal
basis of J7;. Let Py, be the homogeneous harmonic extension of Yy . By Lemma 3.1, for £ # 0,

Z chsafkfyﬁs’ﬂ gP[k( )

0<(<2m k
£ even
Multiplying by |£[>™ gives
[€*7 Aa€) = [ D > ensaerres & Pes(©).
0<(<2m k
¢ even

Since £ is even, |¢[?™~f = (|§|2)m_4/2 is a polynomial. We define

Z chsafk’}%s’ﬂ ZPK"?( )

0<e<2m k
£ even
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Then @, is homogeneous of degree 2m unless a = 0, in which case @, = 0. The identity (3.3) follows
for £ # 0. Since both sides are locally integrable homogeneous functions and both vanish at £ =0
in the pointwise representative, the identity holds as an equality of Fourier multipliers on R".

The operator identity (3.4) follows from (3.3): the multiplier of (—A)™ L, is |£>™ A, (€), while the
multiplier of (—A)*Qq(D) is |£|%Q.(€). Finally, if Q4 = 0, then A, = 0 for all £ # 0. By Lemma
3.3, this implies a = 0. Hence a — @, is injective on A,,. O

Lemma 3.5 (Factorization on Sobolev distributions). Let a € A, and let Qq be as in Lemma 3.4.
If u e H*(R™), then

(3.5) (—A)"Lou = (—A)°Qu(D)u
in H=5=2™(R"™) and hence in D'(R").

Proof. By Lemma 2.1, Lyu is the Fourier multiplier with symbol A4,. Since |A4,(&)] < C|¢]** and
u € H*(R™), one has Lou € H*(R™). Applying the local differential operator (—A)™ gives a
distribution in H~*~2™(R") whose Fourier transform is |¢|?™ A, (&)u(€).

On the other hand, Q,(D)u € H*~?™(R"), and (—A)*Qu(D)u € H~*"?"(R") has Fourier trans-
form |€%Q,(£)u(¢). By Lemma 3.4, the two multipliers [£]?™A,(€) and [€]*Q.(€) are the same
locally integrable function with polynomial growth. Hence, the two Fourier transforms agree in
S'(R™), which proves (3.5). O

Lemma 3.6 (Identification of constant coefficient operators). Let P(D) = 3_,<p caD® be a con-
stant coefficient differential operator with D = —iV, and let P(§) = E\aISM ca&® be its polynomial
symbol. Let O C R™ be nonempty and open. If P(D)f = 0 in O, for every f € C°(0O), then
P =0.

Proof. Fix zyp € O. Choose x € C(0) such that y = 1 in a neighborhood V' € O of zy. For
each 7 € R", define the test function ¢, (z) = x(x)e®", then ¢, € C°(0). The hypothesis gives
P(D)p, =0 in O. On the neighborhood V/, the cutoff x is identically one. Hence, by locality of
P(D),

P(D)p, = P(D)e™" = P(n)e™ in V.
Therefore, P(n)e® = 0 in V. Since € never vanishes, we get P(n) = 0. The vector n € R" was
arbitrary, so P(§) = 0 for all £ € R™. Thus P is the zero polynomial. O

4. OFF-DIAGONAL KERNELS AND ANALYTIC CONTINUATION

This section proves the kernel representation and analytic continuation facts used for Theorem
1.4. Throughout this section, a denotes a smooth elliptic angular density. Let R, : H*(Q) — H*(Q)
be the solution operator for the zero exterior problem: for F' € H*(Q2), R,F is the unique element
of H%(Q) satisfying &,(R.F,$) = (F,¢) for all ¢ € H*(). The existence and boundedness of R,
follow from the same Lax-Milgram argument as Proposition 2.3.

When v € H(Q) and F € H—*(Q), we use the reverse duality pairing

<U’F>I§S(Q)><H—S(Q) = (F, “>H—S(Q)xﬁs(9)-
Thus, this pairing is linear in v and conjugate-linear in F.
For x € Qe, set k}(2) := Ky(x—z) for z € Q2. Locally in x € ., the point z stays a positive distance
away from €2, and therefore k% € C°°(€)) in the interior variable. In particular k2 € L?(2) C H~3(Q).

Lemma 4.1 (Off-diagonal DN kernel). Let U,V € Q. be nonempty open sets with U NV = (). Then
AaU’V has a distribution kernel represented by

(4.1) Sa(z,y) = —Ku(x —y) — (Rokj, kS

ko) feyxn-s) TEVe yeU
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That is, for f € CX(U) and g € C(V),

(4.2) (AYVf,g) = //S z,9)f(y)g(z) dy dz.

Moreover, if x,y € Q¢ and x # y, then (4.1) defines the off-diagonal kernel of the exterior DN map
in a neighborhood of (x,y).

Proof. Let f € C°(U) and write uy = f+vy, where vy € H(£2). We first identify v If o € C(Q),
then the supports of f and ¢ are disjoint. Using the definition of the energy form and the evenness

of K. one obtains
£a(f. /(/K iy )dy>¢>( } dz.

The same identity holds for all ¢ € H *(€2) by density. Since uy solves the equation in Q, &,(vy, ¢) =
Ea(f,®). The function

z/Ka(z—y)f(y)dy, z€Q,
U

is smooth on €2, since U and Q are disjoint. In particular Fy € L?(Q2) C H~*(f2). The weak equation
for vy is

Eavy, @) = (Fy, ¢> H=5(Q)x H3(Q) * ¢ € H*(Q).
By the definition of R,, this gives vy = R,Fy. Also, by the evenness of K,, F; = fU y)ky dy €
H~5()), meaning that, for every ¢ € H*(1),

<Ff7¢>H75(Q),[—~]5(Q) = /Uf(y) <k;’¢>H*5(Q)xﬁS(Q) dy.

Let g € C(V). Since U and V are disjoint and both are contained in €, the direct exterior-to-
exterior contribution is

(4.3) Eu(f 9) = — /V /U Ka(z — ) f(y)g(@) dy d.

Similarly, since vy is supported in Q and g is supported in V & €.,

(4.4 Eulvr.0) = = [ (05 k)1 crr-w) 90
Using the identity
vf = R, Fy = / f(y)Roky dy  in H*(9),
U

which follows from the bounded linearity of R,, we obtain from (4.4)

A(v.g) = // (Rak K2 oty £ (0)9(@) dy dr.

Adding this identity to (4.3) proves (4.1) and (4.2). The argument is local in (z,y) as long as x and
y remain in (). and away from the diagonal, which proves the last assertion. O

Lemma 4.2 (Analyticity of the off-diagonal kernel). Assume a € C*(S"~!). Let G be a connected
component of Q.. Then S,(x,y) is real analytic in (x,y) on

(4.5) Dg :={(z,y) € G x G :x # y}.
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Proof. Since a is real analytic on S"~!, it admits local real analytic extensions in neighborhoods of
points of S*~!. The map z — z/|z| is real analytic on R” \ {0}, and so is z ++ |2| 7”72, Hence, by

working locally and using compactness on the relevant sets, the homogeneous kernel K, (z) = Tz(fn/ﬂg)

is real analytic for z € R™ \ {0}. In particular, K,(z — y) is real analytic on the set x # y.

It remains to consider the correction term in (4.1). Fix (xg,yo) € Dg. Choose open neighborhoods
X,Y € G of xg,yo such that X NY = (), dist(X,Q) > 0 and dist(Y,2) > 0. For x € X and z € Q,
the set of points  — z stays in a compact subset of R™ \ {0}. Standard Cauchy estimates for real
analytic functions, see for instance [ , Chapter 1], imply that for every compact Xy € X there
are constants C'x, Rx > 0 such that

0% Kq (2 — 2)| < CxRIgal
for all x € Xp, 2 € Q and multiindices a. Since (2 is bounded, the same estimate holds in L?(Q):
102k2 ) 120y < CxRiylal, o € Xo.
Hence, the Taylor series of 2 — k2 converges in L?(2) locally uniformly in z. Moreover, z + k¢ is an

L?(2)-valued, and then H~*(2)-valued, real analytic map. The same argument applies to y — ky.

The operator R, : H5(Q) — H#*(Q) is bounded, and the duality pairing between H*(Q) and
H~5(€2) is continuous. Therefore (x,y) — (Rakg, x> is a real analytic function on X x Y. Since
(zo,yo0) was arbitrary, S, is real analytic on Dg. O

Lemma 4.3 (Far-field asymptotics). Let a be a smooth elliptic angular density. There exists a
constant C > 0 such that for all x,y € Q¢ with x # y,

C
< .
vl = dist(z, Q)7+2s dist(y, Q)n+2s

(4.6) |Sa(x,y) + Koz

Proof. By the off-diagonal kernel representation (4.1), one has
Sa(z,y) + Ko(x — y) = — (Rok} ka>

v Vo) fs(Q)x H-5(Q) *

Thus, it remains to estimate the correction term on the right-hand side.

Since a is smooth on S*~! it is bounded. If z € . and z € Q, then |z — z| > dist(x, ). Hence,

K2()] = 1K@ — )] < ]l o e dist(, )%, z€ 9.
Since Q is bounded, this gives ||k 12(q) < Cdist(z, Q)~""?*. The continuous embedding L*(Q) <
H~5(Q) implies
15| 120y < Cdist (2, Q) "%,

The same estimate holds with y in place of x. ~

By the boundedness of the solution operator R, : H—*(Q2) — H*(2),

[Rakyll 72y < Clikylla—2(

Therefore, by duality,

| (Raky, kS) 5

ye Q) ‘ < Clikglla-s@ k2l -2

Hs(Q)xH~
Combining the previous estimates gives

C
<
y)| = diSt(l‘, Q)n+2s dist(y, Q)n+2s )

which proves (4.6). O

|Sa(z,y) + Ko(x
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Lemma 4.4 (Connectedness of the exterior pair domain). Let n > 2 and let G C R"™ be a nonempty
connected open set. Then Dg is path connected, where Dg is defined by (4.5). In particular, Dg is
connected.

Proof. We first record a basic topological fact. If p € G, then G \ {p} is path connected. Indeed,
since G is open and connected in R"™, it is path-connected. Let a,b € G \ {p}. Choose a continuous
path in G joining a to b. By compactness of its image, one can cover the path by finitely many
open balls By,..., By compactly contained in G, such that a € By, b € By and B;_1 N B; # () for
1 <i < N. Choose points

¢i € (Bi-inNB)\{p}, 1<i<N, c¢=a, and cy41 =0

This is possible because each B;_1 N B; is a nonempty open set. For each 0 < i < N, the points ¢;
and ¢;11 belong to B; \ {p}. Since n > 2, a punctured ball in R" is path connected. Thus, ¢; and
¢i+1 can be joined by a path in B; \ {p}. Concatenating these finitely many paths gives a path in
G\ {p} from a to b.

We now prove the assertion for Dg. Let (xo,v0), (z1,y1) € Dg. Choose two distinct points
p,q € G\ {0, y0,21,y1}. This is possible since G contains a nonempty open ball. By the previous
discussions, there is a path a in G \ {yo} from zy to p. Hence, t — (a(t),yo) is a path in Dg from
(zo,y0) to (p,yo). Next, there is a path § in G\ {p} from yy to ¢, and therefore ¢t — (p, 5(t)) is a
path in D¢ from (p,yo) to (p,q). Similarly, there is a path v in G\ {¢} from p to x;, which gives
a path from (p,q) to (x1,¢q), and there is a path § in G\ {z1} from ¢ to y;, which gives a path
from (x1,q) to (x1,y1). Concatenating these four paths gives a path in D¢ from (xg,yo) to (z1,y1).
Hence D¢ is path connected. a

Lemma 4.5 (Analytic continuation to the far field). Let a1, as € C*(S™™1) be real analytic elliptic
angular densities, let G be the unbounded connected component of Qe, and set Si2 := Sq; — Say- If
S12 = 0 on a nonempty open subset of D, then Si2 =0 on Dg.

Proof. By Lemma 4.2, S1s is real analytic on Dg. By Lemma 4.4, D¢ is connected. The conclusion
follows from the identity theorem for real analytic functions, see for instance [ , Chapter 1]. O

5. INVERSE PROBLEMS

This section proves the main results. We first record the Alessandrini identity associated with
changing the angular density. This identity is included to display the bilinear information carried by
equality of the exterior DN maps and to indicate the obstruction in the general smooth separated
case. The proofs of Theorem 1.1, Theorem 1.3, and Theorem 1.4 then use the three mechanisms
described above: the exterior diagonal singularity, the finite harmonic factorization, and analytic
continuation of the off-diagonal kernel.

5.1. Alessandrini’s identity and structural remarks.

Proposition 5.1 (Alessandrini identity). Let aj,as € L®(S"!) be real-valued even angular densi-
ties whose symbols satisfy the ellipticity condition (1.3). Let Wi, Wa € Q. be nonempty open sets.
Assume that

Az‘z/‘lfl’WQf = AZZl’W2f for all f € C(W).

Let f € C(W7) and g € C°(Wa). For j =1,2, let uggj) and v denote the solutions with exterior
data f and g, respectively, for the operator Lg;. Then

(5.1) Ear—as (U§c1),u§,2)) =0,
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where Eq(u,v) is defined by (2 1) Equivalently,

(5.2) // (2, 9)00@ (z,1) (a1 —ag)((= — Z)Q/\l’ — 9 4, dy =0,

"XR” ’x - y|n s
where du(z,y) = u(z) — u(y).
Proof. We use the weak formulation and the definition of the restricted DN map. Since ué ) has
exterior value g, one has ué) —g € H (). As ugc) solves the equation with coefficient a; in €2,
Ea, (US‘ ),u§2) —g) =0. Hence
(5.3) Ear () ul®)) = £, (ul) g) = (ATII2f,g)

Next, ugcl) —f € H5(Q). Since u(z) solves the equation with coefficient as in Q, &, (uéQ), 5” ) f)=0.

By Hermitian symmetry, &,, (uf - f, (2)) = 0. Thus
(5.4) Ear () ul®)) = £y (fru).
We identify the right-hand side of (5.4) with the DN pairing for ay. Let ugg) be the solution with

coefficient ao and exterior datum f. Since ugg) —fe€ H #(Q) and uég) solves the as-equation in €,

Hermitian symmetry gives &, (ugcg) —f ugz)) = 0. Therefore &, (f, ugg)) = €a2(u5£2) ué )) Also, since

u_ff) — g e H(Q) and ugg) solves the as-equation in €2, one has

gaz (u;2)7 qu)) = 5@2 (U;Q)a g) = <AIL/I;17W2f7 g> .
Combining this with (5.4), we get

(5.5) Ear () uP) = (AWPW2 £, g).
The equality of the DN maps and (5.3), (5.5) imply &, (uifl), ué )) Ea (u} ),uf)) = 0. This is (5.1).
The expanded formula (5.2) follows from the definition of the energy forms. O

The overlapping regime. Theorem 1.1 shows that overlapping exterior measurements determine
smooth elliptic angular densities without any finite-dimensional assumption. The mechanism is local
in the exterior variables. If U € W1 N W5 and f € C°(U), then the solution satisfies uy = f in U.

Hence AYY contains the same leading diagonal singularity as L, on U. This diagonal singularity
determines Kq(z) = a(z/|2])|z|7""2* and the symbol Aq (&) = ¢n,s [our |€-01*a(8) df. The injectivity
of the even cosine transform then gives a.

The separated regime (1.6) is different. If x € Wy and y € Wy, then x and y stay away from
the diagonal. Thus K,(z — y) is smooth on Wy x W7, and the exterior diagonal singularity is not
measured. This is the reason that the separated problem requires a different mechanism.

Finite harmonic and analytic mechanisms. The proof of Theorem 1.3 relies on the factorization
(=A)"L, = (—A)°Qq(D), where Qu(D) is a local constant coefficient differential operator. The
locality of Qq(D) is decisive. If uw = 0 in an open set, then Q,(D)u = 0 in the same open set. This
permits one to convert the separated exterior identity into the standard strong unique continuation
property for (—A)°.

This argument is specific to finite even spherical harmonic densities. The analytic result uses a
different replacement for locality: the off-diagonal DN kernel is real analytic in the exterior variables.
Equality on Wy x W therefore propagates by analytic continuation through the exterior pair domain,

and the far-field asymptotic isolates the direct stable kernel.



16 Y.-H. LIN

General angular densities. For arbitrary smooth angular densities, neither mechanism is directly
available. The spherical harmonic expansion is infinite, and multiplication by a finite power of [£|? no
longer turns A, (€) into |€?* times a polynomial. The operator replacing Q. (D) would be of infinite
order and would not preserve vanishing on open sets. At the same time, a smooth off-diagonal DN
kernel does not admit analytic continuation.

The identity (5.2) involves jump products, and the unknown coefficient depends on the jump
direction (x — y)/|z — y|. Thus, the information in the identity is not a pointwise product inside €,
but an angular family of nonlocal products over pairs of points. In the general smooth separated
case, one would need a way to control these angular jump products without access to the exterior
diagonal singularity.

A related formal viewpoint is obtained by decomposing the bilinear form into exterior and interior
variables. Let E = €).. The notation below is only meant to indicate the four pieces of the operator
associated with &, with respect to the decomposition E U 2. The first subscript denotes where
the expression is tested, and the second subscript denotes where the input is supported. Thus, for
frg € CXP(FE) and v, ¢ € C°(Q), define

< %Efag> = ga(fmg)? < aEQvag> = ga(vvg)v ( %Efa ¢> = ga(f7¢)’ and < 6QU7¢> = 5a(v,¢).

Thus, A% is the exterior-to-exterior part, Ag is the part by which exterior data enter the weak
equation in Q, A%, is the part by which an interior correction contributes to exterior observations,
and A¢, is the interior Dirichlet part of the operator. Formally, this is the block decomposition

Aa a
A9 — < EE EQ> '
Aa a
QF QQ
Let u = f + v, where f is the exterior datum and v € H*() is the interior correction. The weak
equation Lyu = 0 in ©Q means &,(f + v, ¢) =0, for all ¢ € H*(2). Equivalently,

(A4 f. 6) + (Abqu,¢) = 0 for all ¢ € H(Q).

In the formal block notation, this is A¢, f + Adqv = 0. Solving this interior weak equation gives

v=—(Ah) " Abpf.

Substituting this into the exterior pairing gives

Aof = Afpf + Afq = (Afp — Afa(Ahe) ™ Alp) f-
This is the Schur complement viewpoint. The direct term A%, is the exterior-to-exterior interaction.
The second term describes the effect of exterior data entering €2, producing an interior correction,
and then contributing back to the exterior observation.

One can see the same structure in the off-diagonal kernel formula. If z,y € F and = # y, then the
direct exterior-to-exterior part contributes —K,(z —y). The correction term is obtained by sending
the point source at y into Q through k(2) = K,(y — 2), solving the interior problem by the zero
exterior solution operator R,, and observing from z through k%(z) = K,(z — z). Thus

Sa(fl,‘,y) = _Ka(x - y) - <Raksa k?z>f[s(Q)XH—s(Q) .

For h = a1 — ao, the direct exterior-to-exterior part of the difference is

h((z—y)/|z —yl)

[z — gyl

(Ph)(z,y) = — x €W, yeWi.

Thus, at the level of the direct term, the measured directions are those contained in Wo —W7j. If these
directions cover the sphere up to evenness, then this direct term contains strong angular information
about h. The difficulty is that the measured DN map also contains the interior correction term
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above, which depends on the full interior solution operator. Controlling this correction is precisely
the obstruction in the general smooth separated case.

A treatment of arbitrary smooth angular densities in the fixed separated case would require a way
to control this correction, or a propagation result for the Schur kernel. Such an argument would be
analogous in spirit to entanglement principles for different fractional powers | , |, but it
is more delicate here because all angular components have the same homogeneity.

5.2. Proofs of main results. We use the following strong unique continuation property for the
fractional Laplacian. It is the only external unique continuation result used in the proofs.

Theorem 5.2 (Fractional unique continuation). Let 0 < s < 1, let r € R and let O C R™ be
nonempty and open. If w € H"(R™) satisfies
w=(-APw=0 1inO,
then w =0 in R™.
This formulation follows from the well-known fractional unique continuation results of | ,

Theorem 1.2]. We use it only for distributions of the form Q(D)u, where u € H*(R") and @ is a
polynomial.

Lemma 5.3 (Off-diagonal smoothing). Let a € C*®(S™ 1) be a smooth elliptic angular density
and let U € Q. be nonempty and open. For f € CX(U), let us solve (2.5) and define RY f :=
ATV f — Lof|u, where Ly is defined by (1.2). Let Ko € U, let n € C°(U), let £ € R™\ {0}, and set
fu(x) = n(z)e™ " for 0 < h < 1. Then for every integer N > 0 there is a constant Cy > 0 such
that

(5.6) IRY full2(ko) < CNRY.
Proof. Write uy = f +wy with wy € ﬁIS(Q) Then wy is the unique solution of

(5.7) Ealwy, @) = —E(f,0), & € H*(Q).

Since U € €, the sets U and Q have positive distance. For ¢ € C°(Q) and f;, = e/ the cross
term is

Ea(frn, @) = —/Q¢>(Z)/Ufh(y)Ka(z—y) dydz.
Set
Ii(2) == /U ) Ka(z —g)dy, =€ 9.

We claim that [|15]|z2(0) < CnhYN for every N > 0. Since 7 is compactly supported in U, we may
write

In(z) = / ¢Vt (y)dy, ba(y) = n(y)Ka(z - y).
For fixed 2z € €2, the function b, is compactly supported in supp 7. Moreover, §~Vyeiy'§/h = #eiy'f/h
so that e¥¢/h = #5 . Vyeiy'g/h. Integrating by parts N times in the direction & gives

) = () [ e v) by

There are no boundary terms because b, is compactly supported in U. By Leibniz’ rule, (£-V,)Vb,(y)
is a finite sum of terms of the form J;n(y) 85Ka(z —vy), |a| +|8| < N, with constants depending
on N and &. Since z € Q and y € suppn, the vector z — y stays in a compact subset of R™ \ {0}.
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Therefore, all derivatives 9° K, (z —y) with |8| < N are uniformly bounded for z € Q and y € supp 7.
It follows that

sup / (6 V,)Vb.(y)| dy < Ch.
2€Q JRn

Consequently, |I,(z)| < CnxhY, for z € Q. Since Q is bounded, this implies
[l 2@y < Cnh™.
Thus, for ¢ € C°(Q),
1Ea(frs )| < Inll 2@ 18l 2(0) < ONBN @] s (rny-
By density, the same estimate holds for all ¢ € H $(Q2), and this implies
N
1€a(fh ')H(ﬁs(Q))* < Cnh™.
Using (5.7) with ¢ = wy, and the coercivity of £, on H*(£2), we obtain
lwg, | s (rny < CnRY.
For = € Ky, one has RV f},(z) = Lywy, (x). Since wy, = 0 in €,
Lowp, (x) = = (W, Ka( =) gaqyxir—=(@) -
The family z — K,(z — z) is bounded in H*(Q2) uniformly for € K. Hence,
|Lowp, ()] < C||wthHs(Rn), z € K.
It follows that

IRY fullr2(ky) < Cllwg, s (meny-
Together with the estimate for wy, , this proves (5.6). O

Lemma 5.4 (Semiclassical extraction of the symbol). Let a € C®(S"™1) be a smooth elliptic angular
density. Let n € C°(R™) and £ € R™\ {0}. Set fy(x) = n(x)e™¢/" then

. 2s _ 2
Lim A& (fa, fn) = Aa()11l[72(n)-
Proof. By Lemma 2.1,
W€ i) = 12 [ A = &/m)P .
We make the change of variables p = ¢ — £/h, so that ( = &/h + p, then

W€ ) = 12 [ Au(€/+ p) (o) dp.

Since A, is homogeneous of degree 2s,
W*° Aa(€/h + p) = B* Aa((€ + hp)[h) = Au(& + hp).

Therefore,

W€ ) = [ Auls -+ o) li(0) .
For 0 < h < 1, |Aq(§+hp)| < C|E+hp|** < Ce(1+|p])?. Since 7 is rapidly decreasing, the function
Ce(1+ |p])*|7(p)|? is integrable on R™. Also, A,(§ + hp) — Aq(€) pointwise as h — 0. Dominated
convergence theorem gives
lim W22u(fa. ) = [ O do = AulO ey
—0 Rn

where the last equality follows from Plancherel’s theorem. O
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Proof of Theorem 1.1. Choose a nonempty open set U such that U € W7 N W5, By Lemma 2.5, the
assumption (1.7) implies
ATVF=ALVf forall f e H(U).
Let 7 € C°(U) be nonzero, fix £ € R™\ {0}, and define fj,(z) = n(z)e®</?, for 0 < h < 1. Let
Ky € U be a compact set such that suppn C Ky. For j = 1,2, the off-diagonal smoothing lemma
gives
AV fn = Lo, fulu + RS, fn - in D'(U),
where, for every integer N > 0,
”jofh”LQ(Ko) < Cnh".

Pairing the previous identity with f; gives
(ASY fus fo) = (Lo oo i) + [ B fo T do.
U
Since supp fr, C Ko, the remainder term satisfies

/URfl]jfhfhdx

< 1RE, full 2 (i 10l 2 ey < O™,

In particular,

hQS/Rf{jfhﬁde—m as h — 0.
U

Moreover, by the definition of L,; through the energy form, <Laj fns fh> = &a; (fn; fn). Therefore,
. lim h2*(AUV = lim %€, .
(5.8) hli%h (Mg s fn) hlg(th Ea; (s )
By Lemma 5.4,
: 2s 2
lim A Ea; (fny fn) = Aa; ()l T2mny-

Combining this with (5.8), we obtain limy, g h2S<Ag]7Ufh, fn) = Aq, (g)“n”%ﬁ(ﬂgn)' The restricted DN
maps agree on U, hence the left hand side is the same for j = 1 and j = 2. Since n # 0, it follows
that

Ay (&) = Ag,(€)  for every € € R\ {0}.
By homogeneity and continuity of the symbols, the equality also holds at £ = 0. Therefore,

/S 3 0** (a1 — az)(0)d6 =0 for all £ € R".

Since a1 — ap is smooth and even, Lemma 3.2 gives a; = as on S" L. O

Proof of Theorem 1.3. Fix f € C°(Wy). For j = 1,2, let u; € H*(R™) be the solution of

Louj =0 in
uj = f in Q..

Since supp f C Wi and W1 N Wy = (), the exterior condition gives u; = ug = 0 in Ws. By Lemma
2.4 and the hypothesis (1.8),
(59) Lalul == La2u2 in D/(WQ)

Applying the local operator (—A)™ to (5.9), we get (—A)™Lg,u1 = (—A)"Lg,ue in D'(Ws). By
Lemma 3.5, this gives

(—A)S(Qal (D)u1 — Qa2 (D)ZLQ) =0 in DI(WQ).
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Set

W = Qqy (D)ur — Quy (D) us.
Since u; € H5(R™) and Qq,(D) has order 2m, one has w € H5~?™(R"). The previous identity says
that (—=A)*w = 0 in D'(W5). On the other hand, w = 0 in W5, because u; = ug = 0 in Wy and
Qa; (D) are local differential operators. Theorem 5.2 gives w = 0 in R™. Restricting this identity to
W1 and using u; = ug = f in Wi, we obtain Qq, (D)f = Qa,(D)f in Wi. Since f € C°(W;) was
arbitrary, Lemma 3.6 gives (g, = (g, By the injectivity of a — @, in Lemma 3.4, a; = as. U

Proof of Theorem 1.4. Let S; denote the off-diagonal DN kernel associated with a;, and set Si2 :=

S1—S5. By Lemma 4.1, the operator AZII/I’WQ — AZZLWQ has distribution kernel S152 on Ws x W7. For
feCx(Wy) and g € C°(Ws), the equality (1.9) gives

0= ((AWWa _ AWaWayp gy /W | Siole.u)fw)g) dyda.

Finite sums of functions of the form (z,y) — g(z)f(y) are dense in C>°(W3 x W1). Hence, Si12 =0
as a distribution on Wy x W7. Since Spo is real analytic there by Lemma 4.2, it follows that S
vanishes pointwise on Wy x Wi.

By Lemma 4.5, S12 = 0 on the full exterior pair domain D¢. Since €2 is bounded, there exists
Ry > 0 such that R"\ Br, C G. Fix 0 € S*~1. Choose e € S* ! with e-0 =0, and set p=e + 6
and ¢ = e. Then p — ¢ = 6. For every sufficiently large R, the points Rp and Rq belong to G, and
Rp # Rq. Hence

(5.10) S12(Rp, Rq) = 0.
Using the kernel representation (4.1), we have
S12(2,y) = —Kay—as(x = y) + (Say (2,9) + Koy (€ = 9)) = (Sas (2,9) + Koy (z — v)).
Since p # 0 and g # 0, and since 2 is bounded, there are constants ¢, C' > 0 such that
cR < dist(Rp, ), dist(Rq, Q) < CR

for all sufficiently large R. By Lemma 4.3, the last two terms are O(R~2"~%%) when (z,y) = (Rp, Rq).
Hence, (5.10) gives

(5.11) 0= —Ka,_a,(RO) + O(R™I15),

Since Ky, —a,(RO) = R7""2%(a; — ag)(#), multiplying by R"*2?* and sending R — oo, (5.11) gives
(a1 — a2)(#) = 0. Since 6 € S*~! was arbitrary, a; = ag on S"~L. O

Corollary 5.5 (Arbitrary exterior open sets in the finite harmonic class). Let 0 < s < 1 and n > 2.
Let Q C R™ be bounded and open. Let W1, Wy € Q. be nonempty open sets. Let ay,as € A, be
admissible finite harmonic densities of the same order m. Ing‘lll’WQf = AZZl’WQf forall f € H¥(W7),
then a1 = as.

Proof. Choose x1 € W1 and x9 € Wy with x1 # xo. This is possible because nonempty open subsets
of R™ contain more than one point. Since W; and W, are open, we may choose nonempty open
balls U1 € Wy and Uy € Ws around z1 and o, respectively, so small that U; N Uy = (). By Lemma
2.5, the equality of the DN maps on W7, Wy restricts to the equality on Uy, Us. Theorem 1.3 gives
al = as. O



RECOVERING STABLE KERNELS 21

STATEMENTS AND DECLARATIONS

Data availability statement. No datasets were generated or analyzed during the current study.

Conflict of Interests. The author declares no competing interests.

Acknowledgments. The author is partially supported by the National Science and Technology
Council (NSTC) of Taiwan, under the project 113-2628-M-A49-003. The author also acknowledges
financial support from the Alexander von Humboldt Foundation through the Henriette Herz Scouting
Programme, hosted by Universitat Duisburg-Essen.

[CGFR22]

[CGRU26]

[CLR20]

[CMR21]

[CMRU22]
[DX13]
[Fei24]

[FGKU25]

[FKU24]
[FKU26]
[FL24]
[GLX17]
[GRSU20]
[GSU20]
[KLW22]
[KPO2]
[Lin22]
[Lin26a]
[Lin26b)

[LL25]

REFERENCES

Giovanni Covi, Maria Angeles Garcia-Ferrero, and Angkana Riiland. On the Calderén problem for non-
local Schréodinger equations with homogeneous, directionally antilocal principal symbols. J. Differential
FEquations, 341:79-149, 2022.

Giovanni Covi, Tuhin Ghosh, Angkana Riiland, and Gunther Uhlmann. A reduction of the fractional
Calderén problem to the local Calderén problem by means of the Caffarelli-Silvestre extension. Journal
de Mathématiques Pures et Appliquées, 211:103886, 2026.

Mihajlo Cekic, Yi-Hsuan Lin, and Angkana Riiland. The Calderén problem for the fractional Schrédinger
equation with drift. Calc. Var. Partial Differential Equations, 59(91):Paper No. 91, 2020.

Giovanni Covi, Keijo Ménkkonen, and Jesse Railo. Unique continuation property and Poincaré inequal-
ity for higher order fractional Laplacians with applications in inverse problems. Inverse Probl. Imaging,
15(4):641-681, 2021.

Giovanni Covi, Keijo Monkkonen, Jesse Railo, and Gunther Uhlmann. The higher order fractional Calderén
problem for linear local operators: Uniqueness. Adv. Math., 399:Paper No. 108246, 2022.

Feng Dai and Yuan Xu. Approzimation Theory and Harmonic Analysis on Spheres and Balls. Springer
Monographs in Mathematics. Springer, New York, 2013.

Ali Feizmohammadi. Fractional Calderén problem on a closed Riemannian manifold. Trans. Amer. Math.
Soc., 377(4):2991-3013, 2024.

Ali Feizmohammadi, Tuhin Ghosh, Katya Krupchyk, and Gunther Uhlmann. Fractional anisotropic
Calderén problem on closed Riemannian manifolds. Journal of Differential Geometry, 131(2):401-414,
2025.

Ali Feizmohammadi, Katya Krupchyk, and Gunther Uhlmann. Calderén problem for fractional Schrodinger
operators on closed Riemannian manifolds. arXiv preprint arXiv:2407.16866, 2024.

Ali Feizmohammadi, Katya Krupchyk, and Gunther Uhlmann. Calderén problem for fractional Schrédinger
operators on closed Riemannian manifolds. Inventiones Mathematicae, 2026. In press.

Ali Feizmohammadi and Yi-Hsuan Lin. Entanglement principle for the fractional Laplacian with applica-
tions to inverse problems. arXiv preprint arXiw:2412.13118, 2024.

Tuhin Ghosh, Yi-Hsuan Lin, and Jingni Xiao. The Calderén problem for variable coefficients nonlocal
elliptic operators. Comm. Partial Differential Equations, 42(12):1923-1961, 2017.

Tuhin Ghosh, Angkana Riiland, Mikko Salo, and Gunther Uhlmann. Uniqueness and reconstruction for
the fractional Calderén problem with a single measurement. J. Funct. Anal., 279(1):108505, 42, 2020.
Tuhin Ghosh, Mikko Salo, and Gunther Uhlmann. The Calderén problem for the fractional Schrodinger
equation. Anal. PDE, 13(2):455-475, 2020.

Pu-Zhao Kow, Yi-Hsuan Lin, and Jenn-Nan Wang. The Calderén problem for the fractional wave equation:
uniqueness and optimal stability. STAM J. Math. Anal., 54(3):3379-3419, 2022.

Steven G. Krantz and Harold R. Parks. A Primer of Real Analytic Functions. Birkhduser Advanced Texts:
Basler Lehrbiicher. Birkhauser Boston, Inc., Boston, MA, second edition, 2002.

Yi-Hsuan Lin. Monotonicity-based inversion of fractional semilinear elliptic equations with power type
nonlinearities. Calc. Var. Partial Differential Equations, 61(5):Paper No. 188, 30, 2022.

Yi-Hsuan Lin. Entanglement principle for fractional Laplacian on hyperbolic spaces and applications to
inverse problem. arXiv preprint arXiv:2603.11702, 2026.

Yi-Hsuan Lin. The fractional anisotropic Calderén problem for a nonlocal parabolic equation on closed
Riemannian manifolds. Communications on Analysis and Computation, 7:60-75, 2026.

Yi-Hsuan Lin and Hongyu Liu. Inverse Problems for Integro-differential Operators, volume 222 of Applied
Mathematical Sciences. Springer, Cham, 2025.



22

[LLR20]
[LLU23]
[LLY25]
[Rub08]
[Riil15]
[Riil25]

[Yul7]

Y.-H. LIN

Ru-Yu Lai, Yi-Hsuan Lin, and Angkana Riiland. The Calderén problem for a space-time fractional parabolic
equation. SIAM J. Math. Anal., 52(3):2655-2688, 2020.

Ching-Lung Lin, Yi-Hsuan Lin, and Gunther Uhlmann. The Calderén problem for nonlocal parabolic
operators: A new reduction from the nonlocal to the local, 2023.

Ru-Yu Lai, Yi-Hsuan Lin, and Lili Yan. Entanglement principle and fractional Calderén problem for
nonlocal parabolic operators. arXiv preprint arXiv:2510.18641, 2025.

Boris Rubin. Intersection bodies and generalized cosine transforms. Advances in Mathematics, 218(3):696—
727, 2008.

Angkana Riiland. Unique continuation for fractional Schrodinger equations with rough potentials. Comm.
Partial Differential Equations, 40(1):77-114, 2015.

Angkana Riiland. Revisiting the anisotropic fractional Calderén problem. Int. Math. Res. Not. IMRN,
(5):Paper No. rnaf036, 28, 2025.

Hui Yu. Unique continuation for fractional orders of elliptic equations. Ann. PDE, 3(2):Paper No. 16, 21,
2017.

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL YANG MING CHIAO TUNG UNIVERSITY, HSINCHU, TAIWAN
Email address: yihsuanlin3@gmail.com



	1. Introduction
	2. Function spaces, stable operators and exterior measurements
	2.1. Fractional Sobolev spaces
	2.2. The energy form and the operator
	2.3. Well-posedness and the DN map

	3. Finite harmonic factorization
	4. Off-diagonal kernels and analytic continuation
	5. Inverse problems
	5.1. Alessandrini's identity and structural remarks
	5.2. Proofs of main results

	Statements and Declarations
	References

