A RIGIDITY RESULT FOR THE WEIGHTED p-LAPLACE EQUATION IN
HIGHER DIMENSIONS

CHING-LUNG LIN AND YI-HSUAN LIN

ABSTRACT. We study rigidity for the weighted p-Laplace equation on smooth bounded domains
in dimensions three and higher. We show that a smooth positive weight sufficiently close to 1 is
identically 1 if the derivative of its Dirichlet-to-Neumann map at one affine boundary value agrees
with that for the unit weight. We also prove local rigidity at every smooth positive reference weight
which is constant in one direction. The reference weight need not be close to 1, and the unknown
weight is only required to be sufficiently close to it, without a directional restriction. No convexity,
analyticity, or agreement near the boundary is assumed. The proof combines linearization at a
solution without critical points with recent rigidity results for the anisotropic Calderén problem. An
identity for the linearized conductivity tensors removes the remaining diffeomorphism. This last step
does not require smallness of either weight.

1. INTRODUCTION

Let  C R™ be a smooth bounded connected domain, let p € (1,00) \ {2}, and let v € C*°(Q) be
strictly positive. We consider the weighted p-Laplace equation

div (v|VuP~?Vu) =0 in €,

(L1.1) u=f on 0f).

For each smooth boundary value f, there is a unique weak solution uy € WhP(Q); see [CF25, The-

orem 1.1]. It minimizes p~—* Jo7IVul? dz among functions with trace f. The Dirichlet-to-Neumann
(DN) map is defined weakly by

(1.2) (1)) = [ AV >V VI da,

where H is a smooth extension of h to Q. The weak equation shows that this definition is independent
of the extension. For a smooth solution, A,(f) = v|Vus[P~20,us|aq, where v is the outward unit
normal on 0{2. We aim to determine v from these boundary measurements.

For p = 2, the problem reduces to the scalar conductivity problem introduced in [Cal80]. Global
uniqueness for smooth scalar conductivities in dimensions n > 3 was proved in [SU87]. We refer to
[FSU25] for the linear problem, its anisotropic formulation, and further references.

For the weighted p-Laplace equation, the DN map determines the boundary value of the weight
[SZ12] and its normal derivative [Bral6]. Enclosure and monotonicity methods have been used to
detect inclusions and recover their convex hulls [BKS15, BHKS18]. Under a pointwise ordering
assumption, uniqueness for the weight was proved in the plane and, for weights close to a constant,
in higher dimensions [GKS16]. Uniqueness for arbitrary smooth positive weights in the plane was
later obtained in [CF25, Theorem 1.2]. The higher-dimensional theorem in [CF25, Theorem 1.3]
assumes real analytic weights, smallness of a directional derivative, and a flat boundary patch.
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Smooth uniqueness is also known when both weights are constant in a common direction [CF25,
Corollary 1.1].

Higher-order linearization has been used in many nonlinear inverse problems. For semilinear
elliptic equations, differentiating the DN map gives integral identities involving products of solutions
of a linear equation [FO20, LLLS21a]. These identities contain information which is absent from the
first linearization. The method also applies to partial data problems and simultaneous recovery of
coefficients and unknown boundary components [LLLS21b]. For isotropic quasilinear conductivities,
higher derivatives of the DN map determine the conductivity differentials via a completeness property
for products of solutions [CFK™21]. A density result for tensor products of at least three gradients
of harmonic functions was proved in [CF23].

For (1.1), the linearization at a constant solution is degenerate when p > 2, and the flux is not
differentiable at zero gradient when 1 < p < 2. We instead use a solution ug with no critical
points. At this solution, the first derivative of the nonlinear DN map is the conductivity DN map
for A = yDJ(Vug), where J(a) = |a[P~2a; see [CF25, Proposition 2.3]. The matrix is anisotropic
and depends on both the unknown weight and its background solution. The higher-order results
mentioned above do not directly apply to this linearized equation.

For anisotropic conductivities, a change of coordinates fixing the boundary leaves the DN map
unchanged. In dimensions n > 3, the conductivity equation can be written as a Laplace—Beltrami
equation, and one seeks to determine the metric up to this invariance. Uniqueness for real ana-
lytic metrics was established in [LU89, LUO1]; a proof by the Poisson embedding method is given in
[LLS20]. Results within a fixed conformal class are known in admissible and transversally anisotropic
geometries [DSFKSU09, DSFKLS16]. More recently, rigidity relative to the Euclidean metric was
proved for smooth metrics sufficiently close to it [Lin26, MTS26]. These results require neither
convexity of the domain nor a transversal product structure. Rigidity at an arbitrary fixed smooth
conformally Euclidean reference metric is proved in [MTS26, Theorem 2]. The size of the neighbor-
hood may depend on the reference metric.

In this work, we apply these rigidity results to the weighted p-Laplace equation. For the unit
weight and affine boundary data, the solution is affine, and its linearized conductivity matrix is
constant. A fixed linear change of variables makes this matrix the identity. If the reference weight
is constant in the direction of the affine gradient, the same change of variables makes its linearized
conductivity scalar, and the associated metric is conformally Fuclidean. In both cases, anisotropic
rigidity relates the two linearized conductivities by a diffeomorphism fixing the boundary. We show
that the form vDJ(Vug) forces this diffecomorphism to be the identity. The proof uses only the first
derivative with respect to the boundary value. There is no ordering assumption on the weights.

Main results. Fix ¢ € S" ! and set fo = (¢ - z)|an. We write DA, (fo) for the first Fréchet
derivative of f — A (f) at fo, with the weight v fixed. For a smooth boundary function h, its action
is DAy (fo)[h] = 4 ‘t:O A (fo+th). Anequality DyAy, (fo) = DA, (fo) means that DAy, (fo)[h] =
DA, (fo)[h] as functions on 02 for every h € C*°(02). The differentiability near the unit weight
is proved in Lemma 2.1. The corresponding construction near a fixed reference weight is given in
the proof of Theorem 1.3.

We normalize the constant reference weight to 1. Multiplying a weight by a positive constant
does not change the Dirichlet solution and multiplies the DN map and its boundary derivative by
the same constant. This normalization involves no loss of generality.

Theorem 1.1 (Rigidity at the unit weight). Let n > 3, set k = |n/2] + 1, and suppose that
O<a<landk+a> n/2+ 1. There is € > 0, depending only on Q,n,p, k, o and ¢, such that any

positive vy € C*°(Q) satisfying ||y — 1”0’6’&(5) < e and
(1.3) DyAy(fo) = DyAi(fo)
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must satisfy v =1 in Q.

The weight is smooth, but the smallness condition uses only a finite Holder norm. For n = 3, this
is C%* with a > 1/2. We also have the following Sobolev version.

Corollary 1.2 (Sobolev smallness). Let n > 3 and let s > n/2 + 1 be an integer. There is e > 0,
depending only on ,n,p,s and (, such that any smooth positive weight satisfying ||y — 1| gsq) < €
and (1.3) must equal 1.

We next consider an arbitrary fixed smooth positive reference weight which is constant in one
direction. No closeness to 1 is assumed for this reference weight.

Theorem 1.3 (Rigidity at a reference weight constant in one direction). Letn > 3 and let s > n/2+1
be an integer. Fiz vy € C®°(Q) with v9 > 0 on Q and ¢ - Vo = 0 in Q. There is € > 0, depending

on Q,n,p, s, and vy, such that any positive v € C*(Q) satisfying

(1.4) v = v0llEas @) <€
and DA (fo) = DAy (fo) must satisfy v = vo in Q.

For ¢ = e1, the condition 0179 = 0 is imposed only on the reference weight; no condition 01y =0
is assumed for the unknown weight. In [CF25, Corollary 1.1], both weights are constant in the same
direction, with no closeness assumption. Theorem 1.3 removes the directional restriction on the
unknown weight under (1.4). The reference weight need not be close to a constant, and the number
€ may depend on it.

Equality of the nonlinear DN maps in a neighborhood of fy gives the derivative equality in each
of these results. In particular, equality of the full nonlinear DN maps suffices. We assume no
agreement near 0f), analyticity or convexity of 2. These are rigidity statements at the specified
reference weights, not uniqueness for an arbitrary pair of smooth positive weights.

The step which removes the diffeomorphism does not use a perturbation argument. By DJ(a)a =
(p — 1)J(a), the nonlinear background solution is also harmonic for its linearized conductivity. A
diffeomorphism between the conductivities must relate the background solutions. Substituting this
relation into the conductivity transformation law gives DF DFT = dI for a positive function d.
Using the boundary condition in an integral inequality, we obtain DF = I. We prove this in
Proposition 3.2 without a smallness assumption on either weight.

Organization of the paper. We first construct solutions without critical points for weights close
to 1 and derive the linearized DN map in Section 2. Section 3 compares the conductivity and
geometric DN maps and removes the boundary fixing diffeomorphism for linearized conductivities
arising from the weighted p-Laplace equation. In Section 4, we prove the rigidity results. The proof
of Theorem 1.3 also gives the corresponding noncritical construction in a neighborhood of the fixed
reference weight ~q.

2. NONCRITICAL SOLUTIONS AND THE LINEARIZED DN MAP
For a € R™\ {0}, set J(a) = |a|’~2a and
B(a) = DJ(a) = |l (1 + (p - 2)‘1‘672“).
a
The eigenvalues of B(a) are |a[P~2 on a and (p — 1)|a|P~2 in the direction of a. In particular,
B(a) is positive definite for p > 1. Here DJ(a) denotes differentiation with respect to the vector
variable a. For the fixed unit vector ¢, we have B(() = I + (p — 2)( ® ¢, where (( ® ()ij = (.
This is a constant matrix. The solution for the unit weight with boundary value fg is u; = ¢ - x,
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whose gradient is (. Linearizing at this solution gives the constant coefficient operator Lgv =
div(B(¢)Vv) = Av + (p — 2)(¢ - V)?v. For example, B(e1) = diag(p — 1,1,...,1).

For a smooth positive definite symmetric matrix field A, let D4 : H/2(9Q) — H~'/2(9Q) be the
DN map for div(AVv) = 0. With the Euclidean surface measure on the boundary, it is defined by
(Dah, ) = | AV, - VH dz, where vy, is A-harmonic with trace h and H has trace ¢. For smooth
data, Dah = v - AVuy|sq.

We use the same boundary value fy = (¢ - x)|gq for every weight sufficiently close to 1. The next
lemma constructs the corresponding solution as a small C' perturbation of ¢ - # and proves that its
gradient stays away from zero. We also give the smooth dependence on nearby boundary values and
the noncritical linearization of [CF25, Propositions 2.2 and 2.3] in the norms needed below.

Lemma 2.1. Let X = CH*(Q), Y = C*12(Q) and B = C*12(0Q), with k,a as in Theorem 1.1.
Alternatively, take X = H*(Q), Y = H*TY(Q) and B = H*T'/2(8Q), with s as in Corollary 1.2.
There are neighborhoods of 1 in X and of fo in B on which the solution map (7, f) — uy ¢ €Y is
smooth and |V, ¢| > 1/2 on Q. Set uy = u. ¢, and Ay = yB(Vu,). There are ro,C > 0 such that,
for any two weights y1,v2 € X satisfying ||v; — 1||x < ro for j =1,2, we have

(2.1) [y = ups [ly + |45 = Ay llx < Cllm = 2],

where the constant C' > 0 is independent of v1 and 2. The nonlinear DN map is smooth with values
in C(9Q) in the Holder case and H*~1/2(0Q) in the Sobolev case, and

(2.2) DyA(fo) = Da,.

For smooth weights and smooth boundary data in these neighborhoods, the solution is smooth up to
the boundary.

Proof. Let Yo = {w € Y : w|pq = 0}, and choose a bounded right inverse £ : B — Y of the trace
map. Put Z = C*~1%(Q) in the Hélder case and Z = H*~1() in the Sobolev case. With f = fo+h
and u = (- -z + Fh + w, define

(2.3) F(y, h,w) = div (vJ(¢ + VEh + Vw)).

Both choices of X are Banach algebras. The maps V : ¥ — X™ and div : X" — Z are bounded,
and Y — C(Q). We choose (h,w) so that |[VEh + Vw||p~ < 1/2 and restrict v to a positive
neighborhood of 1. The argument of J stays in a fixed compact annulus away from zero. Smooth
composition and multiplication in X make F a smooth map to Z. At (1,0,0), we have F = 0
and D, F = Lo := div(B(¢)V:). The constant coefficient Dirichlet operator Ly : Yy — Z is an
isomorphism.

The implicit function theorem gives a smooth branch w = w(~, h) with w(1,0) = 0. Since E :
B — Y is bounded and Y < C(Q), we can choose neighborhoods of 1 in X and of 0 in B such that
|VEh+ Vw(y, h)| 1 < 1/2 throughout their product. The function w, f,1n = ¢ -+ Eh +w(v, h)
solves (1.1) with boundary value fy 4+ h. Using |¢| = 1, we obtain

(Vs fo+n(z)| > 1= [[VER + Vw(y,h)||pe > 1/2  for every x € Q.

In particular, the fixed boundary value fy gives a solution without critical points for every weight
in the chosen neighborhood of 1. The gradient also has a uniform upper bound, and the weights
are uniformly positive, so the linearized matrices are uniformly elliptic. The constructed solution
belongs to W1P(€) and satisfies the weak equation. Strict convexity of the gradient energy identifies
it as the unique weak solution.

To prove (2.1), set K, = A, — B((). We use componentwise norms for matrix and vector fields.
In the Holder case, multiplication satisfies ||ab||cr,e < C|lal/cr.a||b]|cra. In the Sobolev case, the
corresponding estimate ||ab||gs < C||a||g=||b|| g+ holds because s > n/2. For v € Y}, each component
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of Vv belongs to X, and |[Vv|x» < C|v|ly. Also, div : X — Z is bounded: it maps C*®
vector fields into C*¥~1* and H® vector fields into H*~!. Applying these bounds to div(K,Vv) =
ZZj:l 95((K4)ij0;5v) gives

[ div(E, Vo)l z < Ol K, Vol xn < CIUG | x[[Vollxn < CJ[Ay = B(Ollx|lv]ly-

Taking the supremum over v € Yy with |lv|ly < 1 proves || div((4A, — B(Q))V:)|lyvo—z < C|lAy —
B(¢)|lx, with C independent of ~.

The solution branch obtained above satisfies uy — u1 = (-2 in Y as v — 1 in X. In particular,
Vu, — ¢ in X™. Since these gradients stay in a fixed compact annulus away from zero, smooth
composition in X gives B(Vu,) = B(¢) in X. Using A, — B(¢) = (y —1)B(Vuy) + B(Vu,) — B(()
and the product estimate above, we obtain || A, — B({)||x — 0. A Neumann series about Ly ' gives
a uniformly bounded inverse for L, := div(A,V-) : Yy — Z on a sufficiently small ball. For a weight
direction ¢ € X, the derivative r = D,u,[q| satisfies L,r = —div(¢J(Vu,)) and r[pg = 0. The
inverse bound and multiplication in X give ||r||y < C||¢||x. Taking a convex ball and integrating
along the segment between 1 and 2 proves the estimate for u., —u,,. The estimate for the matrices
follows from A, = yB(Vu,) and smooth composition in X.

The flux vJ(Vu, ;) depends smoothly on (v, f) with values in X". Taking its trace and dot
product with v is continuous into C**(9) or H*~1/2(9Q). This proves smoothness of the DN map.
For v, = Dyus g, [h], differentiation of (2.3) and of the boundary condition gives

div(A,Vuy) =0 in Q,
vy =h on 0f2.

For a smooth boundary test function 1, choose an extension H independent of f. The smooth
dependence of the flux allows us to differentiate (1.2), giving (DA, (fo)h,v) = [, A,V - VH dz.
This is (2.2). The density of smooth functions in H'/2(9Q) extends an equality of these derivatives
to the weak conductivity DN maps.

For smooth vy and f, the equation can be written as yB(Vu) : D?u = —V~-J(Vu). Our solution
belongs to C%7(Q) for some 3 > 0. Its principal matrix is uniformly elliptic and belongs to C1#,
as does the right-hand side. By the boundary Schauder estimate, u € C%#(Q). Repeating this
argument proves smoothness up to the boundary. Solution branches in different regularity spaces
agree on their common domain by uniqueness of the weak solution. Differentiating this identity also
identifies their parameter derivatives. O

For the unit weight, u; = ¢ -z and A; = B((). More generally, if (- Vg = 0, then div(y9J({)) =
¢ - V7o = 0. The reference solution is u., = ¢ -z, with A, = v B(().

3. CONDUCTIVITY TENSORS AND COORDINATE CHANGES

We use the convention A, = divy V,, so that —A, is nonnegative. For a smooth Riemannian
metric g, write Ay f = 0,,uy|oq, where Aguy =0 and uy = f on 9€2. The normal v, is the outward

unit normal for g. We write e for the Euclidean metric and Diff>(Q2) for the smooth diffeomorphisms
of Q onto itself.

For n > 3, conductivity matrices and metrics are related by A, = (det 9)Y%g7 " and g4 =
(det A)Y/("=2) A=1 " The identity div(4,Vu) = (detg)/2A,u relates their equations. Their DN
maps also involve the boundary surface measures, which we compare below.

Lemma 3.1. Let n > 3, and let Ay, Ay be smooth positive definite symmetric conductivities on ).
Set gj = ga,- If Da, = Da,, then g1 and ga induce the same metric on 0L), and Ay, = Ay, .



6 C.-L. LIN AND Y.-H. LIN

Proof. Let h; be the induced boundary metric of g;, and let he be the induced Euclidean metric.
Fix j € {1,2}. For smooth boundary data f,, let us be the Aj;-harmonic function with trace f
and let H be a smooth extension of . Green’s formula gives

/ (DAjf)z/JdSe:/AjVUf-Vde:/ (Ag, )0 dSy,.
o0 Q o0

As operators on smooth functions, we have

dSy, (det hj)l/z
dS. ~ \dethe

In a common boundary coordinate chart, the principal symbol of A is (h?ﬁ (l’)fafﬁ)l/ 2 for x € 09
and 0 # & € TX09Q, where a, f = 1,...,n—1; see [LU89, Proposition 1.3] and [JL0O5, Theorem 1.1(ii)].
The principal symbol of D4, is w;(x) times this expression. Equality of the conductivity maps,

(3.1) DAj = ijgj7 wj =

followed by squaring their principal symbols, gives w; (a:)zh‘lw (x)€aés = wg(a:)2hg‘5 (x)€ap for every
such (z,€). Since the two quadratic forms agree for all £, we obtain w1 (x)?hy(2) ™! = wa(x)?ho(z)~?
at every x € 0€). Substituting the density factors, we obtain

(3.2) (det hy(z))hy(z) ™! = (det ha(2))ha(z) ™, € 9Q.

The matrices in (3.2) have size n — 1. Taking their determinants gives (det hy)" 2 = (det ha)
Both determinants are positive and n — 2 > 0, so det h; = det ho. Returning to (3.2) gives h; = ha
and w; = wy on JN). Division by this common positive function in (3.1) proves Ag, = Ag,. O

n—2

For a diffeomorphism F', the conductivity transformation law is

DF(x)A(x)DF (x)" .
3.3 F.A = , =F .

Changing variables in the weak equation shows that u o F~! is F,A-harmonic whenever u is A-
harmonic. If F' fixes the boundary pointwise, the same change of variables gives Dp, 4 = Djy. For
the associated metrics, put L = DF(x). Taking determinants in (3.3) gives det(F,A)(F(x)) =
(det A(x))| det L|>~™. The definition of g4 now reads

(3.4) gr.A(F(z)) = L*TgA(m)Lfl.
In other words, gr, 4 = Figa = (F~1)*ga.

We now remove the diffeomorphism for the linearized conductivities. The proof extends the planar
argument in [CF25, Section 3] to all dimensions n > 2.

Proposition 3.2 (Elimination of the diffcomorphism). Let n > 2 and p > 1. Let v; € C>(Q) be
positive, and let u; € C*(Q) solve (1.1) for ~y; with the same smooth boundary value f. Suppose
|Vu;| >0 on Q, and set Aj = v;B(Vu;). If F € Diff*(Q) fizes 00 pointwise and F,A; = As, then

F=1d, uy = u2 and v1 = 2.

Proof. Since B(a)a = (p — 1)J(a), the nonlinear equation for u; implies div(A4;Vu;) = 0. The
function u; 0o F~! is As-harmonic. Its boundary value is f, because F fixes the boundary. Uniqueness
for the linear Dirichlet problem gives

(35) U9 = U1 © Fﬁl.

Fix z € Q and put y = F(x), L = DF(z) and a; = Vu;. The chain rule in (3.5) gives a;(z) =
LTas(y). Set £ = |az(y)|, e = aa(y)/¢, M = LLT and t = ¢’ Me. These quantities satisfy £ > 0,
t >0, |ai(z)|> = *t and Laj(z) = {Me. Since A; = v;B(Vu;), substituting them into (3.3) gives

() P2t/ ( p—2

aer L] + P 2o w (Me)).

(36) (A ) = :
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On the other hand, As(y) = v2(y)?P~2(I + (p — 2)e ® €). Comparing this with (3.6) and canceling
the positive common factors, we obtain

(3.7) M+p%2(Me) © (Me) = d(I + (p— e e),

where d = yo(y)| det L| /(1 (2)t®=2/2) > 0. Applying both sides of (3.7) to e gives (p — 1)Me =
d(p — 1)e, where we utilize e’ Me =t. As p > 1, we have Me = de and t = d. The rank one terms
in (3.7) are now both (p — 2)de ® e. After cancellation, M = dI.

It remains to use the boundary condition. Since DF DFT = M = dI and d > 0, set A\ = d'/?
and O = A"'DF. We have OOT = d"'DF DFT = I, so O is orthogonal and DF = \O. We
do not need to assume that O preserves orientation. Since F' = z on OS2, the divergence theorem
gives [otr DF dx = [, F -vdS = n|Q|. Also F maps Q onto itself, and change of variables gives
Jo N dx = [o|det DF|dx = |Q|. Using tr O < n and Holder’s inequality, we obtain

1/n
(3.8) n|Q| :/trDFdx gn/ /\da:§n|£211/"</ /\”dx) = n|Q.
Q Q Q

Both inequalities in (3.8) are equalities. The equality condition in Hoélder’s inequality, applied to
A and 1, makes A constant almost everywhere. Since X is continuous and [, A" dx = |Q|, we have
A =1 on Q. The continuous function nA — tr DF is nonnegative and has zero integral, so trO = n
at every point. For an orthogonal matrix, |O — I|& = 2n — 2tr O, where | - | is the Frobenius norm.
We obtain O = I and DF = I. Connectedness of 2 makes F' — x constant, and its boundary value
is zero. This proves F' = Id. Equation (3.5) gives u; = uy. Now A; = As and positive definiteness
of B(Vuy) give v1 = 7. O

4. PROOFS OF THE RIGIDITY RESULTS

The next lemma is the conductivity form of the Euclidean metric rigidity results in [Lin26, MTS26].
A fixed linear change of variables reduces the constant reference matrix A, to I on the transformed
domain. The smallness threshold may depend on A,. Matrix norms are taken componentwise.

Lemma 4.1. Let n > 3 and fix a constant positive definite symmetric matrix A.. There is € > 0
such that, if a smooth positive definite symmetric conductivity A satisfies ||A — A*”c’w(ﬁ) < e and

Da = Da,, then FLA = A, for some F € Dift>*(Q) fizing OQ pointwise. Here k,« are as in
Theorem 1.1. The same conclusion holds with smallness in H*(Q2) for an integer s > n/2 + 1.

Proof. Let d, = det A, set S = di/(Q(n_Q))A*_l/Q, and put ' = SQO. The map S is fixed and
pAositive definite. We have det S = di/ (n=2) and SAiST = di/ (n_2)I . The transformed conductivity
A(y) = SA(S~1y)ST/ det S has constant reference A, = I.

For smooth boundary functions f’,v¢’ on 9, let v be A-harmonic with trace f’ oS, and put
v/ =voS~L If H extends ¢/’ and H = H' o S, the chain rule and dy = (det S) dz give

/ EVU’-VH’dyz/AW-Vde.
/ Q

This proves that o/ is A-harmonic and that (D%’ 10" = (DY(f'09),' 0S). Applying this identity
to both A and A, proves Dgl = DI/.

Write X = Ck® or X = H*, according to the smallness condition. The fixed linear change gives
A = Il x@) < C[|A — Al x (). The matrix function C(P) = (det P)/("=2) p=1 is smooth near I.
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Using C(I + H) — C(I) = fol DC(I + tH)[H]dt, smooth composition and multiplication in X, we
obtain

(4.1) lg —ellx@) < CllA - Adllx@), 9=9;5

The constant is uniform for A in a sufficiently small fixed ball.

Lemma 3.1 gives g|raq = e|raqr and Ay = A. For sufficiently small €, estimate (4.1) allows us to
apply [Lin26, Theorem 1.1] in the Holder case or [MTS26, Theorem 1] in the Sobolev case. We get
g = Y"e for a smooth diffeomorphism Y fixing 0Q'. By (3.4), gy, 7 = Y«g = e, and the conductivity—

metric correspondence gives ViA=1. Set F =S 1oYoS. The conductivity transformation law
shows that F,A = A,. The boundary condition for Y gives F|sq = Id. O

Proof of Theorem 1.1 and Corollary 1.2. By Lemma 2.1, the solution u, with trace fo has no critical
points. The reference solution is u; = ¢ - x, and the corresponding matrices are A, = yB(Vu,) and
A1 = B((). Estimate (2.1) gives ||[Ay — A1]|x < C||y — 1||x in the chosen Holder or Sobolev norm.
The hypothesis (1.3) and (2.2) give D4, = D4,. Choose ¢ small enough for Lemma 4.1. We obtain a
diffeomorphism F fixing 092 with F, A, = A;. Proposition 3.2, applied to w, and u1, givesy = 1. [

For the nonconstant reference, we use [MTS26, Theorem 2|. Let M C R™ be a smooth compact
domain with n > 3, fix go = e*?e with ¢ € C°°(M), and let s > n/2 + 1 be an integer. There
is e« > 0, depending on M, go, s, such that any smooth metric g satisfying ||lg — gollms(ar) < €«
and Ay, = Ay, has the form g = Y*gg for a smooth diffeomorphism Y fixing M. No smallness
assumption is imposed on ¢.

Proof of Theorem 1.5. Since |(| = 1 and ¢ - V9 = 0, we have div(y0J(¢)) = 0. The reference
solution is uy, = ¢ -z, and A, = y0B((). We first construct solutions for weights near this fixed ~o.
The construction is centered at 7, which is not assumed to be close to 1.

Set X = H5(Q), Y = H**1(Q), Yy = Y N HL(Q) and B = H**/2(9Q). Choose a bounded right
inverse £ : B — Y of the trace map. Use the map F in (2.3) with f = fo+h and u=(-z+ Fh+w,
now near (7y,h,w) = (70,0,0). We restrict v to a positive neighborhood of vy and (h,w) so that
|VEh + Vw| g~ < 1/2. Multiplication and smooth composition in H® make F a smooth map from
this neighborhood in X x B x Yy to H*~1(2). At its center, F(79,0,0) = 0 and

Dy F(70,0,0)[v] = div(yB(¢)Vv) =: L,v.

The coefficient matrix is smooth and satisfies €7~y (2)B(¢)¢ > (ming vo) min{1,p — 1}|¢|? for every
x € Q and ¢ € R*. Coercivity gives unique solvability of the weak Dirichlet problem. Boundary
elliptic regularity gives v € H*T1(Q) for a right-hand side in H*71(Q), together with ||v||gst1 <
Croll Lo vl frs—1 for v € Yp. In particular, L., : Yo — H*71(Q) is an isomorphism.

The implicit function theorem gives a smooth branch w = w(y,h) with w(y,0) = 0. The
embedding Y < C1(Q) allows us to choose a neighborhood of 7y and a neighborhood of 0 in B
on whose product |[VEh + Vw(y,h)||r~ < 1/2. The solution u, ty4+n = ¢ -« + Eh 4+ w(y, h) has
the prescribed boundary value and satisfies |V, g, 45| > 1/2 on Q. Strict convexity of the gradient
energy identifies it with the unique weak solution. For smooth weights and boundary data, the
boundary regularity argument at the end of the proof of Lemma 2.1 gives smoothness up to the
boundary.

We prove a uniform estimate on a neighborhood of this fixed reference weight. Write u, = w, .,
A, = vB(Vu,) and L, = div(A,V:). Continuity of the solution branch and smooth composition
give A, — A, in H® as 7 — 7o in H®. For v € Yp, multiplication in H® and boundedness of
differentiation give

I(Ly = Log)oll a1 < Cl|Ay = Asq [l ms[0]| o1
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Choose rg > 0 so that the construction above applies and || L7 (Ly— Ly, ) vy v, < 1/2 whenever ||y —
Yollzrs < ro. A Neumann series gives a uniform bound for L7 L H571(Q) — Yj on this neighborhood.
If ¢ € H*(Q2) and ry = D,u,[q|, differentiation of the equation gives L,r, = —div(¢J(Vu,)) and
rqloo = 0. The inverse bound and multiplication in H® imply |rq||gs+1 < Cy, gl ms. Integrating
along v = v +t(y — ), 0 <t < 1, gives |luy — ¢ - 2| gs+1 < Cylly — Y0llms. Each 7; belongs
to the same neighborhood. Using A, — A, = (v — v)B(Vuy) + 10(B(Vuy) — B({)) and smooth
composition in H®, we obtain

uy = - 2llgst1q) + 1Ay — Ayollas@) < Coolly — Y0l s (-
The constants may depend on 7y, but they are independent of v with ||y — o[ gs < 0.

The flux vJ(Vu, ¢) depends smoothly on (v, f) with values in H*(£2)", and its normal trace is a
smooth H*~1/2(9Q)-valued map. For a smooth boundary function h, the derivative v, = D fu, s, [h]
satisfies div(A,Vuy) = 0 and vplpo = h. If ¢ is a smooth boundary test function and H is an
extension independent of f, differentiating the weak flux pairing gives (DA (fo)[h],¥) = [ AyVup,-
VH dx. This proves DA (fo) = Da, for every weight in the chosen neighborhood, including ~o.
Equality on smooth boundary functions extends to the weak conductivity DN maps by density.

Put B = B((), fix S = (det Bg)l/(z(”_z))Bgl/Z, and set Q' = SQ. For n = 79 or n = v, write
/Tn(y) = SA,(S71y)ST/det S. The map S depends only on n,p,(. The calculation in Lemma 4.1
gives SB:ST/det S = I. Since A,, = v0B¢, we have 270 (y) = 70(S~1y)I. Tts associated metric is

1
2 —1
(4.2) go=9z =¢€ Ye, w(y) = — logvo(S™y)-

This is a fixed smooth conformally Euclidean metric. There is no restriction on the size of ¢.

Setg=g i, The fixed linear change of variables gives HA\W _A\vo sy < Crolly =0l s () After
decreasing rg, both transformed conductivities have eigenvalues in a fixed compact subinterval of
(0, 00) and have uniformly bounded H*® norms. These bounds also hold along the segment P, = XWO +
t(A, — A,). For C(P) = (det P)Y/("=2 P~ the identity C(A,) — C(A,,) = [ DC(P)[A, — A,,] dt,
together with smooth composition and multiplication in H?®, gives

(4.3) 19 — goll sy < Crolly — Y0l s ()

Let €. > 0 be the threshold in [MTS26, Theorem 2| for the fixed metric gy on Q' and the chosen
integer s. Choose 0 < € < rg so that Cy e < e,, with C,, taken from (4.3).

The data assumption and the linearization proved above give D4, = D4, . The change of variables
in the weak pairing transfers this equality to €/, as in Lemma 4.1. Lemma 3.1 gives equality of the
induced boundary metrics and A; = Ay,. Applying the conformal metric rigidity theorem with
(4.2) and (4.3), we obtain g = Y*go for a smooth diffeomorphism Y fixing 9Q'. Equation (3.4) gives
Y*/T7 = fTVO. The map F = S~ 1oY oS fixes Of) and satisfies F.A, = A, . Both background solutions
are smooth, have nonvanishing gradients, and have the same boundary value fy. Proposition 3.2
gives v = . O

Remark 4.2. Proposition 3.2 applies to both weights in the same way. In Theorem 1.3, the condition
¢-V~o = 0 gives an affine reference solution and, after a fixed linear change of variables, a conformally
Euclidean reference metric. Only the difference v — 7p is required to be small, with a threshold
depending on the fixed reference weight. The inverse data involve only the first derivative with
respect to the boundary value, not a derivative with respect to the unknown weight.
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